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Abstract 

Granular flows are abundant in nature as well as industry extending from coffee powder 

and pills to energy production. For these products to be affordable, large scale granular flows 

are required in the process to provide a sufficient economy of scale, but granular process rarely 

reach the full potential because flow characteristics are not well-understood. An optimal design 

of a granular process requires accurate description of the flow, which is difficult to obtain as 

granular flows exhibit different states of matter (gas, solid, liquid). All these different states 

are controlled by the interactions that occur at the scale of individual particles such as particle 

contacts, and cohesive forces. It is very difficult to describe all these effects in a 

computationally efficient way for large-scale systems. Therefore, experimental studies are 

required to provide insights into the granular flow dynamics. This thesis presents experimental 

investigations of granular flow using MRI looking at the solid fraction and velocities inside 3D 

hoppers. 

The major achievement of this thesis was to develop a technique using magnetic 

resonance to measure the solid fraction inside 3D flowing systems quantitively. This is 

demonstrated through careful experimental designs and we showed that the solid fraction is 

measured to within the precision of 2%. This method was then applied to measure the solid 

fraction of hoppers with different angles and outlet sizes. It was found that the solid fraction is 

not constant in the hopper even quite substantially above the outlet. In fact, the solid fraction 

decreases significantly over the whole region that is measured. This decrease in solid fraction 

was not in a simple uniform manner but in a stepwise manner. Moreover, the investigation of 

the evolution of the acceleration profile showed that the traditional concept of a free-fall arch, 

where there is a sudden jump at z = 0.5D to free-fall acceleration under gravity, is not valid. 

This method was also applied to measure the solid fraction in the fixed angle hoppers with 

inserts and hoppers in which the angle increases towards the outlet (e.g. hoppers with curved 

shape and expanded section). Interestingly, the inverted cone inserts behaved in a similar 

manner to double cone inserts by creating a void volume below the insert. Another interesting 

finding was the fact that the curved shape hopper produced a higher discharge rate, but it was 

worse by having a large stagnant region. By contrast, the hopper with the cone-in-cone insert 

or the hopper with expanded flow section not only reduced the size of the stagnant regions but 

also increased the mass flow rate. Finally, the last aim of this thesis was to the study the effect 

of particle shape on the granular flow behaviour. A rat-holing was observed for one of the non-
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spherical cases. The acceleration and the solid fraction behaviour in the rat-holing system was 

very different to what it was in systems with a simple funnel flow pattern. 
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1. Introduction 

Granular materials are collections of discrete solid, macroscopic particles, which are 

large enough (> 1 µm) such that they are not subject to thermal motion fluctuations. The 

interaction between particles (friction and collision) are dissipative, making the system a non-

equilibrium system. Granular materials are seen in many natural phenomena such as volcanic 

eruptions and sandstorms as well as industrial applications such as pharmaceutical, chemical, 

petrochemical and food processing industries. They have various length scales, from fine 

powders to heaps of nuts and beans.  

The handling (storage and transportation) of granular materials is an important subject 

in the chemical industry. Granular materials are typically stored in silos. Silos can vary in size 

from a conventional salt cellar, containing a few grams, to large installations holding tens of 

thousands of tonnes, known as tower silos. These large silos storing agricultural products such 

as grains are typically 3 to 27 m in diameter and 10 to 90 m in height. The Guinness world 

record for the tallest tower silo is the Swissmill Tower in Zurich, Switzerland, which is 118 m 

tall and can store up to 35,000 tonnes of grain. “Hoppers”, and “silos” are often use 

interchangeably but the word “hopper” is often attributed to the part with converging walls 

towards a relatively small opening at the base. In this thesis, a hopper discharge will be used 

as a model experimental system as it is a paradigmatic example of granular flows. 

The development of the chemical industry at the beginning of twentieth century, 

followed by the advent of the large-scale synthetic polymer production, resulted in producing 

new materials with strange flow behaviour. In 1920, the study of such materials prompted a 

chemist, Eugene Bingham, to coin a new word, rheology. Rheology is the knowledge of 

studying the deformation and flow of matter [1]. Studying the rheology of granular flow has 

been a fascinating subject of research over the past 50 years. The goal of this thesis is to provide 

quantitative measurements of the flow dynamics (i.e. solid fraction and velocity), which is 

necessary to gain a better understanding of the granular material rheology.  

1.1 Studying granular flows 

There are two approaches for modelling granular flow, discrete and continuum. Discrete 

simulations calculate the forces applied on individual particles to capture their trajectories 

using Newton’s second law of motion. Therefore, discrete approach is not suitable for large 

systems with high number of particles because of its high computational cost. In continuum 



 2 

models, solid particles are represented as continuous media and the mass and momentum 

balances govern the time evolution of a system [2]. Therefore, it has lower computational cost, 

so it is more suitable for modelling granular flow in large-scale industrial systems. However, it 

requires a rheological model to relate the applied force to motion. 

Granular rheology has been a fascinating subject over the past few years because of 

the complex and often unexpected behaviours that granular materials reveal. One of the odd 

and interesting features of granular flows is that they can endure stresses like solids, or flow 

like fluids, or compress like a gas depending on the applied force. The granular flow regimes 

are typically divided into three regimes: quasi-static, inertial, and dilute. In the solid-like quasi-

static regime, granular material is very dense, close to the maximum solid fraction (i.e. 𝜙~0.63) 

exceeding the critical solid fraction where the transition between quasi-static and inertial 

regime occurs. The internal (or effective) friction coefficient relating the pressure and shear 

stress is close to its minimum and approximately constant. Therefore, neither effective friction 

coefficient nor solid fraction are dependent on the inertial number (this parameter will be 

introduced later in Section 2.1.1 and the definition will be given in Eq. (2.2)). The particles 

interactions are through frictional contacts and inertia can be disregarded (small shear rate or 

large normal force) [3]. Granular flows with this type of regime are well characterized by soil 

mechanics [4]. 

In the dilute regime, the solid fraction is less than the freezing point (i.e. where the 

transition to dilute regime occurs, 𝜙𝑓 ~0.49) and the effective friction coefficient seems to 

approach to a maximum value. In this regime, normal stress and shear stress depend on the 

square of shear rate [5]. Dilute granular flows are well described by the kinetic theory of 

granular flow as the interactions between solid particles are dominated by instantaneous binary 

collisions just like the molecules of a gas [6]. 

In between the dilute and quasi-static regimes is the intermediate liquid-like regime. In 

this regime, the range of solid fractions is less than the freezing point and around the critical 

solid fraction. Both frictional contacts and instantaneous collisions between particles are 

significant, and pressure and shear stress depend on a power of shear rate between 0.5 and 1 

[7]. Some rheological approaches have been developed [8,9] to study the flow of granular 

material in this intermediate regime, though these approaches are not able to describe all 

granular flow cases [4]. 
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It is an active area of research to establish a unified continuum theory that will 

characterize granular flow across all these regimes. Three major approaches have been 

presented attempting to provide a unified theory: 

• Soil mechanics have been extended to the regimes with low solid volume fraction [10]. 

• The kinetic theory of granular flow has been modified to account for the high-volume 

fraction of solid particles [11]. 

• entirely new phenomenological constitutive laws have been proposed [12]. 

Developing a unified framework that can correctly model all three regimes would be of 

great complexity and difficult to achieve. To this end, experimental measurements are required 

to provide a deeper insight into these complex flows by measuring both macroscopic and 

microscopic mechanisms governing the process. Furthermore, the experimental measurements 

can be used as calibration for input parameters of the numerical modelling.  

Gaining a better understanding of granular flow behaviour requires quantitative 

measurements of the granular flow dynamics. Such measurements are difficult to obtain as 

granular flows are opaque. Magnetic resonance imaging is a non-invasive and non-destructive 

measurement technique that has the advantage of studying optically opaque granular flows in 

three dimensions. Therefore, this thesis develops an advanced MRI technique to quantitatively 

measure the flow characteristics that plays a key role in granular rheology. This method is then 

applied to different structures of hoppers.  

1.2  Studying granular flow using MRI 

Many experimental techniques that are used to study granular flows are limited to wall 

observation [13,14]. The ability of MRI to provide three-dimensional internal observation of 

the granular system makes it a unique experimental technique for granular flow studies [15].   

An MR signal can be produced by placing the sample in an external magnetic field. 

Radio frequency pulses are applied in conjunction with magnetic field gradients which vary 

the magnetic field in a controlled way. This allows for reconstructing an image from the 

received MR signal, which is proportional to the density of the sample. If a pair of these 

magnetic field gradients with different signs are applied during imaging, the particle velocity 

can be measured from the acquired signal [16]. Available MRI measurements of the solid 

fraction required the flow to stop and measure static particles before and after applying shear 
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[17,18]. Quantitative measurement of solid fraction during flow is challenging due to the signal 

attenuation arising from the magnetic field gradients [19]. However, the extent of this 

attenuation can be minimised by carefully designing the gradient sequence [20]. In this thesis, 

an advanced MRI method was developed in which the gradient sequence is designed such that 

it provides quantitative measurements of the solid fraction. 

1.3  Objectives and thesis outline  

Solid fraction is one of the key parameters in granular rheology, but it is challenging to 

characterise it experimentally. The main objective of this thesis is to develop an MRI technique 

that allows for quantitative measurement of solid fraction of granular flows. To this end, 

Chapter 2 reviews different numerical and experimental techniques used to investigate the 

granular rheology, existing work on hopper flows, and magnetic resonance imaging of granular 

flows. Each of the experimental chapters has been prepared for publication as a paper and as 

such they are largely self-contained. Chapter 3 gives an overview of  sectoral version of the 

centric SPRITE, and how to make the images quantitative  by examining the potential blurring 

effects, correcting for the B1 inhomogeneity, using an internal standard, removing 

imperfections in the instrument performance, averaging over a number of different seed 

arrangements to ensure the uniformity of the resulting images. This chapter also explains how 

to convert the image intensity to a quantitative solid fraction as well as the MRI method used 

to acquire velocity information and all the details required for characterising the solid fraction 

and velocity of the granular flow inside a 3D hopper. Chapter 4 provides quantitative 

measurements of the solid fraction and velocity of discharging particles in different three-

dimensional gravity-driven hoppers and compares the velocity and solid fraction of different 

hopper angles and outlet sizes. This chapter also examines the predictions of several 

phenomenological models by investigating the self-similarity of the solid fraction, velocity, 

and acceleration profiles, as well as the “free-fall arch” and the "empty annulus" phenomena. 

Chapter 5 shows the changes of the hopper flow pattern in response to adding inserts with 

different structures to the fixed angle hoppers as well as using hoppers with varying angles. 

Chapter 6 investigates the effect of using non-spherical particles on the granular flow 

behaviour. Chapter 7 summarises the main findings from the work conducted in this thesis and 

outlines the scope of the future work. 
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2 Literature Review 

Three main research areas that are the most relevant to the thesis objective will be 

covered in this chapter. First, granular flow and the numerical approaches that are undertaken 

to study their rheology as well as the experimental methods used for measuring the granular 

flow are reviewed. Second, a basic introduction to MRI is given and a review of solid fraction 

and velocity measurements using MRI. Finally, granular flow in hoppers, which are the most 

important systems for handling granular material, their flow patterns and the existing work 

performed in this matter are reviewed.  

2.1 Granular flow rheology 

Granular flow has been a fascinating area of research over the past decades. When 

particles are large enough (d > 100 µm) with no interstitial fluid, capillary forces, van der Waals 

forces (cohesion or adhesion), and viscous interactions are negligible. Therefore, the 

interactions between particles are mostly through collisional or frictional contacts. Hence, only 

the momentum transfer between particles during contacts controls their mechanical 

characteristics (restitution, friction, and elasticity). Yet, describing the flow behaviour of these 

dry cohesionless granular materials is not simple.  

Discrete modelling and continuum modelling are the two main approaches of modelling 

granular flows. Discrete modelling requires fewer assumptions and allows for studying the 

particle properties and flow characteristics of granular materials on particle scale with a wide 

range of types, sizes, shapes and velocities [1]. However, the computational complexity 

associated with the number of particle contacts in dense systems, restricts the number of 

particles that can be modelled using a discrete approach making it impractical for industrial 

scales. Therefore, for large-scale systems the use of continuum modelling is advocated. In the 

following, different available continuum models for studying granular flow are reviewed. 

The granular flow regimes are typically divided into three categories. First, the rate-

independent plastic regime where frictional contacts between particles become dominant and 

inertia can be neglected due to the very low velocity. Soil mechanics can describe this type of 

regime very well [2]. Second, a rapid rate-dependent regime where friction is negligible and 

particle interactions are mostly through binary collisions similar to molecules of a gas. This 

type of flow regime can be described by kinetic theory [3]. Third, the inertial liquid-like regime, 

also known as dense granular flow, where a transition from quasi-static flow to dilute rapid 

flow occurs. Similar to visco-plastic materials, dense granular flows have a flow threshold 
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determined by the friction. Also, they exhibit shear-rate dependency similar to a Non-

Newtonian fluid behaviour. In this transition regime, both inertia and friction are significant, 

and a contact force network exists between particles that allows for stress percolation. The flow 

properties are approximately independent of the restitution coefficient. However, the transition 

from this liquid-like regime to the gas-like regime depends on the restitution coefficient. Some 

rheological approaches have been proposed that are quite successful in describing this liquid-

like regime (and will be discussed later) but there are some details mostly related to the 

transition from inertial regime to quasi-static regime that cannot be captured. In fact, no unified 

theory has been developed yet that can characterise the granular flow across all these regimes.  

2.1.1 The friction and dilatancy laws   

Before introducing different rheological approaches, it is useful to introduce the 

important length and time scales. There are three kinds of length scales: microscopic scale at 

which particle contacts occur, grain scale where forces act, and macroscopic scale related to 

the geometry of the flow. The typical length scale for granular materials is the particle size, d, 

except for the particular length scales related to the specific geometry. A uniform simple shear 

flow is governed by the shear rate �̇�, the normal stress P and the shear stress 𝜏. These three 

parameters (�̇�, P, 𝜏) form two independent dimensionless numbers based on which different 

granular flow regimes and rheological approaches are defined. The first one is the effective 

friction coefficient, 𝜇𝑒𝑓𝑓:  

𝜇𝑒𝑓𝑓 =
𝜏

𝑃
   (2.1) 

which is the ratio of the shear stress to normal stress. This is a friction criterion because rigid 

particles, in contrast to liquids, have no internal stress scale connected to a microscopic failure. 

The second dimensionless number is the inertial number, I: 

𝐼 =
�̇�𝑑

√𝑃/𝜌
 

  (2.2) 

which is the ratio of the deformation (macroscopic) time scale, 𝑇𝛾 , to the confinement 

(microscopic) time scale, 𝑇𝑝, at the grain level (𝜌 is the particle density): 

𝐼 =
𝑇𝑝

𝑇𝛾
, 𝑇𝛾 =

1

�̇�
, 𝑇𝑝 = 𝑑√𝜌/𝑃, (2.3) 

In addition to the friction, the packing fraction of the particles is also important in 

describing the granular flow. When inertial number increases above about 10-2, the flow regime 
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becomes shear-rate-dependent and changes with the inertial number. Therefore, the two 

parameter that governs the granular flow, the effective friction coefficient 𝜇𝑒𝑓𝑓 and the solid 

fraction 𝜙, should be functions of the inertial number:  

𝜇𝑒𝑓𝑓 =
𝜏

𝑃
= 𝜇𝑒𝑓𝑓(𝐼)    (2.4) 

𝜙 = 𝜙(𝐼)    (2.5) 

Eqs. (2.4) and (2.5) are known as the friction law and the dilatancy law, respectively 

[4]. It has been shown that the effective (macroscopic) friction coefficient 𝜇𝑒𝑓𝑓 is nonzero for 

I = 0, increases by increasing I and reaches to an asymptotic value at high values of I and then 

reduces by further increasing the shear rate which leads to entering the gaseous regime [4]. The 

interparticle friction coefficient μp has found to have small influence on the effective friction 

coefficient, except when μp < 0.3 where there is a near linear dependency. On the other hand, 

the solid fraction decreases linearly with I from a maximum packing fraction and reaches a 

critical value 𝜙𝑠 where a transition from quasi-static to dense flow regime occurs. 

2.1.2 The local rheology 

The friction and dilatancy laws acquired in plane shear could be considered as the 

constitutive equations for describing the intermediate flow assuming that the stresses in 

different configurations will be developed through the system the same way as they do in plane 

shear. This assumption is true only for a local rheology, where the shear stress at a given 

location of the flow depends only on the shear rate and pressure on that location (a one to one 

relation).  

The local rheology is then expressed in terms of the effective friction coefficient 

(friction law) and the solid volume fraction (dilatancy law) as a function of the inertial number. 

By plotting different 2D and 3D data from experimental and numerical studies of different 

geometries (mostly plane shear [5–7], and flows down inclined planes [8–10]) in terms of 

friction and dilatancy laws, it was confirmed that the local friction and dilatancy laws can 

describe the dense flow regime [11].  

Da Cruz et al. [4] find the equations below the best fit for their 2D numerical results of 

a plane shear: 

𝜇𝑒𝑓𝑓(𝐼) = 𝜇𝑠 + 𝑎𝐼,    (2.6) 

𝜙(𝐼) = 𝜙𝑠 − 𝑏𝐼,    (2.7) 
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where 𝜇𝑠 is the minimum friction coefficient or the yield stress ratio, below which the flow 

regime is quasi-static and rate-independent and 𝜙𝑠 is the critical solid fraction, above which 

the flow regime is rate-independent. a and b are constant parameters showing that how 𝜇𝑒𝑓𝑓 

grows approximately linearly with I from a minimum of 𝜇𝑠  and solid fraction 𝜙  reduces 

linearly with I from its maximum value 𝜙𝑠. Eqs. (2.6) and (2.7) can also be rewritten as the 

normal stress and shear stress as functions of shear rate and solid fraction:  

𝑃(𝜙, �̇�) =
𝑎2

(𝜙𝑠 − 𝜙)2
�̇�2, 

  (2.8) 

𝜏(𝜙, �̇�) =
𝑎𝑏(𝜙∗ − 𝜙)

(𝜙𝑠 − 𝜙)2
�̇�2, 

  (2.9) 

where 𝜙∗ = 𝜙𝑠 + 𝑎𝜇𝑠/𝑏. It is easier to use Eqs. (2.6) and (2.7) as the constitutive laws since it 

avoids divergency near jamming (𝜙 = 𝜙𝑠), which could be an issue in continuum modelling. 

By performing 3D discrete simulations on the same geometry (simple shear without gravity), 

Hatano [12] proposed a power-law relationship between 𝜇𝑒𝑓𝑓 and I, and 𝜙 and 𝐼: 

𝜇𝑒𝑓𝑓(𝐼) = 𝜇𝑠 + 𝑎𝐼𝑛,    (2.10) 

𝜙(𝐼) = 𝜙𝑠 − 𝑏𝐼𝑛,    (2.11) 

The exponent n is 0.5 for frictionless particles and 1 for frictional particles [13]. The 

difference between linear (Eqs. (2.6) and (2.7)) and power-law (Eqs. (2.10) and (2.11)) 

constitutive equations was attributed to the dimensionality of the systems, which influences the 

interactions between particles. For example, the angular distribution of the tangential force is 

not anisotropic in 3D system whereas a strong anisotropy is observed in 2D systems [12].  

These constitutive laws (both linear and power-law) cannot describe the free surface 

flows with gravity (e.g. heap flow, flow in a rotating drum, etc.) because of their non-uniform 

odd flow behaviours. For example, the localized velocity profiles with a linear profile at the top 

followed by an exponential tail towards the pile, which is significantly different from linear 

velocity profiles in plane shear or inclined plane. In some theoretical studies [14–16], these 

linear profiles localized at the free surface were attributed to the equilibrium between gravity 

and dissipation of the inelastic collisions (i.e. when a particle collides another particle, the lost 

momentum will be transmitted to the bottom plane instead of transmitting to the next particle). 

The exponential tail and the finite depth were explained by the trapping effect [14]. There are 

also other studies that use rheological models [17] that provide hydrodynamic descriptions of 

free surface granular flows [18–20]. However, the effect of sidewalls is not considered in any 
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of these studies. Shear flow usually localizes near the walls where the confining pressure is low 

and/or the sliding velocity is high. Uniform shear flow occurs at small sliding velocities and 

large confining pressures.  

For the first time, Jop et al. [21,22] studied free-surface granular flow on a pile in a 

channel considering the effect of sidewalls and they found the following form the best fit to 

their data:  

𝜇𝑒𝑓𝑓(𝐼) = 𝜇𝑠 +
𝜇𝑚𝑎𝑥 − 𝜇𝑠

𝐼0/𝐼 + 1
,   (2.12) 

𝜙(𝐼) = 𝜙𝑠 + (𝜙𝑚𝑖𝑛 − 𝜙s)𝐼,    (2.13) 

where I0 is a constant, 𝜇𝑚𝑎𝑥 is the maximum value that 𝜇𝑒𝑓𝑓 asymptotically approaches as I 

increases, which was not observed by Hatano [12] and da Cruz [4]. 𝜙𝑚𝑖𝑛 is the minimum solid 

fraction which occurs when a particle goes out from the trap during the rearrangement. This 

form of local rheology is currently the most accepted formulation, which is known as 𝜇𝑒𝑓𝑓(𝐼) 

rheology. Also, this model solves the discrepancies between flows down inclined planes and 

flows on a pile in [23] which was due to ignoring the effect of the sidewalls.  

Jop et al. [24] later developed a tensorial formulation of this rheology, which allows for 

three dimensional numerical analysis of more complex geometries where the flow is described 

by multidirectional shear [25,26]. Neglecting the variations of the solid fraction, the form of 

the constitutive equation for the dense granular flows will be similar to a visco-plastic approach 

where the stress tensor, 𝜎𝑖𝑗, is:  

𝜎𝑖𝑗 = −𝑃𝛿𝑖𝑗 + 𝜏𝑖𝑗,    (2.14) 

where P is the isotropic pressure, 𝛿𝑖𝑗 is the Kronecker delta, and  

𝜏𝑖𝑗 = 𝜂�̇�𝑖𝑗, �̇�𝑖𝑗 = 0.5 (
𝜕𝑣𝑖

𝜕𝑥𝑗
+

𝜕𝑣𝑗

𝜕𝑥𝑖
), 𝜂 =

𝜇𝑒𝑓𝑓(𝐼) 𝑃

|�̇�|
, |�̇�| = (

1

2
�̇�𝑖𝑗�̇�𝑖𝑗)0.5. (2.15) 

�̇�𝑖𝑗 is the strain-rate tensor and v is the velocity field and x is the spatial coordinate. The dense 

granular flow is then defined as a non-Newtonian incompressible fluid with a viscosity η, which 

can be described by this frictional visco-plastic rheology, Eq. (2.14). 

Gaume et al. [27] showed that in addition to the one-to-one relation between 𝜇𝑒𝑓𝑓 and 

I, there is also a one-to-one relation between the inertial number, I, and the dimensionless 

velocity fluctuation, 〈𝑈2〉, in the inertial regime (I > 10-2):  
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〈𝑈2〉 = 〈𝑢2〉𝜌/𝑃,   (2.16) 

√〈𝑈2〉 = 𝑓(𝐼) = 0.12 𝐼0.5   (2.17) 

where 〈𝑢2〉  is the velocity fluctuation. The existence of this one to one relationship 〈𝑈2〉 

suggests that the velocity fluctuations are generated locally by the particles chaos caused by 

the shear rate in the inertial regime. In quasi-static regime, there is no one-to-one relationship 

between the inertial number I and the velocity fluctuations, 〈𝑈2〉, similar to 𝜇𝑒𝑓𝑓(𝐼) that no 

longer exists for the quasi-static regime. However, Gaume et al. [27] showed that the quasistatic 

regime can be well characterized by a three-variable constitutive law relating the effective 

friction coefficient 𝜇𝑒𝑓𝑓, the inertial number I, and the normalized velocity fluctuations 〈𝑈2〉 

as shown below:  

√〈𝑈2〉 = 0.59 𝐼𝛽(𝜇),    (2.18) 

𝛽(𝜇) = 𝛽0 + 𝛽1𝜇𝑒𝑓𝑓,    (2.19) 

where β0 ≈ 0.29 and β1 ≈ 1.80. Interestingly, this empirical constitutive relation, which was 

established using the quasi-static regime data, remains also valid in the intermediate regime. 

However, the existence of this three-variable law does not mean that rheology in the quasi-

static regime is local. Indeed, and unlike in the intermediate regime, the velocity fluctuations 

in the quasi-static regime are caused by non-local effects, and artificially maintained by the 

boundary conditions [27]. The effect of the velocity fluctuation on the rheology of the quasi-

static regime and the transition to the inertial regime had already been the subject of many 

studies [28–32]. Gaume et al. [27] were the first researcher who were able to establish a 

constitutive law for this regime including the velocity fluctuations. However, this constitutive 

law (Eqs. (2.18) and (2.19)), was obtained empirically from fitting the numerical data obtained 

by simulating the flow in a Couette cell. Hence, there is still no theoretical framework that 

considers the effect of the velocity fluctuations. 

The local rheology provides a good framework to describe many characteristics of the 

dense granular flows in different geometries [11,23]. However, the connection between the 

macroscopic friction coefficient and the microscopic particle properties is still lacking. Several 

attempts, although not successful, had been made to link this rheology to the development of 

the network of contacts within the granular assembly [33]. Other shortcomings are also 

reported in the literature when trying to describe dense granular flow using the visco-plastic 

approach. The three major shortcomings are discussed below: 

1. The hysteresis behaviour of granular flow in a stress-driven system, for example: 



 13 

 

• In a Couette cell [34], the flow will be initiated only if the applied torque 

reaches a critical value, above which a continuous steady flow will be 

established. However, the applied torque at which the flow stops is smaller 

than the starting torque.  

 

• For free surface flows, such as a rotating drum or a heap flow, the free 

surface needs to be inclined up to a critical angle, 𝜃𝑠𝑡𝑎𝑟𝑡, to start the flow 

but a smaller angle of inclination, 𝜃𝑠𝑡𝑜𝑝, is required to stop it. This angle is 

dependent on the thickness of the granular layer in inclined planes or the 

distance between the sidewalls in a heap flow. However, the µ(I) rheology 

predicts a constant critical angle of 𝜃𝑠𝑡𝑎𝑟𝑡 = 𝜃𝑠𝑡𝑜𝑝 = 𝑡𝑎𝑛−1(𝜇) independent 

of the layer thickness. 

The origin of hysteresis in granular material stems from the balance between 

kinetic energy, energy dissipation due to collision, and the potential trap made by the 

roughness of the underlying layer [11]. 

2. The local rheology cannot correctly describe the transition from the inertial regime 

to the quasi-static regime. It is observed that if part of the granular media is moving, 

adjacent parts, even those with μ < μs are also moving but just very slowly. In the 

limit of quasi-static regime, the local rheology predicts an infinitely thin shear band, 

which reduces to a slip condition at the boundary with the moving wall. However, 

observations show shear bands with finite thicknesses in confined systems including 

the Couette cell, the silo, and the plane shear with gravity in the solid-like regime 

[23]. In fact, the thickness of the shear band is equal to five to ten particle diameters 

independent of the shear rate in the quasi-static regime [11,35] in contrast to the 

inertial regime where the thickness of the shear bands expand as the shear rate 

increases. 

 

3. The local rheology cannot correctly describe the transition from the inertial regime 

to the gaseous regime. The particle interactions in dilute regime is mostly through 

binary collisions, which motivates researchers to use the kinetic theory [36] to 
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describe this type of flow. Also, the kinetic theory can be modified to capture the 

transition from the dilute regime to dense flow regime as well. 

 

To address these limitations, several theoretical approaches have been proposed that 

will be discussed in the following. 

2.1.3 The non-local rheology 

In a non-local rheology, stresses of a given location depends on the shear rate at other 

locations of the flow whose governing equation has to be determined. Describing quasi-static 

granular flows requires a non-local framework because the macroscopic deformation of 

particles comes from complex non-local interactions between their rearrangements. Large 

spatial connections in the force chain [33,37] and in the velocity fluctuations [38,39] are good 

representatives of the non-local effects.   

The first approach for introducing nonlocality is to modify the plasticity models by 

considering the rotation of particles, known as Cosserat models [40–45], or introducing 

fluctuations to plasticity models, known as stochastic flow rule model [46]. The second 

approach is to explicitly write non-local constitutive laws, by assuming the existence of a 

“diffusive” parameter in the material, which spread the non-local effects. Several models [47] 

have been proposed for capturing the non-local effects using this approach that will be 

discussed in the following. The important features that distinguish these models from each 

other are the details of the diffusive process: (i) the physical concept behind that diffusive 

parameter and the equation used for it, (ii) the form of integral or differential equation that is 

going to be supplemented by the diffusion equation, and (iii) how it defines the mechanical 

behavior of the flow. Although all these models were moderately successful, they do not 

provide a unified framework for describing both the quasi-static and kinetic regimes and the 

transition between them. 

2.1.3.1 BCRE Model 

The BCRE model (proposed by Bouchaud, Cates, Ravi Prakash, and Edwards) [48] is 

mainly used to investigate the hydrodynamics of granular flows on sand piles. It is consisted 

of two parts: one part describes the static bulk of the pile, and the other part characterizes the 

grains moving down the surface. An advection-diffusion equation controls the progress of each 

layer thickness with a transition term suitable for each layer describing the erosion of the static 
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pile. The BCRE model and its modifications have been used to simulate different types of free 

surface flows such as avalanches [17,48,49]. The BCRE model is applicable for flows that can 

be separated into two different parts: a thin rolling flow (the thickness cannot be larger than a 

few grain diameters) and an immobile bulk. Also, it does not account for effects due to the 

stress field in the bulk of the medium. Furthermore, it is not feasible to distinguish the boundary 

between the rolling surface flow and the static bulk in many practical situations. Moreover, this 

model is essentially one dimensional. Therefore, this model, though widely used, is limited to 

the study of sand pile flows, and is not applicable for more complicated flow configurations. 

2.1.3.2 Partial Fluidisation Model 

In a dense granular flow, a major part of the stresses is transmitted through enduring 

contacts between particles and the rest is transmitted through particle collisions. Volfson et al. 

[50] defined a factor, called the order parameter (OP), as a ratio of the number of the static 

contacts to the total number of contacts. In Partial Fluidisation Model (PFM), the stress tensor 

is divided into a shear-dependent (fluid) part and a shear-independent (static) part using the 

order parameter. The PFM is then characterized by the mass and momentum conservation laws 

for the velocity and shear stress supplemented by the order-parameter equation, which controls 

the transition from static to flowing regime. The PFM has been able to give a good 

hydrodynamical description of dense granular flows for different geometries such as inclined 

flows, rotating drums, and shear flows between two plates [50–53].  

The PFM is basically used for the dense flow and its transition to quasi-static regime. 

However, to account for the rapid flows, it can be combined with other models such as kinetic 

theory [52] which requires to consider the granular flow compressible and consider the effect 

of velocity fluctuations. Moreover, the diffusion factor, OP, in PFM constitutive law is a 

function of the normal stress, shear stress and the local shear rate. This means that a large 

number of numerical data is required to provide a quantitative description of this dependence. 

On the other hand, the order parameter can only be derived from molecular dynamics 

simulations [21] and it is not feasible to measure it experimentally. Therefore, this is not a time-

efficient model especially for large-scale systems and cannot be validated experimentally. 

2.1.3.3 Self-activated Model 

The basic idea of this model [8] is that imposing a shear at a given location between 

two layers of granular material leads to local rearrangements. These rearrangements percolate 

stress fluctuations throughout the system, which results in shearing in other locations of the 
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medium. Therefore, the motion in the second location is then a function of stress fluctuations 

produced by the rearrangements in the first location. Each time that a fluctuation is sent from 

the source location, the particle in the second location jumps to the subsequent hole with a 

probability of the stress fluctuation being greater than the flow threshold. The constitutive 

equations were then written as an integral over space of the shear rate times this probability. 

Two main assumptions were made to write the constitutive laws for this model [8]: first, 

the process has no memory so if the stress fluctuation is less than the flow threshold at some 

stage, the process will be reset to the initial state where the first jump occurred. The second 

assumption is that the jumps are instantaneous. This assumption is only valid for small shear 

rates and quasi-static deformations. This model has been modified later by considering a finite 

time for particles rearrangements instead of instantaneous jumps, which allows for describing 

the inertial flows. 

The modified model [54] can correctly describe the quasi-static regime including 

observation of the shear bands in plane shear under gravity, in silos or in Couette cells as well 

as the inertial regime and the transition between them. Moreover, it can accurately predict that 

the thickness of the shear band increases by increasing the velocity in these confined flows. 

Also, it captures the existence of a minimum thickness of granular layer below which no flow 

can occur in inclined planes. Finally, the hysteresis behaviour of granular flow in Couette cells 

can also be captured by this model [55]. 

Although this model has been successful in many aspects, there are still some 

limitations. The self-activated model can predict the fact that a stationary granular layer starts 

to flow only if it reaches a critical angle. However, this model predicts a critical angle, 𝜃𝑠𝑡𝑎𝑟𝑡 

independent of the thickness of the layer or the stopping angle, 𝜃𝑠𝑡𝑜𝑝. Another limitation of the 

model is that it does not consider variations of the solid fraction. The solid fraction can be 

calculated afterwards, using the local dilatancy law. However, the variations of the solid 

fraction could play an important role in nonlocalities.  

2.1.3.4 Extended kinetic theory 

The interactions between particles in dilute granular flows are mostly through 

instantaneous binary collisions resembling interactions between molecules of a gas. For this 

reason, kinetic theory of granular gases [3] has been used to study the gaseous regime of 

granular flows. To differentiate the dense flow regime from the dilute regime several criteria 
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have been proposed based on the contact duration [56] or the correlation length of the force 

chain [33,57], which increases in the dense regime. Also, the transition to gaseous regime is 

highly dependent on the particle restitution coefficient, e. The smaller the restitution 

coefficient, the bigger the range of solid fraction where the dense flow regime occurs. 

Traditional kinetic theory models were originally developed for dilute flows of smooth, 

inelastic, frictionless spheres [3,36,58,59]. This model provides a set of constitutive equations 

linking the solid fraction, the mean velocity, and the granular temperature (velocity 

fluctuations). Later, these models have been modified to account for particle roughness by 

including particles rotation and tangential restitution [60]. These traditional kinetic theory 

models show good agreement with DEM simulations when the solid fraction is less than 

𝜙𝑓 = 0.49 (the so-called freezing point). However, when the solid fraction exceeds this solid 

fraction towards the critical solid fraction (below which flow cannot occur without 

deformation) some discrepancies are seen. These discrepancies result from the fact that when 

the flow becomes denser the two basic assumptions of the kinetic theory, molecular chaos and 

instantaneous binary collisions are no longer valid. Moreover, these models have been 

proposed for frictionless particles and do not account for the interparticle friction effects which 

play a crucial role in describing the stresses at least in the quasi-static regime.   

To this end, Extended Kinetic Theory (EKT) models have been developed to describe 

the dense flows at solid fractions larger than the freezing point 0.49 [61–66]. In these models, 

the traditional kinetic theory has been extended phenomenologically to account for the decrease 

in dissipation rate. The first type of extension is introducing a correlation length as a decreasing 

factor into the dissipation term [63,66,67]. This correlation length shows the typical length of 

the force chain created in the inertial regime and increases by the increase of the solid fraction 

towards a denser flow. The introduction of this correlation length was successful in describing 

the dense flow. The second type extensions is replacing the typical restitution coefficient with 

an “effective” restitution coefficient, which takes into account the increase in dissipation rate 

due to the interparticle friction [67,68]. Some studies modified the traditional kinetic theories 

by adding a frictional rate-independent term to the shear stress equation of the kinetic theory 

[69–71] to account for the effects of the enduring contacts. Also, different expressions have 

been proposed for the radial distribution function at contact 𝑔0(𝜙) , which are typically 

expressed as a function of stresses, shear rate, granular temperature and solid fraction, and 

diverges at the critical solid fraction similar to the divergency in Eqs. (2.8) and (2.9) [66,67]. 

