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Abstract. In analogy to thermochemical parameter optimization in the CALculation

of PHAse Diagrams (CALPHAD) approach that relies on a wide variety of

experimental measurements, a thermodynamic parameter optimization strategy

to describe the polarization response with single-crystal Landau coefficients is

documented herein to bridge the gap between CALPHAD, Landau theory and

the generality of phase field theory. As an example, anisotropic Landau

coefficients are obtained by starting from experimental parameters for Pb-free

0.5Ba(Zr0.2Ti0.8)O3-0.5(Ba0.7Ca0.3)TiO3 (BZT-50BCT). Thermodynamic parameters

are optimized separately for the rhombohedral (R) and tetragonal (T) ferroelectric

phases using a combination of single-crystal and polycrystalline polarization and

permittivity data. Parameters are validated against dielectric permittivity as a

function of temperature from single-crystal and polycrystalline samples. The optimized

parameters correctly predict the sequence of phase transitions as a function of

temperature and the paraelectric-ferroelectric transition at 355.5 K is within the

experimentally reported range. An upper thermodynamic limit is predicted for R + T

metastable coexistence at 302.3 K in agreement with the experimentally measured

transition to a stable single T phase for this chemistry at 302 K. The detailed parameter

optimization procedure enables the identification of single-crystal tensor properties

from experimental measurements for a wide variety of chemistries.
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1. Introduction

Ferroelectric (FE) materials are extensively used in essential dielectric and piezoelectric

applications [1]. Recent research on Pb-free and Pb-containing systems has focused

on the region of phase space near FE-FE (interferroelectric) transitions, where two FE

phases coexist and functional properties are enhanced [2,3]. An interferroelectric phase

boundary can be either a compositionally-driven morphotropic phase boundary (MPB)

or a temperature-driven polymorphic phase boundary (PPB) [4, 5].

1.1. Models for Ferroelectric Crystals

Traditionally, the selected regions of interest have been analyzed using phenomenological

approaches that rely on a single Landau-Devonshire thermodynamic potential, see

e.g., [6–9]. For systems with more than one FE phase, all Landau coefficients were

fitted to properties from specific FE phases sequentially based on symmetry arguments.

Despite significant progress, using a unique set of Landau coefficients to describe more

than one FE phase inherently limits the accuracy of predicted properties in the bulk

phases and, particularly, near interferroelectric transitions, see e.g., [10–12]. Hence,

the structural states and mechanisms responsible for the enhanced response in the

vicinity of interferroelectric phase boundaries have not been appropriately examined.

Further, as compared to the description of thermochemical systems, where each phase

is associated to a unique Gibbs energy state function, the ferroelectrics community has

aimed to describe multiple phases with a single free energy state function, even though

the historical intent of the Landau expansion was to describe the physics of the material

in the vicinity of the paraelectric-ferroelectric (P-FE) phase transition [13].

We proposed a novel multi-phase field model for ferroelectric materials, known

as FE-MPF model, to study systems with PPBs [14, 15]. This model couples the

Landau-Devonshire thermodynamic potentials of the coexisting FE phases, each defined

separately with its own set of Landau coefficients. Since the properties of the FE phases

are allowed to vary independently, the FE-MPF model enables a thermodynamically-

consistent description of the bulk phases and interferroelectric transitions, and is

amenable to being easily extended into multiple-phase descriptions in a way that is

consistent with the well established CALculation of PHAse Diagrams (CALPHAD)

approach.

1.2. Examples of Landau Parameterization from Literature

In either treatment, the free energy is parameterized into physically meaningful and

experimentally validated descriptions that enable the equilibrium and kinetic design of

ferroelectric materials. For example, Chen summarized Landau coefficients for various

systems in an Appendix [16], but a validated set of parameters for common materials

or a standard formalism to optimize parameters is missing. Further, the optimization

methods, actual experimental data sets and validation data sets are inconsistent and
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infrequently reported. Both microstructurally-averaged, polycrystalline and single-

crystal Landau coefficients are derived, but must be interpreted carefully.

Polycrystalline Landau coefficients are used for modelling microstructurally-

averaged behaviors. Tan et al. [17] obtained polycrystalline Landau coefficients for

Pb0.99Nb0.02[(Zr0.57Sn0.43)0.94Ti0.06]0.98O3, but only stated that parameter values that

qualitatively agreed with experimental data were selected and reported no optimization

methodology. Zhao et al. [18] reported the polycrystalline Landau coefficients for La-

doped Pb(Zr,Ti)O3 (PZT) and Bi0.5Na0.5TiO3−BaTiO3−K0.5Na0.5NbO3 as a function of

stress by finding the parameters for a unipolar Landau free energy that exactly solved

relations between experimentally measurable quantities in ceramics and the Landau

coefficients.

Single-crystal Landau coefficients for various chemistries with interferroelectric

transitions have been reported in the literature, but methodologies are not specified.

Liang et al. [10] determined the Landau coefficients for KNbO3 over a temperature range

including the two interferroelectric transitions using sequential fitting of parameters

and validation with experimental methods. While no details on the optimization

method were reported, the authors did address the range of reported properties as

obtained from different experimental techniques. Zhang et al. [19, 20] determined

the Landau coefficients for 0.70Pb(Mg1/3Nb2/3)O3 − 0.30PbTiO3 over a temperature

range including an interferroelectric transition and validated them against experimental

lattice parameters. They sequentially fitted parameters against the stable part of

measured hysteresis loops and performed least squares fitting for other parameters,

but data on crystals with slightly different compositions was pooled. Heitmann and

Rossetti [21] parameterized BaTiO3 using isotropic and anisotropic Landau expansion

descriptions, fitted to obtain correct first-order interferroelectric transition temperatures

and validated against experimental single-crystal lattice parameters. In a follow-up

paper, the same authors [6] summarized the thermodynamic models for materials with

interferroelectric transitions and provided an overview of the method to sequentially fit

temperature- and composition-dependent parameters based on the symmetry of coupled

FE phases. However, even though stability requirements and phase diagrams were

used to obtain single-crystal Landau coefficients, the detailed parameter optimization

methods were not reported.

