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Abstract: 

The rate of drug delivery to cells and the subsequent rate of drug metabolism are dependent 

on the cell membrane permeability to the drug. In some cases, tissue may be composed of 

different types of cells that exhibit order of magnitude differences in their membrane 

permeabilities. This paper presents a brief review of the components of the tissue scale three-

compartment pharmacokinetic model of drug delivery to single−cell−type populations. The 

existing model is extended to consider tissue composed of two different cell types. A case 

study is presented of infusion mediated delivery of doxorubicin to a tumor that is composed a 

drug reactive cell type and of a drug resistive cell type. The membrane permeabilities of the 

two cell types differ by an order of magnitude. A parametric investigation of the population 

composition is conducted and it is shown that the drug metabolism of the low permeability 

cells are negatively influenced by the fraction of the tissue composed of the permeable drug 

reactive cells. This is because when the population is composed mostly of drug permeable 

cells, the extracellular space is rapidly depleted of the drug. This has two compounding 

effects: (i) locally there is simply less drug available to the neighboring drug resistant cells, 

and (ii) the depletion of the drug from the extracellular space near the vessel-tissue interface 

leaves less drug to be transported to booth cell types farther away from the vessel. 
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1 Introduction

The compartment pharmacokinetic model is used in pharmacological studies to describe the 

delivery and transport of molecules to tissues and cell cultures [1-5]. This family of models 

has been used almost exclusively for single−cell−type populations. It is well understood that 

in some chemotherapeutic treatments, however, different types of cells may react differently 

to the drug. Examples occur in the treatment of tissues that are composed of not only healthy 

cells, but also cancerous cells or in the treatment of tissue composed of some cells that are 

much more drug resistant than other cells. The biophysical characteristics of the cell 

membrane have been associated with the drug resistivity of cancer cells [6]. The mechanical 

properties of the cell membrane in cancer cells have been demonstrated to play a role in the 

sensitivity/resistivity to the anticancer drug doxorubicin (DOX) [7]. A recent experimental 

study showed that the cell wall model characteristics associated with healthy cells had an 

apparent permeability to doxorubicin (DOX) that was an order of magnitude higher compared 

to that of a cell wall associated with cancerous cell conditions [8]. In the study [9] the authors 

show that cell lines that are that are resistant to DOX show a lower transmembrane 

permeability than the cells that are sensitive to the drug.

1.1 Single−Cell−Type Population Compartment Models

Pharmacological continuum models that depict mass transfer from the extracellular space 

(EC) to the cell interior often use the concept of binding [3, 10, 11] . Within the extracellular 

space, the drug is free to diffuse and interact with its environment; this is the drug’s unbound 

state (or free state). The drug molecule is designed to reach specific receptors on the cell 

membrane or within the cell cytosol. These are referred to as specific binding sites; the drug 

that is bound to these sites is considered to be in its specific bound state. Sometimes the 

molecule may instead interact with unintended receptors or other molecules so that the drug 

is unable to reach the intended receptors. In this case, the drug molecule would be considered 

to be in its non-specific bound state. 

Many theoretical studies of drug delivery to cells use a three compartment model that 

represents the drug in three distinct phases: (i) the drug in the extracellular space, (ii) the drug 



in the intracellular space, and (iii) the product of reaction of the drug within the cell [1-4]. 

Drug transport throughout the extracellular space occurs by diffusion (and in some cases by 

slow advection). The cell membrane regulates the rate of transmembrane transport of the drug 

between the extracellular space and the intracellular space. Only once it has entered the cell is 

the drug able to react with the intended internal receptors (resulting here in a product of 

reaction). A conceptual depiction of the 3 phases of the three-compartment model is 

presented in Figure 1.

The mathematical expressions governing the conservation of drug in the three-compartment 

model represent the drug in its three states is represented by the coupled system of equations:
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Here  and  are the extracellular and intracellular drug concentrations respectively and ECC IC

 represents the intracellular concentration of the product of reaction. The drug flux within IP

the extracellular space, , may be representative of simple diffusion, of advection  ECCJ

resulting from some interstitial flow velocity, , or of a combination of the two. In the study v

that follows only diffusion mediated transport is considered. 