These models have been tested mostly for the simple shear flow of inelastic, hard spheres [72–
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74] and they were successful in improving the predictions of traditional kinetic theory models. 

However, they have rarely been used for studying frictional particles over a wide range of 

volume fractions that can be found in important flow configurations including hoppers, and 

fluidized beds [75]. 

2.1.3.5 Non-local Granular Fluidity model  

Recently developed Non-local Granular Fluidity (NGF) models modify the μ(I) 

rheology by introducing a new term, the so-called granular fluidity, which describes the 

diffusion of non-local effects through the granular material and predict flow fields in slow 

creeping zones, where the μ(I) rheology fails.  

The granular fluidity is a feature of the flow that disappears in the solid-like flow and 

increases by increasing the ability to flow. The non-localities within the flow can be described 

by including this size-dependent variable with a microscopic length scale in constitutive 

equations [76–78]. Fluidity has been defined as an inverse of friction 𝑓 = 1/𝜇 [76–78], an 

expression relating the shear rate to friction 𝑓 = �̇�/𝜇 [79–82], the inertial number 𝑓 = 𝐼 [13], 

and as an expression that relates the shear rate to the shear stress 𝑓 = �̇�/𝜏 (mostly applicable 

to soft non-granular material, e.g. emulsions and suspensions) [76–78]. Henann et al. [83] 

proposed a differential relation for fluidity that includes two terms, one for local effects and 

one for non-local effects:  

𝜎𝑖𝑗 = −𝑃𝛿𝑖𝑗 + 2
𝑃

𝑓
�̇�𝑖𝑗,    (2.20) 

𝛻2𝑓 =
1

𝜀2
(𝑓 − 𝑓𝑙𝑜𝑐),    (2.21) 

where 𝑓𝑙𝑜𝑐 = �̇�(𝜇, 𝑝)/𝜇 is what the fluidity would be if the μ(I) rheology were correct, and 휀 is 

the length scale characterizing rearrangements of the particles, which is proportional to the 

particle size with a form of:   

휀 = 𝐴𝑑√
1

|𝜇 − 𝜇𝑠|
 

  (2.22) 

The parameter A controls the strength of this cooperative effect and has been seen in 

previous works to be in the range of 0.8. A microscopic definition of the fluidity was also 

proposed by Kamrin [84]:  

𝑓 =
〈𝑢2〉

𝑑
𝐹(𝜙) 

  (2.23) 
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𝐹(𝜙) = −(𝜙 − 0.58) +
√(𝜙 − 0.58)2 + 1,54 × 10−4

0.048
+ 2.0 

  (2.24) 

𝐹(𝜙) is nearly constant for solid fractions smaller than 0.55 and then it turns into a 

roughly linear decrease that vanishes at 𝜙 = 0.63, approximately random close packing. This 

relation, which connects the granular fluidity to velocity fluctuation and solid fraction matches 

well with DEM results of 𝑓 = �̇�/𝜇 for several configurations [84].  

NGF models are successful in describing the quasi-static flows as well as the inertial 

regime. This model has been successfully used for modelling 2D simple configurations such 

as plane shear [79] as well as 3D complex configurations such as split-bottom Couette cell 

[81,83]. However, some challenges still remain. It is still under investigation whether NGF 

models can actually consider the transient changes by introducing a time-dependent term. 

Therefore, currently, the NGF models are applicable only under steady-state conditions and for 

granular flows with spherical rigid particles without size distribution. Furthermore, the 

microscopic definition of fluidity has not been validated yet experimentally. This validation 

requires an experimental technique capable of measuring solid fraction and velocity fluctuation 

quantitatively. 

No matter what model is used to simulate the granular flow, if the simulations are going 

to be used to inform expensive capital decisions, it is essential to ensure that the numerical 

results are a valid reflection of the reality. However, experimental characterisation of the 

granular flow dynamics in three dimensions is challenging. Magnetic resonance imaging is a 

powerful experimental technique that potentially can provide quantitative 3D spatial maps of 

solid fraction, velocity, and velocity fluctuations in which the variations of these parameters 

can be seen clearly. The basics of this technique and methods by which the flow dynamics can 

be measured using MRI, and its challenges are explained in the next section.  

2.2 Magnetic resonance imaging of granular flow  

Different experimental techniques have been used to study granular flows. Electrical 

Capacitance Tomography (ECT) is one of these methods whose image reconstruction is very 

challenging when a high resolution image is required [85]. The radiation attenuation techniques 

such as x-ray [86] or gamma ray [87] can also be used for measuring solid fraction. However, 

these methods are not able to provide velocity measurements. Another technique is the high-

speed cameras [88] which can measure both velocity (using particle tracking) and  (in dilute 

systems) solid fraction. However, this technique is restricted to 2D observations of the particles 
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passing through the outlet or the transparent wall as granular materials are not optically 

accessible. Positron Emission Particle Tracking (PEPT) [89] can be used for 3D velocity 

measurements but it requires long acquisition time. Also, it is challenging to implement it for 

measuring the solid fraction as it does not directly measure it; instead, the density is inferred 

by assuming that the sample is ergodic. MRI is another technique, which is expensive, time-

consuming, and requires a deep understanding of pulse sequences, signal acquisition, and 

processing. However, it is the only method that allows for quantitative measurements of both 

solid fraction and velocity in three dimensions. For these reasons, the application of MRI to 

study granular flow is the focus of this thesis. To this end, the basics of MRI and how to 

implement it for studying granular flow are explained in the following.   

2.2.1 Background to NMR 

Nuclear Magnetic Resonance (NMR) is the knowledge of examining the behaviour of 

atomic nuclei in the presence of the magnetic field (B0). Spin is a quantum mechanical property 

of nuclei that is analogous to angular momentum in classical physics that allows for magnetic 

interactions to occur. The hydrogen spin has two quantum states in the presence of the magnetic 

field, the low-energy (parallel to B0), known as spin-up state, and the high-energy (anti-parallel 

to B0), known as spin-down state. The physical separation of spin-up and spin-down states 

represents an energy difference (ΔΕ) between the two states. This phenomenon, which is 

known as Zeeman splitting, was first discovered by Stern and Gerlach [90].  

∆𝐸 = 𝛾ℎ𝐵0,    (2.25) 

where h is Planck's constant with a value of approximately 6.626×10-34 J/s and γ is the 

gyromagnetic ratio, which depends on the nature of the nucleus. Hydrogen nuclei have the 

biggest gamma (γ = 42.58 MHz/T) and near 100% natural abundance, so they are the most 

responsive nuclei in NMR.  

The natural (lowest) energy state for a nuclear spin placed in an external magnetic field 

(B0) is to be in parallel with the magnetic field, however the energy difference between the low 

and high energy states is small and therefore so is the population difference according to the 

Boltzmann distribution. The sum of spin angular momentum obtained from millions of 

individual nuclei averaged together create a vector called net magnetization (M0) aligned with 

the external magnetic field (B0) in the longitudinal direction. However, the net magnetization 

can be detected by the MR apparatus only if it is in the horizontal plane. Stimulating and 

rotating the net magnetisation into the transverse plane is called excitation. The net 
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magnetization is tipped out of its initial equilibrium alignment with B0 by applying a transverse 

magnetic field (B1) perpendicular to B0 but at the same frequency of: 

𝜔0 = 𝛾𝐵0,    (2.26) 

where 𝜔0 is the Larmor frequency, the precession frequency of the nuclei when they placed in 

B0. B1 field will be synchronized with the precession of the net magnetization when it is applied 

at the Larmor frequency, this condition is called resonance. The time-varying excitation B1 

field is produced by radiofrequency (r.f.) coils that transmit radiofrequency pulses. The amount 

of rotation of the net magnetization, which is called the flip angle 𝛼𝑓, depends on the duration, 

𝑡𝑝, and strength the r.f. pulse,  

𝛼𝑓 = 𝛾𝐵1𝑡𝑝    (2.27) 

After applying a 90° r.f. pulse, the magnetization flips into the transverse plane and an 

MR signal is detected. The profile of this decaying signal over time is known as the free 

induction decay (FID). The reason of the transverse magnetization Mxy decay in the presence 

of a homogeneous magnetic field is an irreversible effect that is called T2, spin-spin, or 

transverse relaxation. It is a stochastic process associated with the motions of the molecules. 

The T2 relaxation time is the amount of time that it takes to lose 37% of net transverse 

magnetization, which provides information about the probability of the energy exchange 

between spins. A small amount of T2 means the probability of spin interactions is relatively 

high, which results in a faster rate of decay of the transverse magnetization. 

After excitation, the net magnetization returns to its equilibrium state aligned with B0, 

a process known as longitudinal relaxation, or spin-lattice relaxation, which is a result of 

energy exchanges between spin and its external environment. T1 relaxation time is the amount 

of time that it takes for the longitudinal magnetization (Mz) to recover 63% of its maximum 

value (M0). Note that any process causing T1 relaxation also results in T2 relaxation. However, 

T2 relaxation can occur without T1 relaxation [91]. The change of the net magnetisation 

components during the time returning to equilibrium is described by the Bloch equations [92] 

(in the rotating frame):    

𝑑𝑀𝑥(𝑡)

𝑑𝑡
= 𝛾𝑀𝑦 (𝐵0 −

𝜔

𝛾
) −

𝑀𝑥

𝑇2
 

  (2.28) 

𝑑𝑀𝑦(𝑡)

𝑑𝑡
= 𝛾𝑀𝑧𝐵1 − 𝛾𝑀𝑥 (𝐵0 −

𝜔

𝛾
) −

𝑀𝑦

𝑇2
 

  (2.29) 
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𝑑𝑀𝑧(𝑡)

𝑑𝑡
= −𝛾𝑀𝑦𝐵1 −

𝑀𝑧 − 𝑀0

𝑇1
 

  (2.30) 

There is an additional mechanism of relaxation, called 𝑇2
∗ , which is due to the 

inhomogeneities in the main magnetic field (B0). Atomic nuclei in different position of a 

perfectly homogeneous field have the same Larmor precession frequency so they precess in 

phase with each other. However, in an inhomogeneous field, which has different strengths at 

different locations, spins are precessing at different frequencies (one might be faster, and one 

might be slower). Therefore, their magnetization vectors start to precess in phase with each 

other but then slowly dephase because of their different precession frequencies. Hence, the net 

magnetization, which is a sum of these vectors, is going to shrink over time. In fact, the FID is 

not destroyed; it has merely become “disorganized” because the individual spins comprising it 

have lost their phase coherence. Spin echo experiment is a way to compensate for the 

inhomogeneities in the magnetic field. The spin echo experiment flips the sign of the entire 

ensemble in the transverse plane by the 180° pulse and refocusing of spins so that the FID will 

be reproduced as an echo at a time equals to TE = 2×𝜏𝑠 considering 𝜏𝑠 as the time between 90° 

pulse and 180° pulse. Multiple spin echo experiments can be performed by applying multiple 

180° pulses that are equally spaced in time, but the amplitude of echoes will be reduced 

gradually because of the T2 relaxation. 

2.2.2 Background to MRI 

The purpose of Magnetic Resonance Imaging (MRI) is to determine the distribution of 

atomic nuclei in space. By introducing a relationship between space and frequency, the 

locations of the atomic nuclei can be determined using their frequencies. Therefore, a reciprocal 

space, known as k-space (Eq. (2.31)) was introduced, which is the spatial frequency domain.  

Fourier transforming the signal in k-space results in the spin density in real space. Spin density 

𝜌(𝑧) (Eq. (2.33)) is the number of nuclei that are at different positions along the z-axis of the 

sample. The signal (Eq. (2.32)) is a sum of contributions of all the atomic nuclei. Therefore, 

the signal involves a summation represented as an integral and the time dependence resides 

implicitly in the spatial frequency (Eq. (2.31)) 

𝑘 =
𝛾𝐺𝑡

2𝜋
 

  (2.31) 

𝑆(𝑘) = ∫ 𝜌(𝑧). 𝑒𝑥𝑝(−𝑖2𝜋𝑘. 𝑧) . 𝑑𝑧    (2.32) 

𝜌(𝑧) = ∫ 𝑆(𝑘). 𝑒𝑥𝑝(𝑖2𝜋𝑘. 𝑧) . 𝑑𝑘    (2.33) 
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Having a spatial frequency domain requires a magnetic field that varies spatially, which 

can be produced by gradient coils. The Larmor frequency in the presence of a constant gradient 

field G in z-direction (which produces a linear spatial variation in magnetic field) is described 

as [91]:  

𝜔0(𝑧, 𝑡) = 𝛾𝐵0 + 𝛾𝐺(𝑡)𝑧,    (2.34) 

Therefore, the spatially varying frequency can be produced by either traverse through 

time variables (t) or gradient variables (G). However, the direction of this traverse is always 

determined by the direction of the gradient. Filling up the k-space by varying the time (constant 

gradient strength) is called frequency encoding and by changing the gradient magnitude 

(constant time duration) is called phase encoding. Frequency-encoding imaging is a much 

faster method as a line of k-space (multiple data points) will be sampled during each 

acquisition. However, only one data point in k-space can be acquired in each single acquisition 

of the phase-encoding imaging. On the other hand, phase encoding imaging has some 

advantages, too. First, the FID is ready to be used for full spectral resolution in the absence of 

a frequency-encoding gradient. Second, no disturbance will appear in readout direction such as 

relaxation effects, inhomogeneous broadening or spectral interference.  

2.2.3 Measuring solid fraction and velocity using MRI  

Velocity can be measured by MRI using the flow-encoding method. Flow-encoding can 

be performed by using a pulse sequence known as Pulsed Gradient Spin Echo (PGSE). This 

pulse sequence consists of two gradient pulses with same duration δ, magnitude g, and same 

polarity with a refocusing 180° pulse in between. The time duration between the two gradient 

pulses Δ is known as the observation time. The change in phase for a sample, which is moving 

with a constant velocity of v along a gradient with a magnitude of g and length of δ under a 

period of Δ is: 

𝜑 = 𝛾. 𝑣. 𝑔. 𝛿. ∆,    (2.35) 

Then, the velocity can be determined by the phase of the signal after applying the two 

or more flow-encoding gradient pulses. However, it is difficult to determine the velocity using 

only one magnitude of the flow-encoding gradient strength, since other effects such as field 

inhomogeneities will introduce additional phase accumulation. Therefore, at least two different 

experiments should be performed and the gradient strength is varied between them. The 

velocity can then be calculated using the phase difference between these two experiments: 
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∆𝜑 = 𝛾. 𝑣. ∆𝑔. 𝛿. ∆,    (2.36) 

The signal associated with motion can also be spatially encoded by incorporating 

imaging (phase and frequency encoding) gradients, G. Therefore, the Fourier transform of the 

imaging signal will produce an image in which each voxel contains the signal characterising 

the motion. Repeating the whole experiment for n different values of g, results in n images and 

the velocity in each voxel is obtained by the difference in the phase shift from one image to 

another. Both frequency and phase-encoding imaging techniques can be used for mapping the 

velocity. However, the velocity is going to be obtained from the phase of the signal and not its 

intensity, so the signal attenuation caused by the frequency-encoding gradients is not important. 

Therefore, often frequency-encoding imaging is used for mapping the velocity to have faster 

acquisitions.   

Since particles in a dense granular flow are surrounded by many other particles, 

observing the particle motion inside a granular flow is difficult. MRI is a non-invasive and non-

destructive technique that can capture the spatial structure of the flow. Using MRI to study 

granular materials date back three decades ago [93]. Most of these studies were performed 

using oil-containing seeds (e.g., mustard, or poppy seeds) because MR signal can be detected 

from samples that contain a liquid whose spatial distribution or motion is mapped. MRI has 

been used to study mixing/segregation [94–96], the velocity [97] and more recently the velocity 

fluctuations [98,99] of granular flows. The flow dynamics have been measured using MRI for 

different flow configurations such as the rotating drums [101,102], Couette cells [99,103], 

hoppers [97,104,105], 2D and 3D fluidized beds [98,106].  

Studying the packing structure of granular flows is one of the oldest and yet still a very 

topical field of research. One of the attempts to capture the void structure of granular materials 

by using MRI was to immerse plastic spheres or glass beads from which no MR signal can be 

detected into water [107,108]. Then, the packing structure of the spheres was reconstructed 

using the signal detected from water. However, this technique cannot be applied on dry 

granular materials under shear. Moucheront et al. [109] characterised the packing structure of 

spheres under shear in a Couette cell by acquiring static images before and after shearing. They 

showed that the packing variations remains localized close to the shearing interface. Sakaie et 

al. [110] also reported the relative change in solid fraction by comparing the signal intensity 

before and after flow to avoid the signal attenuation caused by imaging gradients during flow. 

Several attempts have been made to simultaneously measure the velocity and solid fraction of 

3D granular flows, but the accuracy of the measurements was limited and the range of velocities 
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that could be quantified was too low to observe flow in a hopper [85,97,111]. An MRI method 

for producing 3D quantitative spatial map of solid fraction during flow, which is of great 

importance in granular rheology, is still lacking.      

2.3 Granular flow in hoppers 

The discharge of granular materials from hoppers has long been a matter of interest for 

both academic and industrial communities. One of the main challenges is having reliable and 

uniform flow discharge. An intermittent flow can have serious damages to product quality, 

cycle times and machine downtime. Having a uniform discharge is associated with the flow 

pattern inside a hopper. Depending on the hopper geometry (e.g. angle, outlet size, wall surface, 

etc.) and particle properties (shape and size of the particles), granular materials can be 

discharged in different patterns (i.e. mass flow and funnel flow), and sometimes they show 

some flow problems such as arching (cohesive and mechanical) [112], rat-holing [104], 

segregation [113], jamming [114,115] and silo collapse [116]. 

Dense granular flows through hoppers has been studied theoretically [117,118] and 

experimentally [119–124]. Beverloo [125] was one of the pioneers in proposing an empirical 

correlation for predicting the hopper discharge rate based on the outlet size and particle size. 

Later, the effect of the hopper angle was taken into account by implementing the angle of the 

stagnant-flowing boundary into the correlation [126]. Another correlation that also considers 

the effect of hopper angle in predicting the flow rate was proposed by Brown and Richards 

[127] based on the ‘‘free fall arch” concept [128]. Based on this hypothesis, particles undergo 

free-fall from a vertical distance above the outlet equal to the outlet radius. A list of proposed 

correlations for mass discharge rate can be found here [129]. When dense granular materials 

flow through a hopper, a transition occurs near the outlet from a fluid-like state to a gas-like 

state. However, there is no clearly defined transition boundary between these two states. The 

“free-fall arch hypothesis” has been proposed to describe this transition boundary [128]. Many 

studies have shown that the vertical velocity at the outlet can be scaled with the outlet radius, 

R (𝑣 ∝ √𝑔𝑅), which appears to support the assumption of a free-fall arch [112,130]. However, 

recent numerical studies showed that there is no sudden discontinuity whereby the particles 

start undergoing “free-fall” [131] and instead the particles accelerate gradually. The solid 

fraction and the velocity profiles are found to be self-similar when they are scaled by their 

values at the centre of the outlet for both monodispersed [132] and bidispersed [121,133,134] 

materials. Some 2D experimental studies [119–124] (using high speed cameras) have also been 
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performed to provide deeper insights into granular flow transition near the outlet by studying 

the self-similarity of velocity, density and acceleration profiles. However, the transition 

boundary near the outlet from the dense to the dilute regime is still not clear and requires further 

3D experimental studies.     

Numerical simulation of hopper flow allows for investigating the flow dynamics at 

microscopic scale in three dimensions. DEM has been used to study the effect of particles 

properties on discharge rate [130,135], flow pattern [136,137], wall pressure [136,138], 

mixing/segregation [101,139], and jamming and arching [140,141]. The effect of hopper angle 

and outlet sizes on discharge rate of 2D hoppers has also been studied by DEM simulation 

[135]. The granular flow inside hoppers have also been studied by continuum models 

[75,122,142–146]. The normal stresses on the hopper walls have been predicted by continuum 

models whose constitutive equations accounts for velocity fluctuations [147]. Comparing the 

Beverloo’s correlation with the discharge rate predicted by the frictional continuum models 

proposed by Schaeffer [148], Srivastava and Sundaresan [149], and Chialvo et al. [150] showed 

that they all overpredicted the discharge rate [143]. The bridging model proposed by Chialvo 

et al. [150] is best able to predict stresses, discharge rate and capture the flow pattern [143]. 

Tian et al. [144] studied the solid fraction and the vertical velocity profiles above the outlet and 

showed that overprediction of discharge rate for the Schaeffer [148] and 𝜇(𝐼) model [22,24] 

results from an overestimation of the solid fraction, whereas the deviation in the Srivastava and 

Sundaresan model [149] stems from the failure to predict both vertical velocity and the solid 

fraction. All these continuum models were able to predict a funnel flow pattern as predicted by 

DEM simulations, but they fail to determine the boundary between the stagnant and flowing 

zones. In some studies, the hopper discharge flow modelled by DEM was compared with 

continuum simulations using the 𝜇(𝐼) model [122,145,151]. It was found that continuum and 

discrete simulation qualitatively agree in the regions of rapid flow, but some discrepancies were 

observed in the regions of slow shear, namely near the outlet edges or in the bulk. The 

overprediction of discharge rate and the observed discrepancies in the regions of slow shear 

can be attributed to the fact that these continuum models are all based on the assumption of 

flow incompressibility. The 2D incompressible continuum models based on the Coulomb 

friction law are ill-posed regardless of the deformation, while the rate-dependent μ(I) model is 

ill-posed when deformation is too large or too small. Some studies have extended the 

incompressible μ(I) model [22,24] to compressible deformations [152–154], which have not 

been used yet to study the granular flows inside hoppers.  
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Many studies have been carried out on the application of vibration [155] and aeration 

hoppers [156] to avoid jamming and eliminate the stagnant regions in shallow hoppers. 

However, these types of hoppers are complex to operate and requires extra energy and cost 

input. Besides, the granular material is likely to be affected and deteriorated during operation 

process. A more reliable alternative, using an obstacle inside the hopper, known as inserts, has 

been introduced [113]. These inserts may reduce the discharge rate slightly and occupy some 

space inside the hopper, but they found to be effective in removing the dead zones and 

providing uniform discharge. This is of great importance when the materials are time-sensitive 

and undergo deterioration if jammed for a long time inside the hopper. It has shown that the 

discharge rate of a hopper with an insert depends on the outlet size, the insert position and size, 

the silo thickness (in 2D hoppers) and the particle diameters [157]. Another alternative is to 

use curved hoppers [158] or expanded hoppers [159]. These types of hoppers found to be 

effective in providing a uniform discharge with a much higher discharge rate.  

The rheological models discussed above [67,83,160,161] have mostly been proposed 

for spherical particles. However, granular materials used in industries are mostly of irregular 

shapes and yet the role of the particle shape were taken into account only in few studies 

[23,162]. Particle shape is a critical factor in hopper flows since particles with irregular shapes 

tend to mechanically interlock and cause arching [163,164] rat-holing [104,165] or jamming at 

the outlet of the hopper. The effect of particle shape on hopper flow dynamics has been studied 

both experimentally [166–169] and numerically [163,169,170]. It has been shown that a 

deviation from spherical shape increases the stagnant zones at the bottom corner of the hopper 

[164]. Moreover, DEM simulations showed that the extent of angularity has a significant effect 

on the angle of repose and the flow pattern as well as the velocity, solid fraction, and, thus, the 

discharge rate [139,171]. It also has also been shown that the aspect ratio of the particles has a 

significant effect on the flow pattern [165]. Langston et al. [167] showed that the effect of 

aspect ratio is highly dependent on the dimensions (2D/3D) of the particles. 2D simulations of 

disc shaped particles showed that a higher aspect ratio significantly increases the discharge 

rate. However, 3D simulations of cylindrical particles showed that the aspect ratio does not 

have a significant effect on the discharge rate. In general, the discharge rate of elongated 

particles is lower than spherical particles as their flow resistance is larger than spheres [172]. 

However, Polyhedrons discharge faster than the spheres because the polyhedrons have many 

flat surfaces that allows them to slide past each other more easily [163]. DEM studies of the 

effect of particle shape on segregation showed that the extent of segregation for ellipsoidal 
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particles is much greater than that of the spherical particles [173]. Despite the advances made 

in DEM simulations of non-spherical particles, none of the DEM methods are representing the 

real shape of the particles. Experimental studies are required to validate DEM simulations of 

non-spherical particles and test the accuracy of different shape approximation methods (i.e. 

ellipses (2D)/ellipsoids (3D) [174,175], super-quadrics [139], polygons (2D)/polyhedrons 

(3D) [176,177], composite spheres [178,179], and composite elements [180]). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 29 

2.4 Summary 

In this chapter, a brief review of different granular flow regimes has been presented 

with an emphasize on the dense granular flows (i.e. the transition from quasi-static to kinetic 

regime), which is more challenging to model. Discrete modelling is impractical for industrial 

scales owing to the computational complexity. Therefore, continuum modelling is often used 

for describing a granular flow at a large scale. A frictional visco-plastic model called μ(I) 

rheology has been proposed, which provides quantitative descriptions of dense granular flows 

in different geometries. Although promising, some details of the solid-like regime as well as 

the transition to solid-like or gaseous regime cannot be captured by this model. This failure is 

due to the presence of non-local effects in quasi-static regime in contrast to the inertial regimes 

where the local assumption holds true. Some non-local approaches have been proposed namely 

Cosserat models, Self-activated models, EKT and NGF models that are fairly successful in 

describing the quasi-static flow. However, it is still an active area of research to develop a 

unified constitutive equation capable of describing the rheology of granular flows across all 

different regimes. The variety of the rheological models shows the difficulty of the matter.  

The two key parameters that determine the regime criterion of granular flow and are 

included in all the proposed continuum models are the solid fraction and velocity (shear). On 

the other hand, among all the flow configurations, hoppers are the most common ones in 

industrial applications. The discharge rate and residence time distribution in the hopper, which 

are the critical design criteria, are also determined by the solid fraction and the velocity of the 

particles. Therefore, a quantitative measurement of solid fraction and velocity is a vital task, 

which can bring some insight into the rheology of the granular flow. So far, many attempts 

have been made to simultaneously measure the velocity and solid fraction of 3D granular flows, 

but they failed to provide quantitative measurements. The main objective of this thesis is to 

develop and apply an MRI technique which allows for 3D quantitative measurements of the 

solid fraction and use it in conjunction with velocity measurement to provide a comprehensive 

study of granular flow in hoppers. 
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3 Quantitative measurement of solid fraction in a silo using 

SPRITE 

The purpose of this chapter is to develop MRI methods to measure the solid fraction in 

granular flows quantitatively. It is increasingly recognised that solid fraction plays a key role 

in granular rheology, but experimental characterisation of it during flow is challenging. Here 

centric sectoral-SPRITE imaging is applied to image mustard seeds discharging from a 3D-

printed hopper. Quantitative images are obtained after examining and correcting artefacts that 

may arise from flow and relaxation. The image intensity is then further corrected for spatial 

variations in the 𝐵1 field. Various maps of nominally homogeneous samples were tested to 

correct for variations in the 𝐵1 field. The 𝐵1 field was found to be sensitive to the geometry of 

the sample and the material in the sample. Hence, here static images of the seeds in the hopper 

were used to correct for 𝐵1 field variations. Moreover, small signal variations were observed 

from measurements performed on different days owing to subtle differences in the 

spectrometer operation. Here an internal standard was used to scale the signal intensity and 

correct for these variations. Following these corrections, a linear correlation (𝑅2= 0.999) was 

observed between the scaled image intensities and the known solid fractions of packed samples 

with solid fractions between 0.55 and 0.64. This correlation was used as a calibration of the 3D 

image of the hopper to extract quantitative time-averaged spatial maps of solid fraction during 

steady flow. The measurements were confirmed to be quantitative by also measuring the 

velocity of the particles. Together these measurements were used to calculate a mass flow rate 

in the hopper, which was consistent with the mass flow measured gravimetrically. 
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3.1 Introduction 

Granular materials are found in nature as well as industrial processes such as 

pharmaceuticals, chemicals, and food processing. In industrial processes, one of the most 

common devices used to handle and transport grains is the silo. The correct operation of silos 

is influenced by the design of the silo, as well as the properties of the particles. The critical 

design criteria are the outlet flow rate and residence time distribution in the silo, both of which 

are determined by the velocity and solid fraction of the particles within the silo. It has been 

elusive to achieve simultaneous measurements of the velocity and solid fraction of 3D flows 

with any experimental method so far. In this chapter, we use MRI to develop quantitative solid 

fraction and velocity measurements of granular flow through an additively manufactured (3D-

printed) hopper.  

The solid fraction of granular materials has been measured using a variety of 

experimental techniques. The most common measurement technique is to use high speed 

cameras [1–6], as they are simple and inexpensive, however observations are limited to the 

wall region or the outlet due to the opacity of most granular flows. Moreover, the translation 

of measurements performed on quasi-two-dimensional (2D) systems to three-dimensional (3D) 

systems is not well-defined. Positron Emission Particle Tracking (PEPT) is a non-optical 

technique that allows for 3D measurements of granular temperature, velocity and density 

profiles of optically opaque materials [7–9]. PEPT is based on tracking a small number of 

radioactive tracer particles (usually one), whose location is determined with an accuracy of 

~1 mm. It requires long acquisition times and the assumption of ergodicity to relate 

observations of the tracer particle to the dynamics of the system as a whole [9]. Tomographic 

methods such as X-ray [10] or electrical capacitance tomography (ECT) [11] are also used, but 

cannot provide information about the velocity of the particles. Magnetic Resonance Imaging 

(MRI) potentially measures solid fraction and velocity in 3D optically opaque flows, and hence 

overcomes the limitations of other experimental techniques [12]. 

The key challenge when measuring granular flow with MRI is obtaining quantitative 

measurements. Most quantitative MRI measurements of granular flows have been restricted to 

measurements of the velocity [12–15]. Quantitative MRI measurements of solid fraction during 

flow are difficult owing to the attenuation of the signal that can arise from the motion of the 

particles while imaging gradients are applied [16]. Acquiring the central point of 𝑘-space at the 

middle of a frequency encoding gradient results in high signal attenuation. The faster the 
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motion of the particles, the lower the signal magnitude and hence measurements during flow 

may not be quantitative. In some studies, quantitative measurement of the solid fraction was 

obtained by measuring static particles before and after applying shear [17,18]. These 

measurements assume that the solid fraction at rest can be related to the solid fraction during 

flow. However, it is critical to measure the solid fraction during flow to gain a complete 

understanding of how the solid fraction influences the apparent rheology of the granular 

material [19–21]. MRI measurements during flow of granular suspensions have been obtained 

by imaging the fluid surrounding particles from which no signal was received [24]. However, 

such measurements cannot be used to study dry granular flows. The few existing quantitative 

MRI measurements of solid fraction during flow of dry granular materials have an estimated 

error of 3 – 10% [22,24] and do not provide sufficient accuracy for gaining insight into the 

granular rheology. In dense granular flows, the rheology is known to be very sensitive to 

changes in solid fraction [21], and it is necessary to resolve the solid fraction to within ~1%. 

One way to address signal attenuation due to motion is to use flow compensation [25], 

such that the first moments of any gradient waveforms are zero. As a result, the accumulated 

phase of the MR signal will be independent of any constant-velocity motion of the spins. 

However, particles may accelerate due to gravity, leading to a velocity increasing over time. 

More importantly, in granular flows the motion of particles has stochastic components. 

Particles undergo random and rapid accelerations caused by collisions with other particles. 

These stochastic movements occur on a timescale of milliseconds, which is the same timescale 

typically required for flow encoding. Adding flow compensation increases the length of the 

flow encoding time and hence potentially increases the susceptibility to random changes in 

velocity. This means that the assumption of constant velocity during motion encoding is not 

valid for granular flows. Therefore, flow compensation may not be sufficient to produce 

quantitative measurements of granular flows.   

An alternative approach is to use image acquisition techniques that are less susceptible 

to flow attenuation. The image intensity is determined by the signal strength at the centre of 𝑘-

space, at which location the phase encoding gradient strength is zero. Hence imaging using 

phase encoding is quantitative even in the presence of flow [26]. On the other hand, the image 

resolution is dominated by the high frequency components at the periphery of 𝑘-space where 

the phase encoding gradient strength is large. Therefore, any motion occurring during phase 

encoding can cause attenuation of the signal in the outer region of 𝑘-space, which will manifest 

as a blurring of the image. Some blurring of the image boundaries is acceptable as it does not 
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compromise the accuracy of the image intensity. Therefore, phase encoded imaging is 

attractive for quantitative solid fraction measurements. 

Single Point Imaging (SPI) [27–29] is a pure phase-encoding imaging method that 

acquires one single data point at a fixed time interval (𝑡𝑝, encoding time) after applying a 

broadband, small tip angle r.f. pulse under a gradient of constant strength. To sample 𝑘-space, 

the sequence is repeated many times with different gradient amplitudes. With SPI it is possible 

to use a short 𝑡𝑝, (less than 1 ms) making the technique suitable for imaging materials with 

small 𝑇2
∗ like seeds  [30]. However, this technique has a long acquisition time as only a single 

data point is acquired following each excitation. Any attempt to reduce the gradient switching 

time leads to an intense gradient vibration. To reduce the gradient vibration and the acquisition 

time, a modification called SPRITE [31,32] was introduced that uses a smooth transition 

between each gradient step rather than switching the gradient on or off completely. SPRITE 

imaging with regular Cartesian sampling results in relaxation contrast at the centre of 𝑘-space, 

and hence the measurements are likely not quantitative. Quantitative measurements using 

SPRITE are obtained using centric sampling [33], which ensures that the centre of 𝑘-space is 

acquired with no relaxation contrast. The image acquisition time is long compared with the 

dynamics of the granular flow when using SPRITE. However, we are interested in the steady-

state dynamics of granular flow and instantaneous information is not required.  Therefore, in 

this chapter, a centric scan, sectoral-SPRITE [34] sampling scheme was implemented for 

imaging. 

The signal intensity in MR images will also be affected by relaxation effects, magnetic 

susceptibility differences between the gas and solid, the inhomogeneous spatial distribution of 

the 𝐵1 field, and the non-uniform distribution of solids during imaging. These effects will 

influence the signal intensity and may prevent image intensities from being quantitative. One 

of the advantages of single-point sampling is that the acquired images are almost free from 

time evolution artifacts such as 𝐵0 inhomogeneity, chemical shift, and susceptibility variations 

because each point in 𝑘-space is acquired at a fixed time after excitation [16]. 𝑇1 relaxation 

contrast will cause blurring of the image due to reduction in signal intensity from subsequent 

excitations. This blurring can be minimised by reducing the number of points acquired on each 

cone. 𝑇1 relaxation artefacts (“in-flow artefacts”) arising from fresh material entering the coil 

during the acquisition of a cone can occur if the time between excitations within a cone is too 

long or the tip angle is too large. 𝑇1  relaxation contrast can also occur from incomplete 



 51 

relaxation between cones, which can be minimised by ensuring a sufficient delay between 

cones. Out-flow effects can arise from particles leaving the coil between excitation and 

detection. Out-flow effects are usually not significant when using SPI (or SPRITE) as the time 

between excitation and acquisition is very short. Thus, most factors that affect quantification 

of the MRI signal using SPI methods are readily addressed.   

