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PREFACE 

11 A usef'ul and very ingenious idea was surely that of the 

inventor of a short way of extracting gold and silver f'rom 

the sweepings of all those arts that handle them,as well 
as every particle that smelters of ores might have left in 

the slags, and also that in some ores themselves. This is 
done without using great labor in smelting but by the sole 
means and virtue of mercury. To do this, first make a large 
bricked pan of stone or wood and arrange a millstone inside 
which rotates in the hollow of this pan like that of a 
flour mill. In the hollow of the pan put some of your 
material containing gold after it has been crushed well 
in a mortar and then washed and dried. Grind it in the 
said mill, moistening it meanwhile with vinegar or water 
in which sublimate, verdigris, and common salt have been 
dissolved. Then enough mercury to cover these materials 
is poured over them. They are agitated inside for an hour or 
two, by turning the mill either by hand or with a horse, 

depending on the device that you have arranged. Remember 
that the more the mercury and the material are rubbed together 

in the mill the more it can be believed that the mercury 
absorbs the substance that the materials contain. n 

This secret cost Vannoccio Biringuccio dearly, but, 
"This I wish to tell you not in order that you would repay 
me for teaching it to you, but in order that you should 
esteem and value it so much more.u 

Vannocio Biringuccio 

"The Pirotechnia of Vannocio Biringucciou, circa 1500. 
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·1 ~. 

ABSTRACT 

The fluid dynamic aspects of li~uid extraction are 
investigated for the mass transfer system isooctane/o-nitro
phenol (solute)/water (continuous, extractant phase), in flow 
mixing vessels of various geometrieso Dimensional "order of 
magnitude11 relationships, suitable for mixer scale-up, or 
system change, are derived from turbulence theory. The 
existence of locally isotropic flow, and inertial subrange 
control of the droplet hydrodynamics is substantiated. 

The physical properties, density, viscosity, surface 
tension, and solute distribution are determined for the systemo 

Power dissipation is controlled by the impeller dimension, 
and is independent of the vessel diameter, for the Reynolds 

number range, 1 o4 < Re < 1 o5 ,. 

p "-' if .. 6 • DI3 .6 o DT 0 

A relation~hip, derived by considering the inertial 
subrange turbulence to control the particle fragmentation, 

correlates the mean drop size in the dispersiono 

D 2/5 
I c.g.s. units 

The drop size distributions are log-normal, except for the 
maximum and minimum drop sizes that are retained in a 

turbulent flow. The standard deviation of the size 
distributions decreases with increasing power inputo 

The hold-up of the dispersed phase is related to the 

droplet slip velocity, and the mean flow velocity of the fluido 
2 

ft// f = 3.0 ~c~ 
An internally circulating drop, combined with a turbulent 

sublayer mecha.n.ism, is necessary to interpret the continuous 

pbase mass transfer correlation obtained, 

Sh-IDJ.) = 8.qi x 10-4 Re· 1 '" 39 1- ' - 336 104(Re < 105 
-i Imp DT .5 Df 36 1 Imp 

1'4.l<H units 
No interfacial turbulence, or surfactant contamination 
system is noted. The continuous phase is fully mixed, 

power inputs, but the dispersed phase is substantially 

for the low volume fractions used, 0.025 < fJ < 0.,10. 

of the 
for all 

unmixed 



2. 

Section 1 

INTRODUCTION 

The art of extraction has existed for several millenia 
without, as Treybal (131) observes, much knowledge of the 
activity coefficients, or the transfer coefficients, but 

within this century extraction processes have been inter
preted in terms of the system and equipment variables. As 
the overall parameters of efficiency, power, and residence 
times, initially studied, failed to show uniformity in 
mixing processes, the theoretical and experimental invest

igations of fluid turbulence and solution properties, carried 
out in the past decade, are necessary to interpret and 
correlate extraction processes. 

Single particle behaviour in different flow conditions 
has been elucidated~ The effects of flow rate, interface 
instability, and circulation within the drop on mass transfer 

have been predicted and correlated. Similarly, changes 

of solution and solute properties with mass transfer have 
been determined for ideal situations, but the deviations 
from these simplified models, encountered in industrial 
extraction, are not fully correlated. Consequantly, Olney 
and Miller, (1) (1963), observe that at present the problem 

of translating from one scale to another has fewer pitfalls 
than has the problem of predicting extraction performance 

from first principlese 
Fluid flow within a mixer has been investigated, 

usually by the laborious procedure of analysing photographic 

traces of particles entrained in the fluid~ The few mixer 

geometries investigated so far show that the fluid motion, 

particularly in the impeller zone, may be described by 
theories of turbulence. Taylor's (122) theory of 



homogeneous and isotropic turbulence, in which the mean and 
fluctuating fluid velocities are independent of position 
and direction, does not describe mixer flow. Kolmogoroff's 

(60) theory of local isotropy, however, in which the small 
scale inertial turbulence is isotropic, although the mean 
flow is directional, accounts for mixer hydrodynamics, 
particularly near the impeller. 

Thus mixing vessel processes may be correlated with 

the behaviour of single particles, and the theory of turbulence, 
when the process is controlled by fluid flow within the mixer. 
This implies that design from a knowledge of solution pro
perties, and vessel geometry is possible, which would eliminate 
the need for pilot-scale experimental work0 

This thesis considers the hydrodynamic aspects of 

extraction in a mixing vesselo The variables, power 
dissipation, particle size, dispersed phase holdup, continuous 
phase mass transfer coefficients, and fluid turbulence within 

a mixer are discussed, as separate problemso This inevitably 
leads to some duplication of material, but it is trusted that 
this disadvantage is offset by a clarification of the individ

ual processeso 
The experimental data obtained in this work, are for 

the simple extraction system isooctane/o-nitrophenol/water, 
in which the mass transfer rate is controlled by the water 

film transfer; but the results with different mixing vessel 
experiments when more complex transfer mechanisims exist, 
are used extensivelye This thesis is in part, a survey of 
extraction operations in a mixing vesselQ 



Section 2 

EXPERilvlENTAL 

2.1 SYSTEM SELECTION 

The historic inconsistency of liquid-liquid 
extraction data, suggests that chemical property changes, 
and traces of impurities in the systems investigated, 
inf'luence mass transfer rates to the same ~xtent as mixer 

design (64, 70, 113). As the intent of this work is to 
relate liquid extraction processes to fluid flow, a simple 
mass transfer controlled process is necessary for experi
mental investigatione Other requirements for this system 
also existo Continuous analysis of the solute transferred 
is desirable, to eliminate sampling variations, and to 

indicate steady state conditions within the mixer (119)0 

In addition, the properties, volatility, corrosiveness, 
cost, and availibility, as well as the personnel hazards 

of toxicity, inflammibility, and odour have to be considered. 
These conditions may be elaboratede The properties 

of the selected system, isooctane/o-nitrophenol (solute)/ 

water (conti~upus, extractant phase) are examined, to show 
how far the above criteria are fulfillede 

1 Mass transfer control of the solute transfer is to be 
substantially in the continuous phasee 

(a) If the internal and external drop film coefficients 
are of the same order, the continuous phase film will control 
the transfer rate, provided that the solute distribution ratio 

strongly favours the dispersed phase. In section 7~11, the 
internal and external film coefficients are shown to be nearly 

equal, and the solute distribution coefficient, 

md = (gm~ ONP )/(gm~ ONP) 
gm.isooctane gmowater' 



is 39"6. 
(b) No chemical reaction, association, or dissociation 
of' the solute on transfer is desired. 0-nitrophenol is 

slightly dissociated, Kn = 5. 8 x 1 o-8, in acid solutions·, 
pH(4.5. No chemical reaction occurs in this system, 
but the highly polar nature of o-nitrophenol suggests that 
it may act as a weak surfactant, accumulating at the liquid 
interf'aceo 

(c) Although not specifically mentioned, low solute 
concentrations are desirable, to ensure low mass transfer 
rates. The minimum concentration limit of o-nit~ophenol 
which may be detected by spectroscopic means is 5 x 10=7 

gm. 0NP/gm. ~o. There are no interacting transfer 
processes in the system, as isooctane is barely soluble in 
water and because the isooctane phase is recycled, it is 

pre-saturated with water. 

(d) The interpretation of the transfer process may be si~
plifled by interf'acial stability during mass transfer., 
The phases densities are comparable, as are their viscosities" 
When transfer is from the isooctane to the aqueous phase, 

the interfacial tension is inde~endent of solute conc~ntration~ 

OH-O = 0.,999 0"1Tl/cm3 O = 0e692, at 18°c 
, -.::::: 0 -\ , isooctane 

b..._ 0 = 1.056 cP~ 
'n2 ftisooctane = 

er = 50.4 dynes/cm~ (Isooctane + 0NP)/(water + 0NP) 

2 Solute analysis 
(a) A continuous analysis of the solute in an outlet stream 
is required. Associated o-nitrophenol may be analysed in 
the aqueous phase over the concentration range, 5 x 10-7 to 

8 x 10-5 gm. 0NP/gme H2o, using a Hilger UVSpec, with a 

light wave length A= 3450 R. A continuous Hilger - Watts 
obsorptiometer, was modified so that a wave length, A 
-3450 R could be used to follow the solute concentration 
in the aqueous phase as it leaves the mixer~ 



(b) Fast coalescence of the dispersed phase in the settling 
vessel is re~uired, to minimise the mass transfer occurring 
during coalescence, before the solute concentration in the 

a_g__~eous phase is analysed, and to reduce isooctane loss by 

entrainmento Substantial coalescence of the isooctane/o
nitrophenol and water/o-nitrophenol phases was found to 
occur within 20 seconds, after being shaken in a test tube, 

although a fine dispersion of isooctane remained in the 
aqueous phasee This dispersion settled out very slowly. 

3 Further system requirements 

The 'convenience' requirements are partially satisfiedG 
Isooctane is slightly volatile at room temperature, vapour 

0 pressure "'40 mm Hg. at 20 C, and is inflammable. 0-

nitrophenol is toxic, but in this work, low concentrations 
are used. 0-nitrophenol has the property that it melts at 
45°0, which enables the manufacture of solid spheres by 
cooling liquid drops in a slightly warmed water solumnQ 
The o-nitrophenol may be purified by steam distillation. 

2.2 MATERIAL PURITY 

The isooctane was specified by the suppliers to be 

99.9% pure. A sample analysed with a Pye Argon Chromat
ographic Column showed a minor peak, of less than 0e5% 
impurity. 

The o-nitrophenol supplied was technical grade, and 

had to be purified by steam distillation. 

Melting point of o-nitrophenol (purified)= 45~.2°c 
Melting point of o-nitrophenol (47) = 45°c 

Tapwater, acidified with sulphuric a~id to pH 305 
+ 0.3, was used as the aqueous phaseQ 

Dissolved solids in the tapwater = 0e01 gm/100 gm. 

Sufficient quantities of distilled water were not 



To 

available, but no detrimental properties such as aeration 
or surfactants, were observed from the use of the artesian 

water~ 

2~3 PHYSICAL DATA 
As the system isooctane/o-nitrophenol/water has not 

been used previously as a liquid-liquid extraction system 9 

physical properties had to be determined experimentallyQ 

Solute distribution coefficient 

A 150 ml. flask, containing nearly 100 mlo of 
individually weighed o-nitrophenol, isooctane, and water, 
pH 3e5, was shaken for 24 hours in a temperature controlled 
water-batho · The two phases were separated, with a tempera
ture-controlled separating funnel, and the aqueous phase 
o-nitrophenol content analysed spectroscopically, with a 
Hilger UVSpec, at a wavelength of A= 3450 i. The results, 
expressed as, 

gm. 0NP in aq_ueous phase and gme of 0NP in i.eooctane phase 
gm. aqueous phase gm. isooctane phase 

are presented in Appendix 6; the coefficients, c and b, 
which best fit the relationship, 

( gm e 0NP ) _ c ( - ·gm. 0NP 
gm$ aq_ueous phase - gm. isooctane 

b 

phase) 

are presented in Table 1.Treybal (131) observes that a 
straight line may be expected for such a data correlation, 

and this is found to be sog 

As variations in temperature are not apparent, in 

these results, all these data are expressed for the 
0 temperature range, 17e7 - 29s4 c, as, 

0NP 0NP 009329 
(gm.~~ueous phase)= 0 •01877 (gm~ ti~octane phase) 

Regression coefficient, R = 0.994. 



Table 1 

Tempo °C. C b no.,expts R 

17 "7 + o1 0.,0448 0.,835 8 00986 

18 .o + .1 0 .. 0222 0"945 8 0.978 
18.,0 + .. 1 000197 00942 20 0.,995 

1803 + .,1 0~0166 0.,895 9 0.,993 
23.,6 + .. 1 000260 1a010 6 Oe999 
2408 + ., 1 000165 00905 8 0.,980 

29 o4 .:!:, .,1 0.,0169 0.,933 7 0.,999 

Phase density 
The density of each eg_uilibrated phase, from the 

distribution experiments,was determined with a 10 mlo 
pyknometere The density of the aqueous phase was essentially 
constant for the range of o-nitrophenol concentrations 
measured, 0 to 6 x 10=5 gm., H20e The isooctane phase density 

increased with o-nitrophenol concentration in the range 
0 to 5.,5 x 10-3 gm .. ONP/gm. isooctane. 

DENN= f>c 
DENI = ed 

= (1o0 - (TEMP-4 .. 0) x Os000111) 
= (0.,7098 - (TEMP x 00000903)~ (1 + CINx0.437). 

Standard deviation a-g o'f: experimental results f'rom 
correlating lines, 

Ag_ueous phase, O"'g = 000004 gm/cm3 

Isooctane phase, O"'g = 0.,0002 gm/cm3 

Data are presented in Appendix 7o 

Phase kinematic viscosity 
The kinematic viscosity of each equilibrated phase 

from the distribution experiments was measured with a 
Cannon-Fenske viscometer, range 0 .. 4 to 1.,6 cP. Within 
the measurement error~ the kinematic viscosity of each 
phase was constant with increasing o-nitrophenol concentration. 



VISW = ./4c = 100 / ( 2 .. 1482 x ( TEMP + 81 o 93)) - 120 c P. 

VISI =fad= 000146 exp (1036 /(TEMP+ 273)) cR 

Standard deviation cr-g of experimental results from 
correlating lines, 

Aqueous phase, erg = 0.,005 cP. 

Isooctane phase, erg = 00002 cP., 

Data are presented in Appendix 8., 

Surface tension 
The interfacial tension of the equilibrated phases 

was measured by a drop-weight stalagtometer., The inter-
facial tensions of isooctane drops containing o-nitrophenol, 
rising in an aqueous solution initially containing no 
o-nitrophenol, as well as the reverse system of aqueous 
phase drops containing o-nitrophenol, were measured. 

Interfacial tension correlations; 

Equilibrated phase, a-= 50~4 - 220 x gmGf:;~~ane dynes/cm, 

= 

Aqueous phase drops, '1"'= 

= 

0.,5 

50.3 - 75 x gmeONP d:,nes/cm, gm .. water 

Isooctane drops, r::r = 50o4 dynes/cm. 0-g = Oo2 

The interfacial tension of the system isooctane/ 
o-nitrophenol/water (continuous extractant phase) is 
independent of o-nitrophenol concentration in the range 
0 to 5 x 10-3 gm~ONP/gm isooctane., 

Data from surface tension measurements are presented 
in Appendix 9., 

Diffusivity 
The diffusivity of o-nitrophenol in each phase was 

not measured, but is estimated from Wilkes and Chang's 

correlation (137)., The diffusivity coefficient of 



o-nitrophenol in the aqueous phase is given as 

DAB = .f> = 

-8 o.,s 
7o4 x 10 (p. MB) • Temp 

/~! V "6 
......-c A 

= 20722 x 27303 + TEMP 
ftc 

2 cm /sec~ 

10a 

Density, viscosity, and surface tension measurements 
were made, using standard equipment in controlled temperature 

conditionso Each piece of glassware was de-greased with 
potassium permanganate solution, and washed with six distilled 
water/acetone cycles, before being dried with an air draughte 

De-ionised and de-gassed tapwater; and n-heptane, 
density 0.680 gm/cm3 at 20°c, with a boiling range of 1°Co~ 
were used to calibrate the four pyknometers, two 

viscometers, and the stalagtometer, with which measurements 
of physical properties were madee 

2,4 EQUIPMENT DESIGN AND EXPERIMENTAL MEASUREMENTS 

A continuous-flow extraction vessel is desirable, ,~-s-i'hce 

it eliminates the time variable, and enables easy continuous 

sampling of the outlet streamo It is also more likely that 

a continuous-flow agitated vessel will be encountered in 

industrial plant, than a batch vesselo As well, criteria 

for single-stage, flow extractors are applicable to multi

stage agitated extractors, and agitated reaction vessels~ 

A flow sheet, Figo 2o1, the equipment photographs, 

Figs. 2o2 and 2o3, and Appendix 10, indicate the apparatus 

used. The mixing vessels follow the usual agitated vessel 

design.a The phase inlets are concentric at the base of 
the mixing vessel, while the overflow outlet is concentric 

to the impellor shaft, which renders the use of a gland, 

unnecessary, and eliminates any gas-liquid interface in 

the vessel. Four bafflea of width ½th of the vessel diameter 
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1 2. 