The principal aim of drug delivery is to deliver the drug to the cells in order that some 

internal interaction within the cell takes place. This requires that the drug pass the barrier 

function of cell membrane, and the nature of transport across the cell wall is varied and 

molecule specific [12]. The function  of Eq. (2) represent the transmembrane transport EC IF 

of the drug between from the extracellular space to the intracellular space (and  I ECF 

represents the reverse). When the intrinsic drug concentrations are used, these functions must 

account for the difference in the volumes of the intracellular space and of the extracellular 



space. In models of single−cell−type populations, when intrinsic drug concentrations are 

used, the function of transmembrane transport  scales linearly to  by the ratio of EC IF  I ECF 

intracellular volume to extracellular volume. For many molecules, the transmembrane flux is 

well represented by Fickian diffusion in which the rate of flux is linearly proportional to the 

transmembrane concentration gradient [1-4]. For other molecules, the observed rate of 

transmembrane transport is saturable with respect to the transmembrane concentration 

gradient; when, for example, the transmembrane transport is facilitated by a limited number 

of specialized carrier proteins [12], continuum models often describe the rate of transfer in 

terms of Michaelis-Menten kinetics [13-15]

A conversion of the drug inside the cell to some product  may be described by a reaction,IP

, that occurs between the drug and the internal organelles of the cell. In some cases  ,I IR C P

the reaction is represented by an irreversible binding and the drug reaction rate is simply 

proportional to the concentration of the free drug in the cell cytosol [1, 4]. For many drugs, 

the relationship between the rate of targeted binding and the drug concentration is modeled in 

a non-linear reversible manner so that some of the bound drug may return to its free state. 

Many models describing these reactions often consider that the rate of the binding is limited 

by the number of available binding sites [2, 3]. Recent studies have accounted for both 

specific and nonspecific binding by including additional reaction terms [11, 16].

Some compartmental models make the simplifying approximation that the transport across 

the cell wall is instantaneous [3, 11, 15, 16]; here the internal and external concentrations of 

the drug in its free unbound state are equal .This local mass equilibrium I ECC C C 

approximation allows the three compartment model of Eqs. (2) to be represented by a two 

compartment model that does not distinguish between EC and IC drug concentrations:

 (3)
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Because this representation fails to capture the time lag associated with the cell membrane’s 

barrier function, this simplification should only be applied when the internal reactions occur 

on a much longer timescale than the transmembrane transport.

The representations of the compartmental model of drug delivery to cells in tissue are able to 

account for many different observed microscale phenomena, and while these theoretical 

models are able to conserve the drug mass in each of the phases, they consider only 

single−cell−type populations. It is reasonable to anticipate scenarios in which the tissues is 

composed of different cell types. For example when the cell membranes of healthy cells 

exhibit a higher permeability to the drug than the cell membranes of cancerous drug resistant 

cells. Such effects cannot be captured in models of single−cell−type populations. 

1.2 Multiple Cell Population Models

The motivation behind the current work is to present a model of drug transport to tissues or 

cell suspensions that are composed of multiple-cell-type populations: effectively to extend 

the general expression of Eq. (2) to include the conservation of drug in different cell types. In 

this section we review some of the applications of multiple−cell−type populations. While the 

models used in these applications do consider a domain composed of different types of cells, 

they do not explicitly conserve the drug (or chemical species) as is done in the 3 compartment 

representation of Eq. (2). These limitations are described next.

1.2.1 Tumor Growth Models

Depending on the application, algebraic, ordinary differential equations, and partial 

differential equations have been used to model tumor response to treatment and nutrient 

availability; a comprehensive list of the different models is provided in Table 1 of Ref. [17]. 

The reaction-diffusion model (sometimes referred to in this context as the proliferation-

invasion model) allows researchers to expand the analysis to consider spatio-temporal tumor 

behavior [18, 19]. The review [20] presents different models of coupled sets of reaction-

diffusion equations that account not only for the concentration of cancer cells, but also for the 

concentration of nutrients (upon which tumor growth is clearly dependent). The set accounts 

for the extracellular space and the spaces occupied by different cell types. These models use 



conservative equations to represent the spatio-temporal changes in the volume fraction of 

each of these phases [20, 21] . For each nutrient type, a diffusion-reaction equation may be 

used to represent the conservation of species [20, 22]. Simplified representations of this 

system of equations include the two phase system of [23] that considers only the two phases: 

(i) live cells and (ii) dead cells with the conservation of multiple nutrients. Another two phase 

model is that of [24] (modified in [25]) which considers the conservation of only two phases 

(i) cell and (ii) extracellular fluid and these model the conservation of the single nutrient, 

oxygen. These tumor-growth models have been developed to focus on the prediction of the 

distribution of tumor cell concentrations and not the conservation of the drug or chemical 

species in the different phase. The multiphase approach has been extended to different types 

of living cells (cancerous and normal cells for example). A drug resistance study by [26] 

modelled the diffusion of drug through a tumorous tissue composed of two cell types for 

which the two types respond differently to the drug. However that study did not account for 

the reduction of the drug mass in the extracellular space that results in the uptake of the drug 

by the cells; again that is because the focus of that study was the conservation of the cells and 

not of the drug. 