The key remaining artefact that affects quantification is the 𝐵1 field homogeneity. In 

quantitative MRI, the most common method to correct the variation in the signal intensity 

caused by the non-uniform spatial distribution of the 𝐵1 field is to measure a 𝐵1 map and then 

divide the original image by this 𝐵1 map to obtain a uniform signal throughout the whole 

sample. The 𝐵1  mapping has been performed by different imaging techniques such as the 

double-angle method [35], actual flip angle imaging [36], or acquiring gradient echo images 

with large tip angles [37]. Recently, 3D 𝐵1  mapping using conical-SPRITE has been 

introduced [38]. In that work, the signal variations were corrected by producing a 𝐵1 map using 

six to eight images with different small tip-angles and then dividing the original image by a 

relative map of 𝐵1
2. Another way to correct for this effect is to acquire a signal from a sample 

with a homogeneous spin density (e.g. water, oil), at rest, with the highest possible signal to 

noise ratio (averaging multiple scans) and divide the original image of the sample by the image 

of the sample with uniform spin density [12,23].  Whichever method is used, it is critical to 

ensure that the 𝐵1 field is identical in the calibration image and the image of the sample. 

In quantitative NMR spectroscopy, “internal standards” are used to correct the signal 

intensity changes due to changes in tuning or conductivity [39]. An internal standard is a 

material added in a known amount to the actual sample. The reference signal from the internal 

standard is used to correct for the signal intensity of the components of interest to ensure that 

the measurement is fully quantitative. It is essential that the reference signal is well-resolved 

from the signal of interest. In quantitative NMR, the internal standard is chosen such that it is 

located at a sufficiently large chemical shift that the two signals can be distinguished clearly. 

In contrast, when performing quantitative imaging experiments using SPRITE it is not possible 

to resolve chemical shift differences. Instead, we resolve the internal standard by physically 

locating the standard outside the hopper.  

In this chapter, a centric-scan, sectoral-SPRITE sampling technique was adapted to 

image the granular flow in a 3D cylindrical hopper quantitatively. In Section 3.2, the theory of 

this method and the factors that affect the image resolution, image intensity, and acquisition 
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time are discussed. In Section 3.3, the experimental set-up, the pulse sequence and the 

parameters that were used to perform the measurements are described. In Section 3.4, presents 

the results. First, the effect of the parameters of the pulse sequence on the signal-to-noise ratio 

and artefacts in the image are discussed. Second, the 𝐵1 field correction procedure, and the 

calibration of the solid fraction is examined. Finally, quantitative solid fraction maps are 

presented.  

3.2 Method  

In this section, a brief theoretical description of centric scan, sectoral-SPRITE is 

provided. More details will be provided in Section 3 including a schematic of the pulse 

sequence. Further details are available in the literature [34]. 

In centric sampling, the acquisition starts from the centre of 𝑘-space, which is the most 

critical point for recovering the image intensity correctly. Sampling the centre of k-space as the 

first point means that the signal for this point is quantitative as it is the 𝑘 = 0 point and no 

gradients in the magnetic field are applied. The remainder of k-space is sampled outwards on 

a specific trajectory that is similar to a cone. Relaxation effects are controlled and managed by 

the timing of the pulse sequence. 

To avoid complications with image reconstruction, points were sampled based on a 

regular Cartesian grid. To obtain the sampled points, a cubic grid of points was generated. 

Then, all the points that lie within a cone were sampled starting from the centre of k-space 

moving outwards. The cone was then rotated about the 𝑥 and/or 𝑦 axes through all necessary 

angles such that it covered all the points within a sphere with a diameter of 32 k-space points. 

The first three generated cones are shown in Figure 3.1 (a) and the fully sampled sphere is 

shown in Figure 3.1 (b). This sphere comprised half (
𝜋

6
) of the 𝑘-space points for the entire 

cube because the sampling trajectories have not been extended to the corners of the k-space 

cube (shaded areas in Figure 3.1 (b)). These outer k-space points make only a limited 

contribution to the image quality, and hence the acquisition time was reduced by approximately 

a factor of 2 here.   
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Figure 3.1: (a) three “cones” of a 3D sectoral trajectory. (b) Full-sampled 𝑘-space sphere using Sectoral 

sampling.  The colours correspond to different cones. 

The maximum number of points that can be acquired along each cone is limited by the 

longitudinal magnetization evolution and the gradient duty cycle. The gradient amplifiers used 

here can be on for an unlimited time if the amplitude is kept at or below 20% of their maximum 

strength. If stronger gradients are used, the duration of the gradients is limited (5 ms). Our 

measurements require the gradient to be applied for several seconds for each cone, therefore 

the phase encoding duration was chosen such that the maximum gradient strength was less than 

20%.   

The other limiting factor is the evolution of the magnetization. Residual transverse 

magnetization is suppressed by applying phase encoding gradients during image acquisition 

(passive spoiling) or using a repetition time that is greater than 𝑇2
∗ [40]. In our case, 𝑇2

∗ < 1 

ms, so provided the delay between excitations is > 1 ms residual transverse magnetisation 
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should be small. Longitudinal magnetisation also affects the signal intensity. The longitudinal 

magnetisation after a series of n r.f. pulses each of tip angle 𝜃, is given by [33]:     

𝑀𝑧(𝑛)

𝑀0
= [1 −

1−𝑒𝑥𝑝(
−𝑇𝑅
𝑇1

)

1−𝑐𝑜𝑠𝜃𝑒𝑥𝑝(
−𝑇𝑅
𝑇1

)
] (𝑐𝑜𝑠𝑛𝜃𝑒𝑥𝑝 (

−𝑛𝑇𝑅

𝑇1
)) +

1−𝑒𝑥𝑝(
−𝑇𝑅
𝑇1

)

1−𝑐𝑜𝑠𝜃𝑒𝑥𝑝(
−𝑇𝑅
𝑇1

)
,               (3.1) 

where 𝑀0 is the longitudinal magnetization at thermal equilibrium, 𝑇𝑅 is the repetition time, 𝑇1 

is the spin-lattice relaxation time, 𝜃 is the flip angle, and 𝑛 is the number of r.f. pulses. This 

equation has two parts: a transient part which is a function of n and a steady-state part. Only 

the longitudinal magnetization at the centre of 𝑘-space, 𝑀𝑧(𝑘 = 0), determines the image 

intensity and SNR. For centric scan SPRITE, the centre of 𝑘-space is acquired as the first point 

on each cone, hence 𝑛 = 0 and 𝑀𝑧(0) = 𝑀0. Therefore, the image intensity is a function of 

the tip angle only, with greater tip angles producing a higher SNR. The longitudinal 

magnetisation evolution determines the amount of blurring in the image, which is characterised 

by the ratio of the equilibrium (𝑀0) and steady-state longitudinal magnetizations and the rate 

of transition between them. The rate of this transition decay is controlled by the tip-angle and 

repetition time 𝑇𝑅. Small tip angles, long repetition times, or short 𝑇1 relaxation times result in 

a slow rate of decay, and hence a sharp image. Therefore, there is a trade-off between having 

a good observable signal and a good resolution. The effect of the tip angle and repetition time 

is studied in detail in Section 3.4.  

The image intensity is also influenced by the homogeneity of the 𝐵1 field. Assuming 

that solid fraction is proportional to spin density, then the image intensity at any given location 

𝑟 is given by:   

𝐼(𝑟) = 𝑘′𝜙(𝑟)𝑓(𝑟), (3.2) 

where 𝑘′ is a constant of proportionality, 𝜙(𝑟) is the solid fraction at 𝑟, and 𝑓(𝑟) is a function 

that incorporates effects arising from variations in the 𝐵1  field during both excitation and 

detection of the signal. In order to extract the solid fraction, it is necessary to remove the 

variation in signal intensity arising from variations in the 𝐵1 field. Here, the 𝐵1 field variations 

were removed by dividing the image of the silo, 𝐼(𝑟), by a 𝐵1 homogeneity map 𝐼0(𝑟) with 

nominally uniform spin density, 𝜌0. Since we are using the same r.f. coil for all measurements 

𝑓(𝑟) should be the same for both images. Therefore, the ratio of the intensity of the two images 

measured at a given position 𝑟 is used to determine the local solid fraction:   
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𝜙(𝑟) = 𝑘′′
𝐼(𝑟)

𝐼0(𝑟)
𝜌0. 

(3.3) 

Once the image intensity has been corrected for variations in the 𝐵1 homogeneity, it is 

then necessary to determine the constant of proportionality, determined by 𝑘′′𝜌0, that relates 

the corrected image intensity to the solid fraction.  

3.3 Experimental set-up 

Measurements were performed using brown mustard seeds (𝑇1 = 420 ms; 𝑇2= 100 ms, 

𝑇2
∗ = 250 s) of diameter 1.3 mm and apparent particle density of 1140 kg m-3. These seeds 

were measured in a cylindrical hopper. A feed-system was designed to ensure continuous flow 

of particles in the hopper. Figure 3.2 (a) shows the hopper and associated feeding system, which 

consisted of a set of vertical Perspex tubes with decreasing size that were joined together using 

a series of push-fittings. At the top of the feed system, there is a funnel to facilitate loading of 

the seeds. Seeds pass through these tubes, and then through the hopper.  The hopper itself was 

designed using a computer aided design (CAD Autodesk) program and then 3D printed from 

polylactic acid (PLA) plastic. The schematic design of the hopper used for MRI measurements 

is shown in Figure 3.2 (b). Figure 3.2 (c) shows the part of the hopper that was placed inside 

the r.f. coil and imaged. The hopper had an inner diameter of 24 mm, while the diameter of the 

hopper outlet was 9.5 mm (approximately seven times larger than the particle size to avoid 

jamming [41]). The half angle of the hopper, which is the outlet angle of the hopper to the 

vertical, was 30º. As shown in Figure 3.2 below the outlet of the hopper the diameter increases 

to 11.5 mm to avoid standpipe effects and ensure free flow of the particles after exiting the 

hopper [42]. After passing through the hopper the seeds were discharged through the long 

bottom tube into a bucket. However, the lower pipe can also be sealed by a plug which allows 

for imaging of static seeds. The upper tube had a diameter of 80 mm and the system had a total 

volume of about 5 L. A continuous flow was established by refilling the upper pipe periodically 

ensuring that the upper pipe was never more than half empty. The flow rate is therefore 

independent of the height of the seeds in the upper pipe [43].    

As shown in Figure 3.2 (c), the hopper was printed with the region around the outlet 

enclosed so that it can be filled with seeds to provide a dedicated internal standard. The signal 

intensity of the seeds inside the enclosed area, hereafter referred to as a “pouch”, was used as 

an internal standard to ensure the signal intensity was quantitative [44]. The signal intensity 

varies by about 0.6% from one day to another, even when the system is well-tuned. We use 
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internal standards to remove these small variations in signal intensity and ensure the 

measurements are quantitative. The seeds were tightly packed in the pouch to ensure the 

amount of seeds in the pouch was constant even if the hopper was taken in and out of the MRI 

system.  

    

 

Figure 3.2 (a) The hopper feeding system. (b) The schematic design of the hopper used for MRI 

measurements. (c) The part of the hopper placed inside the r.f. coil. 

MR proton (1H) imaging was performed at 400 MHz frequency with a 9.4 T Bruker 

Avance spectrometer. A 3-axis shielded gradient set Micro2.5 is used that is able to produce a 

maximum gradient strength of 1.5 T m-1 To excite the sample and detect the signal from the oil 

in the seeds, a radiofrequency (r.f.) coil with an inner diameter of 30 mm was used. Images 

were acquired using a 3D sectoral-SPRITE pulse sequence [34], shown in Figure 3.3, with a 

r.f. pulse tip angle of 13º. The phase encoding time was 𝑡𝑝= 100 μs with a repetition time of 

𝑇𝑅 = 2 ms as shown in Figure 3.3. It is expected that particles will move at velocities of up to 

0.5 m s-1. Therefore, with the short (100 s) encoding time, the seeds will be displaced by 
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< 0.05 mm during the encoding time. This displacement is much less than the size of a voxel, 

ensuring motion blurring is insignificant. The relaxation delay between cones was chosen to 

be 𝑇𝐶 = 3.5 s. The spatial resolution was 0.8 mm in the vertical (z) direction and 0.5 mm in the 

transverse directions. The maximum gradient strength was 0.25 T m-1 or about 16% of the 

maximum gradient provided by the Micro2.5. The total acquisition time for 1 image (2 scans 

(N) representing a 2-step phase cycle) was 24 min (parameters are given in Table 3.1). The 

manual process used to maintain steady flow of particles limited the total acquisition time for 

the solid fraction measurements to approximately 1 h. Therefore, final images are obtained by 

averaging over 3 individual images (i.e. 6 scans).  

Various sampling schemes with respect to number of cones and number of pulses per 

cone were tested with the goal of keeping the acquisition time short enough (around 1 hour) to 

be able to continuously refill the hopper (manually) while not losing spatial resolution. The 

final sampling scheme contained 110 cones (𝑁C), each with 1352 𝑘-space points, which takes 

73 minutes. Some cones required slightly fewer than 1352 points. In these cases, the gradients 

were turned off for the final few points to ensure the length of each cone was consistent.   

Three different homogeneity maps were tested to remove the signal variations arising 

from the spatial inhomogeneity of the 𝐵1 field. The first one was a 3D SPRITE image of water 

doped with CuSO4 10 mM (𝑇1 = 100 ms), which has a uniform spin density. The sample 

container for the doped water was chosen to be larger than the hopper geometry to ensure full 

coverage of sample material even if the hopper is slightly misaligned. The second map was a 

3D SPRITE image of seeds of the same geometry as used for the doped water sample and the 

third one was an image of the seeds using the hopper (without flow). When imaging seeds, the 

random packing of individual seeds leads to spatial variations in the signal intensity and a 

noise-like image. In order to obtain a uniform signal intensity, 20 images of seeds in the hopper 

under different dense and loosely packed states were averaged. The resulting image was also 

filtered using a built in edge preserving filter [45] in MATLAB, called “imdiffusefilt”, with a 

“gradient threshold” of 5 and 5 iterations to smooth the final homogeneous map.   

In order to calibrate the solid fraction measurement, the solid fraction of each of the 

aforementioned 20 images was measured. The solid fraction of these loosely or densely packed 

states was determined by assuming that the solid fraction in the hopper was uniform, and hence:   

𝜙𝑠𝑎𝑚𝑝𝑙𝑒 =
𝑚𝑠𝑒𝑒𝑑𝑠

𝜌𝑠𝑒𝑒𝑑𝑠𝑉𝑡𝑜𝑡𝑎𝑙
,                                    (3.4) 
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where 𝑚𝑠𝑒𝑒𝑑𝑠 is the total mass of seeds in the hopper, 𝜌𝑠𝑒𝑒𝑑𝑠 is the particle density of the seeds, 

and 𝑉𝑡𝑜𝑡𝑎𝑙 is the total volume of the hopper that is occupied by seeds (i.e. including void spaces 

between the seeds). The particle density of the seeds was determined independently by 

measuring a known mass of seeds and observing the volume of water displaced when these 

seeds were submerged. The density measurement was repeated 5 times. From these 

measurements, the particle density of the seeds was measured to be 𝜌𝑠𝑒𝑒𝑑𝑠= 1140 ± 5 kg m-3. 

The measured mass 𝑚𝑠𝑒𝑒𝑑𝑠 for each of the 20 packing states was in a range of 50-60 g with an 

uncertainty of ±0.05 g for each individual measurement. For any given mass of seeds, the total 

volume in the hopper, 𝑉𝑡𝑜𝑡𝑎𝑙, depends on the packing state of the seeds. 𝑉𝑡𝑜𝑡𝑎𝑙 was measured 

by reading the height of the seeds from the top of the hopper and inferring the total volume 

from it. Each height (𝐻𝑙𝑜𝑜𝑠𝑒 𝑑𝑒𝑛𝑠𝑒⁄ ) for any given mass corresponds to a specific volume, 𝑉𝑡𝑜𝑡𝑎𝑙 

(𝑉𝑙𝑜𝑜𝑠𝑒 𝑑𝑒𝑛𝑠𝑒⁄ ). The overall uncertainty of the solid fraction measurements is 0.009, which was 

determined by taking the square root of the sum of the squared relative uncertainties of the 

height, mass, and the density of the seeds. Loosely packed beds were formed by gently pouring 

seeds into the hopper up to a specific height and placing the sample in the magnet with as little 

vibration as possible. More densely packed samples were prepared by tapping the bed 

vigorously up to 600 times. Tapping the bed more than 600 times did not result in a further 

reduction in the height of particles in the hopper and indicates that the particles were packed 

as densely as possible.    

 

Figure 3.3: Diagram of the 3D sectoral-SPRITE pulse sequence used to measure the solid faction (only 

the first two cones are shown). 
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Table 3.1: Parameters for measurements of solid fraction. 

 

 

 

 

 

 

 

 

 

Velocity measurements were performed using a phase contrast Pulsed-Gradient Spin 

Echo (PGSE) method described previously [46]. The velocity was determined from a linear fit 

to the phase of all 9 gradient steps. Experimental parameters used for the velocity 

measurements are given in Table 3.2. Flow gradients were evenly spaced between the positive 

and negative values of the maximum gradient strength. The observation time (∆) is 1.4 ms. 

Acceleration under free fall may be significant for particles close to the outlet where there are 

relatively few collisions. Acceleration under gravity during the observation time is of the order 

of 10 mm s-1. The velocity at the outlet is expected to be > 100 mm s-1. Therefore, the effect of 

gravitational acceleration on the measurement is expected to be negligible, even at the outlet. 

The flow rate of the hopper was measured gravimetrically by running the seeds through 

the hopper set-up outside of the magnet. The flow reached steady state a few seconds after 

starting.  The mass of seeds discharged over a period of 1 minute was recorded about 10 s after 

the flow started. The flow rate measurement was repeated five times. The uncertainty in the 

gravimetric mass flow rate was determined from the standard error of the mean of these five 

measurements. 

 

 

 

 

Parameter Value 

Pulse sequence sectoral-SPRITE 

Resolution (vertical) 0.8 mm 

Resolution (transverse) 0.5 mm 

Phase cycling 2-step 

Phase encoding time (𝑡𝑝) 100 μs 

Repetition time (𝑇𝑅) 2 ms 

Delay between cones (𝑇𝐶) 3.5 s 

Tip angle (𝜃) 13° 

r.f. pulse duration 10 μs 

Number of acquisition cones 110 

Number of rf-pulses 1352 

Maximum gradient strength 0.25 T m-1  
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Table 3.2: Parameters for vertical velocity measurements 

Parameter Value 

Pulse sequence PGSE 

Field of flow  0.8 m s-1 

Slice thickness 2 mm (y) 

Phase cycling 4-step 

Observation time (∆) 1.4 ms 

Flow encoding time (𝛿) 150 μs 

Echo time (2𝜏) 1.6 ms 

Repetition time (𝑇𝑅) 2 s 

Acquisition time 57 min 

Number of flow encoding steps 9 

Maximum gradient strength 1.24 T m-1  

 

3.4 Results and discussion  

In this section, the effect of the flip angle (𝜃), repetition time (𝑇𝑅) and delay time 

between cones (𝑇𝐶) on the image intensity and resolution were first studied to optimise the 

SNR of the image, whilst maintaining quantitative signal intensity and minimising artefacts. A 

3D SPRITE sequence was then used to image the hopper using the optimised parameters. The 

influence of variations in the 𝐵1 field on the image intensity was examined and then signal 

variations were corrected. A calibration of the image intensity was then developed using the 

internal standards. Finally, preliminary quantitative measurements of solid fraction are 

presented and discussed in the light of mass conservation under flow conditions.    

3.4.1 Optimisation of parameters for imaging 

Image intensity and resolution are influenced by relaxation effects (Eq. (3.1)) hence the 

excitation angle and relaxation delays must be optimised. Figure 3.4 shows the transient 

behaviour of the observed magnetization for a static sample over the first 600 points of the first 

cone that is measured for different flip angles and different 𝑇𝑅. Here, the 𝑥 and 𝑦 gradients 

were turned off so that the signal relaxation is observed. A small, constant intensity homospoil 

gradient was applied in the 𝑧 -dimension ( 𝑔𝑧 = 0.007 T m−1 ) to dephase the transverse 

magnetization between excitations. Regardless of the tip angle or relaxation delay, the signal 

is initially high and decreases in intensity over subsequent excitations. After approximately 

100 pulses, the magnetization reaches a steady state. As is shown in Figure 3.4 (a), the 

equilibrium magnetization is similar for tip angles between 13º and 22º. However, the rate of 
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decay becomes faster as the tip angle increases, which may introduce significant blurring in 

the final image. The initial signal intensity is only a factor of 1.5 lower with a tip angle of 13º 

compared to 𝜃 = 22° but it provides much slower decay over the first few excitations. With 

𝜃 = 13°, the point spread function arising from relaxation is such that the majority of the image 

intensity is located in the desired voxel and therefore blurring is negligible. Therefore, we 

choose a tip angle of 13º as a compromise between signal intensity and image resolution.  

Figure 3.4 (b) shows the influence of 𝑇𝑅 on the observed magnetization with 𝜃 = 13° 

for static samples. The rate of decay and the equilibrium magnetization is nearly independent 

of the relaxation delay, 𝑇𝑅, for delays between 2 ms and 6 ms. For a delay of 1 ms, the signal 

intensity does not decrease smoothly with respect to the r.f. pulse number, which indicates the 

homospoil may be insufficient here. Hence, a delay of at least 2 ms is suggested. A longer delay 

would further reduce artefacts arising from residual transverse magnetisation but will also 

increase the total image time and may lead to in-flow/out-flow artefacts in the flowing system.  

To determine the final choice for the relaxation delay, 3D SPRITE images of the seeds 

flowing through the hopper were obtained. Figure 3.5 (a) shows a vertical cross section through 

one of these images at 𝑦 = 0 mm with 𝑇𝑅 = 2 ms. The 𝑧-coordinate system is centred at the 

outlet of the hopper. There is a clear variation in the signal intensity along the height of the 

hopper due to the spatial inhomogeneity of the 𝐵1 field. This effect will be removed from the 

image later. The higher signal intensity of the seeds inside the pouch is due to the fact that they 

are jammed tightly in the pouch to lock them in place. The seeds inside the hopper are freely 

flowing thus there is more space between seeds which results in smaller signal intensity.   

It is worth mentioning that spin warp images of the sample were acquired initially. The 

spin warp images showed the signal attenuating by a factor of 4, which could not be explained 

by a change in the solid fraction. In contrast, the attenuation of the signal using the SPRITE 

imaging sequence was only a factor of 1.5. Thus, spin warp imaging is not suitable for 

quantitative solid fraction measurements in this system. 

To check the extent of the image blurring, the true boundary of the hopper, based on 

the known dimensions of the hopper, is shown by the blue lines in Figure 3.5 (a). As can be 

seen, the image boundaries match the dimensions of the hopper. To illustrate the sharpness of 

the boundary, a horizontal profile is shown in Figure 3.5 (b). At the boundaries of the image, 

the signal intensity decreases from the mean value inside the hopper to approximately zero 
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over about 3 voxels. Thus, the boundaries are quite well-defined, and any blurring of the image 

arising from relaxation and/or the 𝑘-space sampling pattern is insignificant.  

To confirm that blurring of the image arising from relaxation is negligible, we extract 

a profile of the signal intensity from images of the hopper with repetition times of 2 ms and 

6 ms. Figure 3.5 (b) and (c) show the image intensity profiles along the width and the height 

of the hopper (both were averaged over two central pixels), respectively. These profiles are in 

good quantitative agreement, indicating that neither the in-flow effect nor the blurring effect 

are significant issues for repetition times of between 2 ms and 6 ms. We expect the blurring in 

these images to be slightly different as the 𝑇1 relaxation will affect the two images differently, 

as shown in Figure 3.4 (b). Hence, the slight differences between the signal intensity in both 

images likely arise from the changes in 𝑇1 relaxation. A 2 ms repetition time 𝑇𝑅 was chosen to 

minimise the total acquisition time.  
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Figure 3.4: The influence of (a) flip angle (at 𝑇𝑅 = 2 ms) and (b) repetition time (at 𝜃 = 13°) on the 

normalized 𝑘-space signal intensity (𝑔𝑥 = 𝑔𝑦 = 0, 𝑔𝑧= 0.007 T m-1) for a static system. 
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Figure 3.5: (a) Vertical cross section through the 3D SPRITE image of the volume of the 30° hopper at 

𝑦 = 0 mm with 𝑇𝑅 = 2 ms. The influence of 𝑇𝑅 (at 𝜃 = 13°) on image intensity is also shown for (b) a 

horizontal profile along z = 14 mm, and (c) a vertical profile along the height of the hopper (at x = 0) for a 

flowing system. (both were averaged over two central pixels.) 

To quantify the reproducibility of the experiment, the signal intensity of the first point 

from each of the acquisition cones (NC), which corresponds to 𝑘 = 0, was measured for a static 

sample.  Signal intensities from subsequent scans (up to 10 individual scans, no accumulation) 

for delays between cones (𝑇𝐶) between 1 s and 4 s are shown in Figure 3.6. For a delay of 2 s 

or less between cones, a systematic change in signal intensity of about 4% is seen between 
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repeated scans. This decrease in signal intensity is mainly because of incomplete longitudinal 

(𝑇1) relaxation between cones. However, for delays of 2 s or longer the signal was still observed 

to decrease by ~2%. Since 𝑇1 for the mustard seeds used here was 420 ms,  𝑇1 relaxation alone 

cannot explain a change in signal intensity above 1%. It was observed that during the 

experiment the r.f. coil became detuned slightly, which recovered a short time after stopping 

the experiment. The variations in signal intensity beyond 𝑇1 relaxation effects were attributed 

to this detuning of the coil. It was found that a 𝑇𝐶  of 3.5 s suppresses the detuning effect 

sufficiently and was therefore chosen for all quantitative 3D SPRITE images. 

With the key parameters of the experiment optimised, it was now possible to quantify 

the SNR that could be achieved. The SNR plays a major role in the context of quantitative 

NMR and the achievable precision. The SNR was quantified using the sets of static experiments 

used to produce the results shown in Figure 3.6. The signal intensity of all pixels of these 

images should be the same from one experiment to the next. Hence, for experiments with 𝑇𝐶 

of 3.5 s or more where no systematic variations in signal were observed, any variation in the 

measured signal was attributed to noise. Thus, we calculated the noise from the standard 

deviation of the signal in each pixel across the set of the 10 scans displayed in Figure 3.6. Based 

on these experiments, with a delay of 3.5 s and a 13° tip angle, the average signal to noise ratio 

in each pixel was estimated to be around 150.   
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Figure 3.6: The influence of (a) 1 s delay, (b) 2 s delay, (c) 3.5 s delay, and (d) 4 s delay between cones 

𝑇𝐶  on the signal intensity of the first point acquired (centre of 𝑘-space, 𝑘𝑥= 𝑘𝑦=𝑘𝑦= 0) of each acquisition cone 

(𝑁𝐶) for a static system. 10 individual scans are plotted in each subfigure with the first scan on the top and the 

10th scan on the bottom. (𝑇𝑅 = 2 ms, 𝜃 = 13°). 

3.4.2 Signal correction procedure  

Figure 3.7 shows an example of the central cross sections through the 3D image of the 

hopper acquired in a static state with 𝑇𝑅 = 2 ms, 𝜃 = 13º and 𝑇𝐶 = 3.5 s. Figure 3.7 (a) shows 

the same view as Figure 3.5 (a), but in Figure 3.7 the particles were stationary. The signal in 

Figure 3.7 appears much “noisier” than the signal in Figure 3.5. This signal fluctuation arises 

from the solid content distribution of the stationary seeds in each voxel, which are of similar 

diameter (1.3 mm) to the size of the voxels (0.5×0.5×0.8). In the flowing image, these 

fluctuations due to the solid content distribution are reduced because of time-averaging of the 
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moving particles. In addition to the solid content distribution of the seeds, which will be 

considered further shortly, there is a variation in the signal intensity that arises from the spatial 

inhomogeneity of the 𝐵1 field. This variation is seen most clearly in the horizontal cross section 

of the 3D image shown in Figure 3.7 (b) causing the top-right and bottom-left side of the image 

to appear brighter.  

To examine the 𝐵1 homogeneity quantitatively, image intensity profiles were averaged 

over the 𝑥-𝑦 plane of the region of interest (ROI), shown by the black box in Figure 3.7. 

Averaging the signal intensity in the 𝑥-𝑦 plane reduces fluctuations in the signal intensity 

arising from the solid content distribution of the particles in the column. The resulting signal 

intensity profiles along the height of the hopper (from 𝑧 = 2 mm to 𝑧 = 17 mm) are presented 

in Figure 3.8 (a). Small fluctuations of the signal intensity are visible, which arise from 

variations in the solid fraction of the sample. These fluctuations do not prevent quantitative 

analysis of the signal intensity. However, there is also a slope in the image intensity of the raw 

signal (red profile) in Figure 3.8 (a). This arises from the spatial inhomogeneity of the 𝐵1 field 

throughout the sample. These variations in the signal intensity with position in the r.f. coil mean 

the signal intensity cannot be used directly to extract quantitative information of the solid 

fraction.     

Here, we tested the effect of using three different homogeneity maps to remove the 

variation in signal intensity arising from 𝐵1 variations: a water image, images of seeds in a 

cylinder and images of seeds in the hopper as described in the experimental section. First, we 

attempt to correct the variation in the signal intensity of the 3D image of the hopper by dividing 

the hopper image by the 3D 𝐵1 homogeneity map of water, as described by Eq. (3.3). The 

resulting profile of the corrected image intensity along the height of the bed is shown in purple 

in Figure 3.8 (a). It is clear that there are still some systematic variations in the signal intensity 

profile after correction of the image intensity using the image of water. It was hypothesised 

that the differences in the 𝐵1  field when imaging the seeds and imaging water arise from 

convection in the water image. Hence, we decided to use the same material as used for the 

original image instead of water and filled the cylinder with seeds. The corrected signal intensity 

profile using this map is shown in blue in Figure 3.8 (a). This profile is significantly more 

uniform than the profile obtained when the image was corrected using the image of water 

(purple line in Figure 3.8 (a)). However, some trend in the signal intensity across the image 

was still observed, and this variation cannot be attributed to variations in the solid fraction 

alone. A third homogeneity image was therefore measured, this time for seeds in the hopper 
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geometry itself. Figure 3.8 (b) shows a vertical cross section of a 3D map that was produced 

by averaging 20 different images of static seeds in the 30º hopper. The 3D image of the hopper 

(Figure 3.7) was divided by this 𝐵1 homogeneity map (Figure 3.8 (b)). A vertical cross section 

of the resulting corrected image is shown in Figure 3.8 (c). The signal intensity is visually 

uniform throughout the hopper (apart from fluctuations caused by the solid content distribution 

itself). A quantitative profile of the signal intensity is shown in Figure 3.8 (a) (green line), 

which confirms that the 𝐵1 homogeneity correction map produced using the images of the 

hopper is effective at removing the variation in signal intensity arising from the 𝐵1 field. The 

quantification near the wall will likely be incorrect using this approach because the solid 

fraction near the wall will differ from that in the bulk of the hopper due to different packing 

conditions. In addition, it is likely that there will be a slight misalignment of the hopper between 

images. Both of these factors will lead to incorrect quantification of the signal at the wall. 

However, overall, we find that using a similar geometry for the homogeneity correction and 

the imaging experiment is critical to accurately removing the effect of 𝐵1 variations from the 

image. 
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Figure 3.7: (a) Vertical and (b) horizontal cross sections through the 3D image of the volume of the 30° 

hopper at static sate at 𝑦 = 0 mm and at 𝑧 = 15 mm, respectively. 
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Figure 3.8: (a) Signal intensity profiles along the height of the hopper, averaged over the black box 

shown in Figure 3.7.  Profiles are for the raw image (red plot, 𝐼0 = 1), and the image corrected using the images 

of water (purple), static seeds in a cylinder (blue), or static seeds in the 30° hopper (green). (c) Image of static 

seeds in the hopper corrected by the 𝐵1 field map shown in (b). 
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After homogeneity correction, it is necessary to calibrate the images to convert the 

signal intensity to a quantitative solid fraction. For this conversion, seeds were placed in the 

30°  hopper and the average solid fraction was measured gravimetrically (as explained in 

Section 3) and found to be in the range of 0.55 to 0.64. Each of these samples was then imaged 

to determine a corresponding signal intensity. The average signal intensity from a 7.5 mm by 

7.5 mm by 15 mm region (ROI indicated in Figure 3.7) in the centre of the homogeneity 

corrected image is shown in Figure 3.9 (a). The vertical error bars represent the standard 

deviation of the averaged signal intensity over the ROI. The uncertainty in the solid fraction 

measurements (as described in Section 3) is shown by the horizontal error bars. There is a linear 

correlation (𝑅2 = 0.980) between the signal intensity and the solid fraction, with the data points 

still quite scattered about the linear regression. The residual scatter about the linear regression 

implies a 6% variation in the estimated solid fraction. This variation is higher than the estimated 

experimental uncertainty for an individual data set. It was hypothesised that the discrepancy 

was due to fact that the measurements are performed on different days.  

Figure 3.9 (b) shows the same data points as shown in Figure 3.9 (a), but with the signal 

intensity scaled by the signal intensity obtained from the seeds in the pouch. These seeds were 

jammed in the pouch so the signal intensity from these seeds should be constant across all 

images. As can be seen, the scatter about the linear regression is significantly reduced 

(𝑅2  = 0.999) when the signal intensity is corrected using the signal from the seeds. The 

calibration line for these scaled measurements indicates that there is only a 0.5% residual 

variation in the estimated solid fraction, which is within the estimated experimental 

uncertainty.    

To illustrate the effect of the internal standard more clearly, one sample was imaged 

with the coil tuned correctly, and again with the coil intentionally detuned. The corresponding 

data points are shown in red in Figure 3.9. Based on the raw signal intensity shown in Figure 

3.9 (a), only the data point that corresponds to the well-tuned experiment is consistent with the 

fitting curve; the signal intensity in the detuned experiment is about 2% lower and lies far from 

the calibration curve. In Figure 3.9 (b) the same measurements are presented, but this time with 

the signal intensity scaled using the internal standard in the pouch. In this case the detuned 

signal intensity is corrected and now both tuned and detuned experiments yield the same scaled 

intensity and are indistinguishable.  
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Figure 3.9: The generated calibration curve for converting the signal to solid fraction (a) without using 

internal standards and (b) with using internal standards. Data points shown in red symbols are two similar 

experiments; one of them was well-tuned and the other one was intentionally detuned. 

 

Having seeds in the pouch as internal standards not only helps to resolve the issue of 

changing spectrometer tuning from day to day but also improves the reproducibility of the 𝐵1 

field between static and flowing cases. Figure 3.10 shows the static and flowing signal intensity 

profiles of the 30° hopper after 𝐵1 homogeneity correction. Surprisingly, the flowing one has 

a higher signal intensity than the static sample prior to scaling the signal using the internal 

standard. However, after scaling with the internal standard, the signal of both profiles collapse 
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on each other with the only difference being that the flowing profile shows a decrease in 

intensity towards and below the outlet, as expected.  

 

Figure 3.10: The 𝐵1 homogeneity corrected averaged image intensity along the height of the 30° 

hopper before and after scaling by the internal standards. The scaled profiles were adjusted by an extra factor of 

0.5 such that they are more clearly distinguished. 

By correcting for the key factors that affect quantification of the MRI signal, we are 

able to remove systematic bias from the measurement of solid fraction. The error associated 

with the measurement of the image intensity based on the estimated SNR (150) is 0.6% 

(1/SNR). On the other hand, the error associated with the quality of the calibration fit, which 

is going to be applied on the image to extract solid fraction, is 0.5%. The error associated with 

the signal intensity from the homogeneity map is 1.5%. Therefore, the overall uncertainty (the 

square root of the sum of the squared errors) in any given pixel of the solid fraction map is 

estimated to be 2%.   