Fig . 2. 2 Apparatus 



1 3. 

Fig. 2.3 Mixer 



were set out from the vessel wall by 1/16 in., to 
avoid stagnant liquid regions. . The· impellor is. set 
centrally in the vessel to obtain a symmetrical liquid 

See Fig. 2.4. flow pattern. 

Fig •. 2.4 M" i ix ng Vessel ~ 

,..._ 

• 

-~ ,,, 
" 

I \ 

I \ 

. \ , 
' ,I '. 

, ______ 
', ,__ - -- - I I' ---~ !'i. 

I \ 
L.-1 J ·. 

\ I 
\. / 

~ ~ ..... -
'I 

·~ 

:::, 1 ,, 
~ 
t'i out Oyernow let 

I/" - ' 
/ ~ 

\ 

I \ 

I I Baf fle 

\ 
I 

~ .., - --I- - - ----
I ' ' \ 
f 0,. ' ~ \ I 

' I 

' 
VIJr. 1 ., _"f ~6 -

,, 

-

I_ J 1/t Continuous ase inlet ph 
ql:t, 

L,-E-- Dispersed phase inlet 

These conditions agree with the general recommendations 
given by Treybal (131), but in particular follow the vessel 
design used by Cutter (19), who has made extensive 
measurements o:f flow patterns in a baf'f'led vessel. 

The impe·11ors used were six-bladed, flat paddles, 
see Fig. 2.5 some of which were supplied, with the 
variable speed agitator by the Chemineer Mixing Company. 
These impellors, and others made up in this Department, 
were machined to the required scale ratios. It has 
been found (28) that flat-bladed paddles form a flow 



15. 

Fig. 2.5 Impellor 

~====i o~ ...._ _ __,_,, _______ ~_m_d_,_ 

-lic.s--_D~% -----r 

pattern sl.ight_l.y different .from turbine impellors; 
the impellor stream tends to .rise slightly because 
of the boss, but the high energy dissipating region 
near the impel.I.or still exists, see Fig. 2.6. 

I • • 

Fig. 2 .6 . Impell.or Stream 'i. 
I 

\ 

-._ .___, ---- .::: ------1 
' '/ 

\ t 
/ ..,, ~ ;/ 

- - - --! . -- -/ -----·r 
j 

- - -· -- ---~ ~ -, 
\ I ~ 

Flat bladed paddle Turbine impellor 

Agitator 
A Chemineer agitator, Model ELB, with a continuous 

speed range of Oto 915 RFM was used. The 1~pellor 
speed was measured with a Dawe Stroboflash, Type No. 1200E., 

The impellor torque was measured by transmitting the 



16. 

agitator moment with a lever arm suspended on a knife 
edge to the pan of a continuous digital recording Mettler 
balance(+ 0.05 gms.), see Fig. 2.7. Reproducible to~que 
measurements were obtained when the power cord to the 
agitator was clamped vertically above the impellor shaft, 
the agitator bearing race was horizontal and the torque 
lever arm was in the same position for the zero impellor 
torque calibration and the run torque reading. The 
stroboscope was calibrated.against the mains frequency 
for each.run, at a frequency within 20 cycles/min. of 
the impellor speed. 
less than.±. 2%. 

The speed measureipent error was 

Fig. 2.7 Torque Lever Arm 

rps.-

Knife 
eg.ge 

I 
~orque applied= T = w .a , . 

but w .b= w.c 
Torque T . · ea 

= •·o 
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Particle size 
The droplets were photographed through a microscope

slide window glue.d to a stainless steel holder, -after the 
dispersion had lef't the mixing vessel, see Fig. 2.8. The 
negatives were projected on to a screen, and the droplet 
size-distribution found by counting the number of' drops 
in progressive increments on the screen of' 0 - 3, 3 - 6, 
6 - 10, 10 - 15, 15 - 25, 25 - 40, and} 40., mm. The 
projected scale ratio of' the droplets was fixed at 15.6 
by comparing the actual and projected widths of' the liquid 
f'low path. 

Only_ a small section ot the negative was analysed 
f'or the f'iner dispersions. An area, some 10% of' the total 
droplet area photographed, was selected f'or each negative 
on the basis of' drop definition. For the course dispersions, 
all the drops were counted, the criterion being that 

,. 

approximately 400 drops were counted f'rom each negative. 
Eight negatives were analysed for each dispersion. 

Fig. 2.8 Particle Size Analysis 
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Light diffuser 
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18. 1 

Run 69 Scal'l x 6 

Fig. 2.9 Isooctane dispersion 



1 8. 2 

Run 79 Scale x 6 

Fig. 2.9 Isooctane dispersion 



1 8. 3 

Run 77 Scal'l x 6 

Fig. 2 .. 9 Isooctane dispersion 



190 

For the finer dispersions, the flow past the view 
window was momentarily stopped, to obtain a less blurred 
photographic image, but even at a 500th of a second exposure 
time, considerable blurring occurred, see Figc 2o9o 

The size distribution data are presented in Appendix 110 

Camera:
Exposure:
Lighting:-

Asahi Penta~ 
500th at f8, HP 3 film 
100 watts with reflector, with a single Snowtex 
tissue as a back-lit screen. 

Holdup of dispersed phase 
At the end of each run the two inlet flows were stopped 

simultaneouslyo The agitator was then turned off, and the 
two phases were allowed to settleo When the phases had 
cleared, some aqueous phase was run out from the bottom of 
the vessel, to lower the isooctane-air interface. The 
isooctane height was then measured with a scale held outside 
the glass vessel, by sighting along the two interfaceso 

Although little parallax error occurred with the glass 
wall, error arose from a lack of clarity of the liquid-
liquid meniSCUSo When allowed to settle slowly, the inter-
face could be clearly seen, but when the liquid interface 
was lowered to make the liquid-gas interface visible, the 
liquid-liquid meniscus was deformed, making sighting along 
the interface difficulte The measurement error was 
± Oo07 ems. for each interfaceo 

The holdup measurements made during the mass transfer 
runs had to be repeatedo Isooctane in the two sampling 
lines drained back into the vessel when the interface was 
lowered, and differing volumes of isooctane between the 
inlet flow control valve and the mixing vessel were displaced 
by the aqueous phase, when the inlet flows were stopped 
after each runo The inlet error was minimised by siting 
the isooctane inlet control valve next to the mixing vessel 
and determining a constant correction for the isooctane 
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two outlet sample lines were blanked off from the vessel, 
and the runs repeated, with the measurement of power, 
impellor speed, and dispersed phase holdup, for otherwise 
similar conditions. 

These data are presented in Appenqix 12. The holdup 
for each mass transfer run is estimated from graphs of these 
resultso 

Solute concentration 
A sample line from the top of the mixing vessel led 

to a settling tube, 10 tn .. long by 1½ Lho diametero A 
fraction (-2 mla/sec.) of the settled aqueous phase was 
continuously drawn off through a light absorptiometer cell, 
see Fig. 2o10o 

A Hilger Watts continuous absorptiometer, H954, was 
modified by introducing a 200 watt mercury-arc light sou.roe, 
which necessitated modified optical paths and a cooling fan., 
Heat filters and Wood's glass filters were placed in the 
reference and analysis optical paths, to allow a light 
transmittance of wavelength near 3500 R. A 40% total 
light transmittance filter was also included in the reference
cell optical path to protect the photocello The isooctane 
and aqueous phases do not absorb in the region of 3500 R, 

/,,,,_ 

and the dissociated o-nitrophenol absorption peak is nearly 
5800 i, (12)0 The difference in millivolt output from 
the two photocells ( + 40 mV., max. o) was recorded with a 
Philips single point recorder, Type PR2210, see Fige2,10o 

The spectrophotometer millivolt output was sensitive 
to the mains voltage fluctuations and the cooling fan 
operationo Fast oscillations of the mercury arc had no 
effect on the recorded spectrophotometer output, but during 
the day-time, 5 millivolt fluctuations of nearly 0.,5 
minute periods, occurredo These fluctuations disappeared 
during the evening when the experiments were carried out, 
but slow drifts of the zero concentration line still 
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o-nitrophenol concentration reading between each runo The 
continuous phase in the analysis line was drained, providing 
a sample for an analysis check with the Hilger UVSpec. The 
line was washed and filled with water pH 3o5, from which the 
zero o-nitrophenol concentration reading was obtainedo 

The concentration of o-nitrophenol in the isooctane 
phase before extraction was kept near 4 x 10-3 gms. ONP/gm. 
iaooctane, by adding o-nitrophenol dissolved in isooctane 
to the raffinate, before it was used as feed again. The 
actual feed concentration was determined from four samples. 
The o-nitrophenol in each sample was extracted into KOH 
solution pH> 12; complete extraction being indicated when 
no colouration of fresh alkaline solution occurredo The 
extractant was then diluted, acidified to pH 3o5 and 
analysed by the Hilger UVSpec. 

The continuous spectrophotometer and the UVSpec were 
both calibrated with solutions of known o-nitrophenol 
concentrations, before and after each series of runsa 

The mass transfer data are presented in Appendix 130 

Settling Vessels 
The main settling vessel had a volume of 5 galso, 

which gave a minimum aqueous phase residence time of 36 
secondso The design, see Figo 2.11, based on the coalescence 
time in a test-tube being less than 20 seconds, with mixer 
flow rates of nearly a half of those used, was insufficient 
to allow total coalescence of the fine dispersions occurring 
with high power inputs to the mixing vesselo Isooctane was 
entrained in the non-recycled aqueous phase at a rate of 
1 to 2 gal. per hr. 

The sample settling tube, see Fig. 2.10 operated satis
factorily with a fluid residence time of 20 seconds. Any 
fine isooctane drops that were still entrained in the aqueous 
phase did not affect the concentration analysis, because 
their small cross-sectional area intercepted a negligible 
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mixing vessel. 

Temperature 
· The temperature of the mixing vessel was not. 

controlled, but the temperature of the dispersion was 
measured in the settling vessel. The physical properties, 
density, viscosity, and diffusivity, were calculated 
from the measured temperatures, which were in the range 

0 . 
16 .2 to 17 .8 C. 

Dispersion inlets 

Rubber seal ' . . 

....Baffles ~ - .... 

~ 

Aque 
outl 

ous phase 
et 

~ 1 ' +" . · · 1· . Isooctane phase· 
•k------------'------------> ·· outlet 

Fig. 2.11 Main Settling Vessel 

2.5 MATERIALS OF CONSTRUCTION 
In liquid-liquid extraction investigations, as 

contamination of the phases is particularly troublesome, 
glass and F.M.B. 'stainless steel'were used as ·construction 
materials. Teflon gasket inserts and nitrile rubber 
gaskets were used as jointing materials. The o-nitrophenol 
and acid solutions used are midly corrosive, but other, 
ternary systems may be used in the equipment without rie~ 
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The stainless steel equipment, constructed by "Mercers 
Limited" and "Oakleys Limited11 , Christchurch, was cleaned 
with acetone to remove all dirt and greaseo The Q.V.F. 
glassware was de-greased with potassium permanganate and 
acetone washes. Water and a low boiling point straight
chain petroleum fraction, Shellsol-7, were circulated through 
the assembled apparatuso These fluids were drained, and the 
equipment dried with air before the isooctane and aqueous 
phases wer.e introduced. 

In cleaning all the equipment used in this work, care 
was taken not to introduce surface active materials, which 
might contaminate the solutions in later experimentso 

Plant list 
Plant No. 

1 
2 

3 
4 
5 
6 

7 
8 

9 
10 
1 1 

12 

13 
14 

15 
16 
17 
18 

, 
19 

No.off. Description 
4 Holding tank, 47 gals 
2 Constant head tank, 2 gals 
1 Settling vessel, 5 gals 
3 Vessel end plates 
4 Baffle sets, 4, width ½th diao 
7 6 bladed flat paddles 
2 Brown Centrifugal pumps ¾" 

70 1 Q. V .F. i" Pipe line 
20 ' Q. V. F. 1 ½" Pipe 1 ine 

4 Mixing vessel 5½", 7¾", 8¾" 12n 
2 Metric rotameters No's 14 & 24 
8 Saunders control valves 
9 Draincocks QoV.F. i" 
1 Light Absorptiometer Hilger 

1 

1 

1 

1 

1 

Watts H954 
Mercury Arc Source, 200 watt 
Philips recorder, PR2210 .A/21 
Agitator, Chemineer, Model ELB 
Mettler balance, type K7T 
Dawe Stroboflash, type 1200E 
'T:l""f __ .L~-1- '1,/1_.J... ___ .!'1-.I- ----.0 

Matl.of Consto 
F.M.B. s/s 

tt 

II 

It 

tl 

SS or Ni plated 
F.s.T. s/s 
Glass 

II 

It 

tl 

Glass lined 
Glass 



2.6 CALIBRATION EXPERIMENTS 
The volumes of the assembled mixing vessels were found 

by filling each with a measured volume of water. The 
rotameter calibrations were then checked by measuring the 
time required for a constant inlet flow rate to fill the 
8¾" vessel o The calibration chart for the aqu~ous phase 
rotameter was found to be accurate, but the isooqtane 
phase rotameter had to be calibrated experimentallYo The 
discrepancy arose because a large water drop from the 
mixing vessel always settled on the rotameter bobe 

The breakup and rise of the dispersed phase between 
the inlet and the impellor zone was photographed with a 

motion camera, see Figo 2012, to estimate the inlet "end 
effect•; and observe the particle breakup mechanismo 

Camera, Bolex HR16. 
Film, Ferrani ASA 40. 24 frames/second. 
Exposure 240th at f'4o5. 
Side lighting, 2000 watts. 

Table 2 Inlet Conditions 
Flow rate Impellor speed 

Aqueous Isoactane 3" Imp. phase phase 
0 .4536M3 /hr Oo0583M3/hr 0 RPM 

" II 240 II 

1 .1430 It 0,.0893 II 0 II 

It It 240 II 

Particle 
size 

Mean 

00276 ins 
It 

0.087 It 

( ., Q 5- o 1 6) II 

Height of dispersed phase column before breakup. 

Height= 11.66 - 5.83 X 10-3 x FLOI ems., 

Rise 
velocity 

Ins,./seo • 

17 
20 
23 
26 

The dispersion in the sample settler was also photo
graphed to estimate the outlet "end effect". Droplet size 
entrained in the aqueous phase: 

Mean = 000033 ins. 
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Fig. 2 .12 Entrainment in the sample settler 

Scale x 3 
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Fig. 2.12 Dispersion at the liquid inlet 
,, 

3 Imp. 250 RPM. 
1 

Flow isooctan'l 0. 0 5 83 M lhr. 
wat(£r 0.454 MJ/hr. 
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The liquid residence time in the settler was determined 

with the aid of a stopwatch, by watching the fine droplets 
entrained in the aqueous phase, see Fig .. 2012. 

Residence time in the settler= 15 - 20 seconds. 
Time for liquid to flow from mixer to sample settler 

= 2 - 3 seconds. 

Camera, Asahi_ Pentax 
Lighting, 1000 watts, Film HP 3, Exposure 500th at f8. 

The inlet and outlet dispersions, which had low 
dispersed phase volume fractions, could be photographed 
only by using intense side lighting.. .A:n:y further work of 

this type would be assisted by the use of polarising filterso 



Section 3 

FLUID DYNAMICS IN A MIXER 

3.1 INTRODUCTION 
The fluid motion within a mixer has been used to 

correlate specific mixer operations. In mixing miscible 
liquids in trubulen t conditions, van de Vus se ( 134 ), and 
Aiba (2), found that mixing times were a function of the 
impellor pumping capacity, (ND1). (Dr) 2 , but Fox and 
Gex (30) found mixing times to be a function of the fluid 

.2. 2 momenteum flux (NDI) • (DI) • The breakup of drops has 
been shown by Pavl.ushenko, (93) and Rodger, Trice, and 
Rushton, (101), to depend on the ratio of fluid inertia 
force to the surface tension forcee Mass transfer with 
fixed illld freely circulating particles has been correlated 
by the fluid flow, as shown by Treybal (131)0 

These examples show that a knowledge of the fluid flow 
within a mixer would aid the prediction of mixer performanceQ 

3.2 DESCRIPTION OF MIXER FLUID FLOW 
In an unbaffled vessel, the flow is mostly tangential 

to the impellor; this is also true for a baffled vessel 
with laminar flow, Reimp< 400, Sach and Rushton (110). 
Baffles tend to increase the radial and vertical flows with 
a substantial decrease in the tangential velocity, except 
in the region of the impeller tipso Thus a turbine 
impeller sets up a high velocity stream with a large radial 
component near the impeller tips. This stream, which is 
slightly wider than the impeller, extends to the vessel wallo 
The flow in the vessel may be described as two weakly defined 
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torroids, one above and one below the impellor, Farrier (28), 
see Fig. 3.1. 

A turbine impellor in a baffled vessel appears to 
generate turbulence 1n·two ways. Vortex sheets are set 
up in the wake of each blade. With increasing distance 
from the blade, these rapidly degenerate into increasingly 
random turbµ].ence. Further turbulence is generated by 
the entrainment of the bulk fluid by the faster moving 
impellor stream. In addition to this random turbulence, 

. I 

regular velocity ttuctuations precede each turbine blade. 
The intensity of these fluctuations decreases with the 
number of blades. These regular fluctuations also 
degenerate into random turbulence with increasing distance 
from the impellor. 