1.2.2 Cell Chemotaxis Models

The uptake of some chemical species by multiple−cell−type populations has been represented 

in the continuum dynamics involved in the interaction between cell migration and the 

conservation of some chemical species. Chemotaxis, the tendency of a cell population to 

migrate in a preferential direction dependent on the concentration (or gradient in 

concentrations) of some chemical species is often represented by the Keller-Segel equation 

[27-29]. An interesting extension of this model is presented in the study by Ref. [30] that 

considers the chemotaxis of a single population of cells with two different chemical types. 

The model has also been adapted to include populations of more than one cell type; for the 

case of different cell types in competition for a chemical resource in [31] and for the case 

when different cell types can interact with one another [32]. These cell chemotaxis models 

are not developed to focus on the uptake of the chemical by the cell; these models are focused 



on the distribution and kinetics of the cellular concentrations. These models do not directly 

address the conservation of mass of the molecule taken up by the multiple cell types.

1.2.3 Viral Dynamics Models

The problem of the spreading of a virus has been considered in multiple−cell−type 

populations [33]. Early models use coupled sets of ODE’s that consider spatial uniformity in 

the transient behavior of three coupled expressions describing the dynamics of concertation 

of infected cells, non-infected cells, and virus [34] and these employed the reaction kinetics 

similar to those described in the binding models. With further developments, diffusion related 

spatial effects were included in the model, initially to capture the 1d spread of a virus through 

a population of bacteria [35, 36]. These couple the concentration of the virus (which is free to 

diffuse through the extracellular media) to the concentration of uninfected cells and the 

concentration of infected cells. These models focus on the conservation of the number of cell 

types (infected or non-infected) and the virus is represented by a reaction rate (often 

nonlinear and irreversible), so that these models do not actually conserve the mass of the 

virus transferred to the cells.

2 Three Compartment Model of Multi-Cell-Type Populations 

The models reviewed so far have considered the delivery of drugs to only a single−cell−type 

population, or if the models do consider a multiple−cell−type population, they do not 

conserve the drug (or species). In the sections that follow, we introduce a model of drug 

delivery to a region of tissue composed of different cell types and for which each cell type 

may respond differently to the drug administered. The extension of the three compartment 

model to a multiple−cell−type population is depicted in Figure 2. Here  is the intrinsic ECC

drug concentration in the extracellular space. The intrinsic intracellular drug concentrations 

of Cell Type 1 and Cell Type 2 are  and  respectively. The products of reaction of the 1C 2C

cell types are represented by the parameters  and  The mathematical representation 1P 2P

require that each cell type be assigned its own unique transmembrane transport term and 



possibly its own unique reaction term(s). In the discussion that follows only the diffusion of 

drug in the extracellular space is considered and any advection resulting from some 

interstitial flow has been neglected.

2.1 Porosity, Cell Fraction, and Drug Concentration

The porosity of the tissue is the ratio of the volume occupied by the extracellular space, , VEC

to the total volume, :VT

 (4)V V
V V V

EC EC

T EC C

  


Here  is the volume occupied by all cells. In this study the volume occupied by the cells VC

comprises the volumes occupied by the two different cell types:

. (5)1 2V V +VC 

The fractions of the of the total number of cells that are of Type 1 and of Type 2 are 

represented by the parameters,  and . Under the approximation that the 1 1n nCf  2 2n nCf 

individual cell volume of the two cell types are equal, the fraction of cells of type 1 and type 

2 may be related to the cellular volume as:

. (6) 1 1 2 2 1V V ; V V 1C Cf f f   

In this way the three volumes occupied by the EC and the different cell types may be related 

to the total volume by:

,. (7)    1 1 2 1 V V ; V 1 V ; V 1 1 VEC T T Tf f       

At the subcellular scale, the Fickian transmembrane transport scales with the intrinsic 

transmembrane concentration difference. A sub-domain’s intrinsic concentration is a volume 

averaged mass concentration in which the drug mass stored in a sub-domain is averaged only 

over the volume of that subdomain. Because in this study there are no transient or spatial 



variations in the subdomain volumes in Eq. (7), the intrinsic concentrations may be simply 

represented as the ratio of the drug mass of each subdomain to that subdomain’s volume: 