3.4.3 Solid fraction measurements 

Figure 3.11 shows the radially averaged solid fraction map of the 30º hopper in (a) the 

static-state and (b) the flowing state. The solid fraction map was produced by applying the 

calibration curve, shown in Figure 3.9 (b), to the 𝐵1 homogeneity corrected images of the 30° 

hopper shown in Figure 3.5 (a) and Figure 3.8 (a). The resulting 3D maps of solid fraction were 

then radially averaged. In the static state, the radially averaged solid fraction is homogeneous 

throughout the whole system. At the centre of the image, few pixels are combined to produce 

the radial average, and hence there is more variation in signal intensity. However, even in this 

central region, the variation in signal intensity is random and hence is associated with variations 
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in the solid fraction of the particles in each voxel; there are no systematic increases or decreases 

in signal intensity with radial or axial position. Figure 3.11 (b) shows the solid fraction during 

flow. The region of high “solid fraction” along the edge of the angled walls of the flowing 

hopper arises from a slight misalignment of the flowing hopper and the static hoppers that were 

used to generate the 𝐵1 homogeneity map. These variations, which are not in the region of 

interest, are an artefact and should be ignored. It is worth mentioning that only about 30 mm 

of the total 49 mm field of view, will be effectively excited by the r.f. coil. For this reason, the 

top and bottom parts of the hopper image do not have a well-defined boundary as seen in Figure 

3.7 (a). The top 5 mm (z = 23 to 28 mm) and the bottom 2 mm (z = -10 to -8 mm) of the image 

were masked out when the hopper image was corrected by the homogeneity map. Throughout 

the cylindrical part of the hopper, the solid fraction during flow is uniform. When the hopper 

starts to taper, the solid fraction starts to decrease in the sloped section towards the outlet, 

indicating that the flow gets more dilute.   

Figure 3.12 shows the averaged solid fraction profile along the (a) radius and (b) height 

of the 30° hopper during flow. In the static state, the solid fraction profiles (data not shown) 

are approximately constant along different radii and different heights of the hopper. In the 

flowing state, for heights more than 15 mm above the outlet, the solid fraction is constant along 

the radius and height of the hopper, in a range of 0.64-0.65 (compare Figure 3.12(b)). However, 

from z =15 mm to z = 11, the solid fraction undergoes a transition and decreases down to 0.57.  

The solid fraction then remains constant until 4 mm above the outlet. For heights lower than 

4 mm above the outlet, the solid fraction decreases, reaching 0.49 at the centre of the outlet and 

decreasing further below the outlet. Below the outlet, the solid fraction has its maximum value 

at the centre and decreases along the radius (green circles in Figure 3.12 (a)). These results are 

consistent with previous works [1,5,47,48], which indicate that the solid fraction decreases 

most rapidly in regions of high shear, i.e., near the edge of the hopper outlet.  

  



 75 

 

Figure 3.11: The radially averaged solid fraction map of the 30° hopper (a) at static state and (b) at 

flowing state. 
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Figure 3.12: The averaged solid fraction profile along (a) the outlet radius and (b) the height of the 30° 

hopper at flowing state. 
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3.4.4 Velocity and flow rate measurements 

Figure 3.14 shows a vertical 2D map of the vertical velocity of the particles. The lowest 

velocity (0.025 m s-1) was observed at the top of the image in the cylindrical part of the hopper 

and near the walls. As the hopper starts to taper, particles accelerate, and the velocity increases 

to 0.28 m s-1 at the outlet. Below the outlet, the velocity of the particles is likely underestimated 

because faster moving particles near the outlet that were inside the coil during excitation will 

leave the coil by the time of signal detection. For this reason, the velocity map was truncated 

2 mm below the outlet. The velocity measurement is consistent with previously published 

experimental and simulation results [46]. Comparing the velocity map with the solid fraction 

map (Figure 3.11 (b)), it is clear that the solid fraction starts to decrease where the hopper 

begins to narrow, which is the same region where the velocity starts to increase.  

To confirm that the solid fraction and velocity maps are quantitative, a mass flow rate 

map was generated. The flow rate map was obtained by multiplying the velocity map (Figure 

3.13) with the solid fraction map (Figure 3.11 (b)) while also accounting for the area of the 

hopper that corresponds to each voxel. That is, 

�̇� = 𝜌𝑠 ∑ 𝜙𝑖𝑣𝑖 𝐴𝑖 
(3.5) 

where 𝜙𝑖  is the solid fraction, 𝑣𝑖  is the velocity, and 𝐴𝑖  corresponds to an annular 

region of the width of the voxel at a given radial position, assuming cylindrical symmetry. 

Figure 3.14 shows the integrated flow rate across the cross-sectional area along the height of 

the hopper. The integrated mass flow rate is constant along the height of the hopper, as is 

expected based on conservation of mass. The integrated flow rate starts to decrease 2 mm below 

the outlet, indicating the measurement is not quantitative here. This decrease occurs because 

fast moving particles may leave the coil leading to an underestimate of the velocity, and the 

solid fraction in this region. To further confirm that the measurements were quantitative within 

the hopper itself, the mass flow rate was measured gravimetrically outside the MRI system and 

found to be 6.85 ± 0.01 g s-1. The dashed line in Figure 3.14 shows the gravimetric mass flow 

rate. There is excellent agreement between the integrated flow rate obtained from the MRI (Eq. 

(3.5)) and the gravimetric measurement. The root mean squared error between the MRI and the 

gravimetric mass flow rate was 0.1 g s-1, which is consistent with the combined uncertainty of 

the MRI measurements of solid fraction, velocity and area. This finding confirms that our MRI 

solid fraction measurements and velocity measurements are quantitative.   
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Figure 3.13 Velocity map of the 30° hopper 

 

 

Figure 3.14 Mass flow rate determined from the MRI (Eq. (3.5)) and gravimetric measurements. One 

representative error bar is shown but similar errors were obtained for all data points. 
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3.5 Conclusion 

In this chapter, an MRI technique to measure the solid fraction of a granular flow was 

developed and shown to be quantitative. First, the effect of the flip angle (𝜃), repetition time 

(𝑇𝑅) and delay time between cones (𝑇𝐶) on the image intensity and resolution were assessed to 

optimise the SNR of the image, whilst maintaining a quantitative signal intensity and 

minimising artefacts. Images of the hopper were then obtained using the optimised parameters 

and the 3D centric scan, sectoral-SPRITE technique.  

The procedure used to correct for the inhomogeneous spatial distribution of the 𝐵1 field 

in the image was then examined. We showed that using a map of a sample of water, which has 

a uniform spin density, was not effective at removing all of the variations in the 𝐵1 field. 

Instead it was found that the most effective sample to use to correct for 𝐵1 field variations was 

a sample with a similar geometry and the same granular material to that studied during flow.  

In order to calibrate the solid fraction measurement, 20 images were acquired under 

static conditions with solid fractions between 0.55 and 0.64. To compensate for long term drifts 

(e.g. in the coil tuning) and to improve the reproducibility of the 𝐵1 field between static and 

flowing cases we used the signal from seeds jammed into an external “pouch” attached to the 

hopper as an internal standard. After correcting the signal intensity from each image using these 

internal standards, a strong linear correlation was observed between the scaled image intensities 

and the measured solid fractions. By applying this calibration to the quantitative images during 

flow, solid fraction maps of the 30° hopper were produced.  

A mass flow rate map in the hopper was obtained by combining the solid fraction 

images with images of the vertical velocity of the seeds. The integrated flow rate across the 

cross-sectional area of this flow rate map was constant along the height of the hopper and in 

excellent agreement with an independent gravimetric measurement.  

In the future, the measurement technique reported here will be used to examine 

variations in the solid fraction in granular flow quantitatively. This will enable further research 

to address some long-standing issues in granular flow research around the relationship between 

the dilatancy and velocity distribution. 
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4 Quantitative measurements of flow dynamics in 3D hoppers 

using MRI 

The purpose of this chapter is to use the MRI method developed in Chapter 3 to provide 

quantitative measurements of the solid fraction and velocity in three-dimensional (3D) hoppers. 

We demonstrate that the measurements are quantitative by calculating the mass flow rate within 

the hopper using MRI and show good agreement with the mass flow rate measured 

gravimetrically.  We study how the velocity and solid fraction change in response to changes 

in the hopper angle and outlet size. These quantitative measurements provide the basic 

requirements for addressing and evaluating phenomenological models that have been proposed 

to predict the flow rate out of a hopper. We show that the solid fraction decreases smoothly 

from the bulk value above the outlet, indicating that the assumption of a “free-fall arch” used 

in some mass flow correlations is invalid. Furthermore, we show that the solid fraction, velocity 

and vertical evolution of the acceleration are all self-similar when normalised by the value at 

the centre of the outlet in a 3D hopper, in agreement with recent studies of 2D hoppers.  
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4.1 Introduction 

Hoppers are widely used for handling everything from grains to pharmaceutical 

materials, and yet the prediction of the flow from hoppers is still challenging. The mass flow 

rate from a hopper is known to depend on the hopper angle, the outlet size, and the material 

properties. However, the exact relationship is not fully established. Several phenomenological 

correlations have been proposed to predict the flow rate based on the hopper angle and the 

outlet diameter. With some empirical calibration, these correlations are able to predict the mass 

flow rate [1–4]. However, it is not clear that the physical basis for the models is correct. 

Investigating these models and their underlying assumptions requires quantitative, spatially 

resolved measurements of the velocity and solid fraction, which together determine the local 

flow rate. These measurements are challenging owing to the opacity of granular materials. The 

purpose of this chapter is to provide quantitative measurements of the velocity and the solid 

fraction in three-dimensional hoppers with different outlet sizes and hopper angles using MRI. 

We then use these quantitative MRI data to evaluate several mass flow rate correlations that 

describe flow from a hopper.  

Despite the simple appearance of a hopper, modelling the granular flow inside a hopper 

is challenging. Depending on the geometry of the hopper and properties of the particles, two 

main flow patterns occur: mass flow and funnel flow. Mass flow, is a uniform downward flow 

without any stagnant zone. Whereas, in funnel flow the central region of the hopper flows, but 

some stagnant zones will also be observed near the walls. Any model of the flow rate from a 

hopper must address these different flow regimes.  

Various continuum models for granular flows exist [5–8]. These are attractive as they 

theoretically enable the prediction of the flow from a hopper at any scale based solely on a few 

measurable parameters, such as the particle size distribution and inter-particle friction. 

However, granular materials exhibit compressibility and a static yield strength that are 

challenging to describe mathematically [6,9,10], and as a result none of the existing continuum 

models is suitable for all conditions. For this reason, hoppers are still designed using 

correlations based on concepts that date back 60 years [11].  

It is well established that the mass flow rate is independent (or nearly independent) of 

the fill height [2]. Based on this assumption, dimensional analysis shows that the mass flow 

rate is proportional to the outlet diameter to the power of 5/2. However, early experimental 

measurements showed that the mass flow rate, 𝑊, changes with the outlet diameter to a power 

greater than 5/2 [12]. Eventually, Beverloo et al. [13] solved these discrepancies by plotting 
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𝑊0.4 (i.e. the exponent is the inverse of 5/2) against the outlet diameter, 𝐷. There was a linear 

relationship between 𝑊0.4 and 𝐷 as expected, but the intercept on the 𝐷 axis was not zero. 

They realized that this intercept is proportional to the particle diameter, 𝑑 , and the 

proportionality coefficient, 𝑘, is the same for particles of the same shape, and typically takes a 

value of about 1.5 for spherical particles. Therefore, they proposed the mass flow be described 

by:  

𝑊𝐵 = 𝐶𝜌𝐵√𝑔(𝐷 − 𝑘𝑑)
2𝑛+1

2 , 

 

(4.1) 

where 𝑊𝐵 shows the mass flow rate expression proposed by Beverloo (the index is chosen 

according to the researcher’s name who proposed the model), 𝑔  is the gravitational 

acceleration, C is a fitting parameter dependent on particle properties (e.g. friction), and 𝜌𝐵 is 

the bulk density given by 𝜌𝐵 = 𝜙𝑏 𝜌𝑠 where 𝜌𝑠 is the material density and 𝜙𝑏 is the bulk solid 

fraction. In Eq. (4.1), the solid fraction is the bulk solid fraction obtained by loosely filling a 

vessel [2], and is not the solid fraction, 𝜙, of the densely packed material. The exponent n in 

Eq. (4.1) depends on the dimensionality of the system and is 2 for a 3D geometry or 1 for a 2D 

geometry. Usually, C = 0.58 but values as large as 0.64 have been reported for smooth particles 

(e.g. glass spheres) [2]. Eq. (4.1) was originally proposed for flat-bottomed hoppers with 

circular, rectangular and triangular orifice shapes. It does not account for the effect of the 

hopper angle, 𝛼.   

Rose and Tanaka [14] developed a correlation to account for the hopper angle effect by 

considering the angle of the stagnant-flowing boundary within the hopper itself. In their 

correlation, if the hopper angle exceeds the complementary angle of the stagnant-flowing 

boundary, then further increasing the hopper angle has no effect on the mass flow rate, thus: 

𝑊𝑅𝑇 = 𝐹𝐶𝜌𝐵√𝑔(𝐷 − 𝑘𝑑)
2𝑛+1

2 ,  𝐹 = {
(tan 𝛼 tan 𝜃𝑠𝑓)−0.35      tan 𝛼 tan 𝜃𝑠𝑓 < 1

1                                       tan 𝛼 tan 𝜃𝑠𝑓 > 1
 

(4.2) 

where 𝜃𝑠𝑓 is the angle of the stagnant-flowing boundary to the horizontal axis and the value of 

𝜃𝑠𝑓 must be determined for each granular material experimentally.    

Brown and Richards [1] modified the Beverloo correlation using the concept of the 

“free fall arch” [15]. The free fall arch is a hypothetical region above the outlet below which 

particles accelerate freely under gravity. Brown and Richards envisaged the free-fall arch to be 
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a hemi-spherical surface with the same diameter as the hopper outlet. Calculating the radial 

velocity within the hemispherical dome under the Minimum Energy theorem [16], gives rise 

to a mass flow rate correlation that includes the influence of the hopper angle, 𝛼:    

𝑊𝐵𝑅 = 𝜌𝐵√𝑔 [
𝜋

6

1−cos3/2 𝛼

sin5/2 𝛼
] (𝐷 − 𝑘𝑑)

2𝑛+1

2 , 
(4.3) 

Brown and Richards justified the geometrical factor 𝑘 in Beverloo’s correlation, by 

introducing an effective discharging area smaller than the true outlet size, since few particles 

pass near the edge of the outlet. This region of low solids flow is also known as the empty 

annulus [17]. Consistent with previous work, the value of k is typically found to be about 1.5 

for spherical particles. 

The three correlations mentioned above date back over 50 years and are now well 

established. However, they require empirical fitting coefficients that differ for different 

materials. In the 1990s, a stress analysis on the granular material in a hopper was used to 

develop the “Hour-Glass Theory” for hopper flow [2]. From this work, a correlation for 

predicting mass flow rate out of 3D hoppers with smooth walls and incompressible 

cohesionless material was developed:  

𝑊𝑁 =
𝜋

4
𝜌𝐵√𝑔 [

1

(5 sin 𝜓 −1) sin 𝛼
]

1/2

(𝐷 − 𝑘𝑑)
2𝑛+1

2 , 
(4.4) 

where 𝜓 is the angle of internal friction. The main difference between the Minimum Energy 

theorem and Hour-Glass Theory is that in the former, the mass flow rate is assumed to be 

independent of the fill height, whereas in the latter, there is no need to make this assumption 

[2]. Unfortunately, though the correlation described by Eq. (4.4) is functionally sound, an 

empirical correction is needed to estimate the mass flow quantitatively [2]. The correlation still 

requires a fitting parameter k.  

The above correlations use a fitting parameter k that is typically identified as being 

related to the “empty annulus” region in which particles cannot pass due to their finite size. 

However, the value for k has been found to depend on the size of the hopper studied. Mankoc 

et al. [18] plotted 𝑊0.4 against 𝐷 for a very wide range of outlet sizes (1< 𝐷/𝑑 <100) and 

showed that when the outlet is small the intercept with the 𝐷  axis is precisely at 𝐷 = 𝑑 

suggesting that the effective outlet size can be defined by (𝐷 − 𝑑), that is that k = 1. This 
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definition is appealing as it is reasonable to argue that no particle can pass through the outlet 

with its centre located less than half its diameter away from the edges. However, Beverloo’s 

correlation with 𝑘 = 1 overestimates 𝑊 for data with 𝐷/𝑑 <10, hence k is more typically taken 

to be 1.5. To account for this discrepancy, Mankoc et al. [18] introduced an exponential 

correction factor to predict the flow rate for the entire range of outlet diameters:  

𝑊𝑀 = 𝑊𝐵 [1 −
1

2
𝑒−𝑏(𝐷/𝑑−1)], (4.5)             

where 𝑏 is an empirical fitting parameter and 𝑊𝐵 is the mass flow rate predicted by Beverloo’s 

correlation with 𝑘 = 1. One way to interpret this exponential correction factor is that it adjusts 

the bulk density for the density at the outlet. Based on this expression, the mass flow disappears 

when the size of the outlet equals the particle diameter. They reported that Eq. (4.5) fits their 

flow rate measurements very well, even for 𝐷/𝑑 < 6 where the flow is intermittent due to 

jamming.  

The above correlations are based on phenomenological insight but require empirical 

fitting parameters to yield useful design equations. The physical basis for these fitting 

parameters remains unclear, in part because some of the phenomena incorporated into the 

models could not be tested when the correlations were developed (e.g. the free fall arch or the 

empty annulus). A different approach has been used more recently, whereby high speed 

cameras were used to track the motion of particles in two-dimensional (2D) hoppers [18]. These 

observations were used to develop new correlations for the mass flow rate from a hopper. For 

example, Janda et al. [3] showed that the solid fraction and velocity profiles at the outlet of a 

2D flat-bottomed hopper are self-similar if normalised by their values at the centre of the outlet 

for any given particle size and outlet size (including the small ones where jamming is likely) 

[19]. This self-similarity of the dynamics of the granular flow near the outlet confirms the 

existence of a region near the outlet below which bulk dynamics do not affect the mass flow 

rate. Therefore, they proposed an expression for the mass flow rate based on the velocity and 

volume fraction of the outlet considering that the height of the arch, ℎ, is proportional to the 

diameter of the outlet ℎ = 𝛾𝐷:  

𝑊𝐽 = 𝐶′𝜌𝑠√𝛾𝑔𝜙𝑐𝐷
2𝑛+1

2  
(4.6) 
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where 𝐶′ is a constant for a given hopper angle and particle friction, 𝜙𝑐 is the solid fraction 

value at the centre of the outlet, and 𝜌𝑠 is the solid density. Note: here we scale with respect to 

the outlet diameter for consistency with traditional correlations describing the mass flow from 

the hopper. In the paper by Janda et al. [3], and the related works discussed below, all equations 

and variables were scaled relative to the outlet radius (or half width in 2D systems). For the 2D 

hopper, the constant is given by 𝐶′ = 0.5𝛽(0.5, 1 + [𝑎 + 𝑏]), where 𝛾 , 𝑎  and 𝑏  are fitting 

parameters governing the shape of the scaled curves for a 2D hopper and 𝛽 is the Euler integral 

of the first kind. The functional form of Eq. (4.6) suggests that the concept of the empty annulus 

proposed by Brown and Richards [17] is unnecessary and hence that 𝑘 = 0.    

More recently, it was observed that the particles accelerate gradually, and there is no 

sudden discontinuity whereby the particles start undergoing “free-fall” [20]. Furthermore, the 

vertical acceleration was shown to be self-similar in 2D experimental and 3D numerical 

simulations of flat-bottomed hoppers, if the height of the particles above the outlet of the hopper 

z is scaled by the outlet diameter, D. On the basis of these observations, 𝛾 in Eq. (4.6) was 

replaced with the integral of the normalised acceleration, 𝑎(ℎ)/𝑔, along the normalised height, 

ℎ = 𝑧/𝐷: 

𝛾 = 2 ∫
𝑎(ℎ)

𝑔
𝑑ℎ

∞

0

. 
    

(4.7) 

Recently, this work was extended further by demonstrating that the velocity and solid 

fraction profiles are self-similar regardless of the outlet size for 2D hoppers of the same hopper 

angle [4]. Hence, the gamma factor also depends on the hopper angle, and a more general 

correlation was proposed:   

𝑊𝐷 = 𝐶′′(𝛼)𝜌𝑠√𝛾(𝛼)𝑔𝜙𝑐(𝛼)𝐷
2𝑛+1

2  
(4.8)                             

where C’’(α) = 0.5𝜋/[1+a(α)+b(α)] for a 3D hopper [21]. Furthermore, Darias et al. [4] showed 

that 𝜙𝑐 only changes with hopper angle if the outlet size is small. Hence, they replaced 𝜙𝑐 with 

𝜙∞ for outlet diameters larger than 20 mm. The experimental observations used to derive these 

correlations were limited to 2D hoppers due to the opacity of the granular material. Numerical 

simulations [21] were used to suggest they should also hold in 3D, but this has not yet been 

confirmed experimentally.  
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Quantitative measurements of solid fraction and velocity in the interior of 3D systems 

are required to fully test and validate the hopper flow models proposed above. Such 

measurements are challenging owing to the opacity of granular flows. Significant progress has 

been made in recent years using high speed cameras [3,4,19,20,22–24], as they are non-

invasive, easy to work with and relatively inexpensive. However, cameras are only able to 

provide measurements on the exterior walls and thus have been limited to observations of the 

wall or outlet. Positron Emission Particle Tracking (PEPT) [25] has been used for 3D imaging 

of the velocity, but is difficult to apply to measurements of the density. Furthermore, PEPT is 

time-consuming and the sample needs to be ergodic to be able to translate the information from 

the tracer particle to the flow characteristics of the entire system [26]. Tomographic techniques 

such as X-ray [27] or electrical capacitance tomography (ECT) [28] have been used for density 

measurements but the velocity of the particles cannot be measured by these methods. Magnetic 

Resonance Imaging (MRI) is challenging to perform, but potentially allows for quantitative 

measurements of both the velocity and solid fraction in the interior of optically opaque 3D 

granular flows [29].   

The main challenge with MRI measurements for any flowing system, is acquiring 

quantitative data. Most studies of granular flow using MRI have been limited to velocity 

measurements [10,30–32]. Acquiring quantitative solid fraction measurements during granular 

flow is difficult since the motion of the particles affects the signal intensity, and it is the signal 

intensity that is used to measure the solid fraction [33]. The higher the velocity of the particles, 

the more the signal attenuates and the smaller is the detected signal intensity. Consequently, 

most solid fraction measurements were results of comparisons between MR images of the 

particles before and after flow [34,35]; few quantitative measurements have been reported 

during flow. However, it is necessary to measure the solid fraction during flow in order to 

quantify mass flow rates. Moreover, it has been shown that changes in the solid fraction on the 

order of 1% are sufficient to cause large changes in the rheology of the granular material [36], 

thus it is necessary to measure solid fraction precisely as well as quantitatively. Recently, we 

developed an advanced MRI method and demonstrated that the solid fraction of granular flows 

can be measured quantitatively with a precision of about 2% [29]. This new capability enables 

us to test some of the assumptions underpinning the above-mentioned hopper flow models in 

a 3D system.  
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In this chapter, we use the solid fraction measurement technique developed in Chapter 

3 [29], in conjunction with a velocity measurement technique, to characterize the solid fraction 

and velocity of granular flow through 3D-printed hoppers. We demonstrate that the 

measurements are quantitative by calculating the mass flow rate from the MRI results and 

comparing them with gravimetric flow rate measurements. We then use these data to address 

the correlations that have been proposed to describe the flow rate in a 3D system. Moreover, 

we examine the effect of hopper angle and outlet size on velocity, solid fraction and hence flow 

rate, thereby extending the work of Darias et al. [4] to the experimental characterisation of 3D 

cylindrical hoppers. In the next section, the experimental set-up and the methods that were used 

for solid fraction and velocity measurements are explained. In Section , time-averaged maps of 

solid fraction and mean vertical velocity are presented, and the effect of hopper angle and outlet 

size are studied. Finally, several correlations for the mass flow rate are evaluated based on the 

acquired data. 

4.2 Method 

As shown in Figure 4.1, the hopper feeding system is a long set of Perspex pipes that 

are connected using push-fittings. The feeding system sits inside the bore of the magnet and it 

is filled from the top of the magnet. The feeding system is periodically re-filled with particles 

such that the fill height is always much greater than two times the outlet diameter, which 

ensures that the flow rate is constant and independent of the height of the material in the hopper 

[37]. 

Figure 4.1 (b) shows the schematic design of the 30° hopper. The computer software 

AutoCAD was used to design the hopper and it was 3D printed from polylactic acid (PLA). 

The area around the hopper outlet was designed to be enclosed by a “pouch”. The pouch was 

filled with particles and the signal intensity from these particles in the MRI images was used 

as a reference signal (internal standard) to ensure that the obtained data are quantitative. More 

details on the solid fraction measurement technique are available in our previous publication 

[29].   

Figure 4.1 (c) shows the particular section of the 30° hopper that could fit inside the r.f. 

coil and be imaged. All images were obtained using a 9.4 T superconducting magnet with 1H 

resonance frequency of 400.1 MHz linked to a Bruker Avance I spectrometer. Radio frequency 

transmission and reception were performed by a 30 mm birdcage coil. A 3-axis shielded 
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gradient set was used for imaging that was capable of generating a maximum gradient strength 

of 1.51 T m-1. Monodispersed brown mustard seeds of diameter 1.3 mm and measured solid 

density (𝜌𝑠) of 1140 kg m-1 are used as they are nearly spherical and contain mobile oil that 

provides a good signal for imaging [29]. 

 

Figure 4.1 (a) The hopper set-up for MRI apparatus. (b) The AutoCAD sketch of the 30° hopper. (c) A 

close-up of the imaged part of the 30° hopper.  Note the MRI measurements require the use of a Cartesian 

coordinate system, hence we define the Cartesian coordinates here. Where possible, the Cartesian data were 

converted to cylindrical coordinates to simplify the presentation of the data.  

Solid fraction measurements appear to be straight forward using MRI, but quantitative 

measurements are challenging to achieve. Recently, we showed that we can produce 

quantitative 3D solid fraction maps of granular flows with a precision of about 2% using 

sectoral-SPRITE based on pure phase encoded imaging [29]. The sectoral-SPRITE method 

was implemented with a flip angle of 13°, repetition time of 2 ms, phase encoding time of 

100 μs and a delay of 3.5 s between cones. Images were acquired with a field of view of 30 mm 
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× 30 mm × 49 mm. We acquire 64 pixels in each dimension giving a voxel size of 0.5 mm (x) 

× 0.5 mm (y) × 0.8 mm (z). The maximum gradient amplitude was 0.25 T m-1. The total 

acquisition time for one image was 72 min. The spatial inhomogeneity of the B1 field in the 

image is corrected by dividing the 3D images of the flowing hopper by a 3D homogeneity map 

that was generated by averaging at least six static images of the hopper (see [29] for more 

details). Note that the same images were used for calibrating the measurements. We realised 

that the reason that we were getting a poor homogeneity correction in Chapter 3 was because 

of the real packing variations occurred in the fully filled hopper (approximately 1.5 m filling 

hight). Therefore, in this chapter, we used partially filled hoppers (the filling height was about 

60 mm, up to the edge of the r.f. coil) because it is difficult to tap the hopper when it is fully 

filled and establish a homogenous packing. 

Images need to be calibrated to convert them into solid fraction maps and to ensure that 

the measurements are quantitative. To calibrate the measurements, the solid fractions 𝜙𝑠𝑎𝑚𝑝𝑙𝑒 

of loosely and densely packed particles in various hoppers were determined, assuming that the 

packing fraction of the static particles within the hopper was uniform:    

𝜙𝑠𝑎𝑚𝑝𝑙𝑒 =
𝑚𝑠

𝜌𝑠𝑉𝑡𝑜𝑡𝑎𝑙
,                                     

(4.9) 

 

where 𝑉𝑡𝑜𝑡𝑎𝑙 is the entire volume occupied by seeds, including voids between them. 𝑉𝑡𝑜𝑡𝑎𝑙 was 

determined by measuring the height of the seeds in the hopper. The typical filling height was 

about 120 mm and could be measured with a precision of ± 1 mm. The volume was then 

determined from a calibration obtained by filling the hoppers with a known mass of water and 

measuring the corresponding heights. The volume of the seeds excluding voids was determined 

by dividing the mass of the seeds, 𝑚𝑠, by their solid density, 𝜌𝑠. These measurements indicate 

the packing fraction varied from 0.56 to 0.64 for the calibration images.  

The corresponding average signal intensity in the solid fraction images was determined 

by averaging a region of interest 7.5 mm ×7.5 mm ×15 mm in size in the centre of each of the 

static samples. To ensure the signal intensity was quantitative, the homogeneity corrected 

images, 𝐼𝑐𝑜𝑟(𝑟, 𝑧), are also referenced to the signal in the pouch, 𝐼𝑟𝑒𝑓, which is used as an 

internal standard. The scaled image intensity (𝐼𝑐𝑜𝑟(𝑟, 𝑧)/𝐼𝑟𝑒𝑓) is directly proportional to the 

solid fraction, 𝜙: 
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𝜙(𝑟, 𝑧) =
𝐼𝑐𝑜𝑟(𝑟,𝑧)

𝐼𝑟𝑒𝑓
𝜙𝑟𝑒𝑓                       (4.10) 

where 𝜙𝑟𝑒𝑓 the solid fraction in the pouch.  

The velocity of the particles was measured using the phase difference of the signal [38]. 

For the velocity measurements, several images were acquired each with a specific strength of 

the flow encoding gradient. The velocity was calculated by fitting a line to the phase of the 

signal at each flow gradient strength. Since the velocity is determined by the phase of the signal 

and not its intensity it is not necessary to correct the B1 field inhomogeneity or use the signal 

from the internal standard for these measurements. More details about the velocity 

measurement technique can be found here [39]. Time-averaged 2D maps (both vertical and 

horizontal) of the mean vertical velocity were obtained. The horizontal maps were used to 

confirm that the flow was axisymmetric, however only the vertical maps of the velocity are 

shown here. For the vertical maps of the velocity, the slice was in the 𝑦-direction with a 

thickness of 2 mm. Experiments were performed using 9 flow gradient steps with a maximum 

flow-encoding gradient strength of 0.62 T m-1. The duration of the flow gradient was 

δ = 0.15 ms and the observation time was Δ = 1.4 ms. All gradient pulses (imaging and flow 

encoding) were applied with a ramp time of 100 µs and a gradient stabilization delay of 50 µs, 

giving an overall a rise time of 150 µs. The field of flow was 1.2 m s-1 for the 10° hopper and 

the 60° hopper with the outlet diameter of 11.5 mm; for the remaining hoppers the field of flow 

was 0.8 m s-1. The minimum detectable velocity was 1×10-3 m s-1. The field of view and the 

spatial resolution were the same as for the solid fraction measurements to ensure that a direct 

comparison between the maps was possible. The total acquisition time for each velocity 

measurement was 57 min.  

To validate the MRI measurements, the gravimetric mass flow rate from the hoppers 

was measured by filling the hopper set-up with particles and timing the flow of seeds from the 

hopper. The flow was blocked during filling with a stopper. To measure the flow, the stopper 

was removed. The mass flow rate was obtained by measuring the weight of the collected 

particles discharged in 60 s. Seeds were collected 10 s after opening the outlet, to ensure that 

the flow was in steady state. The mass flow rate was measured five times for each hopper. The 

uncertainty in the gravimetric mass flow rate was determined from the standard error of the 

mean of these five measurements and was typically ~0.01 g s-1. 
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4.3 Results and discussion 

In this section, quantitative maps of solid fraction and vertical mean velocity are presented. 

Moreover, the mass flow rate measured by MRI is compared with gravimetric measurements 

of the mass flow rate to confirm that the MRI measurements are quantitative. Using these 

quantitative measurements, several correlations that predict the mass flow rate from a hopper, 

and their underlying assumptions, are evaluated. The effects of hopper angle and outlet size are 

also studied. 

Figure 4.2 shows (a) vertical (y = 0) and (b) horizontal (z = 13 mm) cross sections of 

the 3D image of the 30° hopper during steady flow. The signal intensity associated with the 

particles inside the pouch is higher than the particles inside the hopper because the particles in 

the pouch are closely packed to avoid any movement of the seeds. There are two causes of 

signal intensity variations in the images. Firstly, there is an oscillation in the signal due to 

ordering of the particles at the walls. Secondly, there is a longer length scale variation which 

arises from B1 inhomogeneity. The B1 inhomogeneity is most obviously seen by the sudden 

decrease in the signal intensity approaching 28 mm above the hopper outlet. Only about 30 mm 

of the 49 mm total field of view is effectively detected in the MRI measurement. For this 

reason, the top and bottom parts of the hopper image seen in Figure 4.2 (a) do not have a well-

defined boundary. The B1 inhomogeneity is removed from the image before converting to a 

solid fraction map. The top 4 mm (z = 24 to 28 mm) and the bottom 4 mm (z = -10 to -6 mm) 

of the image were then masked out as the inhomogeneity correction is not effective in these 

areas where the signal intensity is very low. Figure 4.2 (c) and (d) show the corrected signal 

intensity through the centre of the vertical and horizontal cross sections, respectively. As can 

be seen, the vertical profile shown in Figure 4.2 (c) is constant from top of the hopper down to 

near the outlet and then it starts to decrease as expected due to the increase in voids between 

particles near the outlet. The horizontal profile shown in Figure 4.2 (d) is constant throughout 

the hopper diameter. Thus, the homogeneity correction successfully removed the variation in 

signal intensity due to the B1 inhomogeneity.  
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Figure 4.2 (a) Vertical and (b) horizontal slices through the raw 3D image of the 30° hopper under flow 

at 𝑦 = 0 mm and at 𝑧 = 13 mm, respectively. A comparison between the raw and the corrected signal intensity of 

(c) the vertical image shown in (a) along x = 0 mm and (d) the horizontal image shown in (b) along y = 0 mm. 

The signal intensity in the corrected profiles is directly proportional to the local solid fraction. 

After correcting the signal variations due to B1 inhomogeneity, the signal intensity in 

the images was referenced to an internal standard obtained from the pouch. These referenced 

signal intensity values were calibrated to determine a quantitative solid fraction, with the 

calibration curve shown in Figure 4.3. The vertical error bars, which are the same size as the 

symbols, represent the combined uncertainty from the standard error in the mean arising from 

the signal of the internal standard and from the image intensity in the region of interest. As 

expected, there is a linear correlation (R2 = 0.999) between the signal intensity and the solid 

fraction. There are three contributions to the overall error. First, the estimated solid fraction 

from the calibration curve varies by 0.5%, which is within the experimental uncertainty of the 
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solid fraction. Second, the error related to the signal intensity measurement in any individual 

voxel that is 0.6% (based on signal-to-noise ratio). Third, the error associated with the signal 

intensity from the homogeneity map that is 1.5% (the standard deviation of the signal intensity 

from a chosen central region of the homogeneity map). This error could be reduced by 

averaging a greater number of images. Therefore, a root sum of squared error of 2% is expected 

in each voxel of the solid fraction map using the calibration defined by Figure 4.3. 

 

Figure 4.3 Calibrating the MRI signal against solid fraction for 10° (D = 9.5 mm), 30° (D = 9.5 mm), 

60° (with D = 7.5 mm, 9.5 mm, and 11.5 mm), and 90° (D = 9.5 mm) hoppers. 

4.3.1 Solid fraction measurements  

Time-averaged solid fraction maps of the hoppers during flow were generated by 

applying the calibration curve, shown in Figure 4.3, to the obtained 3D images of the hoppers. 