~ -- .......... ' ✓ 

I ' / ' \ 
I 

~k 
\ I 

Liqui~ 

\ 

I I I 
\ 

\. 
I 

\ ✓ ,I~ 

' - -✓ - - -
~ no~ Impellor - =:Zo --- -= --.::--- - ~ egir ... 

/ '" 
I \ \ 

I ._J· ' I 0 Bul~ L\quid 
I \ I 

\ I ' 
I 

... _,.,;;, '-- / -
Fig. 3.1 Flow regions in a mixing vessel 

A:o. exact solution of the Navier-Stokes and Continuity 
equations describing these flow conditions has not be~n 
derived. An approximate solution, for turbulent flow in 
the impellor stream has been developed by S.K. Friedlander, 
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and is to be found in Cutter's thesis, (19)o 

The solution of the radial direction component is 
developed here to show the approximations re4uirede 

w 
X 

vr 

~ 

= 
= 
= 

Fluctuating tangential flow component, direction Xe 

Fluctuating radial flow component, direction ra 
Fluctuating vertical flow component, direction Yo 

superscript indicates the mean componento 

Navier-Stokes e4uation in cylindrical polar co-ordinatesa 
-2 -2 

1 4rvr wx 
r ~r r = 

3rv2 w2 
+ .1 __£ - ...lS.) 

r 2, r r 

Continuity e4uation 

= 0 

2 
P - , Po - u - · ,._ t · t t d d th . t p - e y, is SUuS i U e ,an e viscous erms 

neglected compared with the inertial terms. 
P0 = pressure outside the impeller stream .. 

~ii v "rv2 w2 
Y r + .1 ~ - ...2 = -

~x r ~r r 

~u; ~u2r 
Substitute = =-.L... -a r rar 

2 
~Uy -
or 

2 

bu v 1 orv2 w2 
( Y r + - ---!: - ~) 

~x r ~r r 

~ r , and integrate the e4ua.tion 
at constant r, from x = O to X = 00. 

Boundary conditions,, uy = uyvr = O, at x = o, 
all velocities = 0, at x = co. 

~- - ~ I OD( UyVr + UyVr)dx + 1 ~r- ("°(v2 +, 2 - 2) dx = 
0 ~ x r b r )o r v r uy 

=loo cw2 + w2 - u2) dx 
0 X X y 

The first term is zero, from the first bound~ry 
condition, 

l'° (v; + v; - u;) dx = ;:
00

(w~ + w~ - u;) dx 



If the turbulence approaches isotropy, 

Tangential and vertical equations of motion are 
obtained similarly, the vertical direction yields, 

l co du~ dx = 
o ~ X 

- ! 100 u e O ~ X 
dx 

Boundary conditions 2 
Uy = O, at X = dO 

p = 

The tangential equation is, 

Lei>(_ 2- 2 
0 wx r vr . + r vrwx) dx = const. 

(301) 

(3o2) 

Equations 3.1, 3. 2 and 3.3 are 
conservation of angular momenteumo 
obtained is, 

expressions for the 
The energy equation 

foooe dx .Z.Trrdr J 00 ( 2- +:iw vi .. wx) dx (3o4) = rdr 0 k "r X 

where k2 = c-2 -2 -2) U + V + W Y r X 
+ (u2 + 2 + 2) vr wx y 

The approximations require that~ 
1o All velocities outside the impeller stream are negligibleQ 
2. The mean vertical velocity is neglected when compared with 
the mean radial and tangential velocities, in the impeller 
streamo 
3o Circular symmetry and symmetry about the horizontal 
centre plane are assumed for all velocity componentso 
4o The mixer flow has reached a statistically steady statea 
These simple solutions (eqnso 3o1 to 3o4), are interesting, 
but because of these approximationst are not of great practical 
va.lueo 
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3,,3 THEORIES OF TURBULENCE 
A more useful approach is to characterise the fluid 

flow within a mixer according to different regions of energy 

dissipation, see Fig,, 3o2e 

Energy 

Spectrum 
E(k) 

Large 
Range 

Fig., 3a2 

k =1 k 

Inertial Subrange 
k=5/3 

Viscous Dissipation 
k-7 Range 

Eddies Energy 
Containing 
Eddies Range 

Universal Equilibrium 
Range 

Wave Number, k 

The Fourier transform of the Karman=Howarth energy 

equation, of which eqno 3o4 is part, yields the energy 
spectrum eq_ua.tionp 

a\ E(k, t) = 'W(k~ t) , ... 2 l) k 2 E(k, t) (3.,5) 

As W, the energy transfer·tunction, is indeterminates 
eqno 3Q5 is intractable., Two methods of avoiding this 

difficulty have been employed" Batchelor (4),and Lin 

(66), by discarding this equation and drawing conclusions 

about the functional form of E from the similarity hypothesis> 
showed that E(k)""V k4, describing a 'large eddies' rangee 

Von Karmen and Lin (53) postulated a parameter D0 to 
characterise the energy transfer mechanismo Dimensional 
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analysis then showed E(k)....,n;k, ror a section of the'energy 
containing! eddies ran.gee Kolmogoroff (60) introduced the 
coneept of local isotropy 9 and the two similarity hypotheses 
from which he derived E(k).-v k-5 /3 for the inertial subrange 
in the universal equilibrium rangeo An explicit functional 
form of W was assumed by Heisenberg (42), who showed 
E(k)"'-'k-7 in the viscous dissipation subrange~ and Tchen 
(123) who divided the equilibrium range into three subranges 
and showed, by a harmonic analysis, that E(k) is proportional 
to k-1 , k-5/3, and k-7, respectivelyo These relationships, 
which have also been derived by other workers, are summarised 
in Fige3..,2, from Kim and Manning (56)0 

In isotropic flow, the rate of decrease of kinetic 
energy during an initial period of decay, when the inertia 
forces are appreciable, is found rv u3/1 (5)o 

g_u2 3 
. = Co u /1 l.oeo dt (306) 

where C is a constant of order unityo 
A choice of the scale length 1 which permits direct 

measurement, 

= 

is the longitudinal integral 

.fodJ R11 (r,o,o, t)dr 

R11 (o,o,o,t) 

scale~ 

where R .. (r) is the velocity correlation tensor for two 
l.~, 

points separated by the space vector ro · 
For isotropic turbulence, 

(<fJ _ .l]' fo"° k=1 E(k, t)dk 
Lp ( t) = Jri f ( r, t) dr = 4 · 

0 fo00E(k 9 t)dk 

The length I;;,(t) is not directly representative of the 
part of the function E(k;t) that makes the major contribution 
te the total energy fo00 E(k, t)d.k, as it slightly overweights 
small values of ko However, ~( t) ·is taken as a length 
parameter that characterises the turbulence, as it is 
measurable. 

A second hypothesis on the independence of Fourier 
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components for distant wave-numbers, which like the relation

ship LP(t) = 1, has been verif'ied f'or turbulence behind grids, 
is introducedo At Reynolds number, and for values of the 
wave-number k such that the Fourier coefficients dz(k,t) are 

determined principally by the non-linear inertia term in the 
energy equation 3o5 and not by the viscous damping term, 

dz(k,t) is statistically independent of dz(k/ ,t), if lk!)) f fl 
or lkl << Iii " 

The wave-number magnitude at which the viscous terms are 
significant may be measured by the value k0 , at which the 
maximum contribution to the dissipation integral,6 = 2:,p,,, 
rdJ 2 ( ) Jn k E k,t dk occurso If the energy containing eddies 

a~e confined to the region k1 (.-v ±), so that k1 is the lower 

limit of the wave~numbers taking part in the inertial exchange, 
then the hypothesis would apply if k1 (( k Q Taylor (122), by 

rl)O roo 2 0 
calculating .Jo E(k,t)dk and ..Jo k E(k,t)d.k from measured 
spectrum curves showed that these integrals were determined 
by non-overlapp_ing ranges of kj for high Reynolds numbers .. 

This result shows that the rate of decay is given by the 
rate at which energy is transferred by inertia forces, from 
the energy-containing range of wave-numbers to higher wave
numberse Thus, changes in the kinematic viscosity, which 
are accompanied by changes in the motion associated with the 
dissipation range of wave-numbers, have no effect on the 
rate of' energy transfer from the lower wave-numbersQ 

Equation (306), du2/dt = Co u2 ~ suggests that the 
energy transf'er occurs chiefly by inertial interaction of 
wave-numbers of the same order of magnitude, since u2 is the 

order or magnitude of the Reynolds stresses produced by the 

energy containing range of wave-numbers and u/1 is the order 
of magnitude of the rate of shearing produced by the same 

rangeo Similarly, du2/at = - C ulo u2/12 suggests that an 

eddy viscosity of order ul, acts on the shear to cause a 
decay of energy rrom the energy containing eddies to the 

smaller eddies., 

It has been shown that the inertia forces spread the 
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turbulence energy over an increasing wave-number range, 
which is checked only by the stronger viscous damping at 
large wave-lengthso For a finite but high flow Reynolds 
number, the spectral density of energy in the turbulent 
flow will decrease sharply at some large wave-number, which 
marks the onset of the viscous dissipation rangeo The 
region of wave-numbers which is within this range moves 
towards k == ""' as the flow Reynolds number increases o 

These hypotheses and conclusions may be summarised by 
the following relationships, 

e = du2 ' ~ 2 (a )3 e dt ,v f'· Vturb (y)"" f T 
where i)turb ,_ A Uo 1 

and Aturb ,-../ e Au.. 1 (3.,8) 

The order of the turbulent kinematic viscosity may be 
estimated, as, 

i>turb 
1 

[e << 1 

If the approximation Au --v 1 t~, is made, the shear 
stress 1" may be determined, 

'"'t' = F/ ~~ i'1 u e1(~ u)2 - _, o 12(il)2 
S = ,,_,turb T""' IT - """\ ~ 1 (3o9) 

where 0( is a numerical constant of order unityo 

. - . . 

3.,4 TEE UNIVERSAL EQUILIBRIUM 
The conditions necessary for the existence of the 

equilibrium range of wave-numbers, have been describedo 
The energy is self-adjusting within the range through the 
inertia forces, and depends only on the parameters which 
describe external effects. These are only two,- the removal 
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of energy by viscous dissipation over the whole, but mostly 
at the upper wave-number end of the range, and the imput of 
energy by inertial transfer at the lower end. 'J:he im:put 
and removal of energy must be at the same rate, 

€ = - 3; cos!:d2 = 
2 \ dt 

thus energy is one of the external parameterso The kinematic 

viscosity is the other external parameter which, besides the 

spectrum function E(k, t), describes the dissipation of energy 
over the rangeo In view of' their statistical independence, 
these two parameters specify the equilibrium rangeo Thus a 

hypothesis for Universal Equilibrium may be writteno "The 
motion associated with the equilibrium range of wave-numbers 

is uniquely determined statistically by the par~meters ele 
andV". A statistically independent equilibrium range may 
exist only when, 

1 

ki << 11A = c€1ev3) 4 

3 

or Cf) 4 » 1 (3"10) 

The eddy velocity and length scales may be determined 
dimensionally from the two para.meters e le and V O 

Thus: Eddy length , ). 

Eddy velocity, v). -"'J (l)€/e )"¼ 

rv (At/e)½ 

(3 C 11) 

(3o12) 

(3"13) 

The relative liquid velocity at two points, distance A 
apart is given, (5), for the Universal Equilibrium range as, 

2 ro0 sin k.>.. 
lu(x+.>.,t) - u(x,t)I = Jo E(k,t).(1 - kA ) dk,(3"14) 

For k0 )) ~ >> k1 the intergrand is suppressed by small 
values of (1- SJ.~~kA) when k is of the order k 1 c When k is 
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of the order k0 , the intergrand is suppressed b;g small values 
of E(k2t).:. With the condition E(k,t) =o((;)-3 k-S/3, 
applicable in the Universal Equilibrium range, Batchelor (5) 
shows eqn., 3.,14 to be approximated by, 

lu(x+.-\, t) - u(x, t)I 2 ......, 41oe,o( ( i.)-¾ k-5/3 
0 E> 

.t 
,._ 9/ 5 IT oo(. (E~) 3 

sink.,\ 
(1- k~ )dk 

(3.,15) 

Equation 3.,15 may be written in the form, 

or (3 .. 16) 

For motion of scale~, the eddy velocity is smaller 
A 1 

than the velocity of the main flow by the factor (1)~e 
With the reduction in scale the corresponding eddy Reynolds 
number becomes, 

v)I. .). )I. 4/ 
= T "-' Re (1 ) 3 (3o17) 

The wave-number defining the change from the inertial 
to the dissipation rang-es is given by (S) .. 

= 

or ~ 
0 = 

As 1 is a constant, of order unity, 

~ rv f._V 3 ) ¼ 
0 € 

Kolmogoroff (60) originally formulated the Universal 
Equilibrium hypothesis in terms of the probability distribution 

of velocity differences~ The Fourier derivation, presented 
for instance by Batchelor (5), is at present more acceptable, 
but the relationships so derived have to be transposed to 
the equivalent velocity difference expressions, to be useful 
in physically describing mixer flow conditionsQ 
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3o5 EDDY DECAY NEAR A WALL 
A turbulent fluid flowing past a flat plate of infinite 

extent in the plane y = o, has 
plane parallel to the plateo 

an average velocity in a 

from the shear relationship, 

distance from the plate.: 

This average velocityj derived 

eqne 3o9, is a function of 

Up = n f iliT + constant (3o19) 

VO =ff 
For momentum transfer to a curved surface, the shear 

stress over the surface is not constant, due to the pressure 
drop in the boundary layer of a bluff body and the viscous 
energy dissipation in the boundary layero Nevertheless, the 
analysis developed for a flat surface is applicable as an 
order analysis of the hydrodynamic effects about a particleo 

If the dimensional assumption that the eddy scale 

increases with distance from the solid wall,l(y)"'VY is made, 
Levich (63), then eqno 3o19 becomesj 

(3 .. 20) 

The constant in eqn. 3o19 is eliminated by the condition that 
Re_x 0 "'-' 1, at y = ~0 , the onset of the energy dissipation 
rangeo 

i.e., 

or ~o (3o22) 

There is no single hydrodynamic viewpoint regarding 

eddy decay in the viscous sublayero Prandtl's widely accepted 

hypothesis, (see 35), which is based on the Reynolds number 
being less than unity for y ( bo' states that the fluid motion 

is entirely laminar in the region y ( 60 • This gives rise to 

a laminar sublayer concepto Von Karmen (see 35) proposed a 
buf'fer layer in which the turbulence is damped as it approaches 

the solid wallo The turbulent flow relationship, l(y) ,..._, y, 



38 .. 

is used in this region, where the viscosity becomes appreciableo 
Thus, Prandtl's and von Karmen's hypotheses yield three zones, 

a bulk turbulence region, a buffer layer, and a laminar sub
layer, which may be fitted to the average velocity profile 
for turbulent flow past a plateo 

A third hypothesis, by Landau and Levich (63), considers 
that the 
suddenly 
a wall., 

't'turb 

turbulent motion in the viscous sublayer does not 
disappear, but is gradually damped as it approaches 

This hypothesis yields the relationships, 

du ev oY4 . _du 
,v e e 1) t urb • ff "" e e Vy. l dy "V ~ 3 dy 

V y4 0 

,v O "-I V (L)4 (3022) "fT bo 
0 

For y ( S0 ~ the momentum transfer by eddies is less 
than the momentum transfer by molecular viscosity as the 

eddy viscosity is less than the molecular viscosity, ,A',t,. 
Thus, for the region y ( b0 , the shear stress,; aJ?proximates 
to the quantity 2'"'0 and the average velocity profile is given 

by the equation "?"'0 = pat~• As turbulence eddies exist up 
to the surface, they affect the processes of heat and mass 

transfer, when the Schmidt number is greater than unityo 
Lin, Mouton and Putnam (67) develop a variation of 

Landau...:C,evich's hypothesise The turbulence eddies are 
damped out in the viscous sublayer according to the turbulent 

zone relationship l(y)""" y, rather than l(y)""" y2 , as postulated 
in (63) c The eddy viscosity derived from l(y)-v y is 

2'\urb "'V V ( f-) 3 e In deriving this, and Landau and Levi eh' s 
0 

relationship for the velocity profile in the viscous sub-
layer, the transfer of momentum is assumed to be accomplished 

by turbulence eddies which have already been affected by 
viscosityo The relationship 1\u.rb ,,•,./~ y/b 0 , for the eddy 

viscosity decay in the viscous sublayer is not applicable 

in the buffer zone, so an interpolation formula first proposed 
by Piterskikh (see ref$ 63) for the coefficient of eddy 

viscosity, is used for this regiona 
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l)turb = 

The average velocity in the buf'fer zone is thus given by~ 
V 

Up = ~ arctg/b o t + constant, 

which matches the velocity decay profile for this region, (63)o 

These turbulence decay relationships are summarised in 

Table 3o 

Table 3 

Postulate 

Prandtl l(y) = 0 

Von Karmen l(y)"' y 

II 

Levich l(y),,,,.., 
2 y 

Lin et al, l(y) -v y 

Piterskikh 

Viscosity Range 
i> = constant ~Y*~ 5 

Vturb 
.,.,__,..z_ 

5'Y*~30 5o 

11 y*)30 

Vturb V < f;) 4 O(y* ( 5 

Vtu~ 'V (t)3 O~y::: ( 5 

Ytur1tP(fc;) 2 5~Y*(30 

Flow region 
Laminar sublayer 
Buff'er layer 

Turbulence 

Viscous sublayer 

II 

Buff'er layer 

The drag force F, acting on unit surf'ace area is, from 

eg_n. 3.9, 

F =ff 1:' .. ds 
2 

k ~ ·t ~ f' • ec• 2 X uni area 

To estimate mass transf'er coefficients, it is necessary 

to relate the skin friction velocity v0 to the bulk flow 
velocity u. 