Pitike et al. [22] parameterized a single Landau-Devonshire potential for PbTiO3

over a temperature range including interferroelectric transitions directly from density

functional theory calculations using least squares methods with the requirement of a first

order P-FE transition on the Landau parameters. But the predicted interferroelectric

transitions were not evaluated or discussed. In contrast, Abolhasani et al. [23] used a

genetic algorithm to optimize unipolar, microstructurally-averaged Landau coefficients

for a poly(vinylidene fluoride) (PVDF) nanocomposite, but the details of the method

were not given. Whether the PVDF nanocomposite is a true ferroelectric was disputed

by Huang and coworkers [24], who demonstrated that machine learning methods could

be used to identify ferroelectric P−E hysteresis loops based on the underlying data sets.
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1.3. Lessons from CALPHAD Approach to Parameter Optimization

In this context, parallels to the well-known CALPHAD method are evident [25]. The

success of the CALPHAD method hinges on validated databases of parameters for

thermodynamic potentials based on a wide-variety of well-documented compound and

solution models. The Redlich-Kister polynomial and the sublattice formalisms for excess

Gibbs energy are the most common approaches for thermochemical solutions, while the

Landau polynomial expansion is the most widely used theoretical construct to describe

ferroelectrics. The validated CALPHAD thermochemical parameters are optimized

primarily using experimental data including equilibrium phase stability and properties,

as are Landau parameters.

However, the thermochemical Gibbs energy is a function of scalar fields

(composition, temperature, etc.), while the ferroelectric Gibbs energy is a function of

vector fields (polarization). For ferroelectric systems, grain size [26] and texture [27]

are important due to the vectorial nature of the polarization order parameter and the

desire to obtain the anisotropic, single-crystal Landau parameters. While CALPHAD

parameter optimization is usually a least squares minimization process that accounts

for the accuracy of the experimental measurements [28], a variety of parameter

identification methods, usually described as “parameter fitting”, have been reported

in the ferroelectric literature, often with few specifics.

Dovbenko et al. [29] emphasized the importance of evaluating the accuracy and

reliability of experimental measurements. They highlighted the importance of drawing

from multiple experimental methods to characterize phase equilibria and using lower

order systems to validate higher order predictions, e.g., ternary model parameters

should be validated by comparing their predictions for binary end-members against

binary experimental data. Further, Kroupa [30] advised using a variety of experimental

data, including phase relations and thermodynamic measurements such as enthalpies of

mixing and heat capacities, because thermochemical parameter optimization based only

on phase stabilities can lead to different sets of “optimized” parameters that each predict

the correct phase relations but yield a variety of thermodynamic properties. Moreover,

Schmidt-Fetzer et al. [31] emphasized the importance of documenting the experimental

data and the optimization process for future critical re-assessments.

The CALPHAD extension to ferroelectric modelling highlights experimental

challenges, such as volatilization of TiO2 in BaTiO3-based FEs and segregation

of elements during high temperature synthesis [32, 33] that can induce large

variations in the desired stoichiometry. Electromechanical properties of ceramics vary

considerably depending on raw materials, processing, measurement techniques and

poling conditions [4, 5]. Acosta et al. [4] cautioned that experimental procedures are

not well detailed in many ferroelectric research papers and that the importance of some

of these conditions is often overlooked.
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1.4. BZT-xBCT

Specifically, in Pb-free BaTiO3-based electroceramics, the (1 − x)Ba(Zr0.2Ti0.8)O3-

x(Ba0.7Ca0.3)TiO3 (BZT-xBCT) system has attracted significant research attention,

even though phase stability around its PPB is debated, grey region in Figure 1. While a

fraction of the scientific literature supports the hypothesis that the tetragonal (T) and

rhombohedral (R) phases coexist at the phase boundary [34–39], other authors suggest

that there is an intervening orthorhombic (O) phase and two PPBs [40–44].
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Figure 1. BZT-xBCT pseudo-binary phase diagram, adapted from Torres-Matheus

et al. [14]. The grey area indicates the experimentally determined region of R+T

metastable coexistence (reported elsewhere as an intervening O phase). The region

ringed in blue at the BZT-40BCT composition was studied using a coarse-grained

approach in previous work [14,15]. Here, single-crystal Landau parameters are obtained

for the BZT-50BCT composition to investigate the region of interest near the PPB,

ringed in red.

In previous work, we reported the parameterization of 1D and 2D Landau

expansions for microstructurally-averaged BZT-40BCT in the FE-MPF model by

weighted linear least squares optimization of the P−E experimental data from

polycrystals in the unambiguously single phase regions [14, 15]. Parameters were

validated by comparison of simulated hysteresis loops in the disputed interferroelectric

region of the phase diagram, ringed in blue on Figure 1, to experimental measurements.

All experimental data for optimization and validation were from the same source

experiments [45], and the optimization methodology was given. Analysis supported

R+T coexistence near the PPB.

The most commonly studied composition is BZT-50BCT, also known as

(Ba0.85Ca0.15)(Zr0.1Ti0.9)O3 or 0.5Ba(Zr0.2Ti0.8)O3-0.5(Ba0.7Ca0.3)TiO3, but no single-

crystal Landau parameters derived from experiments on BZT-50BCT were found in
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the literature. Recently, Yang et al. [46] reported single-crystal Landau parameters

for BZT-xBCT as a function of temperature and composition (x), and similarly, Zhou

et al. [47] reported single-crystal Landau parameters for the (1 − x)Ba(Zr0.2Ti0.8)O3-

x(Ba1−yCay)TiO3 system (BZT-xBCyT) as a function of temperature and compositions

(x and y). However, in each study, the coefficients of a single sixth-order Landau-

Devonshire potential were obtained by modifying the Landau parameters for pure

BaTiO3 to obtain phase stabilities consistent with published transition temperatures,

an approach cautioned against for CALPHAD [30]. Neither paper provided details on

the procedures and some measurements on polycrystalline samples were used.