Figure 4.4 shows the radially averaged solid fraction maps of the 10°, 30°, 60° and 90° hoppers 

during steady flow. Near the walls of the 10° hopper, bright and dark layers of particles are 

observed. These layers are attributed to ordering of the particles near the walls of the hopper 

owing to the use of relatively monodispersed, spherical particles. Unfortunately, it was not 

possible to image the section of the 10° hopper with vertical walls (the section without a slope) 

as it cannot be fitted in the r.f. coil vertically. For the other hoppers, the solid fraction is highest 

at the top, in the section of the hopper with vertical walls. The flow is quite dense in this region 

but then gradually dilutes towards the outlet. At the bottom corners of the 90° hopper, the solid 

fraction is equal to the bulk solid fraction at the top. The solid fraction is lower towards the 
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side walls. This observation indicates that the granular material in the top part of the hopper 

does not expand in order to move. This suggests that the particles in the top part of the hopper 

are not moving relative to each other and as a result they are moving as a solid body. As can 

be seen, the solid fraction at the outlet is not zero, indicating that a reasonable number of 

particles are passing near the edges of the outlet confirming that the concept of the empty 

annulus is not justified. It has been proposed that k cannot be less than one as no particle can 

pass through the outlet with its centre located less than 0.5 𝑑𝑝 away from the edges [18]. This 

argument was disproved by Nedderman [2] because the mass of the particle is not concentrated 

at its centre. Our images confirm Nedderman’s statement as a portion of the mass is seen in the 

voxel closest to the outlet wall, thus indicating that k can be less than one. The lower solid 

fraction near the outlet is consistent with the exponential factor introduced by Mankoc et al. 

[18] suggesting a lower density of material near the outlet. The low solid fraction near the outlet 

is also compatible with the existence of a free-fall arch where the bulk stress no longer affects 

the particles. However, the stress on the particles cannot be determined from the solid fraction 

alone, and therefore it is difficult to determine from the maps in Figure 4.4 whether the change 

in stress on the particles is a sudden change or a smooth evolution. The evolution of the flow 

will be examined further using velocity measurements in Section 4.3.2. 
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Figure 4.4 Radially averaged solid fraction maps for the (a) 10° D = 9.5 mm (b) 30° D = 9.5 mm (c) 

90° D = 9.5 mm (d) 60° D = 7.5 mm (e) 60° D = 9.5 mm (f) 60° D = 11.5 mm hoppers. 

To better quantify the variations of the solid fraction inside the hoppers, profiles were 

extracted from Figure 4.4 along the radius of the hoppers, as shown in Figure 4.5. The five 

profiles show the solid fraction at five different heights within the hoppers: in the top region 

where the hopper has vertical walls (z = 20 mm), towards the top of the sloped section 

(z = 10 mm), within the sloped section (z = 2 mm), at the outlet (z = 0 mm), and below the 
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outlet (z = 2 mm). For the 10° hopper, the maximum solid fraction (shown by the blue profile) 

corresponds to the solid fraction at the top part of the tapered section of the hopper that we can 

see, not the region with vertical walls as this is outside the r.f. coil. In all six hoppers, the solid 

fraction is nearly constant in the top central region of the hopper, but it decreases towards the 

wall. However, towards the base of the hopper in the sloped section, the solid fraction increases 

slightly towards the wall (the red profiles), particularly in the 60° and 90° hoppers. As the outlet 

size increases for the 60° hoppers, and the red profile becomes smoother showing only a slight 

increase in solid fraction with the outlet size of 11.5 mm. It is likely that the increase in solid 

fraction in these hoppers is associated with slow moving or even stationary particles. The 

velocity in these regions will be investigated in Section 3.2. The purple and green profiles show 

the solid fraction at the outlet and just below. These profiles decrease from centre where the 

decrease is moderate near the centre with a steeper drop in solid fraction towards the wall (or 

edge of the flow) for all six hoppers.   

It is interesting to examine the change in solid fraction in the bulk and at the centre of 

the outlet in these hoppers. For the 10°, 30°, 60°, and 90° hoppers, the solid fractions at the 

centre of the outlet (shown by the purple profiles) are 0.50, 0.49, 0.47, and 0.45, respectively, 

but the solid fraction in the bulk (shown by the blue profiles) is approximately 0.64 regardless 

of the hopper angle. Thus, the solid fractions at the centre of the outlet decrease with increasing 

hopper angle, whilst the bulk solid fraction is constant. For the 60° hoppers with outlet sizes of 

D = 7.5 mm, D = 9.5 mm and D = 11.5 mm, the bulk solid fraction is 0.65, 0.64, and 0.63 and 

the solid fraction at the outlet is 0.42, 0.47 and 0.50, respectively. Thus, by increasing the outlet 

size, the bulk solid fraction at z = 20 mm decreases while the solid fraction at the outlet 

increases. These results are consistent with the results of Darias et al. [4] at the outlet; they 

could not measure the bulk solid fraction due to the limitations of the experimental technique 

they used.  
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Figure 4.5 The averaged solid fraction profiles along the radius of the (a) 10° D = 9.5 mm (b) 30° 

D = 9.5 mm (c) 90° D = 9.5 mm (d) 60° D = 7.5 mm (e) 60° D = 9.5 mm (f) 60° D = 11.5 mm hoppers at 

different heights of z = 20 mm ( ), z = 10 mm ( ), z = 2 mm ( ), z = 0 mm ( ), and z = -2 mm ( ). 

 

Figure 4.6 shows the solid fraction profiles along the height of the hoppers extracted 

from the solid fraction maps shown in Figure 4.4. For the 10° hopper, the solid fraction is 

decreasing only very little with an average of about 0.58 from the top of the sloped section to 

4 mm above the outlet. From this point, the solid fraction reduces towards the outlet. It is clear 

that in this region, the solid fraction also reduces towards the wall for any given height. At 

r = 4.7 mm, the solid fraction shows some slight changes about 10 mm above the outlet. These 

changes are attributed to particle ordering near the wall and hence may be ignored. The dense 

quasi-static flow regime is observed above 16 mm above the outlet for the 30° hopper where 

the bulk solid fraction is constant and around the expected close packing limit of 0.64. There 

are two clear transitions in the solid fraction for the 30° hopper. The first one is at 16 mm above 

the outlet just above the start of the sloped section of the hopper. At this point, the solid fraction 

rapidly decreases to about 0.58 but then remains approximately constant until about 4 mm 

above the outlet indicating an intermediate flow regime. At this point, the second transition 

occurs where the solid fraction starts to decrease rapidly creating a dilute gas-like flow regime 

near the outlet. For the 60° and 90° hoppers, the solid fraction of the material gradually 

decreases from the top of the imaging region towards the outlet. For the 7.5 mm and 9.5 mm 
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outlet diameters in the 60° hoppers and in the 90° hopper, the solid fraction is constant at about 

0.58 for a short section until about 4 mm above the outlet. For the larger outlet size of 11.5 mm 

(Figure 4.6 (f)), the solid fraction decreases smoothly and gradually right from the top of the 

imaging region. The origin of these variations in the solid fraction is unclear, and to the best of 

our knowledge has not previously been noted in either experiments or simulations. 

 

 

Figure 4.6 The averaged solid fraction profiles along the height of the (a) 10° D = 9.5 mm (b) 30° 

D = 9.5 mm (c) 90° D = 9.5 mm (d) 60° D = 7.5 mm (e) 60° D = 9.5 mm (f) 60° D = 11.5 mm hoppers at 

different radius of r = 0 mm (averaged over 3 central pixels) ( ), r = 2 mm ( ), r = 3 mm ( ), r = 3.7 mm ( ), 

r = 4 mm ( ), r = 4.7 mm ( ), and r = 5.7 ( ). 

4.3.2 Velocity measurements 

Figure 4.7 shows vertical maps of the mean vertical velocity of the particles. There is a 

good symmetry around the centreline for all six hoppers (which was also confirmed from 

horizontal maps of the vertical velocity). The velocity of the particles is not shown 

below -2 mm relatively to the outlet because particles are moving too fast to be captured 

accurately. In the 10° and 30° hoppers, where the solid fraction is constant at first and then 

starts to decrease, a mass flow was observed as all the particles at different locations of the 

hopper are moving with the same speed across the diameter of the hopper. However, in the 60° 

and 90° hopper, where the solid fraction decreases right from the top of the hoppers towards 
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the outlet, funnel flow was observed as some stagnant zones are visible at the bottom corners 

and near the sloped edges of the hoppers. These stagnant zones appeared to be smaller for the 

60° hopper especially for the one with the outlet size of D = 11.5 mm. The size of the stagnant 

zones was also confirmed by the red profile shown in Figure 4.5 where the increase in solid 

fraction towards the walls is smaller for D = 11.5 mm than the other two 60° hoppers. The 

angle of the stagnant-flowing boundary in the 90° hopper was measured from Figure 4.7 (c). 

This boundary is indicated by the red line in Figure 4.7 (c), and is at an angle of α = (48 ± 2)° 

to the horizontal. In the straight part of the hoppers at the top of the image, the vertical velocity 

of the particles is the lowest velocity (except for the static zones). This region corresponds to 

the region where the solid fraction is the highest (as seen in Figure 4.4). The velocity then 

increases towards the outlet while the solid fraction (as seen in Figure 4.4) decreases. Reducing 

the hopper angle and/or increasing the outlet size leads to an increase in the velocity in the top 

of the hopper.  

 

Figure 4.7 2D vertical velocity maps for the (a) 10° D = 9.5 mm (b) 30° D = 9.5 mm (c) 90° 

D = 9.5 mm (d) 60° D = 7.5 mm (e) 60° D = 9.5 mm (f) 60° D = 11.5 mm hoppers. 
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To examine the vertical velocity of the particles quantitatively, the velocity profiles 

along the horizontal direction were extracted and are shown in Figure 4.8. The blue profiles 

show the vertical velocity in the top of the hoppers (except for the 10° hopper). These profiles 

are nearly constant across the radius, though some slight curvature is evident. Towards the 

outlet, the vertical velocity is at its maximum value at the centre and reduces towards the walls, 

independent of the outlet size and the hopper angle. The velocity at the outlet decreases by 

increasing the hopper angle, which is the same behaviour that was observed for the solid 

fraction (Figure 4.5). On the other hand, by increasing the outlet size both the velocity at the 

top part of the hopper (blue profiles) and the velocity at the outlet (purple profiles) increases 

(Figure 4.8 (d), (e), and (f)). The velocity is approximately zero at the walls except for the 10° 

hopper where we observe some slip at the wall.  

 

Figure 4.8 The vertical velocity profiles along the horizontal axis of the (a) 10° D = 9.5 mm (b) 

30° D = 9.5 mm (c) 90° D = 9.5 mm (d) 60° D = 7.5 mm (e) 60° D = 9.5 mm (f) 60° D = 11.5 mm hoppers at 

different heights of z = 20 mm ( ), z = 10 mm ( ), z = 2 mm ( ), z = 0 mm ( ), and z = -2 mm ( ). 

The vertical velocity profiles along the centreline of the hoppers are shown in Figure 

4.9. For all six hoppers, the vertical velocity is nearly constant in the top of the hopper (again 

the top part is not shown for the 10° hopper), and from about 13 mm above the outlet, it starts 

to increase towards the outlet. It is clear that by increasing the outlet size, the vertical velocity 

increases at any given height. However, increasing the hopper angle above 30° affects the 
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velocity in the regions away from the outlet only slightly. Indeed, the profiles of the 30°, 60° 

and 90° hoppers nearly collapse onto the same curve.  

 

Figure 4.9 The vertical velocity profiles along the height of the 10° D = 9.5 mm ( ), 30° D = 9.5 mm (

), 60° D = 7.5 mm ( ), 60° D = 9.5 mm ( ), 60° D = 11.5 mm ( ), and 90° D = 9.5 mm (  ) hoppers.  

To validate the solid fraction and velocity maps and demonstrate that the measurements 

are quantitative, a flow rate map was produced by multiplying the solid fraction map (Figure 

4.4) and the vertical velocity map (Figure 4.7). The total mass flow rate at each vertical position 

was obtained from:  

𝑊 =  𝜌𝑠 ∑ 𝜑𝑖𝑣𝑖 𝐴𝑖 
(4.11) 

where 𝜑𝑖 is the solid fraction from Figure 4.4, 𝑣𝑖 is the velocity from Figure 4.7, and 

𝐴𝑖 is the area of an annular region of the width of the voxel at the ith radial position. Note: only 

2D vertical velocity maps were obtained, so the mass flow must be evaluated by assuming 

cylindrical symmetry. The resulting mass flow rate at each vertical position is shown in Figure 

4.10. The integrated mass flow rate (Eq. (4.11)) is constant along the height of the hoppers, as 

expected based on conservation of mass. However, the flow rate begins to reduce below the 

outlet, which means the quantitative accuracy of our measurement begins to decrease here. 

This is due to outflow artefacts where particles leaving the MRI coil system while images are 

taken during the measurement. This which leads to an underestimation of the velocity and the 

solid fraction. As an additional indication of the measurements being quantitative, the 

gravimetric mass flow rate measurements (black lines) are compared with the mass flow 

obtained from MRI in Figure 4.10. For all six hopper geometries, the root mean squared error 
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between the MRI and the gravimetric mass flow rate was approximately 0.1 g s-1, or around 

5% depending on the specific mass flow rate measured. This uncertainty is consistent with the 

combined uncertainty of the MRI measurements of solid fraction, velocity and area. These 

findings confirm that our MRI solid fraction measurement and velocity measurement are 

quantitative.  

 

Figure 4.10 MRI (Eq. (5.4), symbols) and gravimetric (black lines) mass flow rate measurements of the 

10° D = 9.5 mm ( ), 30° D = 9.5 mm ( ), 60° D = 7.5 mm ( ), 60° D = 9.5 mm ( ),60° D = 11.5 mm ( ), and 

90°D = 9.5 mm (  ) hoppers. One representative error bar is shown but similar errors were obtained for all data 

points. 

 

4.3.3 Self-similarity and free fall arch 

Many of the most recent mass flow rate correlations [3,4,20,21] are based on the self-

similarity of the solid fraction and velocity profiles observed at the outlet of 2D hoppers. To 

see if the self-similarity assumption holds for 3D hoppers, the solid fraction and velocity 

profiles along the outlet are scaled by their values at the centre of the outlet for the three 

different outlet diameters in the 60° hopper. These scaled values are plotted against the 

horizontal distance scaled by the outlet diameter in Figure 4.11. All three profiles collapse onto 

each other confirming that both the solid fraction and the velocity at the outlet are self-similar 

in a 3D system. Furthermore, the solid fraction profiles are less curved than the velocity profiles 

which is consistent with previous measurements in a 2D system [4]. The 2D measurements 

were previously shown to fit curves with the functional form given by [4]: 
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We test whether this functional form is also applicable to our measurements of a 3D 

flow.  Figure 4.11 includes curves fitted to the measured data using Eqs. (4.12) and (4.13). The 

agreement with the measured data is good, though we note that the powers in each equation 

differ from those reported in the original study on a 2D system. 

 

Figure 4.11 (a) Normalised radially averaged solid fraction profiles and (b) normalised velocity profiles 

along the outlet for different outlet sizes of the 60° hopper. 𝜙𝑐 and 𝑣𝑐 are the solid fraction and the velocity at 

the centre of the outlet, respectively. 
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The idea of the self-similarity was also extended to the vertical acceleration term in Eq. 

(4.7). To test the validity of Eq. (4.7) for a 3D hopper, the effective acceleration, aeff, was 

calculated. This effective acceleration differs from Rubio-Largo et al. [20] since we have only 

time averaged velocity data. For our analysis, aeff was calculated using the chain rule by taking 

the spatial gradient of the velocity (𝑑𝑣/𝑑𝑧), obtained by a central difference, and multiplying 

it by the local mean velocity (
𝑑𝑧

𝑑𝑡
= 𝑣). That is, 

𝑎𝑒𝑓𝑓
 𝑖,𝑗

 =
(𝑣𝑖,𝑗+1 − 𝑣𝑖,𝑗−1)

2∆𝑧
𝑣𝑖,𝑗 , 

(4.14) 

where vi,j is the vertical velocity in the centre of the pixel at i, j and ∆z is the pixel height. The 

resulting effective acceleration was normalised by gravity and is shown in Figure 4.12. Similar 

to the solid fraction and velocity, the normalized vertical acceleration profiles collapse onto 

each other when the height in the hopper z is scaled by the outlet diameter D. Note: Here, the 

data are scaled by the outlet diameter in order to be consistent with the majority of the literature 

providing correlations for the flow rate from hoppers. However, we note that in [5] the data are 

scaled by outlet radius. At the outlet itself, the effective acceleration is equal to the gravitational 

acceleration, g, indicating the particles are in free fall from the outlet downwards. However, 

the particles start to accelerate well before z = D/2 (shown by the dashed line). In fact, the 

acceleration is already at about 0.4g at z = D/2. The smooth evolution of the acceleration profile 

from about 3D/2 above the outlet confirms that the traditional concept of a free-fall arch, where 

there is a sudden jump at z = D/2 to free-fall acceleration under gravity, is not valid.  

 

Figure 4.12 The vertical acceleration normalised by the gravity against the normalised height for 

different outlet sizes of the 60° hopper. 
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As discussed in the introduction, dimensional analysis has established that the mass 

flow rate is expected to be proportional to 𝐷5/2 for a 3D hopper. Therefore, to see the effect of 

the outlet size on the mass flow rate, we plot the mass flow rate obtained from MRI 

measurements (Eq. (4.11)) raised to the power of 0.4 against the outlet diameter for the 60° 

hopper in Figure 4.13 (a). As can be seen, the values predicted by Beverloo [13] (Eq.(4.1)) 

match the MRI measurements very well with a root mean square (RMS) error of 0.14 g s-1. 

Here, the value of 0.58 was used for the C coefficient, as is most commonly used for particles 

with moderate friction. We also use the bulk solid fraction of 𝜙𝑏 = 0.56 based on our loosely 

packed bed solid fraction measurements, and k was considered to be 1.5, as reported for 

spherical particles [40]. By fitting a line to the MRI measurements, we are able to determine 

the intercept with the abscissa (see the red labelled intercept in Figure 4.13 (a)) and obtain 

kd = 2.45.  Rearranging returns k = 1.88, using the particle diameter of 1.3 mm, which is close  

to the suggested value of k = 1.5 ± 0.1 for spherical particles [40]. The mass flow rate values 

predicted by Janda’s correlation (Eq. (4.6)) where 𝛾 was a fitting parameter experimentally 

obtained from the dependency of 𝑣𝑐 on R, are also in good agreement with MRI measurement 

(RMS error of 0.20 g s-1). Here, we used the MRI measurement of the solid fraction for 𝜙𝑐 at 

the centre line. The values of the fitting parameters, 𝑎, 𝑏 and 𝛾, were only reported for a 2D 

90° hopper and we used the same values even though the MRI data are for a 3D 60° hopper. 

The mass flow rate predicted by Mankoc (Eq. (4.5), based on Beverloo’s correlation with k =1) 

[18] is also in good agreement with MRI measurement with the RMS error of 0.58 g s-1. The 

fitting parameters, b and C, were chosen to be 0.051 and 0.646, respectively, as they reported 

for 3D hoppers [18]. It appears that removing the k-factor from Beverloo’s correlation and 

introducing a correction factor to the flow succeeded in predicting our observations, but this 

correction factor is obtained from an ad hoc exponential fitting without any clear physical 

meaning. Overall, all three of these correlations fit the data very well. Unfortunately, the 

confined geometry of the MRI system meant we were only able to test a small range of outlet 

geometries, which limits our ability to fully test the above correlations. 
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Figure 4.13 A comparison of MRI measurements (symbols) and the phenomenological mass flow rates 

correlations (lines) for (a) outlet size (θ = 60°), and (b) hopper angle (D = 9.5 mm). 

As we saw above, the hopper angle has a significant effect on the solid fraction and 

velocity of the hopper, hence it will affect the discharge rate as well. Figure 4.13 (b) shows the 

mass flow rate obtained from MRI measurements (Eq. (4.11)) and the empirical correlations 

(Eqs. (4.2), (4.3), (4.4), and (4.8)) as a function of the hopper angle. By decreasing the hopper 

angle from 90° to 60°, the mass flow rate decreases slightly. However, further decreasing the 

hopper angle below 60° leads to a significant increase in the mass flow rate. The increase in 

flow rate is attributed to the hopper undergoing a flow regime transition from funnel flow to 

mass flow in hoppers with angles smaller than 60°. Therefore, the critical angle, 𝜃𝑠𝑓, introduced 

by Rose and Tanaka [14] (Eq. (4.2)) is likely between 30° and 60°. This critical angle is 
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consistent with the images shown in Figure 4.7 (c), which indicated that the angle between the 

stagnant-flowing boundary and the horizontal is approximately 48° (which corresponds to a 

hopper angle of 42°). Increasing the hopper angle beyond this critical angle only changes the 

mass flow rate slightly. Increasing the hopper angle will also result in changing the flow regime 

to funnel flow, creating stagnant zones in the corner of the hopper.   

The mass flow rates predicted by Eq. (4.2) from Rose and Tanaka [14], using the critical 

angle of 𝜃𝑠𝑓 = 48° measured from the velocity images and the C, 𝜌𝐵 and k coefficients as for 

Beverloo’s correlation, fit the MRI mass flow rate measurements very well for hopper angles 

smaller than the critical angle. Therefore, the correction factor (F > 1) that they proposed is 

valid for 𝛼<90-𝜃𝑠𝑓. For hopper angles greater than 90-𝜃𝑠𝑓, they assumed that the flow follows 

the same stagnant-flowing boundary, and hence F = 1 for 𝛼>90-𝜃𝑠𝑓and the mass flow rate is 

independent of α. In practice, we observe the mass flow rate increases slightly for 𝛼>90-𝜃𝑠𝑓. 

Hence, the correction factor of one works only for the 90° hopper where there are true stagnant 

zones at the bottom of the hopper. For hopper angles exceeding the critical angle, it is likely 

that there are some particles moving further into the “stagnant region” than would be expected 

based on the critical angle. This means that the angle of the stagnant-flowing boundary is not 

constant, and a correction factor less than one is required for this region (F < 1).  

The Brown and Richards correlation (Eq. (4.3), k = 1.5), on the other hand, is not a very 

good fit to the MRI data. This correlation is based on assuming that 𝑑𝑇/𝑑𝑟 (where T is the total 

of the kinetic and potential energies) is zero on a hypothetical free-fall arch. In Figure 4.12, we 

showed that this sharp transition to free-fall does not occur, hence it is not surprising that it 

does not agree well with the data. However, it is interesting that it has no fitting parameters and 

still captures the curve of the data quite well. 

The mass flow rates predicted by Nedderman’s correlation (Eq. (4.4)) were 1.7 times 

greater than what was obtained from the MRI measurements. The overestimate of the mass 

flow rate using Nedderman’s correlation was expected. Nedderman noted that the predictions 

from Eq. (4.4) were approximately twice their experimental data [2]. As with most of the other 

correlations, this correlation assumes a constant density throughout the hopper. However, it 

was observed that the solid fraction of the particles is not constant and reduces even quite far 

above the outlet. It is likely that this change in solid fraction partly contributes to the error in 

Nedderman’s correlation. 
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The mass flow rate correlation proposed by Darias et al. and Mendez et al.  [4,21], Eq. 

(4.8), fits the MRI data very well with the RMS error of 0.26 g s-1. The fitting parameter in this 

correlation C’’(α) = 0.5𝜋/[1+a(α)+b(α)] where a and b are determined based on the shape of 

the curve fitted to the scaled velocity and solid fraction profiles (the 60° hopper profiles are 

shown in Figure 4.11 as an example). The gamma factor, 𝛾, was determined by calculating the 

integral of the normalised acceleration along the normalised height (the 60° hopper profiles are 

shown in Figure 4.12 as an example). All the underlying assumptions of this correlation such 

as the smooth evolution of vertical acceleration and the self-similarity of the velocity and solid 

fraction profiles have been proven to be realistic. In [21], they used a friction coefficient of 

0.57 for their simulations, which is pretty close to the friction coefficient of 0.45 that we 

measured for our spherical mustard seeds [39]. The results presented here demonstrate that the 

correlation proposed by Darias et al. is potentially generalizable to 3D systems and to a variety 

of particles. In the future, it would be interesting to extend this work to a wider range of particle 

sizes, shapes, and interparticle friction values to determine the limits of validity of the 

correlation. It is also necessary to justify the form of the velocity and solid fraction profiles and 

determine whether the a and b parameters can be estimated a priori. 
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4.4 Conclusion 

In this chapter, 3D quantitative maps of the mean vertical velocity and solid fraction 

were obtained using a recently developed MRI technique. By studying the effect of the hopper 

angle and outlet size on the solid fraction and velocity, it was found that: 

• Both solid fraction and velocity have their maximum values at the centre and 

reduce towards the wall at any given height. 

 

• Independent of the hopper angle and outlet size, the solid fraction is highest in 

the part of the hopper with vertical walls. Intriguingly, the solid fraction 

decreases throughout the tapered region, even well above the outlet itself. This 

decrease depends on the angle of the walls of the hopper.  

 

• Increasing the hopper angle causes both the solid fraction and the velocity at the 

centre of the outlet to decrease. 

 

• Increasing the outlet size causes the velocity in the top part of the hopper and 

the velocity at the outlet to increase. However, the solid fraction in the top part 

of the hopper decreases with increasing the outlet size, whereas the solid 

fraction at the outlet increases. 

 

We demonstrated that the solid fraction and velocity at the outlet are both self-similar 

when normalized by their values at the centre of the outlet in a 3D hopper and plotted against 

normalised horizontal direction by outlet diameter. The vertical acceleration was also self-

similar, if the height in the hopper was normalised by the outlet diameter. Both of these 

observations are consistent with previous observations in 2D hoppers [4]. Moreover, we 

showed that there is no sudden jump in the vertical acceleration of the particles, instead the 

acceleration increases smoothly from a height of about 3 times the radius of the outlet. These 

observations show that the basic assumptions of the flow rate correlation proposed by Darias 

et al. [4] are realistic and potentially generalizable to 3D systems. In fact, the mass flow rate 

values predicted by their correlation were in excellent agreement with our MRI measurements. 

These results indicate that the correlation proposed by Darias et al. and Mendez et al. [4,21] 

provides a good basis for developing a general correlation to describe the mass flow rate in a 
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hopper. Further work is needed to examine whether the parameters of these correlations change 

if non-spherical particles, or particles with very different friction properties are used. 

The reported results will be value for the validation of 3D numerical simulations of 

granular flow and may provide insight into some long-standing issues in granular flow research 

around the relationship between the dilatancy and velocity distribution. In addition to that, the 

ability to measure and understand the flow dynamics in 3D hoppers is advantageous for various 

applications in engineering including food processing, chemical manufacturing and the 

pharmaceutical industry. 
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5 Quantitative measurements of flow dynamics in 3D hoppers 

with inserts and 3D hoppers with varying angles using MRI 

The purpose of this chapter is to study the effect of inserts and different structures of 

hoppers on the granular flow behaviour. To this end, the MRI method developed in Chapter 3 

was used to quantitively measure the solid fraction and velocity in 3D hoppers. We then use 

these measurements to study the flow patterns in hoppers with inserts and in hoppers with walls 

that get progressively steeper towards the outlet (referred to as varying angle hoppers). We 

show that although hopper with curved shape increase the mass flow rate significantly, it also 

significantly increases the size of the stagnant regions. On the other hand, using inverted cone 

inserts improves the flow pattern significantly, but reduces the mass flow rate by 10%. The 

expanded flow hopper (in which the sloped section uses a combination of two angles) was 

found to be both efficient in reducing the size of the stagnant regions (by 45%) and increasing 

the mass discharge rate (by 38%). 
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5.1 Introduction 

Hoppers are widely used in pharmaceutical, chemical, and food industries for the 

storage and transport of granular materials. Hoppers are designed to deliver a uniform 

discharge. The discharge flow typically occurs in two types of patterns: mass-flow and funnel-

flow. Mass flow, is a uniform downward flow without any stagnant zone. Whereas, in funnel 

flow some parts of the hopper are stationary, with flow mainly in the central region.   

The main characteristic of funnel flow is the first in-last out discharge sequence which 

can lead to: 

• Agglomeration in the stagnant zones near the walls. If the granular materials are 

time-sensitive then they may spoil, cake (harden) or degrade over time. All of 

these effects can mean that some material must be disposed of as waste. 

Moreover, agglomeration in the stagnant regions leads to rat-holing (also known 

as piping), and it is likely that the consolidated materials reside in the silo even 

after complete discharge of the flowing material. Opening the flow passage and 

removing the consolidated material can be a complex operation and imposes 

additional cost to the process. 

 

• Segregation of the discharged material. If materials are centrally loaded, an 

angle of repose forms in the silo, coarse particles roll to the base of the pile 

(wall) and the fines are less mobile and collect in the centre of the silo. When 

material discharges in a funnel-flow manner, there is no re-mixing in the sloped 

section of the hopper. Therefore, fine particles come out first followed by an 

increasing proportion of coarse particles. This is a critical issue in the 

pharmaceutical and food processing industries where a uniform mix of materials 

is required.   

 

Funnel flow can be suitable in situations where uniform mixing is unnecessary, granular 

materials are not time-sensitive or cohesive, or the outlet is large enough to ensure that the 

ratholes collapse and all the material will be discharged eventually. Moreover, funnel flow is 

beneficial to avoid wall erosion when materials are corrosive.  

On the other hand, mass-flow gives a gravity discharge rate that is uniform and steady 

over time. The first in-first out discharge sequence in mass flow ensures that all material has a 
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consistent residence time, minimising chances of agglomeration. Moreover, materials that are 

segregated while loading into the silo will be remixed during discharge. 

The key disadvantages of mass-flow are the potential for erosion of the walls if the 

product stored is very abrasive, a high pressure on the walls during discharge particularly at 

the transition from the parallel to the converging walls of the silo, and the requirement for a 

greater head room to store a given volume of material compared to funnel-flow due to the 

requirement of a steeper sloped section.  For these reasons, sometimes improving the funnel-

flow discharge is preferred over designing a hopper for a mass flow discharge. 

The ideal discharge flow achieves a uniform residence time to minimise agglomeration 

and segregation. Increasing the outlet size or the hopper angle is not always an option to 

improve the discharge flow due to operational environment restrictions. Ideally, the hopper 

should be shallow with sufficiently large width to allow for more storage space with an 

appropriately small outlet to fit the size of the container when unloading the material. 

Therefore, more practical alternatives are required to improve funnel flow behaviour. The two 

main alternatives are:   

• Using static inserts inside fixed angle hoppers. 

• Using hoppers with varying angles. (e.g. expanded flow hoppers and curved 

hoppers) 

 

Using inserts within the silo can significantly improve the discharge characteristics of 

a funnel-flow silo to something approaching mass-flow, if of the correct size and in the right 

position [1]. Using these inserts can reduce or eliminate the stagnant zones and allows for 

achieving mass flow without replacing the shallow angle hoppers with mass-flow hoppers that 

is not economic. Although some space within the hopper will be occupied by the insert itself, 

there is typically a benefit in terms of the net volume that can be occupied by seeds. In addition 

to that, depending on the type of the insert, adding an insert often slows down the mass 

discharge rate (W) from the silo. Therefore, there could be a trade-off between eliminating the 

stagnant regions and having a higher discharge rate.     

So far, some numerical and experimental (mostly qualitative) studies have been carried 

out to study the influence of the shape, size, and vertical position of different inserts on flow 

patterns and wall pressure [2–8], discharge rate [9,10], mixing and segregation [11–13], and 

clogging [14,15]. The shape and the location of the inserts was found to be of great importance 
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in modifying the discharge flow [2,4,16]. Hsiau et al. [16] showed that even a slight change in 

the vertical position of an insert in a 2D hopper will have a significant impact on the flow 

behaviour [2,16]. The inverted cone [2,8,17–19], double cone [5,8,11,12,16,19] and the cone-

in-cone [4,8,19–21] inserts are the most common types of inserts. The double cone type inserts 

are generally thought to be more effective in removing the stagnant zones than cone-in-cone 

inserts [12,18]. Despite the large number of investigations of the effect of inserts on the flow 

patterns and pressure within a hopper there are relatively few correlations that describe how 

the insert will affect the mass flow rate. One recent study that did develop a correlation 

considered unconfined cone-in-cone inserts (i.e. like a funnel) and confined cone-in-cone 

inserts (i.e. a solid cone where particles cannot pass through) [20]. They developed a correlation 

to account for the effects of both confined and unconfined cone-in-cone inserts on the flow 

rate. Their correlation was based on the Brown and Richards [22] correlation which predicts 

the mass flow rate for a hopper without an insert 𝑊𝐵𝑅: 

𝑊𝐵𝑅 = 𝜌𝐵√𝑔 [
𝜋

6

1−cos3/2 𝛼

sin5/2 𝛼
] (𝐷 − 𝑘𝑑)

2𝑛+1

2 , 
(5.1) 

where 𝜓 is the angle of internal friction, 𝛼 is the angle of the hopper, 𝐷 is the outlet diameter 

of the hopper, 𝑑  is the particle diameter, 𝑔  is the gravitational acceleration, 𝜌𝐵 is the bulk 

density, and 𝑘 is a constant related to the particle properties. For a hopper with a confined cone-

in-cone insert, the hopper angle 𝛼 in Eq. (5.1) was replaced with 𝛼 − 𝜃𝑖 where 𝜃𝑖 is the angle 

of the insert [20]. Thus, the mass flow rate for a hopper with a confined cone-in-cone insert, 

𝑊0, is given by: 

𝑊0 = 𝐹𝜌𝐵√𝑔 [
𝜋

6

1−cos3/2 𝛼−𝜃𝑖

sin5/2 𝛼−𝜃𝑖
] (𝐷 − 𝑘𝑑)

5

2,  where 𝐹 = (1 − tan 𝜓)0.35 
  

(5.2) 

The modified mass flow rate (𝑊) for a hopper with an unconfined cone-in-cone insert 

is then given by:    

𝑊 = (
𝐷

𝐷𝑖
)

5

2
𝑊0  

  (5.3) 

where 𝐷𝑖 is the outlet diameter of the insert itself. These correlations (Eqs. (5.2) and (5.3)) were 

able to predict the mass flow rate through hoppers with and without inserts, with a deviation of 

less than 10% [20].   

There have also been some efforts to predict the flow behaviour with inserts using 

continuum fluid mechanics descriptions [5,15,18,19,21,23]. These studies all assume the flow 
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to be incompressible. However, dense granular flows are compressible and the flow 

characteristics are sensitive to even small changes in the solid fraction [24–26]. The problem 

with using an incompressible model is nicely illustrated by the work of Volpato et al. [18]. 

They observed a void volume below the inverted cone insert in their experiments which was 

not captured by their simulations using an incompressible continuum model. This means that 

the stresses and the flow dynamics predicted by this model are not valid for the region below 

the insert. Continuum descriptions of granular flow that characterise the compressibility of the 

material are not yet established. For this reason, the only way to describe flow in a hopper with 

inserts would be using the discrete element method (DEM) [6]. DEM is accurate for 

characterising even compressible flows, but it is restricted to modelling a relatively small 

number of particles, perhaps O(106), and hence can only simulate small-scale hoppers. This 

has been a motivation for researchers to study hoppers with inserts experimentally. 

Experimental studies of the effect of inserts on flow patterns and velocity profile have been 

performed in 2D hoppers [16,27–29], but these measurements do not necessarily translate to 

3D systems. Experimental studies of 3D systems are limited to measurements of the flow rate 

and wall-pressure [2–4,18,21,30]. To the best of the authors knowledge, the effect of inserts on 

the solid fraction and velocity profiles within 3D hoppers has not been studied in detail.  