(3 .,24) 



3.,6 PARTICLE ENTRAINMENT IN TURBULENT FLOW 
If a particle moving with a velocity u1 , is fully 

entrained in a fluid with a velocity u, ( u1 = u) it 
experiences the same force as would the fluid enclosed in 

the same volume, that is fc V~~G For partial entrainment, 
the fluid may be considered to flow past the particle at a 

velocityv, (v = u1 - u) and the particle experiences a drag

force, Fdrag• If the gravitational force is neglected the 
total force F, experienced by the particle, is given by, 

(= -

F = du Pc Veit + Fdr ag (3.,25) 

The relative velocity v and the drag-force, Fdrag 
kf ~c sv2 ), applicable for a particle diameter 2a) ~o 

Re"" t. 1 » 1, are introduced into eqn., 3 .25, 1:'ar ic e 

Freact' the supplemental reaction term, denotes the 
higher drag force experienced by an accelerating particle 
(128). This term has been shown (96) to be proportional 

to the relative acceleration of the particle and the density 

of the medium, F reac1' f>c/ 2 ~~, it may be included dimension
ally with the particle acceleration term ~d ~e 

(3.,27) 

The acceleration of the particle may be written, 

dv v 
dt = Tx 

Where T~ is the period of motion of the particle corresponding 

to the velocity v, and the scale of motionA,of the particle 
under the influence of the entraining turbulencee 

T\ "-' 1_ 
/\ V>, 2 

dv VA 
hence -,v -dt A 
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In the Universal E~uilibrium range of wave-numbers, ~A 
must be desc.riped dimensionally by the terms €/p and b , from 
which, 

A2P j_ )... 
T \ t""'J ( )3 ,-.._, -

A € VA, 

The acceleration of an eddy, scaleA, may be written, 

dv,x. vA >. €- .z. 1 .1. 
= -.-v _ ,v ~ rv (-)3 X (-)3 

dt TA TA f> ,\ (3 .. 29) 

Equations 3o2, 3e28 and 3029, yield, 

2 E 2 1 , 2 f d V t --..,(f d = f>c) V ~)3° "')a - kff c S v 

The relative velocity v may then be obtained as, 
1 

1. (E-A)a 
V ,v ( (€'d - E>cl V) 2 ~}cedv+ 1<r {?cs).) ½ 

The derivative~;, shows a maximum relative velocity 

vmax' for an eddy length, (>.)vmax = 2/kfo fdV/~cS 

= _j_ (ed = ~c)½ (Y)¼ (~)½ (~)½ (L)¼ 
vmax ✓3 {)d S fc ~c kf 

which may be written 1 for spherical particles with fc""fdP 

(3 031) 

A comparison of equations 306, 3Q13 and 3,,31, shows, 

v ,-.,., u'- 2 f' or 
max "'= a. 

(3o32) 

Different flow conditions control the relative velocity 
of a particle, diameter. 2ai when 2a< ).0 • For this case, 

-Levich (63) shows the maximum relative particle velocity to be, 
- 0 € 3/4 

V "'-' 2 (Pd \C-) 0 (3o33) 
me.x ~ E>d T5l4 

A relative velocity expression may also be derived for 
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the motion of an internally circulating liquid drop. If 

the gravitational and supplemental reaction terms are 
neglected, the particle force balance equation may be written, 

(63)" 

bi:.!' 3 V 1:l_n-- a3 cec - f;dl J e:'J!p 12rrµ 3 • E'da • T.>,. = 3 a V 

(3.,34) 
The maximum relative velocity between the particle and 

the fluid may be determined from eg_n .. 3 .,34 as, 

,.._ ~c - ~d € ½ 
(3.35) vmax 

~d 
a <e v) 

C C 

Even with circulation of the drop interface caused by 
the relative motion of the drop with the surrounding fluid, 
there still exists a weak viscous term, 12 'ft' _,.a av. Thus, 
there is a velocity gradient in the continuous fluid, close 
to the interface. For a drop with full internal circulation, 
this viscous term, however, causes only the slightest wake 

region, even at drop Reynolds numbers of 700, (63). 
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3o7 REPORTED MEASUREMENTS OF MIXER HYDRODYNAMICS 
Fluid velocities within a mixer have been inferred from 

photographic traces of particles entrained in the fluido 
It is apparent that considerable tedium is involved, Cutter 
(19); and that such measurements show only the large scale 
flow, although the high energy dissipating regions may be 

deduced from the mean velocity gradients measuredo Cutter 

(19) used a lycopodium emulsion with a mean particle diameter 
of approximately 3 x 10-5 cmo but other workers (2, 86, 110) 

have used particles of order Oe05 cmo diametero The dissi
pation scale of turbulence, X0 , is stated by Levich (63) to 
be 10-2) ~o> 10-3 ems., while Cutter (19) suggests >..0~ 5 x 10=5 

cmso Recently, Kim and Manning (56) have used a transducer 

probe, developed by Eagleson (27), which is sensitive to small 

pressure fluctuations, and directly measures the equilibrium 

range turbulence in the impellor zone. 

Most of these velocity measurements have been made in 

the impeller stream generated by a six-bladed turbine impelloro 

The bulk vessel flow is virtually uninvestigated, although 

some work has been done in this Department (28)o 
For the impellor zone and the bulk flow, it has been 

established experimentally that the mean velocities are 

proportional to the impello~ tip speed (2, 19, 28, 56, 76, 
110, 124)0 In the impellor tip region the radial and 

tangential velocities are equal, in accordance with eqno 3o1, 
(19), but the tangential velocity decreases to nearly half 
the radial velocity near the vessel wall. The vertical 

mean velocity is zero in the horizontal plane through the 
centre of the impeller blades, (19)., 

The fluctuating velocity components have been found to 
be proportional to the impellor speed, and have the same 

magnitude as the mean flow, in the impellor stream, 

Uy'"" vr "-' wx -v ND1 , (2, 19, 56, 86, 110) o The regular 
velocity fluctuations that follow each blade are rapidly 

damped out before reaching the baffle ring, (19, 56, 110)0 

With a four-bladed turbine, a 38% radial velocity increase 



precedes each rotating blade by nearly 50°, while the 

associated tangential velocity increase of 20% precedes the 
blade by nearly 60°, (110). 

The correlation coefficients, f and g, and the scales 
calculated from them, are independent of impeller speed (19)o 
Near the impellor tips the tangential correlation coefficient 
g, found experimentally, equals the value calculated from the 
radial correlation coefficient f, supporting the postulate 
of isotropic flow in this regiono 

f(r) = 
WX(~) oWX(x+r) 

-2 , g(r) 
wx 

= 
vr(x) .,vr(x+r) 

-2 v· r 
Flow direction 

r 

o--

1 
g(r) vr(x) vr{x+r) 

F . t . t bu.l .p r~f or iso ropic ur ence, g = ~ + 2 ~ro 
The Eulerian coefficient, L_p= k Rdr, was f'ound by 

Cutter (19) f'or a single vessel geometry, to be equal to the 
impellor diametero Similarity between the mixing vessel 

turbulence decay profile and that obtained for grids (18), 
suggests that eqn., 306 is applicable to mixer flowo This 
intuitive, but simplifying conclusion is substantiated at 

high impellor Reynolds numbers, Reimp> 105 , when a constant 
Power number is f'ound. 

Most of the energy dissipation is due to turbulence 
breakdown, rather than viscous dissipation of' the mean flow 
(2)o The local energy dissipation rate, which is a maximum 
in the impeller region, decreases with increasing radial 
distance in the impeller stream, and is comparatively low 

in the bulk vessel (19)., The extent of the high dissipation 
region depends on the solution properties as well as the 

vessel geometry (2, 76)0 For a Newtonian fluid in a fully 
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baf':f'led vessel, approximately 20% of' the total energy imput 
is dissipated within the impeller, 50% is dissipated in the 

impeller stream, and the remaining 30% is dissipated in the 
bulk f'low regions which occupy nearly 90% of' the total volume 
of the vessel, (19 9 124). 

The ratio of' the local to the average energy dissipation 
rateE/€av' varies f'rom nearly 70 at the impellor tips, to 3o5 
in the impellor stream near the vessel wall, and is 
approximately Oe26 in the bulk f'luido In the constant Power 
number region, the local values of' €/eav are independent of' 
impellor speed (19)0 Thus, the mixer fluid may be divided 
into two regions 9 a bulk flow zone of inertial f'low and an 
impellor zone, where high energy dissipation rates occuro 

In the impellor zone, Kim and Manning (56), found 
E(k,t)"'-' k-5/ 3 , for wave-numbers 19<k<100 ft"-i' and 
E(k,t)-k-1o/3 for 100<k(1000 f'to-1 .. An energy peak occurs 

at the turbulence generating frequency, defined as 
Impeller speed x Number blades/second, which approximately 

wove-"'u"'liJe,. 
separates the two seeond regions., _The wave-number energy 

spectrum function curves, E(k,t), show the decay to be 

self-preserving, as it is independent of impeller dimensions, 
speed, and position in the v~sselo The wave-number results 
do not exactly support the postulate of an isotropic inertial 
subrange in the impellor stream, which would require E(k, t) 
"vk5/ 3 , for the higher wave=numbers, but the existence of a 

self-preserving higher wave-number subrange, is substantiatedo 
The energy speetrum curves shown (56), are similar to the 

concentration spectra obtained by1'1aTining and Wilhelm (72), 
for the impellor zoneo Oorrsin theoretically shows, (16), 
by applying the turbulence theory of local isotropy to an 
ideal mixer, that the mixing time f'or homogeneous materials 
is dependent on the turbulence scale and the power imput .. 
This prediction has been yerified experimentally f'or fully 
developed turbulence in mixers, (2, 61, 134)0 
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These experimental results suggest that turbulence theory 

cannot be rigorously applied to the entire mixero Howeverj 

any process that takes place mainly in the impeller zone may 
be correlated by an expression derived from a dimensional 
'order of magnitude' analysis; by assuming the existence of 

an inertial subrange. 
A summary of the mixer conditions necessary for scale-up 

or direct prediction by turbulence theory is given: 

1o An equilibrium range exists when the particle Reynolds 
number is much greater than unity, 

vx ~A >) 1 
1) 

or Re • ( ~)4/3~ 1 Imp D,I H 

For an eddy wave=length A = 0.,1 cmso, an equilibrium 
range could exist when the impeller Reynolds number is 
greater than 104• 

2. Inertial subrange turbulence will control a mixer process 
only if the process is dependent on the microscopic fluid 

velocity fluctuations., The inertial subrange eddy lengths 
depend on the local rate of energy dissipation and the nuid 
kinematic viscosityo 

At an impellor Reynolds number of 104, the dissipation 
scale of turbulence is given by~ 

A0 --v (€ ~) ¼ ( 3 .. 1 8) 

When e ""300 kg .M/hr and 1)"" o .. 01 cS .. , 

A0 "" 0 .005 ems o 

In liquid-liquid extraction, the average particle 
diameter is of order 0.,1 cmso, which is larger than the 
dissipation scale of turpulence ~0 , by more than an order 

of magnitude. 



For rigorous mixerscale-up, the ratio of the local to 
the average energy dissipation rate must be independent of 

vessel size and impeller speeda For baffled vessels, a 
constant power number region, which is necessary for e/eav 
to be constant, is predicted for Reimp> 104 e Some mixer 
processes are also dependent on the time spent in a ~uiescent 
flow regiono The rate of fluid mixing, as well as energy 
dissipation, must be considered for the scale-up of such a 
processo 



Section 4 

POWER DISSIPATION IN A MIXING VESSEL 

4.1 CORRELATIONS OF POWER INPUT 
The rate of energy dissipation in mixing vessel may 

be estimatedfrom the simplified energy relationship, eqn.3.4, 
which·was derived from the Navier=Stokes and Continuity 
equationso 

£medx 27T dr .[ 00 2 2w. v~wj dx (3o4) = rdr o (k • vr + z r 

.1/ = 
2 2 

+ u;) + (~ 
-2 + u2') (v + wz + w r X y 

In section 3.7 it was shown that~ 

From which, substitution in eqno 3.4 yields, 

re dx~ 
gj! Jooo 8(NDI)3 dx r 

or Po= P., 
DI5n ~ 

= Constant (4.,1) 

A similar relationship may be derived from the inertial 
energy equation,, 

When local isotropy exists, Au~ ND1 , and l~ DI,. thus, 

or = Constant (4.,1 ) 
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~quation 4o1 applies only to fully developed turbulent 
flow, when the viscous energy terms may be neglected compared 
with the inertial termso 

An energy relationship may also be derived from the 
Navier-Stokes and Continuity equations, when the inertia 
terms are negligible compared with the viscous terms, 

-+ (v'2 + i'2)) dx r r x 

For viscous flow the second order differential velocity 
terms may be neglected, 

1• E dx "-' - V;:, 00 (NDI) 2 dx 

or 
-1 

Re Imp Po rv 

Turbulence theory does not numerically predict the power 
dissipated in a stirred vessel, so the semi=empirical approach 
of dimensionless analysis is necessary. The mixer-variab1es 
that may affect power dissipation may be expressed as a 
functional relationship 

f(P, D1 , DT, N, Ht, HI, 8t,, B1 , ¾, ~, g, e ,,,,1,1.) = 0 

These parameters are combined into dimensionless groups 
by use of the BuQkingham Pi theory, (108) 

DT 
Dr 

Er 
Hr 

( p 9c ) 
DI5~e 

= 
nr2N m DIN2 n DT t ~ h ~ c ~ s 

const,. ( 7) ) .(-g ) .(D) .(D) .(D ) .(D ) • 
I I I I 

= 

= 
= 
= 

BI b ¾ w ~ j 
.. (D) .(D) .,(D)" (Noo of blades)a(Noo of baffles)r 

I I I 

(4o3) 

Tank diameter BI = Width of impellor blades 

Impellor diameter ¾ = Width of baffles 

Height of li~uid L = Length of impellor blades 
Height of impellor Sb = Pitch of impellor blades 



For geometric similarity e qn o 4o3 reduces to 

Po Const .. Reimp 
m n {4o4) = .. Fr 

where m, n and the constant may be determined experimentallYo 
The Froud.e number exponent n, is zero at high impeller 

Reynolds numbers, unless a forced vortex occurs in the vessel 1 

when n becomes approximately equal to ~Oo22, for 

102 ( Reimp ( 104, ( 108) o 

In a mixer, viscous flow is predominant for Reimp < 1 o, 
when the powerrelationship derived from the viscous energy 
equation is found to apply (108)0 

Po Re = 1 
Imp 

A transition power region exists f'or 10 < Reimp< 104 , in 
which the Po,wer number becomes increasingly dependent upon 
the mixer geometryc A minimum point occurs in the Power
Reynolds numbers plot at ReI ......, 400 for a baffled vessel, mp 
but a point of inflexion occurs in the plot for an unbaffled 
vesselo The constant Power number region, predicted by 
eqno 4.1 which requires the viscous forces to be negligible 
compared with the inertia forces in the vessel, does not 
occur until Reimp,v 104, (108)c 

A turbine stirred vessel is usually operated in the 
Reynolds number range 103 < Re Imp ( 10 7, where the Power 
number is essentially constant.. The numerical value of 
this constant may be found only by measurement with the 
vessel, or with a scaled modelo Power number scale-up, 
which requires the ratio of the local to the average energy 
dissipation rate €/eav to be constant for the model and the 
prototype vesselsp necessitates kinematic as well as geometric 
similarityo However, any deviation from exact geometric 
similarity may be allowed for by the dimensionless sc~le 
ratios in eqno 4o3, 
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DT H,- ~ Sb BI ¾ HI Cn>, (DJ, (D), Cn), (D), Cn>, Cn) (Noo of blades), 
I I I I I I I 

(Noo of baffles)o 
Turbulence theory, which is summarised in Section 3 of 

this thesis, neglects these scale ratios, but for fully 
developed turbulence a Power number range of 10 is found for 
different vessel geometries, even when no forced vortex 
occurs 1 (108)0 Early workers in mixer design endeavoured 
to correlate Power numbers against these scale ratioso 
Some of these correlations and that obtained in this thesis, 
are tabulated in Table 4o 

Corrsin (17) predicts the power scale-up requirements 
for similar degrees of liquid mixing, in two vessels, from 
inertial turbulence theory. The relationship derived shows 
that exact scale-up does not lead to identical 11 mixednesst1 

of the liquids in the two vesselso Corrsin's paper, it 
appears, predicts the experimental observation that scale-up 
with a scale ratio greater than 10 is unlikely to be accurate, 
(68)0 

4o2 PHYSICAL PROPERTIES OF A TWO PHASE FLUID 
The Power number - Reynolds number correlations 

summarised in Table 4 are for single phase fluidso By 
superimposing Power-Reynolds numbers plots for single and 
two phase fluids, Laity and Treybal (62) determined the most 
suitable density and viscosity correlations to give the best 
data agreement .. 