. (8)1 2
1 2

1 2

; ;
V V V

EC
EC

EC

m m mC C C  

This differs from the total volume averaged concentrations which is the mass of the drug 

stored in the sub-domain that is averaged over the total domain volume. Formal descriptions 

of the determination of the intrinsic concentration and the total volume averaged 

concentration is presented in Section 3.2 of the book [37]. In this study the total volume 

averaged concentrations simplify to the ratio of the drug mass stored in each sub-domain to 

the total volume:

. (9)1 2
1 2; ;

V V V
EC

EC
T T T

m m mC C C  

Here the total volume is . Substituting (7) and (8) into (9), the total volume 1 2V V V +VT EC 

averaged concentration may be related to their intrinsic counterparts by the expressions:

. (10) 
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2.2. Governing Equations: Application to the Tumor Chord

A first principles derivation of the set of equations governing mass transfer of the three 

compartment model of two cell types is provided in Appendix A. In the study that follows, 

the governing equations are applied to an axis-symmetric cylindrical region of tissue 

surrounding a small blood vessel representative of a tumor chord. The tissue is situated 

within the radial coordinates where  is the radial position of the vessel-tissue I Or r r  Ir

interface and is the radial position at the outer boundary of the domain. This is depicted in Or

Figure 3. 

In the following analysis, the reaction terms of both cell types are equal to one another and 



are represented by a reversible saturable binding model similar to that presented in [2, 3] for 

which: 

. (11) 1 0 1 1,2i i i iR k C C P k P i   

Here the index i refers to cell type number. The parameter  is the limiting binding site 0C

concentration within the intracellular space. Its value limits the binding rate at “saturation”. 

The parameter  is the drug association rate, and  is the drug disassociation rate. 1k 1k

In this study, the mass transfer in the extracellular space is described by simple diffusion, so 

that the axis-symmetric coupled set of equations governing the conservation of drug mass is:

. (12)

     

         

     

     

2

2

1 1 1 1 2 2

1 1 1 1 1 0 1 1 1

2 2 2 1 2 0 2 1 2

1

1 1
                1

EC EC EC

EC EC

EC

EC

C D C C
t r r r

f C C f C C

C C C k C C P k P
t

C C C k C C P k P
t

 
 

 









   
     

 
    


    




    


Here the parameters  and  are the mass transfer coefficients associated with Cell Type 1 1 2

and Cell Type 2 respectively. Their magnitudes are proportional to the permeability to the 

drug of the cell different membrane types. Because the extracellular space is a porous 

domain, an effective diffusion coefficient, , is used to account for the tortuous pathway D

through the fluid filled space. The rate at which the product of reaction occurs in each cell 

type is represented by:

(13)
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2.3 Initial Conditions and Boundary Conditions.

Equations (12)-(13) are subject to the following homogeneous initial conditions:



, (14)1 2 1 20 :    0 in   EC i Ot C C C P P r r r       

At the outer boundary, a no flux condition is imposed in the extracellular space:

. (15): 0EC
O

Cr r
r


 



A case study is conducted based on the one presented in Ref. [2] in which the drug is injected 

into the blood stream so that it enters the EC at the tissue-vessel interface. This infusion 

mediated delivery is represented using a type III boundary condition at the tissue-vessel 

interface:

. (16) 0, : EC
I p EC

Ct r r D h C C
r


   



Here  is the permeability of the vessel wall to the drug and the concentration of the drug in h

the plasma is represented by a mono-exponentially decaying pharmacokinetic profile [2]:

. (17) exp /pC a t   

2.4 Numerical Modeling Considerations

Equations (12) and (13) subject to Boundary and Initial Conditions (14)-(16) were evaluated 

numerically in the commercially available software COMSOL 5.5. In the extracellular space, 

the drug concentration was solved using the Transport of Diluted Species Solver of the 

Chemical Species Module. For each of the remaining concentrations and products of 

reactions, a Domain ODE and DAEs solver of the Mathematics module was used. These 

equations were time integrated using the inbuilt implicit backwards differentiation formula 

(BDF) solver set at a maximum order of 2. By default, the software uses an adaptive time 

step and in this study the maximum allowable time step was limited to Δtmax = 1 s. The radial 

domain was discretized using uniform grid length of Δr = 1.96 µm resulting in 500 nodes. 

The choices in times step restriction and grid size were informed by a resolution study that is 

presented in Appendix B1.

This study is conducted within the radial coordinates:  and . The 20 μmIr  310  μmOr 

effective diffusion coefficient of the drug in the extracellular space is set to



. Cell Type 1 is resistive to the drug and is assigned a mass transfer 10 2 17.5 10 m sD   

coefficient of ; this value is based on the permeability of the membrane of 1
1 0.02079 s 

tumor cells to DOX determined in Ref. [2] . Cell Type 2 is much more permeable to the drug 

so that it is given a mass transfer coefficient one order of magnitude larger: . 1
2 0.2079 s 

The remaining parameter values are taken directly from Ref. [2] which are representative of 

the infusion mediated delivery of DOX to tumor cells surrounding a small vessel. The 

parameter values used in this study are summarized in Table 1.  