In addition to inserts, using hoppers with varying angles instead of conventional 

hoppers with fixed angles was found to be effective in improving the flow behaviour [31,32]. 

For example, the expanded-flow hopper has been proposed, in which the angle of the wall is 

steep near the outlet and gentle in the transition from vertical walls to converging walls. 

Apparently, having a steep angle near the outlet helps to eliminate the stagnant regions without 

a significant increase of the height of the converging part of the hopper [31]. An extension to 

the expanded-flow hopper is the curved hopper in which the angle changes continuously 

throughout the converging part of the hopper [32–34]. Recently, the shape of the walls of the 

hopper was optimised to achieve a maximum discharge rate [34]. The optimal design consisted 

of a hopper with the curvature such that the slope of the walls progressively increases towards 

the outlet. However, the optimisation method did not consider the flow pattern through the 

hopper or the size of the stagnant region so it is not clear whether this design would achieve 

maximal discharge rate and mass flow. Furthermore, the effect of using the expanded flow or 

curved flow hoppers on the solid fraction and velocity of the granular flow have not been 

investigated experimentally yet. 
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In this chapter, the dynamics of granular flow in fixed angle hoppers with different 

inserts (unconfined cone-in-cone, inverted cone and double cone) as well as an expanded flow 

hopper, and a curved shape hopper were studied using MRI. The effect of the shape and size 

of the inserts was examined.  Measurements of the solid fraction and velocity of the granular 

flow in 3D hoppers were performed using the sectoral-SPRITE and PGSE MRI techniques 

developed in Chapter 3 [35]. 

5.2 Method 

The experiments were carried out on a 9.4 T superconducting magnet operating at a 1H 

resonance frequency of 400.1 MHz. Figure 5.1 (a) shows the MRI apparatus and the hopper 

feed system filled with brown mustard seeds that can be seen on the top of the magnet with a 

funnel to facilitate the process of re-filling. The photo was taken during the discharge process. 

The discharged seeds can be seen in Figure 5.1 (a) emptying into the red bucket. The hopper 

feed-system was periodically re-filled to establish a continuous flow during imaging. Full 

details about the MRI apparatus and experimental set-up have been described previously [36]. 

Figure 5.1 (b) shows the schematic design of the 60° hopper with the cone-in-cone 

insert. The outlet size was fixed at D = 9 mm for all hopper designs. For the hoppers with 

inserts, the angle of the hoppers was fixed at 𝛼 = 60°. The inserts are supported by three thin 

cylindrical arms with a diameter of 1 mm that attach to the top of the insert and connect to the 

walls of the hopper. The hoppers were designed using the computer software SolidWorks and 

they were printed using a Creality LD-002R LCD resin 3D printer. The granular material was 

mono-sized spherical brown mustard seeds with mean diameter of 1.3 mm and measured solid 

density (𝜌𝑠) of 1140 kg m-1.  

Solid fraction measurements were performed using the sectoral-SPRITE technique 

developed in Chapter 3. All the parameters were the same as described in Chapter 4 where the 

effect on the flow pattern of different hopper angles and outlet sizes was studied. Once it was 

clear that we can obtain a better homogeneity correction using a partially filled hopper, we 

realised that using a partially filled cylinder is adequate to characterize the r.f. homogeneity in 

the systems. Therefore, the static images were obtained in a cylinder for the homogeneity and 

calibration measurements in this chapter. A summary of the parameters used for the solid 

fraction measurements is given in Table 5.1. The velocity of the particles was measured using 

the PGSE method also described in Chapter 4 and using the same parameter settings. A 

summary of the parameters used for the velocity measurements is given in Table 5.2. The mass 
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flow rate was measured gravimetrically with six repetitions for all 8 hopper designs, as 

described in Chapter 4. 

 

Table 5.1:Parameters for measurements of solid fraction. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5.2: Parameters for vertical velocity measurements. 

Parameter Value 

Pulse sequence PGSE 

Field of flow  0.8 m s-1 

Slice thickness 2 mm (y) 

Phase cycling 4-step 

Observation time (∆) 1.4 ms 

Flow encoding time (𝛿) 150 μs 

Echo time (2𝜏) 1.6 ms 

Repetition time (𝑇𝑅) 2 s 

Acquisition time 57 min 

Number of flow encoding steps 9 

Maximum gradient strength 1.24 T m-1  

 

Parameter Value 

Pulse sequence sectoral-SPRITE 

Resolution (vertical) 0.8 mm 

Resolution (transverse) 0.5 mm 

Phase cycling 2-step 

Phase encoding time (𝑡𝑝) 100 μs 

Repetition time (𝑇𝑅) 2 ms 

Delay between cones (𝑇𝐶) 3.5 s 

Tip angle (𝜃) 13° 

r.f. pulse duration 10 μs 

Number of acquisition cones 110 

Number of rf pulses 1352 

Maximum gradient strength 0.25 T m-1  
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Figure 5.1 (a) The hopper set-up inside the MRI apparatus. (b) The SolidWorks sketch of the 60° 

hopper with the Cone-in-cone insert. 

 

Figure 5.2 The schematic design of the inserts. From left to right: Cone-in-cone, Inverted-cone-1, 

Inverted-cone-2, Double-cone-1, Double-cone-2 inserts. 

Table 5.3 Design parameters for the inserts. 

Insert Angle Diameter 

(mm) 

Height  

(mm) 

L1 

 (mm) 

L2  

(mm) 

Cone-in-cone  𝜃𝑐=20° 10 (𝐷𝑐=7.5)  5.25  7  5.35 

Inverted-cone-1 𝜃1=25° 5  5.25 9.5  5.35 

Inverted-cone-2 𝜃2=43°  10  5.25 7  5.35 

Double-cone-1 𝜃1=25° 5  10.6 9.5 5.35 

Double-cone-2 𝜃2=43° 10  10.6 7  5.35 
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Figure 5.2 shows the schematic design of the inserts used for the measurements. All 

these inserts are placed near the tapered part of the hopper as it has been shown in the literature 

that this is the region where the inserts are most effective on improving the flow behaviour [1]. 

It is important to consider a sufficient space around the insert when placing an insert inside a 

hopper to avoid jamming. The two main distances are shown by L1 and L2 in Figure 5.1. L1 is 

the minimum distance between the wall of the insert and the wall of the hopper and L2 is the 

minimum distance between the base of the insert and the hopper outlet. To prevent jamming, 

the insert was positioned such that there was at least four times the particle diameter between 

the insert and the hopper outlet or wall [12]. For this reason, the inserts could not be placed 

completely inside the conical section of the hopper. Instead they were placed right above the 

tapered region at the minimum required distance. On the other hand, we cannot place the insert 

too far up as it will be difficult to see it in the MRI apparatus. Due to these limitations and 

restricted space in MRI apparatus, it was not feasible to study a wide range of different sizes 

and vertical positions of the inserts.  

Three types of inserts have been used in two different sizes, as can be seen in Figure 

5.2. The values of the design parameters for the inserts are presented in Table 5.3. In order to 

avoid jamming inside the cone-in-cone insert, the outlet diameter of the insert should also be 

greater than six times particle diameter [37], which means the outlet of the cone-in-cone insert 

must be at least 𝐷𝑐 = 7.5 mm. The minimum required L1 does not allow for choosing a diameter 

of more than 12 mm for the inlet of the cone. Hence, the angle of the cone-in-cone insert cannot 

be any larger than 20°, shown by 𝜃𝑐. The size of the large inserts was chosen to be the same as 

the large diameter of the cone-in-cone insert. Two small size inserts with diameters of half that 

of the large inserts were also used: one of which was of the inverted cone type and the other 

was of the double cone type. All inserts were placed at the same vertical location 

(L2 = 5.35 mm) from the outlet. The curved shape hopper is a random 60° curved hopper and 

the expanded flow hopper has a tapered region that begins with an angle of 60° followed by a 

transition to a steeper angle of 30° near the outlet. 
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5.3 Results and discussion 

In this section, quantitative maps of solid fraction and vertical mean velocity for 

different hoppers are presented. Moreover, the mass flow rate obtained by multiplying the 

velocity and solid fraction maps is compared with gravimetric measurements of the mass flow 

rate to confirm that the MRI measurements are quantitative. Using these quantitative 

measurements, the flow pattern in hoppers with inserts and varying angles was examined. 

Figure 5.3 (a) and (b) show the vertical (y = 0 mm) and horizontal (z = 5 mm) slices 

(shown by the red line) of the raw 3D image of the 60° hopper (D = 9 mm) with a cone-in-cone 

insert, respectively. These images are divided by a homogeneity image and then converted to 

a solid fraction using a calibration on static reference samples. The area around the hopper 

outlet was filled with seeds and their signal intensity was used as a reference signal (internal 

standard) to ensure that the obtained data are quantitative. This reference signal is higher than 

the obtained signal from the moving particles inside the hopper because the particles inside the 

enclosed area around the base of the outlet are closely packed to avoid any movement of the 

seeds. Full details of how these 3D images are converted to 3D solid fraction maps are given 

in Chapter 3.  

 

Figure 5.3 (a) The vertical (y = 0 mm) and (b) the horizontal (z = 5 mm) slices taken from the raw 3D 

image of the 60° hopper (D = 9 mm) with Cone-in-cone insert. 
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Figure 5.4 shows the radially averaged solid fraction maps in each of the hoppers, which 

were obtained from the raw images as described above. The regions occupied by the arms, 

which were used to support the insert, were not included in the radial average. The location of 

the boundaries of the inserts are shown by green lines. Figure 5.4 (a) – (c) respectively show 

the regular 60° hopper with no inserts, the curved shape hopper, and the expanded flow hopper. 

The 60° hoppers with Cone-in-cone, Inverted-cone-1, Inverted-cone-2, Double-cone-1, and 

Double-cone-2 inserts are shown in Figure 5.4 (d)-(h), respectively. One interesting point is 

the presence of a void volume below the inverted cone inserts. A similar void volume has 

previously been observed when studying 2D hoppers with inserts [18]. The solid fraction in 

this void volume is approximately 0.1 – i.e. it is truly a void. As a result of this void region, the 

flow behaviour with the inverted cone inserts is qualitatively similar to the flow with double 

cone inserts.  

Around the boundaries of the inserts, low solid fraction regions are observed. A region 

of low solid fraction can also be seen near the outer wall of the Cone-in-cone insert in Figure 

5.4 (d) but no low solid fraction region is observed near the inner wall of this insert. However, 

it is not clear whether these voxels contain the same number of particles but with a lower 

concentration of seeds in that voxel (dilute flow), or it is a partial volume effect that the number 

of particles averaged in those voxels are smaller than the adjacent voxels because of the 

presence of the insert. To better determine the location of the boundary of the insert, the 3D 

maps of the solid fraction were used, not the radially averaged maps because if the centre of 

the image was slightly displaced it would cause blurring. The solid fraction profile at z = 5 mm 

from a vertical slice (y = 0 mm) of the 3D solid fraction map of the hopper with Cone-in-cone 

insert is shown in Figure 5.5 as an example. The red dashed lines show the physical geometry 

of the insert, which are placed 1.6 mm apart (to account for the thickness of the slab and the 

slope of the insert), and the two sets of red dashed lines are 7.5 mm apart (based on the diameter 

of the cone at this vertical position). There are two pixels with very low signal intensity where 

the insert is located (i.e. 𝜙 ~ 0.1 instead of zero, which is an indication of a blurring effect in 

the image). There are also an additional two pixels with relatively low signal intensity (i.e. 

0.15 < 𝜙 < 0.3) due to a partial volume effect. However, it is also clear from the profile shown 

in Figure 5.5 that the solid fraction decreases towards the outer wall of the cone-in-cone insert. 

Inside the cone (between the two sets of red dashed lines), the signal rapidly reaches its 

maximum value and then is nearly constant (i.e. 𝜙 ~ 0.5), whereas outside the cone there is 

only a gradual increase in signal. This is a clear indication of a low solid fraction region outside 
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of the cone that is substantially larger than the insert itself. In fact, this low solid fraction region 

is also evident in Figure 5.4 (d). Returning to Figure 5.4, the solid fraction is low close to the 

boundary for all the inserts. Further from the wall, the solid fraction increases up to the solid 

fraction far away from the surface over about 4 or 5 pixels. Therefore, this is not just a partial 

volume effect, but a strong gradient of the solid fraction near the insert.   

 

Figure 5.4 Radially averaged solid fraction maps for different 60° hoppers (D = 9 mm) (a) without 

insert (b) curved shape (c) expanded sloped section, and with (d) Cone-in-cone, (e) Inverted-cone-1, (f) 

Inverted-cone-2, (g) Double-cone-1, and (h) Double-cone-2 inserts.  
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Figure 5.5 The solid fraction profile at z = 5 mm from a vertical slice (y = 0 mm) of the 3D solid 

fraction map of the hopper with Cone-in-cone insert. The thickness (the resolution) of the slab is 0.8 mm in z 

and 0.5 in y direction. The red dashed lines show the true dimensions of the Cone-in-cone insert. 

 

Figure 5.6 The averaged solid fraction profiles along the radius for different 60° hoppers (D = 9 mm) 

(a) without insert (b) curved shape (c) expanded sloped section, and with (d) Cone-in-cone, (e) Inverted-cone-1, 

(f) Inverted-cone-2, (g) Double-cone-1, and (h) Double-cone-2 inserts at different vertical locations: z = 20 mm 

( ), z = 12 mm ( ), z = 8 mm ( ), z = 4 mm ( ), z = 0 mm ( ), and z = -2 mm ( ).  

To examine the changes in the solid fraction in response to different hopper structures 

quantitatively, the solid fraction profiles along the radius of these hoppers were extracted from 

Figure 5.4 at the top of the hopper (z = 20 mm), above (z = 12 mm) and below (z = 4 mm) the 

insert, at the outlet (z = 0 mm) and below the outlet (z = -2 mm). The resulting radial profiles 

of the solid fraction are shown in Figure 5.6. In order to avoid partial volume effects, the solid 

fraction profile has been shown for three pixels above the inserts (z = 12 mm) and not right 

above the insert.  
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For hoppers with inserts, the solid fraction at z = 20 mm, is approximately the same for 

all of the inserts except for the cone-in-cone insert (Figure 5.6 (d)), where the solid fraction is 

lower at z = 20 mm. The solid fraction for the hopper with Cone-in-cone insert at z = 12 mm, 

i.e., just above the insert, reduces along the radius from a maximum value at the centre of the 

hopper to a minimum value at r = 6 mm where the top wall of the insert is located. After 

r = 6 mm, the solid fraction starts to increase and reaches the solid fraction value at the wall. 

Similarly, the solid fraction at z = 4 mm shows a maximum value at the centre and reduces to 

a minimum value at about r = 4.5 mm where the bottom wall of the Cone-in-cone insert is 

located and then increases to the solid fraction value at the wall. For other hoppers with inserts, 

the solid fraction at z = 12 mm is maximum at the centre and then reduces towards the wall. 

For hoppers with inverted cone and double cone inserts, the solid fraction at z = 4 mm is zero 

in the centre where the void volume or the double cone inserts are located. The solid fraction 

then gradually increases, reaching a maximum at r = 4.5 mm for small inserts and r = 7 mm 

for large inserts, and then decreases again towards the wall. 

For hoppers without inserts, the solid fraction at z = 20 mm is lower for the curved 

shape hopper compared to the regular 60° hopper while it is higher for the expanded flow 

hopper. For the expanded flow hopper, the solid fraction profiles are shown at two transition 

points: z = 8 mm that shows the transition from parallel walls to 60° sloped walls, and z = 4 

mm where the transition from 60° to the 30° sloped region occurs. The solid fraction remains 

the same between these two transition points from the centre of the hopper to r = 4.5 mm and 

the profiles collapse on each other. However, after passing r = 4.5 mm the solid fraction at 

z = 4 mm reduces since it approaches the wall and the solid fraction at z = 8 mm first increases 

slightly and then reduces as it approaches the wall.  

The solid fraction at the centre of the outlet was found to be the same for the regular 

60° hopper, curved shape hopper, and the 60° hopper with Cone-in-Cone insert (𝜙 = 0.42). The 

expanded flow hopper (Figure 5.6 (c)) has the highest solid fraction at the centre of the outlet 

(𝜙 = 0.46). Our measurements in Chapter 4 showed that hoppers with steep outlet angles have 

a higher solid fraction than hoppers with a shallow outlet angle (the solid fraction at the centre 

of the outlet was 0.49 for a 30° hopper). The observation that the expanded flow hopper also 

has a high solid fraction at the outlet is therefore consistent with the behaviour in hoppers with 

a fixed, steep outlet angle. The bottom of the double cone inserts is located right at the centre 

of the outlet and, thus, no solid fraction can be measured at this point. However, as can be seen 

from Figure 5.4, the size of the void volume below the inverted cone inserts is smaller than the 
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size of the insert. Hence, as can be seen in Figure 5.6, the behaviour of the inverted cone inserts 

and double cone inserts are not exactly the same and in fact it is quite different for the region 

below the inserts. For inverted cone inserts, a very low solid fraction was obtained at the centre 

of their outlet (𝜙 ~ 0.2). Below the outlet, the solid fraction at the centre increases up to 0.36 

for Inverted-cone-1 and 0.31 for Inverted-cone-2 inserts meaning that the solid fraction at the 

centre of the outlet was affected by the boundary of the void volume. Perhaps, if the size of the 

inserts were smaller or they were located higher in the hopper, a greater solid fraction might be 

obtained at the centre of the outlet.  

 

Figure 5.7 The averaged solid fraction profiles along the radius for different 60° hoppers (D = 9 mm) 

(a) without insert (b) with curved shape (c) with expanded sloped section, and with (d) Cone-in-cone, (e) 

Inverted-cone-1, (f) Inverted-cone-2, (g) Double-cone-1, and (h) Double-cone-2 inserts at different radii: r = 0 

mm ( ), r = 2 mm ( ), r = 3 mm ( ), r = 4 mm ( ), and r = 4.5 mm ( ).  

To better see the changes of the solid fraction along the vertical axis of the hopper, the 

profiles of the solid fraction along the height of the hoppers are shown in Figure 5.7 for different 

radii. As can be seen, the maximum solid fraction is at the top of the hopper. For hoppers with 

large inserts (Figure 5.7 (f) and (h)), and for the expanded flow hopper (Figure 5.7 (c)) the 

maximum solid fraction is about 0.69. By contrast, the maximum solid fraction is only 0.63 for 

the hopper with Cone-in-cone insert (Figure 5.7 (d)). For hoppers without inserts, the granular 

flow gradually dilutes from the top of the hopper towards the outlet. For hoppers with inserts, 

the solid fraction is lower in the vicinity of the insert and increases further away from the insert. 

For the hopper with Cone-in-cone insert (Figure 5.7 (d)), the solid fraction at the centre reduces 

from the top of the hopper down to a point which is the location of the cone. When passing 
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through the inside of the cone the solid fraction around the centre (blue and orange profiles) 
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Figure 5.8 2D mean vertical velocity maps for different 60° hoppers (D = 9 mm) (a) without insert (b) 

with curved shape (c) with expanded sloped section, and with (d) Cone-in-cone, (e) Inverted-cone-1, (f) 

Inverted-cone-2, (g) Double-cone-1, and (h) Double-cone-2 inserts.  

Figure 5.8 shows the 2D mean vertical velocity maps for the hoppers with and without 

inserts. The boundaries of the inserts are shown by the red lines in Figure 5.8. As can be seen 

in Figure 5.8 (a), there are some stagnant regions at the corner of the regular 60° hopper without 

insert. We observe that the size of the stagnant zones in the curved shape hopper, shown in 

Figure 5.8 (b), are larger than those seen in the hopper with a fixed outlet angle of 60°. This 

finding is surprising; previous work on these curved outlet hopper designs suggested that the 

optimum shape of the hopper was largely independent of the particle properties [34]. 

Furthermore, our particles have fairly similar characteristics to those studied previously albeit 

with a slightly higher interparticle friction. It is possible the different behaviour is due to the 

relatively small scale of the system we studied, but that would normally be expected to reduce 

the appearance of stagnant zone. Therefore, the increase in the size of the stagnant zones is 

truly related to the design of the curved section of the hopper. This shows that the curved 

hoppers can significantly increase the size of the stagnant regions if their designs are not 

optimised properly. By contrast, for the expanded flow hopper shown in Figure 5.8 (c), the 
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stagnant zones are nearly eliminated. Thus, the expanded angle hopper behaved similarly to 

previous studies on 2D hoppers [31]. On the other hand, apparently all three types of inserts 

reduce the size of the stagnant regions with Inverted-cone-2 being the most effective one. To 

better see the effect of the inserts on the stagnant regions, the size of these regions will be 

quantified later in the following sections.  

 

Figure 5.9 The vertical velocity profiles along the horizontal axis for different 60° hoppers (D = 9 mm) 

(a) without insert (b) with curved shape (c) with expanded sloped section, and with (d) Cone-in-cone, (e) 

Inverted-cone-1, (f) Inverted-cone-2, (g) Double-cone-1, and (h) Double-cone-2 inserts at different vertical 

locations: z = 20 mm ( ), z = 10 mm ( ), z = 4 mm ( ), and z = 0 mm ( ).  

To quantify the effect of different geometries on the mean vertical velocity, the velocity 

profiles along the horizontal axis at different vertical locations are shown in Figure 5.9. For the 

curved shape hopper, expanded flow hopper, and the hopper with Cone-in-cone insert (Figure 

5.9 (b)-(d)) the velocity is higher than the regular 60° hopper without an insert (Figure 5.9 (a)) 

for z > 5 mm. However, towards the outlet the velocity of the expanded flow hopper is less 

than that of the regular 60° hopper, curved hopper, and the hopper with Cone-in-cone insert. 

Unlike Cone-in-cone insert, using the double cone or inverted cone inserts inside the hopper 

slowed down the flow significantly compared to hoppers without inserts. For hoppers with 

double cone or inverted cone inserts, Figure 5.9 (e)-(h), the vertical velocity reduces near the 

top of the insert at the centre of the hopper as shown by the red profiles but increases towards 

the walls and reaches the same value as the velocity at the top of the hopper (blue profile). 

Below the inserts, the velocity starts to increase, and it is high at the centre and reduces towards 

the wall. Using a small insert seems to produce a higher velocity at the outlet than when using 

a large insert, comparing Figure 5.9 (e) with (f). However, as shown in Figure 5.8, the small 
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inserts were less effective in removing the stagnant regions. Therefore, there may be a trade-

off in determining the size of the insert to maximise the flow and minimise the stagnant regions.  

 

 

Figure 5.10 The vertical velocity profiles along the centreline of the 60° hopper (D = 9 mm) without 

insert ( ), curved shape ( ), expanded sloped section ( ), and with different inserts of Cone-in-cone ( ), 

Inverted-cone-1 ( ), Inverted-cone-2 ( ), Double-cone-1 ( ), and Double-cone-2 ( ). 

To better see the changes in vertical direction, profiles of the vertical velocity along the 

centreline of the hoppers are shown in Figure 5.10. Interestingly, the hopper with Cone-in-cone 

insert has the highest velocity along the centreline throughout the hopper. The velocity profiles 

of the curved shape hopper and the expanded flow hopper collapse on each other, both higher 

than the regular 60° hopper, down to the transition point (parallel walls to conical section), 

which is located 4 mm above the outlet. After this point, the curved shape hopper has a higher 

velocity than the expanded flow hopper, and the expanded flow hopper surprisingly has the 

same velocity as the regular 60° hopper even though its angle is 30° near the outlet. At the 

outlet, the velocity of the expanded flow hopper is even less than that of the regular 60° hopper. 

This is true not only for the centre of the outlet but also for all the voxels across the outlet, as 

shown by green profiles in Figure 5.9. Though it is interesting to note that the velocity profile 

in the expanded flow hopper is flatter across the outlet than the profile across the standard 60° 

hopper or the curved hopper. The velocity profiles along the centrelines of the hoppers with 

inverted cone and double cone inserts show approximately the same behaviour above the insert 

regardless of their size. At the outlet, the velocity of the hopper with Inverted-cone-1 is higher 
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than the hopper with Inverted-cone-2. The velocity at the centre of the outlet was not captured 

for the double cone inserts as their lowest point is placed at the centre of the outlet. 

The average velocity at the top of the hopper (z = 24 mm), which is the slowest part of 

the hopper, is 0.02 m s-1 for the regular 60° hopper without insert, the expanded flow hopper, 

and the hopper with Cone-in-cone insert. The average velocity at z = 24 mm is the highest, 

0.03 m s-1, for the curved shape hopper, and the lowest, 0.005 m s-1, for the hopper with Double-

cone-2 insert and 0.01 m s-1 for the rest of the hoppers. These results indicate that if we define 

the stagnant region as a region with a velocity less than 0.004 m s-1 then we can quantify the 

size of the stagnant regions using the number pixels that have a velocity less than 0.004 m s-1.  

To quantify the size of the stagnant regions, different cut-offs were tested for different 

hopper structures. Figure 5.11 shows the stagnant regions in the hopper with Double-cone-2 

insert for velocity cut-offs ranging from 0.001 m s-1 to 0.007 m s-1. A cut-off of 0.005 m s-1 and 

anything larger than that was too high as it results in speckle artefacts throughout the part that 

should be moving. For some hoppers including the hopper with Double-cone-2 insert (shown 

in Figure 5.11) some of these speckle artefacts are visible at the cut-off of 0.004 m s-1 as well. 

Therefore, we chose a cut-off of 0.003 m s-1 for quantifying the size of the stagnant regions. 

Figure 5.12 shows the stagnant regions in different hopper structures using the selected cut-off 

of 0.003 m s-1.  

To quantitatively see how each of the systems shown in Figure 5.8 affects the size of 

the stagnant zones, the number of pixels with a velocity lower than 0.003 m s-1 is shown in 

Figure 5.13 for each of these hoppers. As can be seen, the expanded hopper and the hopper 

with Cone-in-cone insert (excluding the stagnant pixels above the insert) both reduced the size 

of the stagnant region seen in the regular 60° hopper by 45%. On the other hand, the Double-

cone-2 and Inverted-cone-2 inserts are also quite effective in reducing the size of the stagnant 

zones if we ignore the number of stagnant pixels above the insert. However, the Double-cone-

1 and Inverted-cone-1 inserts slightly increase the stagnant regions even excluding those 

stagnant pixels above the insert. This shows that the size of the inserts is a key factor in reducing 

the size of the stagnant regions. Surprisingly, the curved hopper also significantly increased 

the size of the stagnant zones by a factor of 4.  
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Figure 5.11 The appearance of the stagnant regions in the 60° hopper with Double-cone-2 insert using 

different cut-offs. (a) the velocity map without any cut-off (b) cut off = 0.001 m s-1 (c) cut off = 0.002 m s-1 (d) 

cut off = 0.003 m s-1 (e) cut off = 0.004  m s-1 (f) cut off = 0.005 m s-1 (g) cut off = 0.006 m s-1 (h) cut 

off = 0.007 m s-1. The yellow regions are moving, and the nominally stagnant regions are shown by the blue 

colour. 

 

Figure 5.12 The appearance of the stagnant regions using a cut-off of 0.003 m s-1 for different 60° 

hoppers (D = 9 mm) (a) without insert (b) with curved shape (c) with expanded sloped section, and with (d) 

Cone-in-cone, (e) Inverted-cone-1, (f) Inverted-cone-2, (g) Double-cone-1, and (h) Double-cone-2 inserts. The 

yellow regions are moving, and the stagnant regions are shown by the blue colour. 
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Figure 5.13 Size of the stagnant region as defined by the count of pixels with velocities < 0.003 m s-1 

for each hopper. Green bars show the count of pixels above the inserts and purple bars shows the stagnant pixels 

everywhere else.  

 

 

Figure 5.14 The vertical acceleration profiles along the centreline of the 60° hopper (D = 9 mm) 

without insert ( ), curved shape ( ), expanded sloped section ( ), and with Cone-in-cone insert ( ). 
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It is interesting to see the effect of hopper structure on the vertical acceleration and 

check the location at which particles start to accelerate under free fall. The effective 

acceleration, aeff, was calculated in the same way as discussed in Chapter 4. Figure 5.14 shows 

aeff in the hopper without insert, the curved hopper, the expanded flow hopper and the hopper 

with a cone-in-cone insert. The acceleration along the centreline is not shown for the other 

inserts because the flow diverts around the insert and so is not meaningful. Figure 5.14 shows 

that the effective acceleration is equal to the gravitational acceleration, g, at the outlet, which 

demonstrates that the particles are in free fall only from the outlet downwards. For the hopper 

with a fixed slope of 60° the particles only start to accelerate from 0.75D above the outlet. For 

the curved shape hopper, the expanded flow hopper and the hopper with Cone-in-cone insert, 

particles start to accelerate before z = 1.25D. Interestingly, the acceleration peak (0.9g) for the 

curved shape hopper is at about z = 0.25D above the outlet and then reduces down to 0.67g 

right at the outlet. It suggests the flow rate from the curved shape would be better if the curved 

shape was adjusted with a slower curve rate so that the acceleration peak shifted to the outlet. 

For the hopper with Cone-in-cone insert, a local maximum is observed at about z = 0.8D. This 

point sits at the vertical distance of 0.25Dc from the outlet of the Cone-in-cone insert where Dc 

is the outlet diameter of the cone. The acceleration increases up to 0.68g at this point and then 

decreases down to 0.17 g at z = 0.6D where the outlet of the insert is located and then again 

increases up to g at the outlet of the hopper.  

To ensure that the solid fraction and velocity maps are quantitative, a flow rate map 

was produced by multiplying the solid fraction map (Figure 5.4) and the vertical velocity map 

(Figure 5.8). The net mass flow rate of each hopper at each vertical position is calculated by 

𝑊 =  𝜌𝑠 ∑ 𝜑𝑖𝑣𝑖 𝐴𝑖 
(5.4) 

where 𝜑𝑖 is the solid fraction from Figure 5.4, 𝑣𝑖 is the velocity from Figure 5.8, and 

𝐴𝑖 is the area of an annular region of the width of the voxel at the ith radial position. The net 

mass flow rate of each hopper is shown by boxplots in Figure 5.15. On each box, the central 

mark indicates the median, and the bottom and top edges of the box indicate the 25th and 75th 

percentiles, respectively. The error bars show the standard deviation of the MRI measurements. 

As can be seen, the median of the MRI measurement of the mass flow rate (shown by the red 

line) is consistent with the gravimetric measurement of the mass flow rate (shown by circles) 

with the averaged root mean squared error of 0.12 g s -1. The curved shape and the expanded 

flow hoppers increase the mass flow rate of the regular shape 60° hopper by 36% and 38% 
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(from 4.56±0.01 g s-1 to 6.22±0.01 g s-1 and 6.28±0.01 g s-1), respectively. However, as 

discussed earlier, the curved shape hopper was not efficient in eliminating the stagnant regions. 

On the other hand, the hopper with the Inverted-cone-2 insert, which was the most efficient 

insert at removing the stagnant regions (Figure 5.13), reduced the mass flow rate of the regular 

60° hopper by 10%.  

Despite what has been shown in literature [12,18], we found the double cone inserts 

less efficient than Cone-in-cone and inverted cone inserts in removing the stagnant zones in 

terms of total number of stagnant pixels including those above the insert. The hoppers with 

double cone inserts not only were not efficient in removing the stagnant regions but also 

reduced the mass flow rate from 4.56±0.01 g s-1 to 3.97±0.01 g s-1 for Double-cone-1 and 

2.91±0.01 g s-1 for Double-cone-2 inserts. However, this can be explained by the vertical 

position of the double cone inserts. The initial structure of the inverted cone and double cone 

inserts was the same. However, the size of the void volume underneath is smaller than the 

inverted cone itself unlike the double cone inserts where the size of the cones at the top and 

bottom are the same. This larger space below the inverted cone inserts compared to double 

cone inserts provides extra freedom for the motion of the particles and allows for reducing the 

stagnant regions better and having a higher mass flow rate. However, the double cone inserts 

are too close to the outlet and, thus, the outlet is marginally blocked, which leads to a very low 

mass flow rate for this system. The distance between the base of the top cone and the wall of 

the hopper, L1, is the same for both inverted cone inserts and double cone inserts. However, the 

bottom cone of the double cone insert is placed right at the centre of the outlet which means 

L1 = 4.5 mm, which is smaller than that of the top cone (i.e. L1 > 4dp). Hence, this is basically 

like a hopper with a smaller outlet size that is jammed. If the double cone and inverted cone 

inserts were placed higher in the hopper (still of the same size and at the same vertical position), 

the mass flow rate of the double cone insert might be the same as the inverted cone inserts and 

they might reduce the stagnant regions. Therefore, the vertical position of the inserts is critical 

in changing the flow pattern and the discharge rate in 3D hoppers and can worsen the situation 

if placed wrong unlike what has been reported in [16] that adding inserts to 3D hoppers improve 

the flow pattern regardless of the vertical position. 

On the other hand, the angle of the bottom cones of double-cone inserts (Figure 5.8 (g) 

and (h)) is tapered towards the outlet and it is not parallel to the angle of the hopper. In contrast, 

the void volume below the Inverted-cone-2 insert (Figure 5.8 (f)) is a cone with an angle 

parallel to the angle of the hopper. Therefore, a practical design for double cone inserts would 
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be this type of design where the wall of the bottom cone is parallel to the wall of the hopper. A 

steeper angle like Figure 5.8 (h) effectively jams the hopper, increases the stagnant regions, 

and reduces the discharge rate significantly. However, Inverted-cone-2 insert is a good 

compromise where the discharge rate slightly decreased but a good flow is obtained right to 

edge of the system and there is no need to specify the angle for the bottom void volume as it is 

affected by the particle properties. Or, we can use Cone-in-cone insert, which not only reduced 

the stagnant zones but also increased the discharge rate by 7%. Similarly, the expanded flow 

hopper significantly reduced the stagnant regions and increased the discharge rate. The 

expanded flow hopper is the best option but it requires a replacement of a shallow hopper with 

a hopper with expanded sloped section, which is not cost effective comparing to just adding an 

insert to the existing shallow hopper unless the operational environment allows for attaching a 

steeper angle cone to the outlet of the existing shallow hopper. 

 

Figure 5.15 MRI (Eq. (5.4), boxplots) and gravimetric (circles) mass flow rate measurements of the 60° 

hopper (D = 9 mm) with and without inserts.  
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5.4 Conclusion 

In this chapter, 3D quantitative maps of the mean vertical velocity and solid fraction 

were obtained using a recently developed MRI technique. By studying the effect of adding 

inserts to the fixed hopper angles and using hoppers with varying angles on the solid fraction 

and velocity, it was found that: 

• The hoppers with inverted cone inserts exhibit a flow pattern similar to double 

cone inserts by creating a void volume below the insert. However, the discharge 

rate of inverted cone inserts turned out to be higher than the double cone inserts 

and they were more efficient in removing the stagnant regions. The reason is 

that the void volume created underneath the inverted cone inserts was smaller 

than double cone inserts and the space between this void and the outlet of the 

hopper was larger, which results in higher discharge rate. Therefore, the vertical 

position of the inserts was found to be very critical in changing the flow pattern 

and the discharge rate. 

 

• Using a small insert increases the discharge rate compared to using a large 

insert. However, the small inserts are not as effective as the large ones in 

removing the stagnant regions. 

 

• The expanded flow hopper was found to be the most efficient in both reducing 

the stagnant regions (i.e. by 45%) and increasing the mass flow rate (i.e. by 

38%). Surprisingly, the curved shape hopper increased the size of the stagnant 

regions significantly, but also provides a high discharge rate. Among hopper 

with inserts, the hopper with Cone-in-cone insert was the most effective at 

improving the flow pattern as it reduced the size of the stagnant region by 45% 

and also increased the mass flow rate by 7%.   