The density so found is the weighted mean density, esoln' 

The most suitable bulk viscosity, Aoln is, 
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This expression is an extension, (100), for concentrated 
solutions, of Taylor~ viscosity for dilute emulsions in 
laminar flow conditions, (121)0 

/4c + 2 05 Ad 
401n = .,,ac ( 1 +. rJ ,,b0 + ,,ad ) 
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4.3 EXPERIMENTAL MEASURE)IENTS OF POWER INPUT. 

The impeller- torq_ue was measured for each of the mass 

transfer runs and for the repeat hold-up. measurements.., 

The torq_ue was transmitte~ f'rom the agitator by a lever arm, 

supp.or·ted on a knif'e edge. to a continuously indicating 

digital balance., The apparatus is shown diagrammatically 

in Fig. 2o 7_. and 1s described in Section 2.,4. 

ea Agitator torq_11e~ T = Balance Wt.. x b 
.Agi ta't(ua- power, P = Torque • 21T N 

2 tTN = radial velocit.y o~ :i.mpellor, sec. -1 

~a = lever arm ratio .. 

The weight measurement introduced an error into the 

power estimation. altho:u,gh tlle balance was aecu.rate to zO. 02 
gms., The low torq_ue -estimates are af'f'ected by the 'balance 

weight' being a diff'erence q_uantity, - 6 gms .... of' tw-0 large 

measurements, ,v 160 gms,. The high torq_ue measurements su.f'f er 

:fr-am a reading error introduced because of' :fast :fluctuations 

of' the balanee reading ;t3 gms. • for a 'balance weight' of' 

about 150 gmBo CQlllbined with ~e stroboscope error of' + 2%, 
the "tcot.al err07 in· fie ·power measured becomes nearly 4% .. 

The lever. arm suppei-t gave no measurable torque loss. 

but the low Ulrq_ue measurements were susceptible to the 

errors described in S.ecti~n 2.,4~ ii' care was not taken in 

setting up the agitatoP-"' 

The experimental results are tabulated in Appendices 

12, 13_, and pr-esented in Figs .. 4.-1, 4.2, 4 .. 3.. The 1ine of 

bast, data correlationT :fo'Ulld by log,;_log regression is, 

p ,_ Ji2-•51 D 3,.66 
I 

Regression c,oef'ficient = o .. 996 

(4.7) 

The density and viscosity correlations recommended by 
Treybal ( 62), Section 4<>.2, are used to estimate the two phase 

fluid properties. The graphs involving power, impeller speed, 



and diameter assume a constant density and viscosity for all 

runso Appendix 13 shows this approximation to be tenable, 
particularly for the solution densityo 
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4o4 DISCUSSION 
In this work the power imput to the mixing vessel is 

measured for each run, so that interfacial area and mass 
transfer relationships, involving the term, energy dissipated/ 
unit volume, may be evaluatedo Consequently, a small range 
of the variables, impeller diameter, tank diameter, and 
impeller speed have been investigated, while the liquid 
properties, density, and viscosity, are essentially constanto 
Thus, these results do not represent a full investigation 
into power dissipation in a mixer, although the results are 
comparable with a limited section of ·the published datao 

The impellor diameter is found to be the significant 
correlating length, for power dissipation, eqno 4o7o This 
result is common to all mixer power measurements, (7, 108) 
and is in accordance with the observation that 7Cffo of the 
power dissipation occurs in the impeller stream (19)o The 
term, power dissipated/unit volume, should involve the 
impeller volume 1 rather than the total vessel volume, which 
is more usual in correlating interfacial areas (13)o 

Table 4 summarises the experimental values form, n, t, 
d, v, and h, see eqno 4o3, that have been obtained when 
mixer geometric similarity did not oocuro 

Graphs of the literature data summarised in Table 4, 
are presented by Rushton and co-workers (108)~ and Bates and 
co-workers (6)0 The exponents m, and n, for the impellor 
diameter Dr, and speed N, found in this work are in agreement 
with those in published co~relations, when there is no 
geometric similarity between vessels, but no effect of vessel 
diameter, DT, is found in this work, Figso 4o1, 4.20 The 
vessel diameters used, 5½", 7¾" and 8¾", would be expected 
to show a diameter dependence if it occurredo 
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Table 4 
Six-bladed impellors in a baffled vessel 

Author Impellor type m t n h d V 

Hooker turbine, f.ully baffled 3 065 O. 75 3.0 o.6 1 .o 0 

Olney & Carlson Flat bladed paddles, 11 3 .3 0. 5 2o85 o.6 085.15 
Rushton & co

workers 
tt 

Laity & Treybal " 

tl II 

II tt 

O'Connel & Ma~k Paddle, baffled 

II 

It 

this work Flat bladed paddle,"· 

3.0 

5.0 0 3.0 
·3.65 1.09 3.0 
3.6 0 2.6 

0 

0 

1 .o 0 

1.0 0 

1 .o 0 

A blJnk space indicates that the parameter was not investigated .• 

The graph of Power number versus Reynolds number, Figo 4.3; 
shows the Power number to decrease with increasing Reynolds 
number for each vessel geometry, in the range 104< Reimp < 105 • 
A graph for the same impellor geometry as used in this work (6); 
shows the Power number to be constant in the range 
1a3 < Reimp ( 105 o 'The experimental powerresults obtained in 
this thesis are contrary to published data for similar vessel 
geometries, and coincide more with Power-Reynolds number plots 
for paddles in an unbaffled vessel (136), or propellors ·1n a 
baffled vessel (108)0 

Published graphs (108, 136) do not usually show data 
points, but a plot of Power versus Reynolds numbers for a 
propellor operating in an unbaffled vessel shows that a constant 
Power number region may only be obtained for the range 
103 < Reimp ( 105, by varying the solution viscosity, which 
would not be expected to affect the Power number, see Section 
4.1. The constant viscosity plots for a single vessel 
geometry diverge markedly from the published over-all plots 
for a propellor in an unbaffled vessel. 

The baffle width to vessel diameter ratio used in this 
work, ¾/Dy =· 118 · ·, may suggest that the vessel was o:ver
baffled, causing a decrease in power dissipation, (83). The 
literature is somewhat divided on the effect of baffles, (6), 
but·it is apparent that the effects of baffle width, impellor 



diameter~ and vessel diameter, are su::f'ficiently interrelated 
to mask the effect of vessel diameter on power dissipation 
in a mixing vessel~ 

In this Department, Farrier, (28), has found the 
impeller stream from the paddle-type impeller used in this 
work, to have a mean vertical velocity component, as well as 
radial and tangential components, see figo2..6. To a slight 
extent, flat-bladed paddles with comparatively large bosses 
act as propellorso 

A weu, Power = f(Lig_uid residence time x Impeller speed), 
correlation is found by Laity and Treybal (62). In this 
thesis the maximum energy of the inlet lig_uid streams is 
45K~oM/hr, which is 1 - 2% of the total energy imput to the 
mixer, so the residence time-term would, if included, make a 
negligible contribution to the mixer power correlationo 
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4o5 CONCLUSION 

At present, it is not possible to predict power dissi
pation in a mixing vessel. In consequence, a large volume 
of experimental data has been collected, which enables power 
scale-up for different vessels to be made by dimensionless 
group correlationso Thus power prediction is possible for 
limited geometric scale ratios, which have been extended by 
recent turbulence theory analyseso 

The Power number - Reynolds number plots obtained in 
this work do not show a constant Power number region for the 

-Reynolds number range 1 o4 < Re Imp ( 1 o5, as is shown in 
published data.for similar vessel geometries. The explanation 
is considered to be that the over-all published plots have 
achieved a Reynolds number range by altering the solution 
viscosity, a term which the power 

dent of, for Re Imp > 1 o3 o 

The dimensional correlation, 

3.6 N2o6 D 0 p __, DI• o T 

dissipation rate is indepen-

(4.8) 

is in agreement with those obtained when geometric similarity 

does not exist between vessels. The independence of power on 
the tank diameter is caused by the inter-relation of the 
impellor diameters, the baffle widths, and the vessel diameters. 

It is found that the parameter, energy dissipated/unit 
volume, is more accurately described by power dissipated/ unit 
impeller volume, than by power dissipated/unit vessel volume, 
for processes controlled by high rates of energy dissipationo 

The hypotheses required for local isotropy, which are valid 
in the constant Power number region, do not fully apply to this 
work. Since relationships derived from these hypotheses 
closely describe the mixer fluid turbulence at the higher 
Reynolds numbers, Reimp> 105 , the hypotheses and the 
simplifications implied are retainedo 
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Section 5 

IN·rER1'1ACIAL .AREA IN A TvVO PHASE SYSTEM 

5.1 I~""TRODUCTION 
The area of contact between two phases may be calculated 

from two parameters, the mean surface-volume particle diameter, 
and the dispersed phase volume fractiono For spherical 
particles, the interfacial area A, is given by, 

A 

The particle size range existing in a mixing vessel 
results from fragmentation of the larger particles in the 
higher energy dissipating regions and coalescence of the 
smaller particles in the lower energy dissipating regions, 

(79, 111)0 The maximum and minimum stable drop sizes that 
exist in locally isotropic flow may be predicted by turbulence 
theory. The average particle size measured in a mixing 
vessel frequently may be correlated by one of these two 
mechanisms, as either coalescence or dispersion may control 
the particle size in the mixer region from which the particles 

are sampled, (1, 115, 131). 

5.2 PARTICLE FRAGMENTA'fION CAUSED BY INTERNAL CIRCULATION 
OF THE DROP 

In a theoretical analysis, fragmentation is considered 
to occur when the surface disrupting force exceeds the 
surface tension force. The disruptive force may result 

from internal circulation of the drop, or pressure fluctua
tions over the drop surface resulting from velocity gradients 
in the external fluidQ 

Large drops moving through another phase tend to flatten 



perpendicularly to the direction of motion (25)o 
Fragmentation of these drops occurs when the internal 
circulation pressure causes the liquid forming the central 

dome to rupture, forming many fine dropletso 
'rhe surrounding torus then breaks into several 

comparatively large drops. 

> 0 Oo 
0 0 0 0 

0 0 0 0 
Let Re ua External Reynolds number of the dropo = i) C 

= 

Re = ua = Internal circulation Reynolds number of 
,>d the dropo 

V = .bt1r 
3 

a3 "'V trq2h = Volume of the drop as an 
ellipsoid, h<< q. 

The internal circulation pressure of the drop is given 

by k~ ~,Ju') 2/2. A minimum surface tension pressure occurs 
at the maximum radius-- of curvature of the drop. The condition 
for drop fragmentation at this point may be written, 

,2 O-Trh2 
kf' ~d u2 ) q V (5.2) 

q 

The surface tension and pressure forces for the drop 
are related by the equation, 

+ (5.,3) 

= maximum cross-sectional area of the drop .. 

Sah = ~ 11' a3 = V, drop volume, which is constant., 

The pressure difference across the drop may be written, 
2 

A p "' E> c ~ ( 5 .4) 

Substitution of eqn. 5.4 in 5.,3 yields, 

h 
2 (t' 

e u 2 
C 



h may be 

k' f' 

substituted in eqno 

ed ( u' er)'- 1T h 2ct' 
= 2 V 

5o2, to yield, 

4 1T 0-- " er- 2 

~~ u~ro~ 11'a~r 
(5 .. 6) 

= critical external f'luid velocity f'or particle 

fragmentationo 
acr = critical drop radius for f'ragmentationo 

To determine an order of magnitude relationship between 
u and u', the Navier-Stokes equation is solved for the limit
ing case of negligible viscous termso 

u'. A u' + l)d A u' 

L = characteristic length dimension of the dropo 

2 2 
(u'), ~d....,p ""u • ec 
The critical drop radius may be obtained from eqns 506 

and 5o7, 

or 3/li k • 
f 

0-
( 5.,8) 

A similar expression may be obtained for the fragmentation 
of gas bubbles (63), 

0-
0 2 ° 
' • u c er 

If the Navier-Stokes equation for the drop is solved 
for the viscous terms, it is found that an induction period 
is required, before the drop fragments by an interna1 
circulation mechanismo The induction time required to 
establish circulation within the drop, may be written 



r-

approximately as, 

or 

Vp ,v .. , A u u 
~c 

i>. u2 
C a 
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(5 .. 9) 

ti = characteristic time for displacement of the material 

in the drop .. 
Although a viscosity term does not appear in the 

fragmentation condition, eqno 508, a correlation of the sizes 
of dropsfragmented by this mechanism may include a viscous 
term~ The effect of this term is controlled by the time that 
the drops remain in the high energy dissipating regions of 
the fluid., 

5e3 PARTICLE FRAGMENTATION CAUSED BY TURBULENCE IN THE 
EXTERNAL FLUID 

If the velocity fluctuations in the external fluid cause 

the :pressure differences across a drop to exceed the surface 
tension pressure, the drop will fragment. The maximum 
relative velocity between a particle and the fluid occurs 
with turbulence of eddy length )... = 2a, A 1 > A > A0 , 

see Section 3o6e The maximum pressure difference across 
the drop is thus caused by inertial subrange turbulence 
with eddy length >... = 2aQ 

The pressure difference over a diameter of a particle 
may be written, 

Q = (5..-10) 

Equations 3.6 and 3 .. 13 are substituted in the frag-
mentation condition, 

2 2 
0- Q 

u1 - u2 
) (5.11) = = kf E'c ( 

2 acr 

The equation for turbulence fragmentation, derived 
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independently by Kolmogoroff (59) and Hinze (45), is obtained 
as, 

= 
er 3/5 

( a k ) • 
\""C f 

-2/5 
€ (5.12) 

Approximations that 
flow in a mixing vessel, 

may be made for locally isotropic 

Au~ NDI, ~l rv DI' are substituted, 

o-- 3/5 
"' (o k) • ,c f 

D 2/5 
I (5.13) 

The eg_ui valent expression for bubble fragmentation is. ( 63 ), 

(j 3/5 D 215 o 1/3 
- '--) I i.!£) 

acr \kf ~c (NDI)6/5 • \ed 

(liu) 2 
The quadratic pressure relationship ap"' ~c 2 , used to 

derive eg_n. 5.13, requires that Re ~ 1 o. Thus, a minimum 
drop diameter, amin' that may be formed by a pressure fluctuation 
mechanism, is given by, 

Re = 
V .28niin 

"V 1 0 vc 

ecoc2 1)2 
or 8niin "' er- ( 5.14) 

Levich .(63) notes that smaller drops cannot be formed in 
a turbulent fluid. Viscous eddies, where Re)\< 1, for 2a < >-.0 , 

do not cause drop fragmentation. 

5G4 FRAGMENTATION OF DROPS NEAR A WALL 
Near a solid surface, the liquid velocity profile may be 

written, 
u 

V 
0 • 

=~ 
L 

1n 60 

y = distance out from a walle 
For y ,v S0 , the velocity gradient is greater than the 

maximum in the bulk turbulence, giving further particle 
fragmentation close to the wall. 

For 2a < y, the pressure difference over a drop diameter 
may be written, 
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Q, = 6 E' C 
V 2 

0 
(ln2 (¥ + 2a) _ 

~o 
ln2 <t) ) 

....., 6 E'c 
2 ~ ln .JL 

VO y ~o 

The skin friction velocity v0 , is related to the mean 
flow velocity U, by eqno 3024, v0 "" Jkf/2oU, which is sub
stituted in the fragmentat1-0n condition, 

o- 2 4acr v 

acr = 6 E'c v o Y ln t 
to give, 

1 ~ JY/ln Y./ co acr ""' U .J ~ o o (5.15) 

The minimum drop size that may be formed by this mechanism 
is given when Re A = 1, at y = 00 • Smaller particles are 

not formed in the viscous boundary layer, when Re~ < 1 , ( 63) • 

5.5 PARTICLE SIZE WITH COALESCENCE MECHANISMS 
Shinnar,(114) postulated that, at a minimum particle 

diameter, 2amin' the energy of the turbulent velocity 
fluctuations is equal to the energy of droplet adhesion. 
The turbulence energy is then insufficient to displace 
smaller drops, which are separated by only a thin film. 
The force of adhesion for small drops is given by Deryagnin 
(23) as, 

= 
'!! (rJJ 
2 Jh 

0 

f(h) e dh .. dh1 

h 0 = separation distance of the dropso 
For equi-diameter drops, separation may occur for droplet 

diameters given by, 
2 2 

v2 a •. (2a) ec S(h0 ) = Constant 

In isotropic flow, eqno 5c16 may be written, 

ec E: 2/ 3 a8/ 3/Fa(~) = Constant 

(5.16) 
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1 ,3 h 
or amin 

"V E' -4 • f> -a . 8(2~) (5.17) 
C 

h ho 0 < Fa constant. For 2a 1, <2a) is 

In turbulent flow, there is also a maximum particle 

diameter which may be entrained by the turbulence. 
Rearrangement of an expression derived by Kneule (58), for 
solid particles, shows the maximum particle diameter that 
will be retained in mixer flow to be, 

constant • 2 t>c 3 1 
€ (~c - ~d) • gc2. f(r/J), (5.18) = 

i'(fd) = empirical phase volume ratio. 
Equation 5.18 is in some doubt, (116), but in this work 

it is only used qualitatively to show the maximum entrained 

particle size effecte 

5.6 PARTICLE SIZE DISTRIBUTION IN A MIXER 
In a mixing vessel, a considerable range of particle 

sizes-is found, but at present there is no method of 

calculating this spread, (1). However, if the particle 

diameters found in a mixer are plotted against the impeller 
speed, the diameter spread should lie in a region of stability, 
given by the equations derived in the preceding sections, see 

Fig. 5.1. 