The numerical solution method of the current study has been verified in a comparison with 

the published single cell population study of Ref. [2].  Quantitative comparisons are 

presented in Appendix B and the numerical results at specified times and radial locations are 

in excellent agreement with the published values.

Symbol Parameter value Used in Eq. 
 D Effective Extracellular Drug Diffusion Coefficient 10 2 17.5 10 m s  (11)

  Tissue Porosity 1/17 (11)
 1 Drug Resistive Cell Membrane Permeability 10.02079 s (11)

 2 Drug Receptive Cell Membrane Permeability 10.2079 s (11)

 0C Intracellular Binding Saturation Concentration 32.6 mol m (11), (12)

 1k Drug Association Rate Constant 7 1 3 19 10  mol  m s   (11), (12)

 1k
Drug Disassociation Rate Constant 6 1 3 114 10   mol m s   (11), (12)

 Ir Radial Location of Tissue – Vessel Interface 20 μm (11)

 Or Outer Radial Position of Domain Boundary 310  μm (11)

 h Vessel-Tissue Permeability to the Drug 6 11.875 10  ms  (15)

 a Initial Infusion Concentration at the Vessel Wall 50 µM (16)
  Infusion Concentration Decay Constant 200 s (16)

Table 1: parameter descriptions and values used in this study. With the exception of the diffusion coefficient and geometry, 

all parameters have been taken directly from Ref. [2]

In the study that follows the delivery of the drug to the tumor chord by infusion from the 

vessel is modeled. The tumor chord is composed of 2 cell types for which the membrane of 

one cell type is much less permeable to the drug than the other cell type. Two different cell 

populations are studied: in one, most of the population is composed of drug impermeable cell 

type (f1=0.9), and in the other case most of the population is composed of drug permeable cell 



types (f1=0.1).

3. Results and Discussion

The purpose of this work is to model the delivery of drugs to cells in tissue for which the 

tissue is composed of two different cell types. It has been shown experimentally that one of 

the contributing factors to drug resistance in cells is related to the permeability of the drug in 

the cell membrane. Here we consider the case when the permeability of Cell Type 1 is ten 

times lower than that of Cell Type 2. Two different cell population types are considered: a 

population that is composed of 10% of the drug resistant Cell Type 1 (f1=0.1) and a second 

population that is composed of 90% of the drug resistant Cell Type 1 (f1=0.9) 

The spatial distribution of the products of reactions and of the drug deposition at a time 2 

hours after the beginning of the drug administration for these two different population 

compositions are considered first. The concentration of the products of reaction of both cell 

types decrease in exponentially with distance from the vessel wall regardless of population 

composition (Figure 4). Regardless of population composition, the concentration profiles of 

the product of reaction of the drug resistant cells, P1 of Figure 4a, have magnitudes that are 

consistently about one half of the ones associated with the less resistive cells, P2 of Figure 4b. 

The resistant cells exhibit markedly lower products of reaction, P1, when the population is 

composed of drug permeable cells compared to when the population is composed mostly of 

drug resistant cells.

The product of reaction of the permeable cells, P2 , also show higher concentration when cell 

populations are composed primarily of drug resistant cells. The reason that the reaction 

within the cell is strongly influenced by the composition of the population can be explained 

by looking at the transient drug concentration in each cell type and the transient concentration 

of the drug in the extracellular space. 

The influence of population composition on the resulting transient concentration profiles at 

r=25 μm are plotted in Figure 5. At this location, the intracellular drug concentrations of the 



drug resistant Cell Type 1 (Figure 5a blue lines) and of the drug permeable Cell Type 2 

(Figure 5a red lines) are both affected by population composition. This sensitivity can be 

explained as follows. When the resistant Cell Type 1 makes up a small proportion of the cell 

population (f=0.1) a greater volume of the tissue is composed of the higher permeability Cell 

Type 2. The rate that the extracellular space is depleted of the drug increases with the fraction 

of the population composed of the permeable cells (with decreasing f1). This population 

dependence of the depletion is evident in the transient extracellular drug concentration profile 

(Figure 5b). Because rate of drug uptake is proportional to the transmembrane concentration 

difference (Eq. (12)) and because for low f1 there is simply less drug available in the 

extracellular space (Figure 5b), the resistive Cell Type 1 experiences slower drug uptake (and 

hence lower values C1) for lower values of f1; there is less drug available to experience the 

intracellular drug reaction of Eq. (11) and this results in the inverse dependence of P1 on f1 

observed in Figure 4.