 

• The curved shape hopper exhibits an acceleration peak at about z = 0.25D above 

the outlet, which reduces down to 0.67g right at the outlet. A higher discharge 

rate might be obtained if this peak shifted to the outlet by adjusting the curve 

rate of the hopper. 
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• The velocity at the outlet of the regular 60° hopper, the curved shape and the 

hopper with Cone-in-cone insert is the same and higher than that of the 

expanded flow hopper where the solid fraction of the expanded flow hopper 

(𝜙 = 0.46) at the outlet is higher than the other three hoppers (𝜙 = 0.42). 

 

• The solid fraction reduces near the boundary of the inserts. A low solid fraction 

region can also be seen near the outer wall of the cone-in-cone insert but no low 

solid fraction region is observed near the inner wall of this insert. 

 

Detailed measurements of the velocity and solid fraction in hoppers with inserts and 

various types of geometries have been presented in this chapter. One limitation of this study is 

that the size of the hoppers is very small and only a small range of inserts have been able to be 

tested so far and, thus, some caution needs to be had when interpreting the results. But this 

investigation paves the way for more detailed investigation of the effect of inserts and hopper 

structures on the flow patterns within the hopper.  
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6 Quantitative measurements of flow dynamics of non-spherical 

particles in 3D hoppers 

In previous chapters, the flow behaviour in 3D hoppers with different fixed angles, and 

different outlet sizes, as well as hoppers with varying angles and hoppers with inserts were 

studied but all using spherical particles. In this chapter, the flow behaviour of non-spherical 

particles and the effect of the particle shape on the granular flow behaviour is studied. MRI 

measurements of the solid fraction and velocity (both vertical and horizontal) of two different 

non-spherical seeds, poppy seeds (kidney shaped) and chia seeds (ellipsoid shape) were 

acquired. The results of non-spherical particles are then compared with spherical particles 

(mustard seed) obtained in previous chapters to examine the effect of particle shape on the flow 

characteristics. Particle shape was found to have a significant effect on the flow pattern. For 

poppy seeds, ratholing was observed where the stagnant regions extend far above the outlet in 

contrast to spherical seeds where the stagnant regions were only seen near the edges of the 

outlet. The vertical velocity and acceleration of poppy seeds in a rat-holing system was also 

found to be much higher than spherical seed. 
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6.1 Introduction 

Industrial granular flows mostly consist of non-spherical particles with irregular shapes 

and yet most academic studies of granular flows have used spherical particles [1]. However, 

the particle shape has been recognised to have a significant effect on the flow behaviour and, 

thus, must be considered when characterising the granular flow behaviour. As discussed in 

Chapter 2, continuum modelling of granular flows is challenging but in recent years some 

promising avenues have been developed for characterising the flow of spherical particles [2]. 

However, such modelling approaches have not been established for non-spherical particles. 

The purpose of this chapter is to present some experimental results on the flow characteristics 

of non-spherical particles in dense granular flows. 

The shape of non-spherical particles can be described in various ways. Three common 

parameters are: sphericity, aspect ratio, and surface roughness [3]. Sphericity is the ratio of the 

surface area of a perfect sphere with the same volume to the surface area of the non-spherical 

particle. Elongated particles are usually described by their aspect ratio, that is the ratio of the 

length of the major axis to the minor axis (thickness/length). Surface roughness is defined by 

the deviations in the direction of the normal vector of a real surface from its ideal form that is 

governed by concavity, convexity, and solidity of particles [4]. These characteristics of a 

particle shape can be measured by automated imaging techniques using commercial 

instruments [5]. 

Granular flow can be divided into three regimes based on their packing fraction and 

inertial number. At low solid fraction, the particles move and collide freely without any overlap 

similar to a gas. At high solid fraction (higher than critical solid faction, 𝜙𝑐), the particles are 

forced to overlap, and the system is jammed, any small forces will be resisted by the force 

network between the particles. At a critical range of solid fractions (0.49 < 𝜙 < 𝜙𝑐), the system 

resembles a liquid. The influence of particle shape on each of these regimes have been 

investigated numerically using DEM. In the low solid fraction regime, the flow dynamics are 

governed by the kinetic stress, which is a function of the velocity fluctuation. It has been found 

that elongated or flat particles, have a higher frequency of particle collisions than spherical 

particles [6]. Increasing frequency of particle collisions results in a lower velocity fluctuation 

and lower stress. In the liquid-like regime, as particles elongation or flatness increases, particles 

become more aligned with each other [7,8]. This alignment can increase or decrease the stress 

depending on the friction. Frictionless particles move in their own layers, which minimises the 
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interaction between particles resulting in a smaller stress. However, frictional particles show a 

sharp increase in stress and this increase was observed at smaller solid fractions for more 

elongated particles. The reason for this increase in stress is that frictional forces enhance the 

rotational motion of the particles, which itself increases the particle contacts in a dense flow 

especially for elongated particles with larger projected areas. In the solid-like regime, 

increasing the aspect ratio and surface roughness, reduces the ability of the particles to roll and 

enables them to easily interlock together especially if they are concave. This will result into a 

greater resistance to flow and, thus, the effective friction coefficient between particles can be 

much greater than when they are perfectly spherical [9]. 

Hoppers are a paradigmatic example of granular flows where all these three regimes 

can be observed. The experimental studies of non-spherical particle flow in hoppers date back 

50 or 60 years [10–13]. These studies provided theoretical predictions of the wall and internal 

stresses (and estimates of the discharge rate). However, they could not provide detailed 

observations of what is happening inside the hopper. Experimental measurements were limited 

to the discharge rate or observations of the flow at the wall, which limited their ability to fully 

understand the dynamics of the granular flow. This was a motivation for using DEM to study 

the differences in hopper flows for spherical and non-spherical particles [1].  

DEM simulations of non-spherical particles inside hoppers have been performed to 

capture macroscopic flow characteristics such as discharge rate in 2D [14–19] and 3D [20–22] 

hoppers. These studies include simulations of non-spherical particles such as ellipsoids [14,20], 

polygons [15,22], sphero-discs [16], cylinders [23] and polyhedrons [19,24]. Langston et al. 

[25] showed that the discharge rate of 3D sphero-cylinders is approximately the same as the 

volume equivalent spheres but 2D discs of the same aspect ratio have a much higher discharge 

rate. They attributed this effect to the tendency of elongated disks to be aligned along their 

major axis, which helps them to easily slide past each other and discharge faster. The same 

behaviour was reported for polyhedral particles [19] and their higher discharge rate was 

attributed to specific packing structure of these particles which reduces the resistance of the 

material to flow. On the other hand, Fraige et al. [26] reported that the discharge rate of cubic 

particles is smaller than that of spheres with the same volume, especially for hoppers with 

smaller outlet sizes. Hohner et al. [27] tested two different methods of simulating non-spherical 

particles using DEM including clustered particles generated by multi-sphere method and 

polyhedrons with different angularities generated by the polyhedral approach. They showed 

that the discharge rate significantly reduces when using polyhedrons and increasing their 
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surface roughness and reducing the outlet size results in a greater reduction of discharge rate. 

However, clustered particles only slightly reduced the discharge rate compared to spheres. 

They found that the method used to model the particles significantly affected the results. The 

discharge rate of non-spherical particles simulated by the composite spheres method is higher 

than when they are simulated by polyhedral method. This difference was ascribed to the 

smoother surface of the non-spherical particles when modelled as composites of spheres in 

contrast to when they are modelled as polyhedrons with sharp edges. As a result of their 

smoother surface, they slide part each other easier leading to a higher discharge rate.  

DEM simulations of non-spherical particles inside hoppers have also been carried out 

to study microscopic flow characteristics of hoppers such as flow pattern. It has been shown 

that non-spherical particles undergo an unsteady funnel flow with stagnant regions created due 

to their rolling resistance, whereas spherical particles in the same hopper experienced a steady 

mass flow discharge [28]. This difference was attributed to the tendency for non-spherical 

particles to interlock. The major problems that are frequently seen in the funnel flow pattern of 

non-spherical particles are rat-holing, jamming, and arching. Rat-holing is a severely restricted 

funnel flow where only the central core of materials directly above the outlet are discharged, 

but the rest of the materials near side walls remain in the silo, which may spoil or degrade over 

time. For this reason, rat-holing is an undesired phenomena, which is significantly influenced 

by particle shape, the roughness of the wall and the cohesive strength of the material [29]. A 

slight deviation from a perfect spherical shape, which often ends up to a concave shape, cause 

interlocks between particles that leads to jamming and a higher solid fraction. Jenike defined a 

parameter called the ‘critical outlet size’, which is the minimum outlet size required to avoid 

jamming [13,30]. This critical outlet size is significantly larger for non-spherical particles than 

for spheres of equivalent volume [31]. It has been shown that for mixtures of spheres and non-

spheres the critical outlet size reduces when the fraction of spherical particles increases [32]. 

However, significantly irregular particles with convex shapes lead to formation of an arch [3]. 

Arching is a flow obstruction in a shape of an arch which forms above the outlet. Mechanical 

arching mostly occurs due to irregular shape of the particles resulting in mechanical 

interlocking of the particles [33]. Arching could also be created due to the materials being 

cohesive and/or the silo walls are not smooth enough. It has been found out that the arch created 

by spherical particles, due to cohesion or rough walls, has a small height. Instead, the arch 

created by non-spherical particles with elongated shape often extends significantly above the 

outlet [20]. Both jamming and arching are problematic as they both lead to a blockage in the 
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flow channel. The blockages created by arches are temporary as they form and break repeatedly 

leading to an intermittent flow. However, jamming (absolutely no flow) is a more serious 

problem as it requires an external intervention to open the flow passage. 

DEM can also provide information about other microscopic flow characteristics such 

as the solid fraction and packing variations of the non-spherical particles. DEM has been used 

to simulate packing structure of granular flows in different configurations such as cylindrical 

container [34,35], rectangular box [36], and hoppers [37]. The packing structure of non-

spherical particles may be highly dependent on their orientation. For instance, cubic particles 

are aligned with the direction of the flow by their diagonal. However, the largest axis of 

elongated particles is aligned by the flow direction resulting in a smaller projected area 

perpendicular to the flow and, hence, lower resistance to flow [38]. Studies have showed that 

the packing fraction initially increases and then reduces by increasing the elongation [9,39,40], 

surface roughness [41], and the aspect ratio (flatness) of the particles [37,40,42].  

DEM is able to model the non-spherical particles using shape approximation 

approaches that are categorized as ellipses (2D)/ellipsoids (3D) [43,44], super-quadrics [37], 

polygons (2D)/polyhedrons (3D) [41,45], composite spheres (mostly been used for simulating 

cylinders) [6,46], and composite elements [47] for more complex irregularly-shaped particles. 

A detailed review of these approaches can be found here [38,48]. Despite the advances made 

in DEM simulations of non-spherical particles, none of the DEM methods are representing the 

real shape of the particles. Although an approximation of the particle shape makes the 

simulation simpler especially in terms of particle contact forces, the mechanical behaviour of 

the real particles could be different in both particle scale and assembly scale. Experimental 

validation studies are required to see which one of these DEM approximation methods used is 

more accurate, but these validation studies are still limited.   

There are a limited number of experimental studies on non-spherical particles as there 

are few experimental techniques capable of providing internal observations of opaque granular 

flow. Particle tracking velocimetry (PTV) is quite often used to study non-spherical particles 

[49–51] but it is limited to transparent systems and wall observations. Alternatively, magnetic 

particle tracking (MPT) technique, in which the tracer particle is a dipole, has been used for 

detection of the particle position and orientation [52,53]. PEPT is another tracking technique 

where the tracer is a radioactive particle. These techniques based on particle tracking only 

measure a small number of particles and require long observations and an assumption of 
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ergodicity to get an idea about the entire flow structure. Packing fraction of the particles is 

particularly challenging to measure, and yet packing fraction is known to be highly dependent 

on the shape of the particles and must be studied. ECT [54] can measure the solid fraction but 

cannot provide information about the velocity of the particles. MRI allows for three 

dimensional measurements of both velocity and solid fraction [55] of opaque granular flows. 

MRI has been used often for velocity measurements of granular flows, including for non-

spherical particles [56,57], but relatively few studies have been performed on the solid fraction 

as it is quite challenging to acquire quantitative solid fraction measurements during flow using 

MRI.  

Here, the MRI technique introduced in Chapter 3 [58] was used to measure the solid 

fraction as well as the velocity of two different non-spherical seeds: chia seeds with an ovoid 

shape, and poppy seeds with kidney-like shape. In the next section, the method and the 

procedure of the measurements are explained. The effect of particle shape on the granular flow 

behavior was then examined by comparing the quantitative measurements of solid fraction and 

velocity of non-spherical and spherical particles through a 3D hopper. 

6.2 Method 

The solid fraction and the velocity of non-spherical particles were measured using the 

sectoral-SPRITE and PGSE techniques, respectively.  The experimental parameters used were 

the same as those reported in chapter 3. The experiments were carried out on the same 9.4 T 

superconducting magnet operating at a 1H resonance frequency of 400.1 MHz. Full details 

about the experimental set-up were described in Chapter 3.    

The 60° hopper with an outlet size of D = 9.5 mm, which was used for studying mustard 

seeds in chapter 4, was also used for measurements of non-spherical particles. The hopper with 

the angle of 60° was selected because spherical particles exhibit an interesting funnel flow 

pattern with some small stagnant regions in this hopper (Chapter 4), and it is intriguing to see 

how this flow pattern will be affected by changing the shape of the particles. Moreover, 60° is 

the angle at which the effect of inserts was studied (Chapter 5) as well as the self-similarity of 

solid fraction, velocity, and acceleration profiles of different outlet sizes (Chapter 4).  

Three types of seeds were used in these experiments, mustard seeds, chia seeds and 

poppy seeds. All three seeds are of similar size. The primary difference between the seeds is 

their shape. The particle properties of the granular materials used in this chapter are shown in  
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Table 6.1 including their size, shape, density, and angle of repose. We used an 

automated imaging technique to characterise the particles because it measures the size of the 

particles and provides information about the shape of the particles such as their sphericity, 

surface roughness, aspect ratio, etc. We used a Microtrac PartAn 3D Analyser. This analyser 

uses a strobe light and digital camera to capture images of particles passing through a sensing 

area. The size range that can be measured is from 30 to 35000 μm. Examples of the photos of 

particles taken by this analyser are shown in Figure 6.1. Another set of photos is shown in 

Figure 6.2 that was taken by a camera with 16 Megapixel resolution. The density of the seeds 

was measured by water displacement (measuring the volume of the displaced water by adding 

a given mass of seeds to the container). The angle of repose was measured by piling the seeds 

on a flat surface and photographing it horizontally. The angle of repose was calculated using 

image analysis of both sides of the pile, as shown in Figure 6.3. The mass flow rate was 

measured gravimetrically with six repetitions for all three types of seeds as described in 

previous chapters. Note that in the case of the poppy seeds, the mass flow rate increased over 

the first 10 minutes so the gravimetric measurement was taken after 10 minutes when the flow 

reached steady state.  

The homogeneity map (𝐼𝑟𝑒𝑓) for each type of seeds was produced by averaging 6 static 

images of a cylinder. These images were also used for calibrating the measurements. The signal 

intensity was corrected using this homogeneity map and the standard signal from within the 

pouch as described in Chapter 3. The calibration curves are shown in Figure 6.4. The vertical 

error bars represent the standard deviation of the averaged signal intensity over the region of 

interest. The horizontal error bars show the uncertainty in the solid fraction measurements. As 

expected, there is a linear correlation between the signal intensity and the solid fraction for all 

three types of seeds (𝑅2 = 0.999). The range of solid fraction for poppy seeds, over which the 

calibration images are obtained, are wider than the other two types of seeds. This shows that 

poppy seeds are able to expand more than chia seeds and mustard seeds likely due to their angle 

of repose. The angle of repose for poppy seeds (30°) is much higher than the chia (22°) and 

mustard seeds (23°).   

 

 

 

 



 157 

Table 6.1 Particle properties. 

Granular material Mustard seeds  Chia seeds Poppy seeds 

shape spheres ellipsoids kidney-shaped 

𝑑 (mm) 1.400±0.066 1.437±0.122 0.894±0.107 

Sphericity 0.989±0.007 0.940±0.023 0.926±0.049 

Aspect ratio 0.771±0.069 0.413±0.037 0.562±0.077 

Solidity 0.998±0.065 0.995±0.012 0.963±0.034 

Concavity 0.002±0.002 0.005±0.011 0.037±0.033 

Convexity 0.999±0.002 0.997±0.007 0.981±0.026 

Density (kg m-3) 1140±10 1320±10 1070±10 

Angle of repose (°) 23±1 22±1 30±1 

 

 

 

Figure 6.1 Photos of (from left to right) a mustard seed, chia seed and poppy seed captured by 

Microtrac PartAn 3D Analyser. 

 

 

Figure 6.2 Photos of (from left to right) a mustard seed, chia seed and poppy seed taken by a phone 

camera. 
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Figure 6.3 Angle of repose for (a) mustard seeds (spheres), (b) chia seeds (ovoid, egg shape), and (c) 

poppy seeds (kidney shaped). 

 

 

Figure 6.4 Calibrating the MRI signal against solid fraction for (a) mustard seeds, (b) chia seeds, and 

(c) poppy seeds using a cylinder. 
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6.3 Results and discussion 

In this section, quantitative maps of solid fraction, and horizontal and vertical mean 

velocity for different types of seeds in a 60° hopper (with outlet size of 9.5 mm) are presented. 

Moreover, the mass flow rate obtained by multiplying the vertical mean velocity and solid 

fraction maps is compared with gravimetric measurements of the mass flow rate to confirm 

that the MRI measurements are quantitative. Using these quantitative measurements, the effect 

of particle shape on the granular flow behaviour inside a hopper was studied.  

Figure 6.5 (a) and (b) show the vertical and horizontal slices taken from the raw 3D 

image of poppy seeds in the 60° hopper, respectively. The inhomogeneity of the B1 field is 

removed from the image using a homogeneity map produced by averaging images of static 

seeds in a cylinder. The corrected images are shown in Figure 6.5 (c) and (d). The noise around 

the hopper is large because the noise of the raw image is divided by the noise of the 

homogeneity map, but it will be eliminated in post processing. The corrected images were then 

calibrated using the calibration curves shown in Figure 6.4 to produce 3D solid fraction maps.  

The radially averaged solid fraction maps are shown in Figure 6.6. The solid fraction 

map of chia seeds (Figure 6.6 (b)) looks qualitatively similar to that of the spherical mustard 

seeds (Figure 6.6 (a)). On the other hand, the solid fraction map of the kidney shaped poppy 

seeds (Figure 6.6 (c)) shows a thoroughly different behaviour from the other two types of seeds. 

The core of the flow also has a relatively high solid fraction. There is also a region with high 

solid fraction (𝜙 ~ 0.64) near the wall. However, in between these two regions there is a narrow 

region of low solid fraction that starts at the outlet of the hopper and extends towards the top 

of the hopper. These results demonstrate that a slight deviation from a spherical shape, such as 

with chia seeds, does not significantly change the solid fraction  but seeds with even a slightly 

concave shape, such as the poppy seeds, produce a markedly different solid fraction 

distribution.     
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Figure 6.5 (a) the vertical (y = 0 mm) and (b) horizontal (z = 12 mm) slices of the 3D image of poppy 

seeds in the 60° hopper (D = 9.5 mm). (c) and (d) are the r.f. homogeneity corrected version of (a) and (b), 

respectively. 
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Figure 6.6 Radially averaged solid fraction maps for (a) mustard seeds (spheres), (b) chia seeds (ovoid, 

egg shape), and (c) poppy seeds (kidney shaped). 

 

The solid fraction profiles along the height of the hopper at different radii are shown in 

Figure 6.7. The only difference that can be seen between the vertical solid fraction profiles of 

chia seeds and mustard seeds is that the solid fraction of mustard seeds has the maximum value 

at the top of the hopper and reduces uniformly towards the outlet at any given radius. However, 

for chia seeds, the solid fraction at the top is initially low but then increases slightly. The reason 

why this happens is not clear, and it cannot be explained by a misalignment between the 

flowing image and the homogeneity map, which indicates that it is a real effect. From 

z = 18 mm, similar to mustard seeds, the solid fraction of chia seeds reduces to 𝜙 = 0.55 and 

remains constant down to 2 mm above the outlet. From 2 mm above the outlet the solid fraction 

decreases rapidly as the particles accelerate and the flow transitions to a rapid granular flow 

regime. The solid fraction of poppy seeds (Figure 6.7 (c)) at the centre is approximately 

constant from the top of the hopper down to about z = 4 mm and only then reduces towards the 

outlet. However, for r > 1.5 mm, the solid fraction starts to decrease right from the top of the 

hopper towards the outlet. Also, the solid fraction of poppy seeds is the highest at r = 0 mm 
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and reduces towards r = 4.7 mm in contrast to chia and mustard seeds where solid fraction at 

different radii (0 < r < 4.7) has the same behaviour throughout the height of the hopper.  

 

Figure 6.7 The radially averaged solid fraction profiles along the height of the 60° hopper at different 

radii: r = 0 mm ( ), r = 1 mm ( ), r = 2 mm ( ), r = 3 mm ( ), and r = 4.7 mm ( ) for (a) mustard seeds 

(spheres), (b) chia seeds (ovoid, egg shape), and (c) poppy seeds (kidney shaped). The error bars show the 

overall uncertainty of 1.8% in each voxel of the generated solid fraction map.  

 

To better quantify the variations of the solid fraction, profiles were extracted from 

Figure 6.6 along the radius of the hopper, as shown in Figure 6.8. The solid fraction at the top 

of the hopper (z = 20 mm) filled with chia seeds is slightly lower than the solid fraction of 

mustard seeds (Figure 6.8 (a) and (b)). The solid fraction profile at the other vertical locations 

especially at the centre of the outlet is approximately the same for both mustard and chia seeds. 

As can be seen from the solid fraction profiles at z = 2 mm, the solid fraction of mustard seeds 

at the edge is higher than the centre over the region of 4.7 mm < r < 7 mm and then reduces 

towards the wall. However, for the chia seeds the region of high solid fraction extends from 

r = 3.7 mm to 7.7 mm. This shows that although there is a relatively small change in the particle 

shape between the chia seeds and the mustard seeds, it still has a significant effect on the size 

of the stagnant zones.  

For poppy seeds (Figure 6.8 (c)), the solid fraction at the top of the hopper is lower but 

the solid fraction at the centre of the outlet is higher than the other two types of seeds. In fact, 

the solid fraction of poppy seeds in the central region of the hopper (r < 1.5 mm) is 

approximately the same for all vertical positions (0.5 < 𝜙 < 0.55). At each vertical position, the 

solid fraction is high (𝜙 ~ 0.5) at the centre then reduces with increasing radius reaching a 

minimum value at r = 4.7 mm. Further towards the wall, the solid fraction increases again 

reaching a value of 𝜙 ~ 0.64, which is higher than the solid fraction at the centre (𝜙 ~ 0.5) and 

then again reduces towards the wall.  
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Figure 6.8 The radially averaged solid fraction profiles along the radius of the 60° hopper at different 

vertical locations: z = 20 mm ( ), z = 10 mm ( ), z = 2 mm ( ), and z = 0 mm ( ) for (a) mustard seeds 

(spheres), (b) chia seeds (ovoid, egg shape), and (c) poppy seeds (kidney shaped). The error bars show the 

overall uncertainty of 1.8% in each voxel of the generated solid fraction map.     

 

2D vertical velocity maps are shown in Figure 6.9. The funnel flow pattern is observed 

for all three types of seeds with some stagnant regions around the edges of the hoppers. As can 

be seen in Figure 6.9 (b), the velocity of the chia seeds is smaller than mustard seeds (Figure 

6.9 (a)).  Also, the size of the stagnant regions (the region at the edges of the hopper where the 

velocity is low and looks noisy) is significantly increased for chia seeds. This observation of 

larger stagnant regions for non-spherical particles is consistent with previous studies [20]. For 

mustard seeds and chia seeds, the stagnant regions were only seen near the edges of the hopper 

at the outlet. However, for poppy seeds, the stagnant regions extend from the outlet to the top 

of the hopper with a very fast core flow at the centre of the hopper, as shown in Figure 6.9 (c). 

This is a signature of rat-holing, which is quite common when using non-spherical particles 

[20,28,56]. Rat-holing is an undesirable discharge and it is necessary to be able to predict its 

occurrence [28]. As expected, the low solid fraction region observed in Figure 6.8 (c) occurs 

at the boundary between the static regions and this fast moving core flow region in the centre 

where the shear is high. The width of this core flow, which has high velocity at the centre and 

lower at the sides, increases towards the top of the hopper while its velocity reduces. After 

finishing the experiments and removing the hopper and the feeding system from the magnet, it 

was observed that the materials remained in the stagnant regions even after the full discharge 

of the flow. Photos of the remained materials in the hopper can be seen in Figure 6.10. The 

height of the remained material extended 32 mm above the outlet. The reason of this could be 

particle interlocking due to the concave shape of the poppy seeds. The presence of some oil or 

moisture could also cause a similar effect as poppy seeds are quite sensitive to moisture and 

even during measuring the size of the particles, some of them aggregated together.  



 164 

 

Figure 6.9 2D mean vertical velocity maps for (a) mustard seeds (spheres), (b) chia seeds (ovoid, egg 

shape), and (c) poppy seeds (kidney shape). 

 

 

 

Figure 6.10 Photographs of the 60° hopper after discharge showing the residual particles that remain 

inside the hopper. (a) side-on photograph and (b) top-down photograph 
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Figure 6.11 The mean vertical velocity profiles along the horizontal axis of the 60° hopper at different 

vertical locations: z = 20 mm ( ), z = 10 mm ( ), z = 2 mm ( ), and z = 0 mm ( ) for (a) mustard seeds 

(spheres), (b) chia seeds (ovoid, egg shape), and (c) poppy seeds (kidney shaped). 

The mean vertical velocity profiles along the horizontal axis of the hoppers are shown 

in Figure 6.11. One interesting point is that the velocity at the wall of the outlet is zero for 

mustard seeds (no slip condition). For chia seeds, the velocity at the edge of the outlet is very 

small but not zero. In contrast, for poppy seeds, a slip condition is observed with a relatively 

higher velocity at the edge of the outlet. For all three types of seeds, the velocity is maximum 

at the centre of the hopper and reduces towards the wall. Above the outlet, the velocity profiles 

of mustard seeds are wider than that of chia seeds, which shows the stagnant regions are smaller 

for mustard seeds. As can be seen in Figure 6.11 (c), the velocity in the central region of the 

hopper (-5 < x < 5 mm) with poppy seeds is very high, even at the top of the hopper (blue 

profiles) where the velocity was close to zero for the other two types of seeds. However, the 

region with a high velocity was relatively narrow when flowing poppy seeds through the 

hopper, which is a signature of a severe funnel flow type profile. 

The vertical velocity profiles along the centreline of the hoppers are shown in Figure 

6.12. For chia seeds and mustard seeds, the velocity is small and constant (an average of 0.01 

m s-1) from top of the hopper down to z = 20 mm and after that it monotonically increases 

towards the outlet. However, the velocity of poppy seeds increases linearly towards the outlet 

right from the very top of the hopper, at which point the velocity is approximately 10 times 

higher than the velocity measured with the other two types of seeds. It can be clearly seen that 

the velocity of poppy seeds is the highest and the velocity of chia seeds is the lowest at each 

vertical position except for the outlet where the velocity of chia seeds becomes higher than 

mustard seeds. 

Figure 6.13 shows the vertical acceleration profiles along the centreline of the hopper 

for different types of seeds. The effective acceleration, aeff, was calculated in the same way as 
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discussed in chapter 4. The vertical acceleration profiles of chia seeds and mustard seeds show 

approximately the same behaviour, and both start to accelerate at z = 1.25D. However, the 

acceleration profile of poppy seeds, which are in a rat-holing system, is constantly much higher 

than the other two systems. Poppy seeds start to accelerate right from the top of the hopper, but 

the acceleration still only reaches 1g right at the outlet, as it does with the other two types of 

seeds. 

 

Figure 6.12 The mean vertical velocity profiles along the centreline of the 60° hopper for mustard seeds 

( ), chia seeds ( ), and poppy seeds ( ). 

 

Figure 6.13 The vertical acceleration profiles along the centreline of the 60° hopper for mustard seeds (

), chia seeds ( ), and poppy seeds ( ). 
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Figure 6.14 2D mean horizontal velocity maps for (a) mustard seeds (spheres), (b) chia seeds (ovoid, 

egg shape), and (c) poppy seeds (kidney shaped). 

Horizontal velocity maps are shown in Figure 6.14. The behaviour of the horizontal 

velocity is similar for mustard seeds and chia seeds. Both show that the horizontal velocity 

increases towards the outlet because the flow turns due to the constriction of the tapered wall 

of the silo. However, the spherical mustard seeds possess a much higher horizontal velocity 

with broader flow regions compared to chia seeds. For poppy seeds, the behaviour of horizontal 

velocity is different from the other two seeds with zero values at the sides of the hopper 

(stagnant regions). However, particles possess relatively small horizontal velocity throughout 

the whole core of the flow from the top of the hopper to the outlet.     

To ensure that the solid fraction and velocity maps are quantitative, a flow rate map 

was produced by multiplying the solid fraction map (Figure 6.6) and the vertical velocity map 

(Figure 6.9). The net mass flow rate of each hopper at each vertical position is calculated by 

Eq. (5.4) and it is shown in Figure 6.15. The discharge rate of chia seeds was 4.6±0.1 g s-1, 

which was slower than the spherical mustard seeds as expected since they are non-spherical 

and greater in size. The gravimetric measurement of the mass discharge rate of poppy seeds 

was higher (6.8±0.1 g s-1) than mustard seeds as expected based on the empirical correlations 

introduced in Chapter 4 (e.g. a mass flow rate of 6.64 g s-1 is predicted by Beverloo’s 

correlation for poppy seeds assuming a spherical shape). A good agreement was observed 

between the MRI and gravimetric measurements for all three types of seeds with root mean 

square error of 0.1 g s-1, 0.1 g s-1, and 0.3 g s-1 for mustard seed, chia seeds, and poppy seeds, 

respectively.  
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Figure 6.15 MRI (symbols) and gravimetric (black lines) mass flow rate measurements of the 60° 

hopper for  mustard seeds ( ), chia seeds ( ), and poppy seeds ( ). 
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6.4 Conclusion 

3D quantitative maps of the solid fraction and mean vertical and horizontal velocities 

were obtained using the sectoral-SPRITE MRI technique. By studying the effect of the particle 

shape on the solid fraction and velocity, it was found that: 

 

• Particle shape was found to have a significant effect on the flow pattern. The 

chia seeds with ovoid shape, which are similar to a sphere only slightly worsen 

the funnel flow patten in terms of slower discharge rate, and larger stagnant 

regions. However, for kidney shaped poppy seeds, a severe case of funnel flow, 

i.e. ratholing, was observed.  

 

• The size of the stagnant regions is larger when using non-spherical particles. 

For poppy seeds, the stagnant regions extend far above the outlet in contrast to 

mustard seeds and chia seeds where the stagnant regions were only seen near 

the edges of the outlet.  

 

• When rat-holing occurs, a very low solid fraction region is observed at the 

boundary between the static regions and the fast-moving core flow region where 

the shear is high. 

 

• The vertical velocity and acceleration of poppy seeds in a rat-holing system is 

higher than chia seeds and mustard seed. Poppy seeds start to accelerate right 

from the top of the hopper. This is presumably connected to the different nature 

of the flow pattern within the hopper, and hence arises only indirectly from the 

shape of the poppy seeds. 

 

 

Unfortunately, there was not enough time to perform MRI measurements of non-

spherical particles in hoppers with different structures and this is something we will seek to 

identify in future work. However, interesting results were obtained even using one type of 

hopper and only two different shapes of particles. This study opens the way for further 

investigations of non-spherical particles inside hopper using MRI. 
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7 Conclusions and future work 

Characterising the flow dynamics of granular materials has been an interesting field of 

study over the past decades due to their prevalent application in industry and their intriguing 

behaviour. Hoppers are one of the main devices that are used for handling granular materials 

in different industries from food processing to chemical engineering. Discrete numerical 

investigations of granular flow are considered to be accurate but limited to small number of 

particles. Large-scale simulations require a continuum model, but no unified constitutive 

equation is available. For this reason, a 3D experimental technique can provide valuable 

insights into understanding the behaviour of granular flows. In this thesis, experimental 

investigations of granular flow dynamics inside 3D printed hoppers using MRI are provided. 

Contributions to a better understanding of the granular flows made by this thesis are presented 

in Section 7.1. Additional areas that requires further studies are discussed in Section 7.2. 

7.1 Summary of findings 

In this thesis, an advanced MRI technique, known as sectoral-SPRITE, was adapted for 

measuring the solid fraction of the granular flows. In Chapter 3, a detailed description of the 

method is provided. The procedure used to correct for the inhomogeneous spatial distribution 

of the 𝐵1 field in the image was also examined in Chapter 3. It was found that using a map of 

a sample of water, which has a uniform spin density, was not effective at removing all of the 

variations in the 𝐵1  field. Instead, the most effective sample to use to correct for 𝐵1  field 

variations was found to be a sample with the same granular material to that studied during flow. 

Moreover, using internal standards was found to be effective to compensate for long term drifts 

in the r.f. coil tuning and to improve the reproducibility of the 𝐵1 field between static and 

flowing cases. By using internal standards and correcting for the variations in the 𝐵1 field, the 

experimental uncertainty was reduced to 2% and the solid fraction of the granular flow inside 

a hopper was quantitively imaged to within 2% error.   

In Chapter 4, the measurement technique described in Chapter 3 was used to 

quantitatively examine the variations in the solid fraction of granular flows inside hoppers. 

Using this method, 3D quantitative maps of the mean vertical velocity and solid fraction were 

obtained for hoppers with different angles and outlet sizes. By studying the effect of the hopper 

angle and outlet size on the solid fraction and velocity, it was found that both solid fraction and 

velocity have their maximum values at the centre and reduce towards the wall at any given 

height. Moreover, it was found out that independent of the hopper angle and outlet size, the 
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solid fraction is highest in the part of the hopper with vertical walls. The solid fraction decreases 

throughout the tapered region, even well above the outlet itself. This decrease was found to be 

dependent on the angle of the walls of the hopper. Increasing the hopper angle causes both the 

solid fraction and the velocity at the centre of the outlet to decrease. Furthermore, increasing 

the outlet size causes the velocity in the top part of the hopper and the velocity at the outlet to 

increase. However, the solid fraction in the top part of the hopper decreases with increasing the 

outlet size, whereas the solid fraction at the outlet increases. Also, it was shown that the solid 

fraction and velocity at the outlet are both self-similar when normalized by their values at the 

centre of the outlet in a 3D hopper and plotted against normalised horizontal direction by the 

outlet diameter. The vertical acceleration was also self-similar, if the height in the hopper was 

normalised by the outlet diameter. Both of these observations are consistent with previous 

observations in 2D hoppers [4]. Moreover, it was demonstrated that there is no sudden jump 

(free-fall arch) in the vertical acceleration of the particles, instead the acceleration increases 

smoothly from a height of about 3 times the radius of the outlet. These observations show that 

the basic assumptions of the flow rate correlation proposed by Darias et al. [4] are realistic and 

potentially generalizable to 3D systems. In fact, the mass flow rate values predicted by their 

correlation were in excellent agreement with our MRI measurements. These results indicate 

that the correlation proposed by Darias et al. and Mendez et al. [4,21] provides a good basis for 

developing a general correlation to describe the mass flow rate in a hopper.  