5.7 FREQUENCY OF PARTICLE COLLISIONS 
There are several postulates on which is based the predic-

tion of particle collision frequency. For small particles with 
diameter 2a < ~0 , the number of particle collisions, which are 

predominantly caused by Brownian motion,may be calculated 
by Smoluchowski's theory, (see 63). Such a random collision 

mechanism, however, applies only to aerosols and colloidal 



suspensionso Levich (63) considers other mechanisms that 

cause collisions, for particles with small diameters 2a < ~0 • 

The mechanisms of 'gradient coagulation' where particles 

following adjacent streamlines near a wall collide, 'diffusion' 
of particles towards each other, and 'incomplete entrainment' 
of the particle in turbulent flow, are consideredo For 
larger diameter particles >-i) 2a ) )\0 , most of the particle 

collisions result from incomplete entrainment in the turbulence, 
although other mechanisms for collision still occur. 

Particle 
size 

log a 

,..,,_---Maximum particle diameter which is 
entrained in the turbulence, eqn. 5.18 

Region of particle stability 

Maximum particle diameter 
/ which is stable in the 
✓ turbulence, eqn. 5.13 

Minimum particle diameter 
which coalescence occurs, 

Log power dissipation 

Fig. 5.1 Stable Particle Size Region in a Mixer 

The maximum relative velocity between a particle and the 
surrounding fluid is given by eqno 3 031 for particles, >..1 ) 2a 

> :Xo, 

= (3.31) 

The maximum relative velocity between two particles is 
approximately given by the difference between the relative 

velocities of each particle with the surrounding fluid Vrel = 
vmax(a)-vmax(r)o The number of collisions, nc' of particles 
radius a, with those of radius r, per unit time, is given by-, 



n0 = number of particles/unit volume. 

(a+r) 2= area swept by a :particle,radius, a, relative to a 
particle, radius re 

The total number of collisions of particles, radius a, 
with smaller particles is equal to, 

J_a. 2 1 1 e 1 e - P, 1 
1i (a+r) o(a3 = r 3 ) n0.f(r).(0 )3 ( d c)~ 

o ,c ~c 
f(r) = :particle size distribution. 

The total number of collisions in unit volume per unit time 
is given by, 

N0 - (a+r) 2(a½ - r¼) n 2 (~d - ~c)½ (_g_)½ (5.20) 
O ~c ec 

Dimensionally, the term (a+r) 2 .(a3 - r 3 ) may be replaced 
by a7~3 

1 

(-€ )3 7/3 a ec (5.21) 

Experimentally measured coalescence rates have been 

reported as wi (37, 70, 77), where wi = ( vol. of dispersed 

phase coalescea/(vol. of dispersed phase x min.)) 

For spherical particles, wi may be written in terms of 

Equation 5.21 may be written as, 
1 1 

W. "' ( (.>d - pc) 2 ( £_) 3 a -i Ji 
1 e d ~c 

(5.22) 

The drop diameter 2a, may be substituted by eqn. 5.12, 

e: 3/5 
2/5. er 

(5.23) 



71 • 

This mechanism predicts that no coalescence occurs with 
equal diameter particleso Similarly, no coalescence is 
predicted if the dispersed and continuous phases have the 
same density, but in mixers, some collisions may occur by 
gradient coagulation. 

Two other models predicting particle collision frequency 
have been proposed, (49, 118), but these are based on 
Smoluchowski's theory for random motion of particles with 

diameter 2a < \,• 

5.8 AFFECT OF INTERF.ACIAL PHENOlVlENA ON PARTICLE COALESCENCE RATES 
Photographs obtained by Groothius and Zuiterweg (36) 

show that droplet pairs, although colliding, need not coalesceo 

Inertia of the continuous medium between the drops, a surface 
stabilising film, or a static charge on the drops may reduce 
drop coalescence rates, while interfacial tension gradients 
around the drops' surfaces may induce coalescence. As mass 
transfer proceeds, a reduction of surface tension increases 

the probability of coalescence on the approach of another 
drop, by reducing the drop stability and decreasing the buffer 
effect of the liquid between the drops. Conversely, if the 
surface tension increases with transfer of solute, the probab
ility of drop coalescence decreases, see Figo 5.2. Recent 
selective surveys of interfacial phenomena and their effects 
on liquid-liquid extraction are given in (1) and (25). 

Descriptions of the curious behaviour of non-equilibrated 

liquids when brought together are given in (113, ·120), while 
mathematical models based on roll-cells are developed by 
Sternling and Scriven, (120), and Ruckenstein and Berbente, 
(107), to predict these interfacial instabilities. The use 
of these models requires extensive physical data for the 

system. For example, one parameter is 'the concentration 

coefficient of interfacial tension' which, for the system 
used in this work, is zero, see Section 2.3. Ruckenstein 

and Berbente's model, (107), predicts that no interfacial 
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disturbances occur in the system. isooctane/o-nitrophenol/ 
water, (continuous, extractant phase), and this was observed 
while ~easuring the interfacial tension of' the sys.tem. 

Fig. 5. 2 Diagram showing that coalescence rates may be 
increased by interf'acial tension gradients 
caused by eolute 1iransf'er around·a drop. 

u 
) 

Removal of' continuo\¥1 media 
from between the drops 

\ 1 

transf'er 

U -· relative velocity of drops 
v1 = internal circulation velocity of drops 

a-1 < ~ 
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5.9 EXPERIMENTAL MEASUREMENT OF PARTICLE SIZE 
In each experimental run, approximately eight photographs 

of the dispersion leaving the mixer were taken, after the 

recorded o-nitrophenol concentration in the outlet aqueous 
phase had reached a steady value. Each photograph was 
projected on to a marked screen and the diameters of approx
imately 400 drops were measured., The experimental apparatus 

and operation are described in Section 2o4• 
All: but the largest drops ( > 2 .,5 mm dia.) were observed 

to be circularo A:ny clearly d~fined smaller drop that was 

not circular was not counted, as consecutive photographs 
showed these drops to be attached to the glass surface. The 
cri~erion for measuring a drop was that a full diameter could 
be seen, although a portion of the drop might have been 
obscured. 

The mean surface-volume particle diameter dsv' was 
calculated for each dispersion from the definition, 

(5.24) 

d = mean diameter of the size increment., 
n = normalised drop fraction in the increment. 

A log. (diameter)-frequency plot for each run showed 
the particle sizes to have a log., normal distribution. Drop 
diameters greater than d98 tended to scatter and at low power 

inputs to the miXer, the smallest size increment occured over
frequently, making the graph slightly convex. The remaining 
points indicated a log~ normal particle size distribution for 

each run, see Fige 5o3$ Thus, assuming a logwnormal distribu
tion of particle sizes, a second estimate of the mean surface 
volume diameter could be obtained., 

= 
2 

log d50 + 5a757 log ctg (5.25) 

The counting of the number of drops in the smallest size 

increment was not accurate, because of blurring and overlapping 
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of the drop images o For the sere.en size of 3 mm., an 
accuracy of·~ 20% could be expected, but the large number of 
particles counted for each run (- 3000) and the incremental 
nature of the d8 v calculations would reduce the error of each 
dsv estimate considerably. 

Errors caused by inexact screen magnification, lens and 
film distortion, although present, are negligible compared 
with that caused by particle coalescence in the sampling line 
before the dispersion was photographed. 

Experimental data are tabulated in Appendix 11. 
tions of the data are presented in Figs. 5.4 to 5.8. 

Correla-
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5.10 DISCUSSION 
If no particle coalescence occurred in the sample line 

before the dispersion was photographed, the particle size 
distribution obtained would be representative of that in the 

vessel. However, to obtain less blurred images of the finer 
dispersions, the sample line flow rate was momentarily stopped. 
Coalescence that occurred during this time, and the difficulty 
of analysing the photographs of the finer dispersions, as well 

as the error resulting from the analysis of the clearest 
portions of the photographs caused the nearly constant mean 

drop size which was obtained with the high mixer power ihputs, 
see Fig. 5o5• The normalised drop frequency data, tabulated 
in Appendix 11,show the size distribution for each photograph 

in a run to be similar. Figs. 5.3, show the particle size 
distributions to be logo normalo These observations suggest 
that the dispersionshad not partially coalesced before being 
photographed, but this conclusion is probably erroneous for 
the finer dispersions. The drop coalescence times at a 

plane interface for the system isooctane/water are extremely 
short, 0.5 to 5 secso, (51). 

The two methods of calculating the surface volume 
diameter dsv' (eqns0 5e24 and 5$25),. from the data give 
similar estimates of d 8v for the higher inlet flow rates, 
Fig. 5.6, but show marked differences for the lower inlet 

flow rates, Figs. 5o5 and 5.7. The estimates of dsv 
obtained by using the definition, dsv = t nd3 / ( nd2 are 
correlated by the turbulent fluctuation mechanism for particle 
fragmentation, eqn. 5013, except that an additional term 
(DT/D1 )1 •2 is necessarye This result is in agreement with 

the published correlations for dsv' obtained by direct 
measurement of the dispersed phase interfacial area, using 
light -scattering techniquesD Vermeulen, Williams and 
Langlois, (132) approximately correlate their.data by, 

CJ". 3/5 (D )2/5 
dsv - (~) • (ND~)6/5 • JD 0.3 
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in the dispersed phase volume range, ~ = 0.2 to 0.4. Other 
workers (13, 52, 102, 116) correlate the mean surface-volume 
particle diameters in a mixing vessel by the turbulence 
fragmentation mechanism eqn. 5a13, but the additional terms 
(DT/D1 ) 1 •2 , ~ n and ~c~d)m are necessary, 

n =Oto o.6 
m = O t·o 0.25 

Alternatively, some of the published correlations {93, 
101, 116), support the coalescence controlled relationship, 
eqn. 5018, For example, Rodger, Trice and Rushton (101) 

correlate their data as, 

A= Const 
Dr 

D 3N o D -' 
( I ~c)0.36 (_l)k (~)1/5 (ed)1/6 exp 

a DT ~d 8 c 

where k = f(We) = 0.75 to 1.4. 
When k = 1, 

were not 

predicted by the fragmentation mechanisms, but are necessary 

to correlate the experimental data, arise from the particle 
break-up not being solely controlled by a single mechanism. 

m . 
The phase volume ratio termJZf, correlates the coalescence 
that occurs between the region of particle break-up and the 
measuring probeso The viscous term (,,(.t,c/.AcJJn denotes a drop 

resistance to deformation before fragmentation. 
These two effects were not investigated in this work, 

but the scale length term (DT/Dr) 1 •2 is found in this and 

other works. Calderbank, (13), notes that the term e, in 

eqn. 5.12 should be substituted by "power dissipated/vessel 
volume". which suB:.&i::ests that narticle framnentation occurs 
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(DT/DI)1.2 in eqn. 5.13. In Section 4.5 of this work it 
is concluded that the term e should be substituted by 'power 
dissipated/impeller volume' for a process controlled by high 
rates of energy dissipation. If this substitution is correct, 
the term (DT/DI) 1 •2 may only be accounted for belatedly, as a 
correction for the liquid velocity gradient near the impellor 
region, where particle break-up was observed to occur. 

The alternative method of calculating d from the log. sv . 
normal relationship eqn.- 5.25, yields estimates of d different sv 
to those obtained from eqn. 5.24, for the lower inlet flow 
velocities, ( ( O., 75 ~/hr., aqueous phase and ( O .072 M3 /hr., 
isooctane phase), although the size distribution data appear 

to be log. normal. Fig. 5.7 shows data estimated by eqn. 5.25 
to be correlated by dsv ,,...__, (NDIY2 (DT/n1 ) 1 •2 , which suggests 
that particle break-up for the lower inlet flow rates occurs by 

an internal circulation pressure mechanism, eqn. 5.8. 
With the lower inlet flow rates, the large iso.,ctane drops 

were observed to deform in their rise from the liquid inlet to 
the impellor zone, Figs. 2.12 and 5.9. These drops fragmented 
into numerous small droplets and several larger drops as post
ulated in the theoretical mechanism developed in Section 5.2. 
The larger drops formed were then further fragmented on 
recirculation through the impeller zone. The isooctane drops 
initially formed at the liquid inlet were spherical for the 
higher flow rates, and fragmented in the impeller region by 
the turbulence mechanism, eqn. 5.13. 

A circulation break-up mechanism accounts for the high 
number of small particles found for the low mixer power inputs, 
but even if the drops were initially broken by this mechanism, 
the measured particle size for a mixer would indicate the 
secondary turbulent break-up of the particleso The circula
tion break-up correlation found, results from the log. normal 
estimate of dsv at lower power in.puts becoming increasingly 
inaccurate as the standard deviation of the particle size 
distribution increases, see Fig. 5.8. A maximum particle 
size which-is stable in the turbulence and is ent.PR;nen in 



the flow exists in the vessel, but a log$ normal size 
distribution requires even larger particles to exist in the 
vessel, and the inclusion of these particles leads to the 
erroneous estimate of dsv obtained. As 0--g decreases, the 
number of large particles which are implied by a log. normal 
size distribution that are not present in the mixer decreases, 
causing the two estimates of dsv from eqns. 5.24 and 5.25 to 
coincide, see Appendix 13. 

0 

0 oO 
o OD 0 °0 

• 0 
0 Impeller zone 

particle break-up 
c:::::) 

0 Break-up of inlet liquid 

ontinuous l)hase 
Dispersed phase 

Fig. 5.10 Break-up of Inlet Liquid Stream 

In fact, there are no data available to support an 
internal circulation pressure mechanism for particle 
fragmentation. However, inspection of Sleicher's data 
(117), which are interpreted as representing drop break-up 
being caused by shear forces near a wal1, suggests that 
Sleicher's correlation, 
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may be reinterpreted in terms of an internal circulation 

break-up mechanism. 

Particle size distribution data which have been obtained 
by photographic analysis of mixing vessel dispersions, as in 
this work, have been reported by other workers, (50, 81, 111). 

The skew size distribution favouring the larger particles in 
Setzer and Treybal's work, (111), suggests that coalescence 
occurred in the mixing vessel, b"U:t Huttig and Stadler's data, 
(50), and Nagata and Yamaguchi's, (81), show a log. normal 
particle size distribution for mixer dispersion. Limited 

coalescence between the larger and smaller particles, ) d85 
and < d2 , and incomplete entrainment are suggested to occur 
in the batch vessel used by (50).. A log. normal size 
distribution is obtained, as in this work, for the particle 

size range measured, d7 ( d ( d97 ,( 81) .. 
In the two works (50, 81) and in this thesis, the standard 

deviation of the particle size distribution 0--g decreases with 
the mean particle size, see Fig. 5e8. A qualitative explana
tion may be seen in Fig& 5.1, with the convergence of the 
coalescence and fragmentation limits at higher power in~uts. 

For similar vessel geometries, but different liquid systems, 
0--g's obtained in this work and Nagata's, (81) correspond. 

The expedient of using theoretical predictions for the 
maximum or minimum particle size in a dispersion to correlate 
the mean particle size, is used in this work, as in all 

previous interfacial area correlations. A range of particle 
size standard deviations is found experimentally in this work, 

2. 6 ) 0-g ) 1 o 7, see Fig., 5.8.. Thus the assumption that 

amax"" amin ""'-' ds✓2 is only approximate. However, it becomes 
tenable for higher power inputs to the mixer., 

Coalescence in the sample line has been discussed in this 
section; it was noted that the phases isooctane/water are 

fast coalescing in a non-agitated system. Within the vessel, 



however, no drop coalescence was observed in the low dispersed 

phase volume fractions used, o. 02 < i < 0.1. It appears to 
be customary to consider each phase as being 'fully mixed', 
particularly when estimating mass transfer driving forces, 

(131). The mixing rates of dispersed phases in a mixer have 
been measured, (37, 70, 74, 77). Matsuzawa and Kigauchi, 
(74), report that no coalescence of ferric and stannous chloride 
solutions occurred, when dispersed in an organic phase. Other 

workers find that wi = vol. dispersed phase coalesced/vol. 
dispersed phase present x min. is given by, 

wi 
,..,, e:0.5-+1.1 .,0.5-+1.1 

where wi = 1 to 100 min-1 

for € = 1 to 100 HP/1000 gals. 