The transient behavior of the concentrations at a location farther away from the vessel-tissue 

interface, at r=150 μm, have been plotted in Figure 6. At this location, the intracellular drug 

concentrations (Figure 6a) of both Cell Type 1 (blue lines) and Cell Type 2 (red lines) 

increase with increasing f1 . Recalling Eq. (13), the lower intracellular drug concentrations are 

anticipated to result in the in lower production rates of P1 and P2 and this is reflected in the 

profiles of Figure 4 at r=150 μm. When the more permeable Cell Type 2 makes up a large 

proportion of the cell population (f1=0.1), the extracellular space closer to the vessel wall is 

depleted of the drug (Figure 4b). The diffusive transport within the extracellular space 

depends on the extracellular concentration gradient and this gradient decreases with the 

previously described depletion that occurs near the vessel-tissue interface at low f1. Thus less 

drug is transported to regions farther away from the vessel-tissue interface (Figure 6b). With 

low values of f1, there is simply less drug available in the extracellular space at higher radial 

positions. Because the rate of drug uptake into both cell types is proportional to the 

transmembrane concentration differences, lower values of CEC result in less drug uptake and 

hence the lower values of P1 and P2 seen in Figure 4.



4. Conclusions

The models reviewed in this paper that do capture the continuum dynamic behavior of drug 

mass in cell cultures or in tissues all considered a population composed of only a single cell 

type. This has obvious limitations when, for example, a drug is delivered to tissue composed 

of different types of cells that react very differently to a drug. There are some existing models 

of multiple−cell−type population in applications such as viral dynamics, tumor growth, and 

cell chemotaxis. However, these models do not conserve the drug (or chemical species); 

instead these focus on the conservation of the transient cell density of the different cell types. 

The model presented in this study allows researchers to predict the drug uptake by a 

population of cells composed of different cell types which has the potential to be especially 

useful in the prediction of the efficacy of treatments when the tissues or cell cultures are 

composed of different cell types that react differently to the drug.

The three compartment pharmacokinetic model of drug delivery to tissues has been extended 

to represent tissue composed of two different cell types. A first principles derivation of the 

model is presented and the numerical method is quantitatively verified in a comparison with a 

published study of drug delivery to tissue composed of a single−cell−type. A case study is 

presented of a population composed of two cell types that are distinguished by their 

transmembrane drug permeability values. The two−cell−type population model is used to 

determine the influence of population composition on delivery of drugs to tissues surrounding 

a small blood vessel. When the cell population of the tissue is composed primarily of drug 

permeable cells, the drug concentration within the extracellular space is quickly depleted. 

This leads to lower values of drug uptake and metabolic reaction by drug resistant cells 

(compared to the case when the tissue is composed primarily of drug resistant cells). At 

regions farther away from the blood vessel (~ 4 vessel diameters) increasing the fraction of 

cells that are permeable to the drug results in lower values of intracellular drug concentration 

and metabolism for both cell types.



Appendix A Derivation of the Governing Equations

Consider an elementary control volume (CV) of total volume is  as depicted in VT x y z   

Figure 7. If the porosity of the CV is uniform, each of the control volume faces have equal 

areas occupied by the extracellular space. The area in the y-z plane that is occupied by the EC 

is AEC and this is treated here as a constant.

All transmembrane mass transfer (for both cell types) is represented as a Fickian process 

across the cell membrane so that the drug transport is proportional to the difference in the 

intrinsic drug concentrations on either side of the cell wall. The membranes of the different 

cell types may have different resistances to mass transfer. Within this CV, the rate of drug 

mass uptake by each cell type is also proportional to the total number of cells of that type 

(volume occupied by cells of that type within the CV). With that in mind and following the 

derivations presented in [38] [39] [40], the transport of mass into each of the cell domains are 

represented as follows. The net rate of mass uptake into the volumes occupied by the 

different cell types resulting from the transport across the cell membranes are:

. (A1)
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Here the subscripted parameter, , is the mass transfer coefficient. Its magnitude reflects the 

permeability of the cell membrane to the drug. Within each cell type, a chemical reaction 

consumes (or binds) the free drug. The time rate change of drug mass stored in the volume 

occupied by each cell type is increased by the net rate of drug mass entering the cell types 

and is decreased by the reaction. Thus the rate of drug mass stored in each of the cell types is 

represented:

, (A2)
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Here the reaction rate within the cell types are represented by the general expressions   1 1R C

and . 2 2R C



The net rate of the change in mass stored within the extracellular space ( ) is decreased by ECm

the net transfer of mass leaving the CV and entering neighboring CV’s and is reduced with 

mass uptake by each of the two cell types.