In Chapter 5, the measurement technique developed in chapter 3 was used to study the 

effect of adding inserts to the fixed hopper angles and using hoppers with varying angles on 

the granular flow behaviour. It was found that the solid fraction at the centre of the outlet is the 

same for a 60° hopper without insert, with cone-in-cone insert and the curved shape hopper 

(𝜙 = 0.42). However, a higher solid fraction (𝜙=0.46) was observed at the centre of the outlet 

in expanded flow hopper with a steeper slope of 30° near the outlet. Also, it was found that the 

mass flow rate of the 60° hopper increases significantly by 36% and 38% by using the curved 

shape and the expanded flow hoppers, respectively. The expanded flow hopper also reduced 

the size of the stagnant regions by 45%. However, the curved shape hopper increased the size 

of the stagnant regions. The hoppers with inverted cone inserts, which were the most efficient 

ones in eliminating the stagnant regions, reduced the mass flow rate of the regular 60° hopper 

by 10%. However, the hopper with cone-in-cone insert not only reduces the size of the stagnant 

regions significantly, but also increases the mass flow rate by 7%. On the other hand, the 

hoppers with double cone inserts were not efficient either in removing the stagnant regions or 



 178 

increasing the mass flow rate. However, this is likely due to the vertical position of these inserts 

and a more optimal physical position may negate this difference in behaviour. These results 

indicate that the hopper with the cone-in-cone insert or the expanded flow hopper are preferable 

designs to other designs. 

In Chapter 6, the sectoral-SPRITE technique was used to study the effect of the particle 

shape on the solid fraction and velocity. It was found that the size of the stagnant regions is 

larger when using non-spherical particles. Also, particle shape was found to have a significant 

effect on the flow pattern. The chia seeds with ovoid shape, which are similar to a sphere only 

slightly worsen the funnel flow patten. However, for kidney shaped poppy seeds, a severe case 

of funnel flow, i.e. ratholing, was observed. The discharge of the non-spherical particles could 

be slower or faster than spherical particles depending on their shape. Discharge rate of poppy 

seeds (in a rat-holing system) was much higher than chia seeds and mustard seeds. Also, they 

start to accelerate right from the top of the hopper in contrast to chia seeds and mustard seeds 

where particles start to accelerate near the outlet. All three types of seeds undergo free-fall 

acceleration when they reach the outlet. 

These findings on the solid fraction and velocity makes up for the lack of quantitative 

studies on granular materials and sheds some light on the understanding of granular flow 

behaviour inside hoppers with complex structures. It will also enable further research to address 

some long-standing issues in granular flow rheology around the relationship between the solid 

fraction and velocity distribution. 
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7.2 Future work 

One of the limitations of the present work was that the scale of the hopper studied was 

very small. As discussed in Chapter 3, Darias et al [1] showed that the solid fraction at the 

centre of the hopper outlet will be independent of the hopper angle for outlet sizes larger than 

15 mm. However, due to the limitation of the size of the bore of the magnet, the study of 

hoppers with outlet sizes larger than 12 mm was not feasible in this work. Therefore, it would 

be interesting to measure what happens on large-scale hoppers. This can be achieved by 

applying the same MRI technique developed in this thesis using super wide bore magnets such 

as the ones available in Montana or Cambridge. Indeed, medical imaging systems, which have 

a horizontal geometry, can also be used. 

The MRI technique developed in this work can also be used for imaging powders. For 

granular materials like seeds that are typically larger than 500 μm, the drag force exerted on 

particles is insignificant compared to gravity and, thus, the present forces are only gravity and 

particle-particle contacts. However, for particles smaller than 100 μm, i.e. Geldart group A 

particles, the drag force exerted on the particles by air, as well as interparticle forces such as 

Van der Waals forces are all significant and cannot be ignored. Thus, powders exhibit a very 

different behaviour from grains with a high probability of aeration and the risk that cohesive 

forces can lead to jamming. Therefore, it would be interesting to study the flow behaviour of 

powders. 

Imaging powders will be challenging as a higher resolution is required. To obtain a 

higher resolution, a greater number of points in k-space need to be sampled, which means we 

need to go further out in k-space and hence need to use stronger gradients. On the other hand, 

one of the serious limitations is the gradient duty cycle, which is 20%, so we need to be careful 

about the maximum gradient strength that we use. Another limitation is the acquisition time, 

which needs to be short enough to avoid long repetitive re-filling of the hopper. Based on the 

analysis we did, to avoid increasing the acquisition time appreciably, we need to acquire more 

points on each cone instead of simply increasing the number of cones. However, another 

limitation that we might face, regardless of how we increase the number of sampling points, is 

a limitation with the hardware which is the memory in the GCU (Gradient Control Unit). All 

gradient steps need to be loaded into it before runtime. The sequence will not start if the total 

number of gradient steps exceeds the capacity of the memory. Designing such sampling scheme 

with higher resolution is really challenging with regard to these limitations.  
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Another aspect that deserves future work is to examine whether the parameters of 

Darias [1] and Mendez [2] correlations change if non-spherical particles, powders, or particles 

with very different friction properties are used. Although in chapter 6 different types of non-

spherical particles were examined, a wider range of outlet sizes and hopper angles is required 

to fairly examine the self-similarity of the velocity and solid fraction profiles and extract the 

correct coefficient. This will also enable to propose a relationship between particle shape and 

their flow characteristics such as solid fraction and velocity. Such correlations help to provide 

effective designs to avoid jamming in hoppers filled by non-spherical particles. 

When testing the self-similarity of the vertical acceleration of the spherical particles, 

we observed that the effective acceleration at the outlet exceeds gravity when the cylindrical 

hoppers possess a steep angle to the vertical (e.g. 10° or 30°). These observations were also 

confirmed by DEM simulations, which were performed by one of my colleagues and are not 

included in this thesis. Further work is needed to modify the PGSE technique for velocity 

measurements and look at the points below the outlet to see this effect more clearly. It is 

interesting to check if the extent of the overshoot is connected to the outlet width or the hopper 

width or hopper angle. 

The way that the optimisation was done for the curved hopper is not quite complete yet 

and further work is required to actually develop a more truly optimised design that both 

minimise the size of the stagnant regions and maximise the mass flow rate. On the other hand, 

the vertical position of the double cone inserts was not ideal. They were placed right at the 

outlet but placing them higher in the hopper would be a better design as it provides more space 

for particles to move, which probably results into a better discharge rate. Also, it allows for 

acquiring the solid fraction and the velocity right at the centre of the outlet. Furthermore, only 

two different sizes of inserts were considered because we had a very limited ability to adjust 

the size of the inserts. Using a larger size hopper is required to be able to perform a complete 

investigation of inserts with different sizes. Using a small size hopper is a serious limitation, 

which limits the ability to interpret the results and generalise them to real-scale hoppers.  

The last but not the least future work is to use the developed MRI technique on a 

different configuration such as Couette cells. In contrast to hoppers where measuring stresses 

was not feasible, using Couette cells allows for measuring normal and shear stresses as well as 

velocity, velocity fluctuations and solid fraction. These measurements enable examining the 

constitutive equations proposed for continuum modeling of granular rheology. Moreover, the 
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effect of rotational motion of the particles can also be measured using MRI. It may be possible 

to measure the translational velocity fluctuation by Dynamic  Magnetic  Resonance  Scattering  

(DMRS) proposed  by  Herold  et  al. [3] in the presence of rotational motion. This can be used 

in combination with PGSE NMR to characterise both translational and rotational motion. This 

will allow for considering the effect of rotational motion on the rheology of granular flow, 

which is of great importance especially for non-spherical particles. 
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8 Appendices 

8.1 Appendix A: MATLAB input script for generating the k-space 

sampling scheme of SPRITE 

This script will generate a k-space sampling scheme for a 64×64×64 image which 

samples the k-space spherically, as described in Chapter 3. The outputs from this script are the 

gradient values, and the k-space locations which are normalized by their maximum value and 

stored in text files. The gx, gy, and gz text files will be used as an input (the list of gradient 

values) for the solid fraction imaging pulse sequence. The kx, ky, and kz text files, which are the 

k-space locations, will be used in mapping the acquired MRI data for solid fraction imaging. 

 

xdim = 32; 
ydim = 32; 
zdim = 32; 

 
n=8; 
pts=1620; 
kx=zeros(pts,n*2*n); 
ky=kx; 
kz=ky; 

  
thetaCone = pi/(n+1);              % half angle of cone 

  
theta=linspace(-pi/2,pi/2,n+3); 
[val idx]=sort(abs(theta)); 
theta=theta(idx); 
count=0; 
maxAlpha=0; 
count2=1; 
count3=1; 

  
lim = zdim*tan(thetaCone/2); 
 

vertices = [0 -lim -lim 0 0 lim lim;0 -lim lim -lim lim -lim lim; 0 zdim-

0.5 zdim-0.5 zdim-0.5 zdim-0.5 zdim-0.5 zdim-0.5]; 

  
[xx yy zz] = meshgrid(-xdim:xdim,-ydim:ydim,-zdim:zdim); 

  
for jj=1:length(theta) 
    m(jj) = abs((n*cos(theta(jj)))); 

    

     
        rotPhi = theta(jj); 
        Ax = [1 0 0;0  cos(rotPhi) -sin(rotPhi);0 sin(rotPhi) cos(rotPhi)]; 
        if theta(jj) == 0 
            vertices1 = vertices; 
        elseif theta(jj) > 0 
            vertices1(:,[1 3 5 7]) = allvertices(:,[1 2 4 6],count2); 
            vertices1(:,[2 4 6]) = Ax*vertices(:,[2 4 6]); 
            count2=count+1; 
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        elseif theta(jj) < 0 
            vertices1(:,[1 2 4 6]) = allvertices(:,[1 3 5 7],count3); 
            vertices1(:,[3 5 7]) = Ax*vertices(:,[3 5 7]); 
            count3=count+1; 
%         else 
%             vertexlist(:,[1 :3) = allvertices(:,[1 4:5],count-1); 
%             vertexlist(:,4:5) = rotationMat*vertices(:,4:5); 
        end 

         
%         figure(99) 
%         plot3(vertices1(1,:),vertices1(2,:),vertices1(3,:),'o');hold all 

         
        if abs(m(jj))<1e-15 
            lopps = 1; 
        else  
            lopps = 2*ceil(m(jj)); 
        end 

         
    for ii=1:lopps 
        count=count+1; 

  
        % set up rotation of unit vector on which the cone is aligned 
        if lopps == 1 
            rotTheta = 0; 
        else 
            rotTheta = pi/(m(jj))*(ii-1);%phi(ii); 
        end 
        Ay = [cos(rotTheta) 0 sin(rotTheta);0 1 0;-sin(rotTheta) 0 

cos(rotTheta)]; 
       % rotationMat = Ax*Ay; 

  
        if rotTheta == 0 
            vertexlist = Ay*vertices1; 
            count1=count; 
        elseif ii == lopps 
            vertexlist(:,[1 2 3]) = allvertices(:,[1 6 7],count-1); 
            vertexlist(:,6:7) = allvertices(:,2:3,count1); 
            vertexlist(:,4:5) = Ay*vertices1(:,4:5); 
        else 
            vertexlist(:,[1 2 3]) = allvertices(:,[1 6 7],count-1); 
            vertexlist(:,4:7) = Ay*vertices1(:,4:7); 
        end 

             
        allvertices(:,:,count)=vertexlist; 

  

   
        P = 

alphaShape(vertexlist(1,:)',vertexlist(2,:)',vertexlist(3,:)',17); 
        cone = inShape(P,xx,yy,zz); 

  
        % plot points for which the cone equation is satisfied 
        xx1=xx(cone);yy1=yy(cone);zz1=zz(cone); 
        lgths(count)=length(xx1); 
%         if jj>0.6*length(theta) 
%             P = 

alphaShape(vertexlist(1,:)',vertexlist(2,:)',vertexlist(3,:)',P.Alpha+4); 
%             cone = inShape(P,xx,yy,zz); 
%             xx1=xx(cone);yy1=yy(cone);zz1=zz(cone); 
%             lgths(count)=length(xx1); 
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%         end 

         
        if P.Alpha>maxAlpha 
            maxAlpha=P.Alpha; 
%             lgths(count)<0.8*mean(lgths(1:count)) 
%             temp=P.Alpha+0.1; 
%             P = 

alphaShape(vertexlist(1,:)',vertexlist(2,:)',vertexlist(3,:)',temp); 
%             cone = inShape(P,xx,yy,zz); 
%             xx1=xx(cone);yy1=yy(cone);zz1=zz(cone); 
        end         

         
        sample=xx1.^2+yy1.^2+zz1.^2; 
        [sample, idx]=sort(sample(:)); 

  
         kx(1:length(sample),count)=xx1(idx(1:length(sample))); 
        ky(1:length(sample),count)=yy1(idx(1:length(sample))); 
        kz(1:length(sample),count)=zz1(idx(1:length(sample))); 
%          kx(1:pts,count)=xx1(idx(1:pts)); 
%          ky(1:pts,count)=yy1(idx(1:pts)); 
%          kz(1:pts,count)=zz1(idx(1:pts)); 

  
    end 
end 

  
kx=kx(:,[1:count]); 
ky=ky(:,[1:count]); 
kz=kz(:,[1:count]); 
% kx=kx(:,[1:count-3 count-1]); 
% ky=ky(:,[1:count-3 count-1]); 
% kz=kz(:,[1:count-3 count-1]); 

  
figure(1); 
plot3(kx,ky,kz,'.') 

  
kdat2=zeros(64,64,64);  

  
for iN=1:length(kx(:)) 
    if abs(kx(iN))<32 && abs(ky(iN))<32 && abs(kz(iN))<32 
        kdat2(kx(iN)+33, ky(iN)+33, kz(iN)+33)=1;  
    end 
end 

  
maxlength=1350; 

  
for iN = 1:length(lgths) 
    if lgths(iN)>maxlength 
        [val loc] = min(lgths); 
        kx(lgths(loc)+1:lgths(iN)-

maxlength+lgths(loc),loc)=kx(maxlength+1:lgths(iN),iN); 
        ky(lgths(loc)+1:lgths(iN)-

maxlength+lgths(loc),loc)=ky(maxlength+1:lgths(iN),iN); 
        kz(lgths(loc)+1:lgths(iN)-

maxlength+lgths(loc),loc)=kz(maxlength+1:lgths(iN),iN); 
        lgths(loc)=lgths(loc)+lgths(iN)-maxlength; 
        lgths(iN)=maxlength; 
    end 
end 
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kx=kx(1:maxlength,:); 
ky=ky(1:maxlength,:); 
kz=kz(1:maxlength,:); 

  
% xx1=xx(kdat2==0); 
% yy1=yy(kdat2==0); 
% zz1=zz(kdat2==0); 

  
count=0; 
for iX = -31:31 
    for iY = -31:31 
        for iZ = -31:31 
            if (kdat2(iX+33,iY+33,iZ+33)==0) && (iX^2+iY^2+iZ^2 < 32^2) 
                count = count + 1; 
                unsampled(:,count) = [iX,iY,iZ]; 
                %temp(iX+33,iY+33,iZ+33)=1; 
            end 
        end 
    end 
end 

  
count=0; 
for iN = 1:size(unsampled,2) 
    [xl, yl] = find(abs(kx-unsampled(1,iN))<=2&abs(ky-

unsampled(2,iN))<=2&abs(kz-unsampled(3,iN))<=2); 
        [val loc] = min(lgths(yl)); 
        if val < maxlength 
            kx(xl(loc)+1:end,yl(loc))=kx(xl(loc):end-1,yl(loc)); 
            kx(xl(loc),yl(loc))=unsampled(1,iN); 
            ky(xl(loc)+1:end,yl(loc))=ky(xl(loc):end-1,yl(loc)); %y 
            ky(xl(loc),yl(loc))=unsampled(2,iN); 
            kz(xl(loc)+1:end,yl(loc))=kz(xl(loc):end-1,yl(loc)); %z 
            kz(xl(loc),yl(loc))=unsampled(3,iN); 
            lgths(yl(loc))=lgths(yl(loc))+1; 
            temp(iN)=yl(loc); 
        else 
            count=count+1; 
            missing(count)=iN; 
        end 
%     end 
end 

  
kdat2(:)=0; 
for iN=1:length(kx(:)) 
    kdat2(kx(iN)+33, ky(iN)+33, kz(iN)+33)=1;  
end 

  

  
k1=[kx(:) ky(:) kz(:)]; 
[k2, ia] =unique(k1,'rows'); 

  
indx=1:size(k1,1); 
indx(ia)=[]; 

  
figure(2);hold off;plot3(kx(indx),ky(indx),kz(indx),'.') 
hold all 
plot3(squeeze(allvertices(1,:,:)),squeeze(allvertices(2,:,:)),squeeze(allve

rtices(3,:,:)),'o') 
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repeats = sum(sum(abs(k1)>0,2)>0)-size(k2,1); 

  

  
maxval=max([max(abs(kx(:))),max(abs(ky(:))),max(abs(kz(:)))]); 

  
gxx=kx; 

  
fileID = fopen('gx.txt','w'); 
gx=fprintf(fileID,'%.6f\n',kx/maxval);  
fclose(fileID); 

  
gyy=ky; 

  
fileID = fopen('gy.txt','w'); 
gy=fprintf(fileID,'%.6f\n',ky/maxval);  
fclose(fileID); 

  
gzz=kz; 

  
fileID = fopen('gz.txt','w'); 
gz=fprintf(fileID,'%.6f\n',kz/maxval);  
fclose(fileID); 

 

8.2 Appendix B: MATLAB script for converting the data obtained from 

MRI using SPRITE pulse sequence to solid fraction  

This script converts the acquired MRI data to a solid fraction map. The acquired data 

are initially in the form of number of cones and number of points per each cone, which will be 

reshaped into a 64×64×64 matrix. The k-space locations generated in the previous script are 

stored in “klocs62”, which is used to map the k-space data. The mapped k-space data will then 

Fourier transformed into real-space data and generate a 3D image of the sample. This image 

will be divided by the homogeneity map (an average of 6 or more static images) and the 

reference signal (i.e. pouch). The corrected and referenced image will be calibrated to produce 

a 3D map of the solid fraction, which is then radially averaged. 

exno = 10                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              

; 
ns=3;  %number of images 
addpath(genpath('H:\Maral\2021-03-26')) 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% parameters  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
global gamma  
gamma=2.68*1e8; 
dim1=64;           
dim2=64;           
dim3=64;     
N_c=110;   %number of cones 
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pts=1352;  %number of points per cone 
N1 = max(ceil(pts/128)*128,128); 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
fp=fopen([num2str(exno) '\ser'],'rb'); 
mat1d=fread(fp,[2 inf],'int32','b'); 
mat=mat1d(1,:)+1i*mat1d(2,:); 
mat=reshape(mat,[N1,N_c,2,ns]); 
mat=mat(2:pts+1,:,:,:);               
mat = squeeze(sum(mat,3)); 

  

     
load klocs62             %k-space locations              
imgs=zeros(32*2,32*2,32*2,ns); 

  
for im = 1:size(mat,3) 
    kdat=zeros(dim1,dim2,dim3); 
    smpl=kdat; 
    matload=mat(1:pts,1:N_c,im); 

     
    count=1; 

     
    for iN=1:length(gxx(:)) 

     
        if(gxx(iN)==0&& gyy(iN)==0&& gzz(iN)==0) 
                kzero(count)=matload(iN); 
                count=count+1; 
        end 

         
      if abs(matload(iN))>0.8*abs(kdat(gxx(iN)+dim1/2+1, gyy(iN)+dim2/2+1, 

gzz(iN)+dim3/2+1))   
        kdat(gxx(iN)+dim1/2+1, gyy(iN)+dim2/2+1, 

gzz(iN)+dim3/2+1)=matload(iN)+kdat(gxx(iN)+dim1/2+1, gyy(iN)+dim2/2+1, 

gzz(iN)+dim3/2+1); 
        smpl(gxx(iN)+dim1/2+1, gyy(iN)+dim2/2+1, 

gzz(iN)+dim3/2+1)=smpl(gxx(iN)+dim1/2+1, gyy(iN)+dim2/2+1, 

gzz(iN)+dim3/2+1)+1; 

  
      end 

  
    end 
    kdat(smpl>1) = kdat(smpl>1)./smpl(smpl>1); 

  

  
    kdat(dim1/2+1,dim2/2+1,dim3/2+1)=mean(kzero(kzero>1.3*mean(kzero)));  

     
    

img=(fftshift(fftn(fftshift(kdat./kdat(33,33,33)*abs(kdat(33,33,33)))))); 

  
    imgs(:,:,:,im)=img; 
end 

  
expn=abs(sum(imgs,4)); 

  
load mapf64_3d  %homogeneity map 
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%mapf64_3d=imdiffusefilt((abs(map64_3d(:,:,:))/2e5),'gradientThreshold',0.5

,'NumberofIterations',5); 
%map64_3d =(exp1+exp2+exp3+exp4+exp5+exp6)/6; 

 
pouch=mean(mean(mean(exps(52:57,52:57,47:52)))); %reference signal 

  
exps=expn./mapf64_3d/pouch; %corrected image 

  
figure(1) 
imagesc(abs(squeeze(expn(:,34,:))), [0 4.5e5]);  
title('Raw image'); 

  
figure(2) 
imagesc(abs(squeeze(exps(:,34,:))), [0 2]);  
title('Corrected image'); 

  
% Radial averaging 
%------------------------------------------------------------------------- 
exp=exps; 
[rows, columns, arrays] = size(exp(:,:,:)); 

  
xc=33.0; yc=32.3;  

  
figure(3) 
imagesc(abs(squeeze(exp(:,:,33)))); 
axis on; 
hold on; 
line([xc, xc], [1, rows], 'Color', 'r', 'LineWidth', 2); 
line([1, columns], [yc, yc], 'Color', 'r', 'LineWidth', 2); 

  
profileSums = zeros(50, 64); 
profileCounts = zeros(50, 64); 

  
for z = 1 : size(exp,3) 
      for iX = 1 :size(exp,2) 
           for jY = 1 : size(exp,1) 
                    r = ceil(((iX-xc)^2+(jY-yc)^2)^0.5); 
            if r == 0 
                r=1; 
            end 

                         
           profileSums(r,z) = profileSums(r,z) + (exp(iX,jY,z)); 
           profileCounts(r,z) = profileCounts(r,z) + 1; 

  
           end 
      end 
end 

  
averageRadialProfile = profileSums ./ profileCounts; 

  
ax = gca; 
xTickNumbers = ax.XTick; 
xTickNumbers(xTickNumbers == 0) = [];   
radii = xTickNumbers; 
centers = repmat([xc, yc], length(radii), 1); 
figure(3)  
hold on; 
viscircles(centers,radii); % Plot the circ 
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fi1=0.63*abs(averageRadialProfile(1:32,:)); 
fi2=fliplr(fi1); 
fi1=rot90(fi1); 
fi1=rot90(fi1); 
fi=zeros(64,64); 
fi(1:32,:)=fi1; 
fi(33:64,:)=fi2; 
fi=fliplr(fi); 

  

  
figure (4) 
imagesc(fi) 
title('Solid fraction map'); 

8.3 Appendix C: MATLAB script for converting the data obtained from 

MRI using PGSE pulse sequence to velocity 

This script converts the acquired MRI data to a 64×64 velocity map. The velocity in 

each pixel was calculated by fitting a linear equation to the phase shift of the signal from one 

flow encoding step to another. There are 9 flow-encoding steps with maximum gradient 

strength of 41.23487%, which means the line was fitted to 9 points to acquire the velocity for 

each pixel of the velocity map. 

global gamma  
gamma=2.68*1e8;    %rad/s/T 
dim1=128;          %TD 
dim2=64;           %Phase-encoding steps 
qstep=9;           %Flow-encoding  steps   

  
bdel=0.001412;      %s 
ldel=0.000150;      %s 
gcalib=1.51;        %T/m  
g=41.23487;         %q-gradient strength  
gmax=gcalib*g/100;  %q-gradient strength (T/m) 
threshold=1e5; 

  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% nqstep=qstep/2;     %center of q space for even number of q space 
nqstep=(qstep+1)/2;   %center of q space for odd number of q space 
matload=loaddata_M(dim1,dim2,qstep); 
matload=matload(1:64,:,:); 

  
dim1=dim1/2; 

  
%%%%%%%%%%%%%% 
%FID 
%%%%%%%%%%%%%% 

  
figure(1) 
plot(real(matload(:))) 
figure(2) 
plot(imag(matload(:))) 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Image 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
for i=1:qstep 
    matv_temp=reshape(matload(:,:,i),dim1,dim2);   %q-space 
    matv_temp=fftshift(matv_temp);                 %shift zero to the 

center of q-space 
    matv_temp_ft=fft2(matv_temp);                  %image containing motion 

signal 
    matv_temp_ft=fftshift(matv_temp_ft);            
    matv_ft(:,:,i)=matv_temp_ft;                    
end 

  
matv_ft_mg=abs(matv_ft); 

 
matv_ft_ph=imag(matv_ft); 
matv_ft_rel=real(matv_ft); 

  

  
%%%%%%%%%% 
figure(3) 
im2dplot(dim1,dim2,matv_ft_mg(:,:,nqstep)) 

 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% velocity calculation 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  
v2=vel_clc_ph1(matv_ft,bdel,ldel,gmax,threshold); 

  
function vel=vel_clc_ph1(mat,bdel,ldel,gmax,threshold) 
global gamma 
[w,l,d]=size(mat); 

  
if d>1  
    qk=gamma*ldel*bdel*gmax; 
    xax=linspace(-qk,qk,d+1)'; 
    xax=xax(1:end-1); 
    phi=zeros(size(mat)); 
    c=zeros(w,l);  
    for i=1:w 
        for j=1:l 
            if abs(mat(i,j,(d+1)/2))>threshold 
               phi(i,j,:)=unwrap(atan2(imag(mat(i,j,:)),real(mat(i,j,:)))); 
               p=polyfit(xax,squeeze(phi(i,j,:)),1); 
               c(i,j)=p(1); 
               if p(1)<0 
                   phi(i,j,:)=-phi(i,j,:); 
                   p=polyfit(xax,squeeze(phi(i,j,:)),1); 
               c(i,j)=p(1); 
               end 
            end 
        end 
    end 
end 
vel=c; 
end 
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8.4 Appendix D: MRI pulse sequence for solid fraction measurements  

This script is the sectoral-SPRITE pulse sequence used for solid fraction experiments. 

“sectoral_gx”, “sectoral_gy”, and “sectoral_gz” are the values of gradient strengths (gx, gy, and 

gz text files in appendix A). The critical variables that are required to set to run this sequence 

each time are cnst21, cnst22, and cnst23 that determine the Field of View in x, y, and z direction, 

respectively. The first loop counter (i.e. TD_div2) traverse through number of points. The 

second loop counter (i.e. td1) traverse through number of cones, and the third loop counter (i.e. 

l3) is the number of scans or the number of repetitions for the whole experiment.    

 

define list<gradient> EA=<EA> 

;$Id: Grad2.incl,v 1.12 2007/01/22 14:22:35 ber Exp $ 

# 4 "/opt/topspin/exp/stan/nmr/lists/pp/user/sectoral_sprite1.mm" 2 

# 1 "/opt/topspin/exp/stan/nmr/lists/pp/user/Spa.incl" 1 

;Spa.incl 

;avance-version (02/05/31) 

define delay dwTime 

 "dwTime=2*dw-1u" 

# 621 "/opt/topspin/exp/stan/nmr/lists/pp/user/Spa.incl" 

;$Id: Spa.incl,v 1.8 2002/06/12 09:04:22 ber Exp $ 

# 5 "/opt/topspin/exp/stan/nmr/lists/pp/user/sectoral_sprite1.mm" 2 

# 1 "/opt/topspin/exp/stan/nmr/lists/pp/De.incl" 1 

;De.incl 

;avance-version (06/03/10) 

; 

;$CLASS=HighRes Incl 

;$COMMENT= 

define delay rde1 

define delay rderx 

define delay rdeadc 

define delay rdepa 

"rde1=de-de1" 

"rderx=de-derx" 

"rdeadc=de-deadc" 

"rdepa=de-depa" 

;$Id: De1.incl,v 1.4 2006/03/10 18:17:18 ber Exp $ 

# 6 "/opt/topspin/exp/stan/nmr/lists/pp/user/sectoral_sprite1.mm" 2 

define loopcounter TD_div2 

define list<gradient> ramp_down =<ramp_down>  

define list<gradient> sectoral_gx=<sectoral_gx> 

define list<gradient> sectoral_gy=<sectoral_gy> 

define list<gradient> sectoral_gz=<sectoral_gz> 

"TD_div2=td/2" 

# 1 "mc_line 17 file 

/opt/topspin/exp/stan/nmr/lists/pp/user/sectoral_sprite1.mm dc-

measurement inserted automatically" 

    dccorr 

# 17 "/opt/topspin/exp/stan/nmr/lists/pp/user/sectoral_sprite1.mm" 

    ze                   ;set the scan counter to zero 

1   100u adc ph31          ;opens the receiver and starts the digitizer     

    d1  setrtp1^0^1^2          ;blanking the receiver     

    100u  pl1:f1 
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    100u ;fq1:f1 

2   d16 grad{ sectoral_gx(cnst21) | sectoral_gy(cnst22)| 

sectoral_gz(cnst23)} 

   

    d2                  ;stabilization time  

    p6 ph1              ;small degree hard pulse                                          

    d20 setrtp1|0|1|2 syrec ;unblanking synthesizer in receiver mode     

    \n 1u setrtp1|7 \n dwTime setrtp1^7            ;Single Point 

Acquisition     

    d21 sytra setrtp1^0^1^2   ;blanking the receiver and switch back to 

transmitter mode  

     

    20u igrad sectoral_gx  

    20u igrad sectoral_gy  

    20u igrad sectoral_gz 

     

    lo to 2 times TD_div2      ;number of points per cone N=Nr*Nt  

      

    d16 grad{(0) | (0) | (0)} 

    rcycnp=1 

    500u wr #0 if #0   

         

    lo to 1 times td1      ;number of cones (N_c) 

    100u ipp1 ipp31       ;increment phase pointer  

    lo to 1 times l3      ;number of scans 

   

  exit 

; phase cycling 

ph1 =  1 3 

ph30 = 0 0 

ph31 = 1 3 

8.5 Appendix E: MRI pulse sequence for velocity measurements  

This script is the sectoral-SPRITE pulse sequence used for velocity experiments. The 

critical variables that are required to set to run this sequence each time are cnst21, cnst22, … 

and cnst27, which are read gradient strength, phase encoding gradient strength, flow 

compensation for read gradient, flow compensation for phase encoding gradient, flow 

compensation for slice gradient, slice gradient strength, flow gradient strength in read direction, 

flow gradient strength in phase direction, and flow gradient strength in slice direction, 

respectively. Here, we acquired vertical images of vertical velocity, which means we used the 

flow gradient strength in z-direction, which was the direction of the phase gradient, cnst26 and 

set the other flow gradients (cns25 and cnst27) zero. The first loop counter (td2) traverse 

through phase gradient steps, the second one (td1) traverse through flow encoding gradient 

steps, and the last one (l1) is the number of scans or the repetition of the experiment. 
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define list<gradient> EA=<EA> 

;$Id: Grad2.incl,v 1.12 2007/01/22 14:22:35 ber Exp $ 

# 19 "/opt/topspin/exp/stan/nmr/lists/pp/user/imflow_djh.mm" 2 

# 1 "/opt/topspin/exp/stan/nmr/lists/pp/De.incl" 1 

;De.incl 

; 

;avance-version (06/03/10) 

; 

;$CLASS=HighRes Incl 

;$COMMENT= 

define delay rde1 

define delay rderx 

define delay rdeadc 

define delay rdepa 

"rde1=de-de1" 

"rderx=de-derx" 

"rdeadc=de-deadc" 

"rdepa=de-depa" 

;$Id: De1.incl,v 1.4 2006/03/10 18:17:18 ber Exp $ 

# 20 "/opt/topspin/exp/stan/nmr/lists/pp/user/imflow_djh.mm" 2 

lgrad r2d = td2 

lgrad r3d = td1 

define list <gradient> ramp_up=<ramp_up> 

define list <gradient> ramp_down=<ramp_down> 

"d22 = d2/2" 

"d23 = d2 - de" 

 aqseq 321 

"cnst31=cnst21+cnst22+cnst23+cnst24+cnst25+cnst26+cnst27+cnst28+cnst29" 

# 1 "mc_line 34 file 

/opt/topspin/exp/stan/nmr/lists/pp/user/imflow_djh.mm dc-measurement 

inserted automatically" 

    dccorr 

# 34 "/opt/topspin/exp/stan/nmr/lists/pp/user/imflow_djh.mm" 

ze 

200u setnmr0|34|32|33 ctrlgrad 0 

start,      d1     

   20u pl1:f1 

         p1:f1 ph1       ; (90 degree) excitation  hard pulse 

   d12 grad{ramp_up(cnst25,10)*r3d |

 ramp_up(cnst26,10)*r3d | ramp_up(cnst27,10)*r3d } 

   d2 

   d5    

   d12 grad{ramp_down(cnst25,10)*r3d |

 ramp_down(cnst26,10)*r3d | ramp_down(cnst27,10)*r3d } 

   d2 

    d12 grad{ramp_up(cnst21,10) |

 ramp_up(cnst22,10)*r2d | (0) } 

   d2 

   d3   

   d12 grad{ramp_down(cnst21,10) |

 ramp_down(cnst22,10)*r2d | (0) } 

   d2 

        d9 

   d12 grad{ (0) | (0) | ramp_up(cnst29,10)

 } 

   d2 

   p4:sp1:f1 ph2 ; 180 degree soft pulse 

   ;d19 
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   d12 grad{ (0) | (0) | ramp_down(cnst29,10)

 } 

   d2 

   d9       ; for long TE 

   d12 grad{ramp_up(cnst25,10)*r3d |

 ramp_up(cnst26,10)*r3d | ramp_up(cnst27,10)*r3d } 

   d2 

   d5   

   d12 grad{ramp_down(cnst25,10)*r3d |

 ramp_down(cnst26,10)*r3d | ramp_down(cnst27,10)*r3d } 

   d2  

    d12 grad{ramp_up(cnst24,10) | (0) | (0) } 

   d2 

   (rde1 de1 adc ph31 syrec) (1u 1u ph30:r):f1 (rderx  

derx  setrtp1|1) (rdeadc deadc setrtp1|0|8) (rdepa  depa  setrtp1|2) 

(de)    ; start receiving, takes DE 

   aq cpdngs17:f1 ; start acquisition 

    d12 grad{ramp_down(cnst24,10) | (0) | (0)

 } 

   d2 

        rcyc=start 

     100u wr #0 if #0 zd igrad r2d      ; write data to disc  

    lo to start times td2  ; phase gradient steps 

 4m igrad r3d 

  lo to start times td1  ; flow encoding steps 

  1s rf #0           ; reset file pointer 

lo to start times l1 ; # of averages 

exit 

ph1 = 0 0 0 0 

ph2 = 0 1 2 3 

ph30 = 0 

ph31 = 0 2 0 2 

;cnst21: read gradient 

;cnst22: phase encoding gradient 

;cnst23: flow compensation for read gradient 

;cnst24: flow compensation for phase encoding gradient 

;cnst28: flow compensation for slice gradient 

;cnst29: slice gradient 

;cnst25: flow gradient read direction 

;cnst26: flow gradient phase direction 

;cnst27: flow gradient slice direction 

;cnst31: dummy 
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8.6 Appendix F: Hopper designs generated by SolidWorks 

1) 10° hopper  

 

2) 30° hopper 

 

3) 90° hopper  
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4) 60° hopper  

 

5) Curved hopper 

 

6) Expanded flow hopper 

 

7) 60° hopper with Cone-in-cone insert 
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8) 60° hopper with Inverted-cone-1 inserts 

 

9) 60° hopper with Inverted-cone-2 inserts 

 

10) 60° hopper with Double-cone-1 inserts 

 

11) 60° hopper with Double-cone-2 inserts 

 