There is a scarcity of single-crystal experimental data for BZT−xBCT. A recent

review of Pb-free ferroelectrics grown by solid state processing highlights the difficulties

of making single crystals and does not list single crystals for BZT−xBCT [48].

Composition control in liquid growth methods is notoriously hard. For example, while

aiming to achieve BZT-50BCT using the flux method, Liu et al. [49] obtained an average

composition of Ba0.798Ca0.202Zr0.006Ti0.994O3 (from energy dispersive spectroscopy),

while Sun et al. [50] obtained Ba0.9819Ca0.0181Zr0.0004Ti0.9996O3 (from inductively coupled

plasma mass spectrometry). The closest single crystal to BZT-50BCT was reported by

Benabdallah et al. [51] with composition (Ba0.838Ca0.162)(Ti0.854Zr0.146)O3 (from electron

probe microanalysis).

In this study, we present a general method for optimizing single-crystal Landau

coefficients for a ferroelectric with sparse single-crystal experimental data. We document

the methodology, including how experimental data from polycrystalline samples is used

to estimate single-crystal properties. As an example, we use BZT-50BCT with the FE-

MPF model, where each set of Landau coefficients is optimized using data measured in

the unambiguously single-phase regions of the phase diagram. Drawing on best practice

from the CALPHAD community, we discuss the opportunities for ferroelectric research.

2. Theoretical Model

2.1. Ferroelectric Multi-phase Field Model

The total Helmholtz free energy of a strain-free FE system of volume V , where a

polymorphic phase transition occurs at T = TPPB for fixed composition, is defined

as [14,15]

F [~P , φ; ~E, T ] =

∫
V

{
f(~P , φ; ~E, T ) +

1

2

3∑
k,l=1

3∑
i,j=1

Kijkl
∂Pk
∂xi

∂Pl
∂xj

+
1

2

3∑
i,j=1

Kij
∂φ

∂xi

∂φ

∂xj

}
dV, (1)

where T is the temperature of interest, ~E is the electric field, ~P is the polarization, φ is a

phase field variable describing the interacting FE phases, Kijkl = KP is the polarization

gradient energy coefficient, and Kij = Kφ is the phase gradient energy coefficient.
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For a system with T and R ferroelectric phases, see Figure 1, the volumetric free

energy density in a given grain (crystal) is calculated as

f(~P , φ; ~E, T ) = fR(~P ; ~E, T )[1− h(φ)] + fT(~P ; ~E, T )h(φ) +Wg(φ), (2)

where φ = 0 corresponds to the R phase and φ = 1 corresponds to the T phase;

h(φ) = φ3(6φ2 − 15φ + 10) is a function that interpolates between the free energy

densities of the two phases, fR and fT; g(φ) = φ2(1−φ)2 is a double-well potential that

prevents unphysical phase transitions; and W is the double-well coefficient that controls

the height of the energy barrier between FE phases. The individual homogeneous free

energy densities are defined herein as

fT(~P ; ~E, T ) = f ◦T(~P ; ~E, T ), (3a)

fR(~P ; ~E, T ) = f ◦R(~P ; ~E, T ) + ∆fPPB, (3b)

where f ◦T and f ◦R are the free energy densities traditionally described by the Helmholtz

thermodynamic potential with respect to the cubic (C) paraelectric phase, and ∆fPPB =

f ◦T(~PsT;~0, TPPB)− f ◦R(~PsR;~0, TPPB), see [14,15] for full details.

According to Cao [52, 53], the Helmholtz thermodynamic potential up to the

sixth-order terms is generally expressed in terms of three polarization components,
~P = (P1, P2, P3), as the following Landau-Devonshire potential

f ◦(~P ; ~E, T ) = α1(P
2
1 + P 2

2 + P 2
3 ) + α11(P

4
1 + P 4

2 + P 4
3 )

+ α12(P
2
1P

2
2 + P 2

2P
2
3 + P 2

1P
2
3 ) + α111(P

6
1 + P 6

2 + P 6
3 )

+ α112

[
P 4
1 (P 2

2 + P 2
3 ) + P 4

2 (P 2
1 + P 2

3 ) + P 4
3 (P 2

1 + P 2
2 )
]

+ α123P
2
1P

2
2P

2
3 − P1E1 − P2E2 − P3E3, (4)

where the leading coefficient is commonly defined as α1 = αCW (T − TCW ), where TCW
is the Curie-Weiss temperature and αCW > 0 is the Curie-Weiss constant; while the

other expansion parameters are considered temperature-independent [54]. This is the

simplest polynomial expansion that stabilizes R and T phase symmetries. For first

order paraelectric-ferroelectric transitions, the Curie temperature is TC = TCW +3(α11+

α12)
2/[4αCW (3α111+6α112+α123)], and the maximum temperature limit of metastability

of the ferroelectric phase is Tmax = TCW + (α11 + α12)
2/[αCW (3α111 + 6α112 + α123)].

The allowed domain states, or variants, for each FE phase depend on its crystal

structure. For the T phase, polarizations are along the 〈100〉 directions of the local

pseudocubic axes with coordinates [x1, x2, x3]; while for the R phase, polarizations are

along the pseudocubic 〈111〉 family of directions. Considering the case of ~PT = (0, 0, P3)

and ~PR = (P3, P3, P3) in the absence of an applied electric field ( ~E = ~0), the volumetric

free energy densities f ◦T and f ◦R are obtained from (4) as

f ◦T(~PT;T ) = α1,TP
2
3 + α11,TP

4
3 + α111,TP

6
3 , (5a)

f ◦R(~PR;T ) = 3α1,RP
2
3 + 3(α11,R + α12,R)P 4

3

+ (3α111,R + 6α112,R + α123,R)P 6
3 , (5b)

where subscripts T and R are used to denote the set of Landau coefficients in the T

and R phases. Further, the equilibrium states are obtained from the minimization of
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(4) and substitution of the allowed solutions for polarization in each phase, i.e.,

∂f ◦T(~P ;T )