. (A3)  1 2EC Jm m m m
t


   


  

Here  is the net mass transfer of the drug across the CV boundaries; while this could be a Jm

result of diffusion and of advection from an interstitial flow, only diffusion is considered 

here. In the derivation that follows, the rate of mass in the EC that crosses the CV boundaries 

in the y-z planes is presented explicitly, and this may be extended to the other planes as well. 

Referring to Figure 7 the area of the y-z planes of the control volume that are made up of EC 

space is . Within the EC, the net rate of mass flux leaving the CV is related to the rate of ECA

mass transfer per unit area, , by the relation:/ /
xm

. (A4) / /
,J X x ECm m A x

x


 


 

The rate of mass flux is governed by diffusion only so that:

, (A5) / /
x ECm D C

x


 




where is the effective diffusion coefficient. Substituting (A5) into (A4) and assuming D

homogeneous parameter values results in:

. (A6) 
2

, 2J X EC ECm D C A x
x


  




By applying the steps (A4)-(A5) to the remaining coordinate directions (or simply 

representing the flux with the Laplacian operator), (A6) may be represented in a more general 

form as:

. (A7) 2
J EC ECm D C A x   

Noting that for this CV,  and substituting (A2) and (A7) into (A3) results in:VEC ECA x 



. (A8)
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Substituting the definitions of the intrinsic concentrations of Eq. (8) and the relations of the 

different volumes of Eq. (7) into Eqs. (A2) and (A8) and rearranging results in the coupled 

system of equations:

. (A9)
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Even though Eq. (A9) was developed and presented in Cartesian coordinates, the expression 

is easily represented in any coordinate system with the appropriate Laplacian operator. The 

rate at which the product of reaction in each cell type is represented:

. (A1)
   

   

1 1 1

2 2 2
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t
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Appendix B: Method Verification 

B1.  Spatio-Temporal Resolution

Grid size and timestep resolution studies have been conducted in the numerical integration of 

Eqs. (11)−(17). The local magnitudes of the concentration product of reaction in cell type 2 at 

600s, , for a population of cells for which f1=0.9 , are evaluated in the following  2 ,600sP r

comparisons.



In the grid refinement study, 4 simulations were conducted with different numbers of nodes, 

N, placed at regularly spaced radial intervals. Solutions of different grid sizes were compared 

to a very refined mesh: N=104 at grid spacing of Δr=9.8×10-2µm. All used the same 

maximum allowable timestep of 1 s. The local absolute percent difference between the 

solution of a grid of node number, N, compared to a the very refined mesh of N=104 is 

defined as:

 (B1) 
 

2

2

, 600 s,
100 1

, 600 s, 10,000x

P r t N
P r t N




  
 

The local percent differences for N = 100, 500, and 1000 are plotted over the computational 

domain at t=600s in Figure 8a. The mesh that was used to develop the results of Section 3 

corresponds to N=500 nodes equally spaced at intervals of Δr = 1.96 µm; in this case the 

absolute percent difference with the very refined mesh is never above 0.01%.

A time step sensitivity analysis was conducted in which time integrations using the BDF 

solver were carried out at different maximum allowable time steps Δtmax = 10 , 1 , 0.1, and 

0.001 s. The local absolute percent difference of the solutions (compared to the very refined 

time step) is defined as:

 (B2) 
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The local percent differences for Δtmax = 10 , 1 , and 0.1 s are plotted over the computational 

domain at t=600s in Figure 8b. The maximum allowable time step that was used to develop 

the results of Section 3 corresponds to Δtmax = 1 s; in this case the absolute percent difference 

is always below 0.001%.

B2.  Solution Method Verification

To verify the numerical methodology used in the current study, a comparison is made to the 

results of Ref. [2] which considers the delivery of DOX to in a radially symmetric tumor 

situated around a blood vessel. In that study the reaction is represented by a reversible 

saturable binding model so that the drug conservation within the single−cell−type population 



is governed by:

. (B3)
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Here  is the vessel radius and  is the domain boundary and where  is the limiting Ir Or 0C

binding site concentration within the intracellular space,  is the drug association rate, and 1k

 is the drug disassociation rate. This is subject to the following homogeneous initial 1k

conditions:

, (B4)1 10 :    0 in   EC I Ot C C P r r r     

and a type III boundary transient boundary condition at the tumor-vessel interface:

. (B5) 
I

EC
p EC

r

CD h C C
r


 



Here h is the permeability of the vessel wall to the drug. The concentration of the drug in the 

plasma is represented by a mono-exponentially decaying pharmacokinetic profile:

, (B6) exp /pC a t  

for which In the simulation the following parameter values were used that are taken from Ref. 