The theoretically obtained eQuation 

wi 'V e:0.6 . ,, (5.23) 

indicates the orders of the correlating terms. In the 
derivation of the coalescence model, it was found-that large 
and small drops would coalesce most freQuently in turbulent 

flow. For an air-water system, this has been observed 
experimentally, ( 97). 

In any dispersion, the coalescence rate is sensitive to 
the system and the vessel geometry, but data given by Miller 

and co-workers, (77), for the system 64% isooctane and 36% 
carbon tetrachloride in water may be extrapolated to this 
work. With a volume ratio range of the dispersed phase of 

o. 02-+- 0.1, the coalescence rate w i, in a baffled turbine 
stirred vessel is calculated to be of the order 0.1 ---+ 1. O 
min-1 • In this work, the dispersed phase residence time 

ranged from 0.1 ---4 o. 5 min., so little effective dispersed phase 
mixing is :predicted to occur. For a pure isooctane,phase, 

the coalescence rate would be even less, (77). This result, 

that little dispersed phase mixing occurs,is contrary to the 
fast coalescence noted for non-agitated systems, (51), but is 
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supported by the particle break-up mechanism found, and by 

observations of the dispersions in the mixing vessels. 
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5.11 CONCLUSION 
The order of magnitude relationships may be developed 

from the theories of turbulence, assuming locally isotropic 
flow, to predict the maximum and minimum particle siz~s that 
exist in a mixing vessela If a single particle-size control
ling mechanism occurs in the vessel, these relationships have 

been shown to describe the mean particle diameter in a 

dispersion. 
The particle sizes determined in this work have been 

shown to be representative of those existing in the vessel, 
except for the finest dispersions, for which the photographic 
techniques used are unsuitable. 

A log. normal distribution of particle sizes was found; 
except for the large diameter dispersions, where the effect 
of a maximum particle diameter that is stable in the vessel 
becomes significant,. The standard devia. tion, O" g' of the 
particle size distribution decreases slightly with decreasing 
particle sizea This decrease in ~g is predicted by the 
convergence of the maximum and minimum particle sizes that 
may exist in the higher energy dissipating flows. 

The estimate of the surface volume diameter obtained, 
using the definition dsv = I nd3 / I nd2 , is considered to be 
more accurate than that obtained by using log. normal relation
ships because of the maximum size 0 cut~off" occurring in the 

size dist:ribution. Estimates of dsv obtained by the two 
methods converge at the higher energy dissipation rates. 

In agreement with much of the published literature, the 

mean d 6v particle sizes obtained, are correlated by a 
turbulence fragmentation mechanismo 

D 2/ 5 D 6/5 
dsv = 1 .26 • I 615 • (yf-) cgs. units (5 .26) 

(NDI) I 

However, it is suggested that an internal circulation 
mechanism controls the initial fragmentation of large drops, 
but this observation cannot be verified experimentally. 

The additional parameters, hold-up ratio, ~ , and 
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viscosity, .Ac?u4 -, necessary to correlate particle-size data 
of previous workers were not investigated in this work. The 
appearance of the parameter (DT;1)1 ) 1 •2 introduces a dichotomy 
in reasoning., 

Fast coalescence is considered to occur in the system 
isooctane/water, when it is not agitated. In the mixing 
vessel conditions, the dispersed phase isooctane approached 

more closely a non=coalesced condition than the customarily 
assumed fully mixed condition .. This conclusion is sub-
stantiated by the mass transfer results, see Section 7.11. 

The fragmentation of liquid drops in a mixing vessel 
has been shown to be similar to other comminution processes, 

notably those of solids, in that a log. normal size distribution 
of the products is obtained~ There would appear to be a 
universality in the probability of a particular size reduction 
ratio being formed, but liquid dispersions show the effect of 
a maximum particle-size that may exist in the environment. 
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Section 6 

VOLUME FRACTION OF THE DISPERSED PHASE 

6 .1 ENTRAINMENT OF PARTICLES IN A TURBULENT FLUID 

The second parameter necessary to calculate the inter
f'acial area between two phases,·eqn. 5e1, is the dispersed 
phase volume fraction, or 'hold-up', 

u 
dsv 

A = ( 5 .1) 

In a batch mixer, the hold-up is constant, and is given 
by the volume of the phases initially in the vessel, 

Volume dispersed phase pJ = Vol. dispersed phase+ Vol. continuous phase 

except when local changes in the unif'ormity of mixing are 
considered. For f'low mixers, however, the hold-up is not 
given simply as, 

Volume f'low rate dispersed phase 
Total vol. f'low rate to the mixer 

because dif'f'erent mean residence times for each phase in the 
vessel result from incomplete entrainment of' the dispersed 
phase. The hold-up in a flow mixing vessel is usually 
correlated in terms of the hold-up ratio fl j2f f' which is 
dependent on the system properties, the vessel design,and 
its operation. 

~ Vol. dispersed phase 
,>/pf' = (in the vessel ) / (Total inletflow 

Total vol. of vessel Dispersed phase 
flow rate 

rate) 
inlet 

In most experimental work, the mixers have had overf'low 
liquid outlets, see Fig" 2 .. 4, and have be.en: operated 



94. 

with the lighter phase dispersed. Consequently, the hold-up 
ratio approaches unity, , / fl5 f' ( 1 .o only at higher power 
inputs, ( 131). 

An equation predicting the maximum particle siz.e 
entrained in a turbulent fluid, eqn. 5018, has been presented, 
(58)0 

= const "' 
€ 2 ( ec ) ec - ~d 

(5.18) 

f( ~ ) = empirical hold-up ratio. 
Since the derivation of eqn~ 5Q18 is in doubt, (116), 

a hold-up correlation based on the particle entrainment 
properties of the turbulence is developed. It is assumed 
that the lig_uid hold-up ratio is given by, 

f6 I d.. ,..,, Average flow velocity in the mixer 
,.,f Relative .velocity between the particle 

and the fluid 

To this approximation must be added the additional condition 
that the hold-up ratio is equal to one when the dispersed 
phase becomes fully entrainedo 

The maximum relative velocity between a particle and the 
fluid which was found by dif'ferentiating eqn. 3.30, 

1 
1 (€ >- )-v ....., ( (o - (> )V) 2 ,, 3 

. .. ·· · 

'd C {) 3 ( 0 V + k O SA) i ,c ,c f ,c 
(3.30) 

occurs with turbulence of' the same eddy length as the particle 
~iameter. In entrainment, when the large scale and. mean 

velocity flows retain the drops within the mixer, the small 
scale turbulence is not important~ Thus, the relative 

magnitudes of the two terms, ~cV and kt ~cS,X. in eqn. 3.30, 
become important~ For Stokes flow of the fluid, Re ,x. < 1 .o, 
kf f'cSA is greater than p0V, for A1 "" DI and kf = 24/Re ,x .• 
In the constant drag region, Re.x) 700, ecV is greater than 
k:e ~ cs A , where ~l "'DI. A numerical solution could' also 
be obtained for the transition region, where the two terms 
are or the same magnitudee 
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In the Stokes flow region eqn. 3.30 may be written, 

The drag coefficient kf may be substituted by, 

k.,:, .-v _j_ 
.L Re). 

( 6 .1) 

and the eddy wave-length A, for the large scale flow, may 
be written as, 

A"'-> D I 

or 

a, may be substituted by eqn. 5.26, to give, 

~ 0- 6/5 
V ,"\J ~ • (k' D) • 

~c f ~c 

€-.13 

D t/3,) 
I C 

( 6.2) 

The drag coefficient kf is related to the particle 
break-up, and is not substituted by the Stokes relationship. 
kf is the particle drag coefficient with respect to the 

inertial subrange turbulence, and as such is in the constant 

drag coefficient regione 

The relative velocity V is obtained by substituting 

eqn. 3. 7, for € , 

0--6/5 _ 1 
. ~ 

fie D .2 
I 

The hold-up ratio 'J/pf is given by, 
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NDI 
-"' V 

(6.3) 

In eqnG 3 e30, when fcV )) kf f>cS A, the particle drag 
coefficient kf will approach a minimum value, or be in the 
constant drag coefficient region, 700 < Re~ <·105 • This 
suggests that the particles are fully entrained by the large 
scale flow,as entrainment by the"inertial subrange turbulence 
is occurringe For this extreme ~ase eqno 3.30, may be 
written, 

1 

v - ((oc - oa_)v)½. ~€ A) 3 
1 

' ' ~c3 (~cV)2 
(6.4) 

With the substitutions ~1-n1 , and e"" Pc(Llu) 3/n1 eg_n. 
6 .. 4 becomes, 

·.au 

The hold-up ratio may be determined as, 

(6.5) 

With complete entrainment, the hold-up ratio becomes one. 
The numerical value of the constant obtained for any system 

,{ 

(ec/(~c - ~d)2 , has little significance, except to show that 
complete entrainment may be more easily obtained with systems 

having a small density difference between the two phases. 

This analysis does not evaluate the hold-up 'end 

correction' for a non-agitated vessel, but for the system 

and vessels used in this work, this correction is small 

compared with the measurement errorso 



97. 

6.2 EXPERIMENTAL MEASUREMENTS OF DISPERSED PHASE VOLUME FRACTION 
The volume of the dispersed phase in a mixer was measured 

at the end of each run. The two inlet flows were stopped 
simultaneously, and the agitator was turned off. The two 
phases were allowed to settle, and the dispersed phase height 
in the vessel was measured by comparison with a scale held 
outside the vesselo 

These measurements were found to be inaccurate, and 
apparatus modifications were made after the mass transfer runs 
to eliminate the sources of error. The flow control valve 
for the dispersed phase was moved from below the rotameter to 
immediately below the mixing vessel, and the two overhead 
sample lines were blanked off. The volume of iaooct.ane that. 
was still displaced from the short inlet line, after the 
isooctane flow stopped, was measured experimentally and found 
to be constant. 

The repeated runs were for the same conditions as the 
mass transfer runs, but only the impeller tor4ue and speed, 
and the dispersed phase hold-up were measured. A complete 
description of the apparatus and its operation is given in 
Section 2.4. 
for the lowest 

hold-up. 

The measurement error noted gives a 20% error 
hold-up measured, and 9% error for the highest 

The experimental data are tabulated in Appendix 12, and 
are presented in Figso 6.1 and 6.2. 
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6.3 DISCUSSION 
The dispersed phase volume fractions in the mass transfer 

runs were determined from the graphed results of the repeated 
hold-up measurements. In these runs the two phases were 

recycled to eliminate isooctane loss by entrainment in the 
non-recycled aqueous phase, which occurred during the mass 

transfer runs. Consequently, in the repeated experiments, 
the o-nitrophenol concentrations in the two phases were in 
equilibrium, with a concentration of 3 x 10-5 gm. ONP/gm. H2o 
in the aqueous phases The interfacial tension of this system 
is 50o2 dynes/cm., while it was 50.4 dynes/cm. in the mass 
transfer runs, see Appendix 9. This decrease, and the changes 
of the other phase properties, density, and viscosity, are 
considered negligible. 

The graphs of hold-up versus power input, Fig. 6. 2, are 

similar to those already published, (78, 130). Treybal, (131), 

notes that the impeller speed at which the initial rise in 

hold-up occurs is given by Nagata and co-workers' correlation, 
(84). This equation was originally obtained as the impellor 
speed at which two phases became fully mixed in an unbaffled 

vessel. A similar correlation for baffled vessels, (92), is 
more satisfactory in correlating the 'rise point' impeller 
speed in this work, contrary to Treybal's observation that it 
'seems unrealistically low'. 

At rise point Reimp = 

2 
Reim 0.15 

( We p ) 

Ref. (92) 

The two asymptotic hold-up relationships derived in 
Section 6.1, eqns. 6.3 and 6.5, are found to correlate the 
data, see Fig. 6.1, although a·wide scatter is apparent. 
This scatter does not entirely lie within the error limits 

of the techniques used. The correlating equation found is, 

Hold-up ratio, filfllt = 
1 4 1 6 D1 0.9 

0.003 N • Dr. (-) 
DT 

(6 .. 6) 
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for low mixing vessel power inputs. c.g.s. units 

f'or high mixing vessel power inputso 

The parameter (DT/DI) 009 , necessary to correlate the 
experimental data is not predicted in the derivation of eqn. 
6.3. The same scale ratio, to the power of 1e2, (DT/D1 ) 1 • 2 , 

occurred unpredicted in the particle diameter correlation, see 

Section 5e10o The appearance of (DI/DT) 1 •2 is related to the 
dimensionless scale term, DT/D1 , being necessary in the 
dimensional expressions for the energy dissipation rate£, 
but this is neither predicted, nor found experimentally in 

this work, see Section 4o4B 
A numerical solution to eqn. 3.30, could be fitted to 

the data in the transition region, but such a solution w9uld 
not constitute an improved theoretical approach. 

The system parameters predicted in eqn. 6.3, 
2 

h,:r~ Ip . 
qualitatively correlate the hold-up ratios for different 
systems, obtained with low power inputs in the same mixer, 
(131). However, insufficient data are given to check this 

result numericallyo Equation 6.6 may be written, in c.g.s. 

units as, 

Hold-up ratio 
n 2 D 

= 3 o ,c Ac N1o4 D 1.6 (-_I)0.9 
o 4€)e~• I DT 

(6.8) 
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6 .. 4 CONCLUSION 

Complete entrainment of the dispersed phase in the 

turbulent flow occurs only for Reimp) 105 • The hold-up 
ratios for lower Reyn_olds numbers are :predicted by turbulence 
theory by. determining the relative velocity between a particle 
and the turbulent fluid. 

The initial rise in hold-up, shown in the graphs of hold
up versus power, is correlated by Pavlushenko's equation (92), 

rather than Nagata's (84), but little further information is 
obtained from this approacho 

A semi-empirical expression derived from the particle 
slip velocity in turbulent flow is found to describe the 
dispersed phase hold-up, in the low power dissipation range, 

d/n( - 3 0 ~c2 Ac N1 .4 D 1 .6 (~)0.9 (6.8) 
~. r f' • A f! ~ I DT 

A constant hold-up region is predicted and found 
experimentally for high mixer power inputs. 

(6.7) 

With incomplete entrainment, the larger particles tend 

to by-pass the mixing vessel, and contribute little to transfer 
processes. The extent of' this by-passing is shown by the inter
facial area variations, in the different mixing vessel regions, 

(111). 
A Stokes drag force relationship for the particles is 

substituted in the derivation of' eqn. 6.3. However, much 
higher particle Reynolds numbers occur with the inertial 

subrange turbulence, see Section 3.6. It is thus likely that 
transfer processes with freely circulating particles in a 
mixer are controlled by the inertial subrange turbulence, and 

not by the bulk flow conditions. 
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Section 7 

MASS TRANSFER 

7.1 MASS TRANSFER PROCESSES IN THE CONTINUOUS PHASE 
Transfer processes with solid particles held in a fluid 

with a known velocity distribution have been predicted and 

measured with, as recent review articles show, substantial 
agreement, (55, 104). These articles concur with the concept 

that the boundary layer around a solid particle changes with 
an increase in the mean velocity and the turbulent fluctuations 

of the external fluid. A similar review article, (39), shows 
that experimental measurements of transfer processes with fluid 
interfaces may be correlated either by a selected surface 

renewal, or by a boundary layer mechanism. 
In mixers, where a large number of drops occur, the 

effects of fluid turbulence, drop interference, and fragmenta-

tion may modify these single particle correlations. Although 
these effects have been observed, little theoretical extension 
of single particle equations to multiple drops has been 
achieved. As a result, transfer processes in mixing vessels 
have been related to overall vessel parameters, (129). 
Recently, data have been correlated in terms of dimensionless 
groups, relating the overall mass transfer to the vessel and 
system properties. This semi-empirical approach has yielded 

vastly different transfer correlations, as shown by two 
examples given belowo 

= 

= 

Re 0.,833 
Imp Ref. (3) 

3o6x1012 ReIPmp Scq (__jt_)o.627(~)3.08(~)2.82 
DT3g DT ec 

Ref. (82) 
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for a sphere. 

The effects of mixer :parameters and solution :pro:pert~es 
are shown in surveys of the rates of dissolution of solids in 
mixers, (24, 40, 73). Few data for liquid extraction 
:processes controlled by the continuous :phase transfer 

resistance in a mixing vessel have been :published. The 
added effect of interfacial :phenomena, which often results 
from mass transfer across an interface, (25), tends to 
diversify such data beyond the scatter obtained in the 
dissolution of solids. A more realistic approach is to 

derive mass transfer relationships, applicable for the 
transfer controlling mechanism existing in the mixer. 

The prediction of continuous :phase mass transfer rates 
may involve either boundary layer theories, or surface 
renewal modelso Both these methods consider the total 
material transfer resistance to be within a region close 
to the interface. Within this region molecular diffusion 

occurs through a thin laminar layer next to the interface. 