∂P3

∣∣∣∣∣
~P=~Ps,T

= α1,T + 2α11,TP
2
s3,T + 3α111,TP

4
s3,T = 0, (6a)

∂f ◦R(~P ;T )

∂P3

∣∣∣∣∣
~P=~Ps,R

= α1,R + 2(α11,R + α12,R)P 2
s3,R

+ (3α111,R + 6α112,R + α123,R)P 4
s3,R = 0, (6b)

where Ps3 is the component of the spontaneous polarization that stabilizes the system

in the absence of applied electric fields. The spontaneous polarization is defined as

‖~Ps,T‖ = Ps3,T for the T phase and ‖~Ps,R‖ =
√

3Ps3,R for the R phase, and its magnitude

is obtained from (6a) and (6b) as

Ps3,T = ±

−α11,T +
√
α2
11,T − 3α1,Tα111,T

3α111,T

1/2

, (7a)

Ps3,R = ±
[

−(α11,R + α12,R)

3α111,R + 6α112,R + α123,R

+

√
(α11,R + α12,R)2 − α1,R(3α111,R + 6α112,R + α123,R)

3α111,R + 6α112,R + α123,R

]1/2
. (7b)

Similarly, the longitudinal and transverse components of the dielectric permittivity

are determined from the second partial derivatives of (4), i.e.,

∂2f ◦

∂P 2
3

=
∂E3

∂P3

=
1

ε33
= 2α1 + 12α11P

2
3 + 2α12(P

2
1 + P 2

2 ) + 30α111P
4
3

+ 2α112[P
4
1 + P 4

2 + 6P 2
3 (P 2

1 + P 2
2 )] + 2α123P

2
1P

2
2 , (8a)

∂2f ◦

∂P 2
1

=
∂E1

∂P1

=
1

ε11
= 2α1 + 12α11P

2
1 + 2α12(P

2
2 + P 2

3 ) + 30α111P
4
1

+ 2α112[P
4
2 + P 4

3 + 6P 2
1 (P 2

2 + P 2
3 )] + 2α123P

2
2P

2
3 , (8b)

∂2f ◦

∂P1∂P2

=
∂E1

∂P2

=
1

ε12
= 4α12P1P2 + 8α112(P1P

3
2 + P 3

1P2) + 4α123P1P2P
2
3 . (8c)

Note that similar expressions can be written for ε22, ε23 and ε31. Based on the

condition of zero applied field, (8a) through (8c) can be simplified by substituting the

spontaneous polarization of each phase. Hence,

For the T phase: [55]

ε33,T = (2α1,T + 12α11,TP
2
s3,T + 30α111,TP

4
s3,T)−1, (9a)

ε11,T = ε22,T = (2α1,T + 2α12,TP
2
s3,T + 2α112,TP

4
s3,T)−1, (9b)

ε12,T = ε23,T = ε31,T = 0. (9c)

For the R phase: [56]

ε33,R = ε22,R = ε11,R = [2α1,R + (12α11,R + 4α12,R)P 2
s3,R

+ (30α111,R + 28α112,R + 2α123,R)P 4
s3,R]−1, (10a)

ε12,R = ε23,R = ε31,R = [4α12,RP
2
s3,R + (16α112,R + 4α123,R)P 4

s3,R]−1. (10b)
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Alternatively, the dielectric permittivity in the R phase can be expressed using a

new local coordinate system such that the x3 axis is parallel to the [111] direction.

Expressing (10a) and (10b) in the new local coordinate system [x′1, x
′
2, x
′
3] results

in a diagonal matrix, similar to that obtained for the T phase, with the following

elements [10,11]

ε′33,R = ε11,R + 2ε12,R, (11a)

ε′11,R = ε′22,R = ε11,R − ε12,R, (11b)

ε′12,R = ε′23,R = ε′31,R = 0. (11c)

2.2. Intrinsic Properties of Ferroelectric Ceramics

The properties of FE ceramics consist of two contributions: intrinsic, which originate

from lattice dynamics and are equivalent to properties obtained from a single domain;

and extrinsic, which represent non-lattice contributions and arise mainly from changes

at domain walls and grain boundaries [57, 58]. Further, poled FE ceramics with

randomly oriented grains are transversely isotropic around the poling axis regardless of

the crystal symmetry [58–60]. Hence, for a polycrystalline sample described by global

coordinates [X1, X2, X3] with an electric field applied along the global [0, 0, 1] direction,

the resulting through-thickness polarization and dielectric permittivity have the same

non-zero elements as crystals that belong to point group 6mm, i.e., [59, 61]

~P =

 0

0

P3

 ,
↔
ε =

 ε11 0 0

0 ε11 0

0 0 ε33

 . (12)

The intrinsic properties given by Equation (12) depend on, and are limited by,

the allowed polarization directions associated with the crystal symmetry of the FE

phase(s) [59]. The maximum achievable properties of FE ceramics in a saturated poling

state have been estimated from single-crystal data via probability density functions of

orientation (PDFOs) [57], pole figures [62], inverse pole figures [63] and/or orientation

distribution function (ODF) [60, 64, 65] methods. In these models, macroscopic

properties are estimated as the averaged response of randomly oriented grains over the

entire orientation space. A Reuss type approximation [66] is commonly adopted, which

neglects the interaction between crystals by assuming that domains are independent of

each other and that the internal and external electromechanical loadings are equal.

For the T and R phases, the saturated remnant polarization of FE ceramics, P ∗r , can

be estimated from the magnitude of the spontaneous polarization in the single crystal

as [57, 59,60,62–65]

P ∗rT = 0.8312PsT, (13a)

P ∗rR = 0.8660PsR. (13b)

Similarly, the saturated macroscopic dielectric permittivities along the polarization
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direction, ε∗33, and in the transverse direction, ε∗11, are [57,60][
ε∗11,T
ε∗33,T

]
=

1

3π

[
2π +

√
3 π −

√
3

2π − 2
√

3 π + 2
√

3

][
ε11,T
ε33,T

]
, (14a)[

ε∗11,R
ε∗33,R

]
=

1

3π

[
2π + 2 π − 2

2π − 4 π + 4

][
ε′11,R
ε′33,R

]
, (14b)

where ε33 (ε′33) and ε11 (ε′11) are the longitudinal and transverse permittivity components

in a single FE domain [57]. These solutions, which assume a fully saturated poling

state, are ideal and provide an upper limit to the properties of polycrystalline

ferroelectrics [58,60]. However, FE ceramics rarely reach a fully poled state [57,59,65].