[2]: , , , ; ,  16 μmIr  200 μmOr  1/15  1
1 0.2079 s  0 2600 μMC 

, , , 6 1 1
1 0.9 10  μM sk     6 1 1

1 140 10  μM sk   
   1 17  11.875 μmsh 

, , and . Note that in Ref. [2], the authors use a 10 2 17.5 10 m sD    50 µMa  200 s 

diffusion coefficient magnitude that is associated with the total volume averaged 

concentration (instead of the intrinsic concentration); the values of the diffusion coefficient 



and of the vessel wall permeability used in the current study are equal to those of Ref. [2] 

divided by the tissue porosity, . 

In this comparison study, the concentration in the extracellular space and the concentration of 

the product of reaction in the intracellular space are considered at the three radial positions: 

16 µm, 108 µm, and 190 µm. The maximum values of the product of reaction and the 

extracellular concentration at these locations and the time at which these maximum 

concentrations are reached published in [2]. Concentration values these locations and times 

are determined numerically in the current study and side by side comparisons are presented in 

Table B1. The current study values are in very good agreement with the published results. 

Note that because the simulations include times up to 31.75 hours, the grid resolution was set 

to N=100 with COMSOL’s default unconstrained adaptive time stepping BDF method. The 

time step used in Ref. [2] was not published; this may in part explain the small discrepancies 

between the results.

Table B1. Comparison with the results published in Ref. [2].

Location and time CEC (µM) P1 (µM)
Ref. [2] This Study (% diff.) Ref. [2] This Study (% diff.)

26 µm,  75 s 1.80 1.82 (1.1%)
108 µm, 265 s 0.523 0.515 (-1.5%)
190 µm, 374 s 0.406 0.398 (-1.4%)
26 µm, 0:41:02 (h:m:s) 1.93 1.95 (1.0%)
108 µm, 1:02:28 (h:m:s) 0.983 0.970 (-1.3%)
190 µm, 31:45:39 s (h:m:s) 0.872 0.860 (-1.4%)
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FIGURE CAPTIONS

Figure 1: The three compartment model in which the drug exists in three states: in its extracellular 

free state, in its intracellular free state, and as the intracellular product of reaction.

Figure 2: Conceptual depiction of drug delivery to a tissue composed of a two-cell-type population.

Figure 3: Depiction of the computational domain representing a tumor chord that is composed of 2 

cell types and that surrounds a small blood vessel.

Figure 4: The concentration of the product of reaction 2 hours post drug administration of: a) 

resistive Cell Type 1 and b) responsive Cell Type 2. Here the population composition is either 10% or 

90% of Cell Type 1 (f1) and the permeability of Cell Type 1 is 1/10 that of Cell Type 2.

Figure 5: The transient behavior at r = 25 μm of: a) the intracellular concentrations of both Cell Type 

1 (blue lines) and Cell Type 2 (red lines) and b) the extracellular concentration. Here the population 

composition is either 10% or 90% of Cell Type 1 (f1) and the permeability of Cell Type 1 is 1/10 that 

of Cell Type 2.

 Figure 6: The transient behavior at r = 150 μm of a) the intracellular concentrations of Cell Type 1 

(blue lines) and Cell Type 2 (red lines) and of b) the of the extracellular concentration. Here the 

population composition is either 10% or 90% of Cell Type 1 (f1) and the permeability of Cell Type 1 is 

1/10 that of Cell Type 2.

Figure 7: A representative control volume of dimensions Δx×Δy×Δz  of a population composed of 2 

different cell types for which the cell distribution is constant and homogenous. 

Figure 8: Spatio-temporal refinement comparisons of absolute percent difference in the solutions to 

the product of reaction in the drug receptive cell type in a population with f1 = 0.1 at 600 s for: a) a 

mesh refinement at different number of nodes compared to a very refined mesh of 10,000 nodes as 

defined by Eq. (B1), and b) a time step refinement at different maximum allowable time steps 

compared to the Δtmax=0.01 s as defined by Eq. (B2).
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Research Highlights
 The three compartment PK model is extended to delivery to two cell types
 The model is applied to mixed cell populations (drug resistant and drug responsive)
 High proportions of responsive cells can deplete extracellular drug concentrations
 High proportions of responsive cells can lower drug metabolized in resistant cells