Many domains cannot reorient along available polarization directions due to internal

fields associated with grain boundaries, and some domains will switch back after removal

of the poling field [59].

Hou et al. [57] developed a model for unsaturated poling states by incorporating

additional parameters into the PDFOs to account for the remnant switching fraction of

different types of domain switching, which can be determined using X-ray diffraction

(XRD). Thus, the remnant polarization in an unsaturated state, P ∗∗r , is given by

P ∗∗rT =

(
1− 1

3
t180 −

2

3
t90

)
0.8312PsT, (15a)

P ∗∗rR =

(
1− 3

8
r71 −

3

8
r109 −

1

4
r180

)
0.8660PsR

+

√
3

16
(r71 − r109)PsR, (15b)

where t90 and t180 are the remnant fractions of 90◦ and 180◦ switching in the T phase;

and r71, r109 and r180 are the remnant fractions of 71◦, 109◦ and 180◦ switching in the

R phase. When all the remnant switching fractions are zero, (15a) and (15b) reduce

to the saturated poling state; and when all the remnant switching fractions are one,

the equations reduce to the randomly-oriented initial state. Similarly, the dielectric

permittivity components under unsaturated poling state, ε∗∗33 and ε∗∗11, can be calculated

as [57][
ε∗∗11,T
ε∗∗33,T

]
=

1

3π

[
2π +

√
3 π −

√
3

2π − 2
√

3 π + 2
√

3

][
ε11,T
ε33,T

]

+
t90
3π

[
−
√

3
√

3

2
√

3 −2
√

3

][
ε11,T
ε33,T

]
, (16a)[

ε∗∗11,R
ε∗∗33,R

]
=

1

3π

[
2π + 2 π − 2

2π − 4 π + 4

][
ε′11,R
ε′33,R

]

+
r71 + r109

3π

[
−1 1

2 −2

][
ε′11,R
ε′33,R

]
. (16b)

According to Yang et al. [65], 180◦ domain switching can readily reach saturation

in FE ceramics, while other switching types do not, resulting in switching fractions as
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low as 44 % in PZT. This result agrees with computational simulations performed by Li

et al. [67], who reported little domain texture for tetragonal PZT due to a small fraction

of 90◦ domain switching.

3. Parameter Optimization Procedure: Application to BZT-50BCT

The following procedure to determine the Landau parameters for the R and T phases

of the BZT-50BCT system used a combination of experimental data from single-

crystal and polycrystalline samples reported in the literature. The single-crystal data

were taken from Benabdallah et al. [51], who successfully grew a single-crystal with

composition (Ba0.838Ca0.162)(Zr0.146Ti0.854)O3, close to the intended stoichiometry for

BZT-50BCT. Experimental data include the spontaneous polarization and dielectric

permittivity measured in the pseudocubic [001] direction over temperatures 150 K to

375 K. The authors reported anomalies in the permittivity measurements at 265 K and

366 K, consistent with transition temperatures measured for the BZT-50BCT system.

In particular, the cubic-tetragonal transition obtained at 366 K is within the 364± 13 K

range reported by Acosta et al. [4].

In the FE-MPF model, the Landau parameters of each FE phase are obtained

independently from experimental data measured in the unambiguously T and R regions

of the phase diagram. For the BZT-xBCT system, a region of R+T coexistence (or an

intervening O phase) has been speculated. In particular, for BZT-50BCT the region in

dispute extends from TR−O = 274 K to TO−T = 302 K, according to Ehmke [45]. The

coefficients for the R phase were optimized to data measured at T ≤ TR−O; and the

coefficients for the T phase were optimized to data measured at TO−T ≤ T ≤ TT−C,

where TT−C = 366 K, as reported by Benabdallah et al. [51]. Figure 2 is the flow chart

of the parameter optimization procedure used in this study.

For the R phase, all Landau parameters were optimized simultaneously by non-

linear least squares fitting of Equation (7b) to Ps vs T single-crystal data from 200 K

to 274 K using the lbfgsb method from lmfit python package [68]. The algorithm

was initialized to parameters with the same order of magnitude as the parameters for

BaTiO3 determined by Bell and Cross [69], and bounds were set for each parameter

according to the conditions for stability of the R phase as discussed by Smolenskii et

al. [70]. Data in the 270 K to 274 K range were given a higher weight (probability

of approximately 100 % set through a σ parameter in lmfit) as they are closer to

the region of interest where the R and T phases coexist. The default values for

tolerances and maximum number of function evaluations were used, 1× 10−7 and

2000(number of variables + 1), respectively. If the algorithm did not converge, the

initial estimate and weight factors were adjusted. The goodness of fit was calculated

using root mean square error (RMSE). The optimized Landau coefficients for the

rhombohedral phase predict a first order P-FE transition and a maximum temperature

for metastability of the R phase at Tmax,R = 302.3 K, which is consistent with the

experimentally measured orthorhombic-tetragonal transition at TO−T = 302 K. The
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START

END

Fit 𝑃𝑠 𝑣𝑠 𝑇 curve to obtain 𝛼1, 
𝛼11, 𝛼12, 𝛼111, 𝛼112 and 𝛼123

NO

Fit 𝑃𝑠 𝑣𝑠 𝑇 curve to obtain 𝛼1, 
𝛼11 and 𝛼111

Select 𝑃𝑠 𝑣𝑠 𝑇 single-crystal data and weight factors for fitting:
200 − 274 K for R phase and 302 − 366 K for T phase

Calculate ∆𝑓𝑃𝑃𝐵 at 𝑇 =𝑇𝑃𝑃𝐵 =288K

Calculate and plot 𝑓𝑚𝑖𝑛 𝑣𝑠 𝑇

𝑓R <𝑓Tfor
𝑇 <𝑇𝑃𝑃𝐵 ,

𝑓T <𝑓R for
𝑇> 𝑇𝑃𝑃𝐵

Calculate single-crystal 𝜖11 𝑣𝑠 𝑇 data using 𝜖33 measurements 
from single-crystal and unpoled polycrystalline samples 

Fit 𝜖11 𝑣𝑠 𝑇 curve to obtain 𝛼12 and 𝛼112

YES

Set 𝛼123 considering stability conditions

Figure 2. Flow chart of parameter optimization procedure for the anisotropic, single-

crystal Landau coefficients for the R ( ) and T ( ) phases of BZT-50BCT in the

FE-MPF model.

predicted temperature represents a thermodynamic upper limit for R+T metastable

coexistence and explains the apparent stabilization of an O phase reported near the

polymorphic T-R phase boundary. Below the Tmax,R, the estimated Landau coefficients

correctly reproduce the R phase, which can exist in a stable or metastable state. Results

validate the multi-phase field approach to resolve the PPB in BZT-xBCT.

Similarly, for the T phase, α1,T, α11,T and α111,T were optimized simultaneously

using the leastsq method from lmfit for Equation (7a) to Ps vs T single-crystal data

from 302 K to 366 K with higher weight given to data at T ≤ 305 K. Again, the default

values for tolerances and maximum number of function evaluations were used, 1× 10−7

and 2000(number of variables + 1), respectively. If the algorithm did not converge,

the initial estimate and weight factors were adjusted. The predicted TCW,T = 355.5 K is
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Figure 3. Comparison of predicted Landau parameters for the R ( ) and T ( )

phases of the BZT-50BCT system to Ps vs T single-crystal data. For the R phase, all

the Landau coefficients were obtained using experimental data from 200 K to 274 K. For

the T phase, coefficients α1,T, α11,T and α111,T were obtained by using experimental

data from 302 K to 366 K. The transition temperatures TR−O and TO−T are from

Ehmke [45], and TT−C is from Benabdallah et al. [51]. A second order P-FE transition

is observed for the T phase at its calculated Curie-Weiss temperature, TCW,T.

within the 364± 13 K range stated by Acosta et al. [4].

A sensitivity analysis [15] showed that the specific choice for the PPB temperature

does not affect the results from the FE-MPF model. Thus, the PPB temperature was

fixed midway between the lower and upper limits for R+T coexistence determined by

Ehmke [45], TPPB = (TR−O + TO−T) /2 = 288 K. The value of ∆fPPB was computed

using the optimized coefficients, see Figure 2. To confirm that the R phase is globally

stable for T < TPPB and the T phase is stable for T > TPPB, the minimum volumetric

free energy density of each FE phase was calculated by substituting the respective

spontaneous polarization, Ps3, into Equations (5a) and (5b). The initial estimate and

weight factors were adjusted until appropriate coefficients were found for each FE phase.

α12,T and α112,T were optimized to Equation (9b) with estimated single-crystal

ε11,T data from 302 K to 355.5 K following [19, 55], Figure 4. In order to reproduce

the randomly-oriented domains of the unpoled ceramics, the remnant fraction of 90◦

switching, t90, was set to one for unsaturated poling. Thus, from Equation (16a)

ε11,T = (3ε∗∗33,T − ε33,T)/2 (17)

where ε33,T is the longitudinal permittivity in the single-crystal sample and ε∗∗33,T is the

longitudinal permittivity in the ceramic sample. In Figure 4, a non-linear least squares

optimization was performed using leastsq method of lmfit as described above with

two independent variables, T and Ps3,T from Benabdallah et al. [51]. Different sources

were considered for ε∗∗33,T [37,71–73] until the Landau parameters gave the lowest RMSE

for the estimated ε11,T data using [71], with α12,T > 0 and α112,T > 0. The latter is
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required to ensure stabilization of the T phase. Finally, we set α123,T = 0, in agreement

with Smolenskii et al. [70] in order to prevent spontaneous phase transitions to the R

or O phases in the entire temperature range of interest.
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Figure 4. Comparison of predicted ε11 as a function of temperature for the T

phase ( ) to estimated single-crystal data, where α12,T and α112,T were optimized

parameters. The single-crystal ε11 data were estimated using ε33 measurements for a

single-crystal sample from Benabdallah et al. [51] and for an unpoled polycrystalline

sample from Zhang et al. [71].

4. Results and Discussion

The BZT-50BCT Landau parameters obtained herein are summarized in Table 1. The

T phase has a second order P-FE phase transition and the R phase exhibits a weak

first order P-FE transition. The latter is evidenced by the similar values for the Curie-

Weiss temperature, TCW,R = 299.0 K, the Curie temperature, TC,R = 301.5 K, and the

maximum temperature for metastability of the rhombohedral phase, Tmax,R = 302.3 K.

Table 1 also includes Landau coefficients for a single Landau-Devonshire potential for

both FE phases reported in the literature [46, 47]. The Curie temperature reported in

those works, TC = 353 K, is approximately equal to the value predicted in this study for

the T-C phase transition at TCW,T = TC,T = 355.5 K. Further, the Landau parameters

reported by all sources exhibit similar order of magnitudes.

Figure 5 shows that at T = TPPB, the rhombohedral and tetragonal phases are

both stable and coexist. Figure 5(c)-(f) show the three-dimensional free energy surface

for a specific FE phase at selected temperatures. For the R phase, Figure 5(c)-(d)

confirm that optimized Landau coefficients stabilize polarization states along the 〈111〉
directions, while for the T phase, Figure 5(e)-(f) show that optimized Landau coefficients

stabilize polarization states along the 〈100〉 directions.
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Table 1. Optimized Landau parameters for the R and T phases of BZT-50BCT.

Landau coefficients found in the literature are also included for comparison. The

parameters reported by Yang et al. [46] have been adapted to the notation used in the

present work.

This work

Symbol R phase T phase Yang et al. [46] Zhou et al. [47] Units

α1
1.450× 105

×(T − 299)

1.800× 105

×(T − 355.5)
2.071× 105 × (T − 353) 4.124× 105 × (T − 353) Jm/C2

α11 1.000× 107 3.225× 108 −4.5× 106 + 1.89× 105

×(T − 335)
−8.0× 107 Jm5/C4

α12 −1.000× 108 5.501× 109 −4.5× 106 − 1.89× 105

×(T − 335)

2.0× 107 + 3.0× 105

×(T − 343)
Jm5/C4

α111 3.552× 109 1.000× 109 1.304× 108 1.294× 109 Jm9/C6

α112 −4.582× 108 1.023× 107 −5.5× 106 −2.0× 107 Jm9/C6

α123 9.000× 109 0.000
2.5× 109 + 3.5× 107

×(T − 335)
8.0× 107 Jm9/C6

∆fPPB −3.198× 104 — — J/m3

Figure 6 illustrates the thermodynamic conditions for phase coexistence and

stability near the PPB in BZT-50BCT. The predicted upper limit for metastable R+T

phase coexistence, Tmax,R = 302.3 K, is approximately equal to TO−T = 302 K, as

reported by Ehmke [45]. Results support the hypothesis of R+T phase coexistence

in the vicinity of the PPB [14,15], and no metastable coexistence between the C phase

and the R and T ferroelectric phases is predicted for this composition, in agreement

with experimental observations [34].

Figure 7 compares predicted spontaneous polarization component, Ps3, and

longitudinal relative permittivity, ε33/εo, for single-crystal BZT-50BCT using our

optimized Landau coefficients and those reported by Yang et al. [46] and Zhou et al. [47],

summarized in Table 1, with experimental data [51]. Considering the ongoing debate

on the structural state in the vicinity of the PPB, comparison of our thermodynamic

model predictions to experimental measurements is only made at temperatures in

the unambiguously single-phase regions, T < 274 K for the rhombohedral phase and

T > 302 K for the tetragonal phase. Figure 7(a) shows that the new model is in

good agreement with single-crystal experimental data across both R and T phases,

with RMSE of 0.55 µC/cm2. In comparison, the predictions from the prior published

models [46,47] overestimate and deviate significantly from the experimental data, with

RMSE of 41 µC/cm2 and 20 µC/cm2, respectively. In part, this is because those studies

were not optimized against any experimental property measurements, but, instead, their

Landau parameters were determined by modifying the coefficients of BaTiO3 to generate
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a consistent phase diagram for the BZT-xBCT system. Figure 7(b) shows that the

permittivity predicted in this study provides the best agreement with experimental

data for the R phase and the T phase near the region of interest. In comparison,

previous work by Zhou et al. [47] and Yang et al. [46] underestimate the permittivity

and provide RMSE of 1500 and 2000, respectively, compared to 110 herein. Divergence

is evident as T → TCW,T for all the permittivity predictions, inset Figure 7(b). For our

optimized parameters, this results from the assumptions used in the Landau expansion,

including that only the first coefficient, α1,T, is a function of temperature, and because
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Figure 5. Predicted temperature dependence of (a) spontaneous polarization, Ps3,

and (b) minimum volumetric free energy density, fmin, for the R ( ) and T

( ) phases of BZT-50BCT. The transition temperatures TR−O and TO−T are from

Ehmke [45]. The PPB temperature was taken as TPPB = (TR−O + TO−T)/2. A

second order P-FE transition is observed for the T phase at its calculated Curie-

Weiss temperature, TCW,T. Inset in (b) corresponds to a magnified view of the area

highlighted near the TO−T with state of interest indicated. The volumetric free energy

density surface is illustrated in 3-D for (c) stable R phase at T = 200 K, (d) metastable

R phase at T = 299 K, (e) metastable T phase at T = 274 K, and (f) stable T phase

at T = 350 K. For each case, the surface shape is defined by the polarization vector

that minimizes the volumetric free energy density at each spatial orientation, and

the surface colour map corresponds to the magnitude of that free energy density. A

white dot indicates one of the polarization variants corresponding to the spontaneous

polarization of that phase. With the optimized Landau coefficients stated in Table 1,

fmin,R < fmin,T for T < TPPB and fmin,T < fmin,R for T > TPPB , confirming the

correct global stability predictions.
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Figure 6. Phase coexistence and stability predictions for the BZT-50BCT system.

The T phase has a second order P-FE phase transition, with TC,T = TCW,T, above

which the cubic (C) phase is globally stable. The R phase has a weak first order P-FE

transition, evidenced by TCW,R ∼ TC,R ∼ Tmax,R. A polymorphic phase transition

occurs at TPPB . Highlighted area indicates metastable coexistence of the FE phases

accessible upon heating or cooling. Black arrows indicate regions where a particular

phase is stable, and grey arrows indicate regions where the phase is metastable. Free

energy curves are sketched on the right for selected temperatures (a, b, c and d).

the coefficients used to calculate ε11,T were not optimized against any experimental

permittivity data.

The difference between our predicted longitudinal relative permittivity with respect

to experimental results as T → TCW,T is likely the result of weak relaxor behavior, in

agreement with Damjanovic [59]. Although the TT−C = 366 K measured by Benabdallah

et al. [51] was essentially frequency independent, a strong dispersion in the permittivity

of the T phase and a relatively broad permittivity peak were observed. Additionally,

see Figure 3, where a diffuse P-FE phase transition is observed as the spontaneous

polarization decreases continuously to zero but exhibits a finite value at TT−C = 366 K.

Further validation of the parameters was performed by estimating the longitudinal

relative permittivity of an unpoled, polycrystalline BZT-50BCT sample using

Equations (16a) and (16b) with r90 = r71 = r109 = 1 and comparing to experimental

dielectric permittivity data from polycrystalline BZT-50BCT experiments measured

at 1 kHz [37, 71–73], Figure 8. There is considerable variation in the experimental

results, particularly at high temperatures. This variation could result from extrinsic

effects related to porosity, grain size or unreported texture. Porosity and grain size

varied across the experimental studies, where measured. For example, grain size and

porosity were reported to be 5 µm − 10 µm and 9.8 %, respectively, by Zhang [71] and

32± 8 µm and 3 %, respectively, by Brandt [72]. Texture effects are well-known: for

tetragonal Ba0.85Ca0.15TiO3 ceramics, the measured small-signal permittivity at T < TC
decreases with increasing degree of (100) texture [27], and, similarly, for orthorhombic

K0.5Na0.5NbiO3 ceramics, (100) textured samples have lower dielectric permittivity than

non-textured samples [74]. Unreported texture could contribute to the differences

between experimental measurements and account for the overestimate of longitudinal
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Figure 7. Comparison of predicted (a) Ps3 vs T and (b) ε33/εo vs T to experimental

measurements for single-crystal BZT-50BCT. Predictions from Yang et al. [46] and

Zhou et al. [47] are also included for comparison. Experimental data for [001]-

oriented BZT-50BCT single crystal are from Benabdallah et al. [51]. The transition

temperatures TR−O and TO−T are from Ehmke [45]. TCW,T is the calculated Curie-

Weiss temperature for the T phase in this work.

permittivity by our intrinsic, untextured polycrystalline prediction compared to the

range of experimental data. Due to the lack of single-crystal experimental data,

we used polycrystalline experimental results for validation, and, for expediency, we

assumed that intrinsic behaviour dominated the polycrystalline response. A better

way of validating against polycrystalline experimental results would be to simulate

representative microstructures including extrinsic effects, but that was beyond the scope
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of this work. Overall, the thermodynamic predictions for model intrinsic polycrystals in

this work are consistent with experiments and validate the Landau coefficients optimized

in this study for each FE phase.

Here, we employ macroscopic measured properties to optimize the Landau

parameters in the FE-MPF model, and we implicitly assume that the experimentally

observed phase is the thermodynamically stable phase at the temperature of interest.

Ab initio phonon calculations and stability analyses would validate these assumptions

or reveal other more stable states [75]. This approach was out-of-scope of the current

study, but future ab initio-derived data should be utilised in parameter optimisation.
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Figure 8. Comparison of predicted polycrystalline ε33/εo vs T to experimental data

for unpoled polycrystalline BZT-50BCT ceramics. The transition temperatures TR−O

and TO−T are from Ehmke [45]. TCW,T is the predicted Curie-Weiss temperature for

the T phase in this work.

5. Conclusions

In this paper, we define a procedure to optimize single-crystal Landau parameters,

compatible with, and inspired by, thermochemical parameter optimization processes

estabilished by the CALPHAD community. Best practice recommendations for

CALPHAD include using a variety of measurement techniques to obtain properties,

evaluating experimental sample preparation, not relying on phase stability alone to

optimize parameters, documenting methodologies and data sets, and validating higher-

order predictions against lower-order systems. Reevaluation of thermochemical data

occurs episodically as new experimental or computational data becomes available and
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propagates into the literature and available software. No such equivalent procedure

exists in the ferroelectric research community. The coordinated data-driven analytics

of sparse single-crystal and polycrystalline property measurements will enable the

optimization of anisotropic single-crystal Landau coefficients to understand and engineer

real ceramic systems by predicting optimal chemistries, processing and microstructures.

Here we demonstrate a formal parameter optimization procedure for ferroelectric

ceramics by combining various single-crystal and polycrystalline experimental

measurements related to the thermodynamic free energy function, rather than relying

on phase boundaries alone, to optimize single-crystal Landau parameters. Phase

boundaries and single-crystal and polycrystalline property measurements are used for

validation. The assumptions in aggregating data from different researchers and how

single-crystal data was estimated from polycrystalline measurements are reported, and

the iterative, linear least squares optimization method is documented.

For the BZT-50BCT system, the optimization and validation are limited by the

lack of single crystals of comparable composition and by the sparsity of property

measurements in the literature [51]. To the best of the authors’ knowledge, the

optimized parameters correspond to the first set of experimentally-determined Landau

coefficients reported for this system. These together with the FE-MPF model can

be used in further research to predict properties and FE domain structures in

single-crystal and polycrystalline BZT-50BCT samples enabling the identification of

the mechanisms responsible for the enhanced electromechanical properties reported

experimentally in the vicinity of interferroelectric transitions. With richer experimental

data sets, uncertainties in experimental values could be quantified and incorporated

in the parameter optimization. Further, modern parameter optimization methods, for

example, genetic algorithms such as those used by Abolhasani et al. [23], will enable

improved analyses.

Overall, the procedure proposed in this work can be readily extended to optimize the

Landau and piezoelectric coefficients of the generality of FE systems using experimental

data from polycrystalline samples in either saturated or unsaturated poling states.

The remnant switching fractions of FE domains are required to use polycrystalline

measurements to estimate the single-crystal properties, and can be obtained from XRD.

The symmetry of the phases of interest determines the number of independent tensor

coefficients and this, in turn, dictates the number of linearly independent property

measurements that are required [61]. In this work, the FE phases are tetragonal and

rhombohedral, which have the two lowest minimum number of independent tensor

coefficients for ferroelectrics. Additional independent measurements are required to

obtain orthorhombic or lower symmetry phase coefficients, which increases the burden

on experimentalists. Our work illustrates the challenges of obtaining representative

models of complex systems.
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[15] Torres-Matheus O A, Garćıa R E and Bishop C M 2021 Acta Materialia 206 116579 ISSN 1359-

6454

[16] Chen L Q 2007 APPENDIX A – Landau Free-Energy Coefficients Physics of Ferroelectrics: A

Modern Perspective (Topics in Applied Physics vol 105) (Berlin, Heidelberg: Springer Berlin

Heidelberg) pp 363–372 ISBN 978-3-540-34590-9

[17] Tan X, Frederick J, Ma C, Aulbach E, Marsilius M, Hong W, Granzow T, Jo W and Rödel J 2010
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