Dissimilarity between the two methods arises from the boundary 
layer theories averaging the tim~ dependent diffusivity term, 

while the surface renewal models average the mass transfer 

rate. Otherwise the two methods are similar. 
The boundary layer approach is developed in this thesis, 

because the derived surface renewal relationships depend on 
parameters which at present are indeterminate. The surface 

renewal correlations analogous to the derived boundary layer 

equations are noted. 
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7.2 LAMINAR BOUND.ARY LAYERS 
Mass transfer correlations derived by considering 

laminar boundary layers are discussed in a paper presented 
by Dr R.B. Keey and the author of this thesis, see Appendix 1. 

7.3 TURBULENT BOUNDARY LAYERS 
The fluid region next to a surface is divided into the 

zones summarised in Table 3. The solute diffusion rate is 
derived f'rom the viscous decay mechanism for each zone. 

Bulk stream 
turbulence 

Concentration p_rof'ile 

Turbulent 
boundary layer 

Hydrodynamic and Mass Transfer Boundary Layers 

Diffusion Sublayer, 0 ( y < s. 
The diffusion sublayer is defined as the region in 

which the molecular diffusion exceeds the eddy diffusion. 
In some derivations, (55, 67), the eddy and molecular 
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diffusivities are added, 

17- = ( j, mol + 9 turb) 

but considerable mathematical difficulties are caused, with 
little improvement in the transfer mechanism. Therefore, 

J = - 9- ~ 
mol iy 

(7 .1) 

is used. 

Viscous Sublayer, 6 < Y < bo 
The diffusion rate for this region of the viscous 

sublayer is given by the eddy diffusivity, as this exceeds 
the molecular diffusivity. The viscous damping relation 

used, vturb"" V (y/ ~ 0) 4, yields, 

h4 'be 
J = '2{ V 0 ;--3" " - (7 .2) 

t 0 'by 

't = constant of order unity 

Turbulent Boundary Layer, ~o < Y < 6d. 
Von Karmeri' s viscous damping relationship l{Y) - y is 

used, from which 1\urb - y2 i~Jiy 

J = - ,8 V 
0 

(7.3) 

/3 = constant o 

Bulk Lig_uid, bd < Y • 

It is postulated that the concentration in the bulk 

liquid is constant, for Sc » 1 , due to turbulent mixing. 

The concentrations, cd at y = d, c s0 at Y = bo' 
cs ,.at y = , , and c0 at y = O, are substituted at their 
respective boundaries. For constant mass flux through each 

zone, eqns. 7.1, 7.2 and 7.3 yield, 

(cd - co) 
J = 

- s,. 1 6 / ~3 (1 
_.dvo no d + 3 vo '1 6' -

(7.4) 

~) + ~ 
0 
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At y = b, eqn. 7e2 may be· written, 

j;) mol = ~turb 
~4 

= Yv0 ~ .. · 3 (7.5) 
&o 

Equation 3"21, 
7.5 to give, 

&0 = b -i?/v0 may be substituted in eqn. 

j_ o/? .l 
4 y Sc • u • .v 0 

(7.6) 

Substitution of eqn. 7.6 in eqn. 7o4 yields, 

(cd - co) 
J = 

r- ( 1 ( v 4 J ) So ~ o)-
t> 1 + 30 • 'o. Sc 1 0, ,re Sc . - ..., 1 0 t Sc - 10 ptSc, ln d 

(7.7) 

The coefficients ,,Sandt, have been shown to be of order 
unity, ( 63) • ,For Sc )) I, eqn. 7. 7 may be approximated by, 

» ( C d - CO) VO ( ?.a_ - CO) 

J = 4/3 S ".J oc sc3/4 

oC= ~ .103/4 o -1/4 

Equation 3.24, relating v0 and U may be substituted to 
give finally, 

(7 .8) 

For the particle Reynolds number range, 700 (Re~< 105 

the total drag force coefficient is nearly constant at 0.5. 
An alternative viscous damping relationship for the 

viscous sublayer, used by Lin, Moulton and Putnam, (67), 
see Table 3, leads to the expression, (see 63), 

(7.9) 

The maximum turbulence slip velocity for the particle, 
is substituted as the velocity term, in the turbulent mass 
transfer relationships, eqnse 7.8 and 7.9. In mixers the 



dispersed phase particle diameters are 
than the inner turbulence scale, 2a > 
is substituted as the velocity term. 

1 
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frequently greater 
~ 0 • Thus eqn. 3.31 

kf may also be 
substituted for, as kf"' N-4 (55). 

7.4 TRANSFER WITH AN INTERNALLY CIRCULATING DROP 
Exact solutions for the continuous phase transfer rates 

from an internally circulating drop have been obtained for 

viscous flow, ( 10, 63, 106).. Levich' s solution, (63), may 

be written, 

1 

I = (.Su) 2 a 2 ( c - c ) 
• a d o (7.10) 

The velocity u is substituted by the maximum drop slip 
velocity eqn. 3.,35, to yield, with approximations applicable 
for locally isotropic flow in mixers, 

= 

1 e - ~ 2 3 1 
Const ( c d) Re 4 Sc2 

• f'd Imp (7.11) 

An equation, interpolating between eqn. 7.10 and eqn. 3, 
(Appendix 1) is developed by Ruckenstein, (106). For steady 
flow, this equation shows the changing importance of the 
Schmidt number, with the change in the ratio of the internal 
circulation velocity to the external fluid velocity~ (v'/v). 

0.849 _. v' 
V 

= 
-1 Sc 

An estimate of the parameter v'/v is obtained from a 

graph presented by Boye-Christenson and Terjeson, (11), which 

relates v'/v to the concentration of surfactants in the 

continuous phase. Except in clean liquids where the 
surfactant concentration is less than 2.10-6 gms. surfactant/ 

gm. solvent, the ratio v'/v is in the range 0.1 < v'/v < 0.3 
for most liquids. A similar result has been derived 

theoretically, (63). 
Piterskikh's relationship, eqn. 3.23, 
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(3.23) 

b = constantrv 0o01 (63), does not describe turbulence 
damping in the viscous sublayer next to a solid wall, but 
may apply at a mobile drop interface, at which the energy 
loss through viscous dissipation in the boundary layer ,is 
considerably less, (63)o A relationship, similar to eqns. 

7.8 and 7.9, may be derived by considering a turbulent 
boundary layer mechanisme 

kf = external drag coefficient for an internally 

circulating drop. 

(7.12) 

The slip velocity for an internally circulating drop 
may be substituted for U in eqn. 7.12. The equation obtained 
is similar to the transfer relationship derived by considering 

surface tension damping at the interface, see Appendix 5. 

Pc - ~d 

~d 

3/2 Sc-1/2 
• ( NDI) •a. ( D V >. 1 /2 

I c' 
(7.13) 

These transfer relationships, which have been derived 
f'rom boundary layer considerations, are summarised in Ta"ille 5. 

The extent to which any experimental correlation ap~-.~hes 
a limiting theoretical relationship is dependent upon the. ·. ·· 

controlling parameters, particle size, interface mobility, 

and boundary layer turbulence. 
Numerical coefficients are not derived in a dimensional 

'order analysis' approacho From eqn. 7.6, however, it is 

apparent that the mass transfer rate increases with surface 

mobility. For steady flow conditions, Harriott, (39), shows 

that, 

Shdrop 

Shsolid 

at Sc ...... 1 o3 
j when a drop has f'ull internal circula ti~ii~ .. 



110. 

Table 5 Transfer relationships for rigid interfaces. 

Laminar boundary layer, 2a > A0 , eqn. 1 Appendix 1. 
1 1 

Sh = 2 + 0.58 Re2 Sc3 ( 7 .14) 
Turbulent boundary layer, 2a ) >.0 , eqn. 7 .8 

Sh "" (~ /1- ( 2 a )"¼ Re Sc¼ 
Imp pd DI Imp (7.15) 

Turbulent flow, 2a < ~o, eqn. 2 Appendix 1. 

Transfer relationships for mobile interfaces. 

Turbulent flow, 2a 

Steady flow in the 
-I 

k .....,8 JK (.&u)2 
C 2 a 

> A0 , eqn. 7 .12 

Sh "'1k' ~ Re 3/ 2 (...!:..) Imp ,JA-f l'd Imp •DI• 
1 

Sc2 (7.17) 

external fluid, 2a > ~0 , eqn. 7.11 

~ ½ 3 1 

Shimp_. ( ()c) Re;Emp 4 Sc2 (7 .11) 

The correct viscous damping postulate has not been 
determined. Investigations of the effect of molecular 
diffusivity, in mass transfer, have failed to select 'any 

particular postulate, and velocity fluctuations sufficiently 
close to solid and mobile interfaces have not been measured. 
However, the Schmidt number exponent of½ for transfer from 
solid surfaces is accepted, (55) by American workers, from 
laminar boundary layer considerations, (67), while½ is 
accepted for mobile interfaces, on the basis of' penetration 

1 

theory, (39). In contrast, Russian workers consider Sc4 

applies for solid surfaces in turbulent flow, (63). 
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7.5 SURFACE RENEWAL MODELS 
Mass transfer relationships derived from surface renewal 

models (41, 105, 126, 127), have been developed using Higbie's 
concept (44) of molecular diffusion into a fluid film next 
to an interface. The more comprehensive models are proposed 
by Harriott (41) and Ruckenstein (105). 

Harriott computed the average mass transfer rate, for 
normal and skew distributions, as well as constant values of 
the renewal times and penetration distances. The mass 
transfer coefficients are found to be little affected by the 
time distributions used, but increases by a factor of' five 

occur for dif'f'erent distributions of' penetration distances, 
having the same mean valueo 

The transfer relationship derived, 

- Sc-n 

_ 3 5 n "'0e7 at Sc - 10, n~ 0$85 at Sc= 10, shows a continuously 
changing Schmidt number exponent, rather than the discrete 
values obtained from viscous damping postulates. The result 
Sh- sc0 •3 , at Sc= 103 , is intermediate between Levich's and 
Lin's postulates for turbulence damping at rigid interfaces. 
As velocity gradients in the diffusion layer are not considered 
in the derivation, comparison of this result with internally 
circulating drops is unsound. 

Ruckenstein (105) derives two models in which the inter
f'ace fluid is divided into two layers. The outer layer is 
renewed more f'requently than the inner, x2 = e 2u2 < x1 = e1u1 • 

e = renewal time o 

X = length of contact layer. 
Z = depth of contact layer. 

The first model is based on the hydrodynamic and transfer 
boundary layers lying within the inner fluid turbulence zone 
0 < , < &0 < ,Zi ~ The equation for diff'usion from a semi
infinite f'luid flowing over a path length x1 , is• applicable. 

= (7.18) 
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The parameters x1 and u2 are derived dimensionally from 
the hydrodynamic parameters t', ,) and ('• 

= , = 

Equation 7.18 is comparable with Lin and co-workers' equation 
for turbulent transfer processes at a rigid interface, eqn.7.9. 

Fluid velocity 

/ 

Surface Renewal Model 

Ruckenstein's second model is based upon the hydrodynamic 
and mass transfer boundary layers lying in the outer renewal 
layer, z1 < 6 < So < z2 • An approximate solution for the 
transfer coefficient is obtained. 

( 63o,.s2 ] i v1. -n 
+ ½ 74,,d 1 + 115,.Bu • /I} .Sc 

(7.19) 

z1 = .s 1 -¾Lo/p u1 = 1311 Jto/~ 
X2 = r-i 2 1/~ u2 = /3' )To/~ 

~u i'or a rigid interface )9' --+O), n- 1 
'!" 

.,S" -1 For a mobile interface~ --+1), n- 2 

Equation 7.19 yields no further information on the 
correct Schmidt number exponent, as the parameters,,s 1 ,,s 2 , 
/3' and ,13 ", are indeterminate. For particular values of n, 
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eqn. 7 .19 is equivalent to the turbulent bounda.ry layer equations 
derived, eg_ns. 7.8, 7.9 and 7.12. 

7.6 DROP INTERACTION 
The volume fraction of dispersed phase, at which particle 

interaction affects the overall mass transfer rate, has not 
been determined for mixers. With turbulent boundary layers, 
it is unlikely that particle proximity will have a significant 
effect. For particles with laminar boundary layers, however, 
a marked change in transfer rates could occur, as shown by 
packed bed studies, (98). 

For a surface renewal model of mass transfer, Ruckenstein 
(105) calculates that there is no particle interaction when 
the drop separation distance h0 is given by, 

h 
.J&-oe ~ 2 (7 .. 20) 

For internally circulating drops in a mixer, eqn. 7.20 
shows negligible interaction for a phase volume ratio less 
than 0.5, for 2a"' 0 .. 1 ems., e = ~, where v...., v" _, 20 cm/ 

V " . 
sec, eqn. 3.35.. A value 0.5 seems high, even for turbulent 
flow. Evidently, the surface renewal requirement of "fresh 
bulk liquid11 , must be modified. 

The dispersed phase volume fractions in this work are 
in the range 0.02 - 0.1, and the mass transfer coefficients 
are correlated by a turbulent boundary layer mechanism, see 
Section 7.10. Thus particle interaction is considered to 
have had negligible effect on the continuous phase mass 
transfer coefficients .. 

7.7 INTERFACIAL PHENOMENA 
Surface absorbed films tend to increase the skin 

friction drag around a drop, see Section 7.4, and inter
facial tension gradients have been shown to affect drop 
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coalescence rates, see Section 5.8. These two aspects of' 
interfacial phenomena influence the overall mass transfer 

in a mixer. Interfacial turbulence also augments the mass 
transfer rate by disrupting the fluid boundary layers and 

causing local mixing. Two papers, which have been noted 

(107, 120), relate the occurrence of interfacial turbulence 
with the phase properties and the solute transfer rate. 

Interfacial tension gradients for dilute acid solutes may 

also be calculated, (112), but increases in mass transfer 
rates, caused by interfacial turbulence, remain unpredicted. 

As a large precentage of liquid extraction literature 
has been devoted to interfacial phenomena, a selecttve note 

on this effect is necessary in this work. In a mixing 
section of a Scheibel column, Karr and Scheibel (54) found 
the transfer rate to depend on the direction of solute transfer 
and the phase dispersedo Mixer cells, which retain a 
continuous fluid interface with differential agitation of 
each phase, have yielded similar mass transfer results, (20, 
64, 88, 113). Sherwood and Wei,(113) observed that inter
facial behaviour affected the mass transfer rate to the same 
extent as the mixer cell dimensions. This observation is 
supported by Lewis's classification of systems according to 
their interfacial behaviour. 

The complexities of extraction data may be interpreted, 
qualitatively at least, by recent theoretical work on inter-

facial behavioure For example, the effects of surfactants 
on transfer with single drops are related to the boundary 

layer mobilityo Thus, data obtained by Boye-Christensen and 

Tergeson (11), and Garner (31), may be correlated. However, 
solute purity has been found to affect the dissolution rate 
of cinnamic acid spheres (33), a process which is independent 

of interface mobility. 

Solute purity 

98% 
99+% 

Transfer relationship 
Sh- Reo.55 Sc0.46 

Sh ~ Reo.75 Sco.29 

With the increase in solute purity, the mean increase 
in k 0 is approximately 50%. A surface resistance for the 
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lower purity solute may have resulted from accumulated 

impurities at the interface. This effect has been noted 

previously (26), to complement surface mobility effects. 
This note suggests that consistent fluid turbulence 

controlled transfer-data may best be obtained i~ the absence 
of interfacial phenomena effects. A clean apparatus, 
purified materials, and a stable liquid interface with mass 
transfer are apparently necessarye The selection of a 
system, and the cleaning of the apparatus, for this work, 
are described in Sections 2Q1, and 2o5. The interfacial 
stability of the system used, isooctane/o-nitrophenol/water 
(continuous, extractant phase), is noted in Section 5.10. 

Thus, as far as is possible in extraction with large 
scale experimental apparatus, these interfacial phenomena 
have been eliminatedo 

7.8 MASS TRANSFER DURING DROP DISPERSION AND COALESCEN~ 
Mass transfer rates during drop formation in a stagnant 

liquid are best correlated, for slow drop formation periods 
1 to 15 seconds, by Ilkovic's equation (95), 

= 

Constant= 6/7 to 24/7, depending on the transfer mechanism. 
df = drop diameter at the end of the formation period, 

tf. 

Although not directly applicable to drop dispersion, this 

correlation suggests that the total solute transferred during 

drop dispersion is small, contrary to GaI"ner and Lane's 
conclusion (32), that high transfer rates occur for the 

initial absorption of gases by suspended droplets. 

In the system used in this investigation, negligible 
coalescence of the dispersed phase occurs in the mixing 
vessel, see Section 5o1OQ As the transfer resistance is 
substantially in the continuous phase, the dispersion and 
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coalescence that does occur will have little affect on the 

overall transfer rate, unless internal circulation is 

induced in otherwise non-circulating drops. 

There are inherent "end ef'f'ects" in mixer operation. 
These 11 end ef'f'ects" def'ine the mass transf'er occurring during 
the initial phase dispersion, and the transf'er occurring during 
coalescence in the settling vessel. As fluid turbulence in 
mixers is being investigated, the end ef'f'ect corrections are 
calculated as the mass transfer from the dispersed phase jet 
bef'ore it breaks up, and the transfer in the settling vessel, 
before the aqueous phase is analysed f'or solute concentration. 

These corrections are subtracted from the total transfer 
measured, to give the transf'er that occurs with the dispersion 

in the mixer. 
For spray towers, Licht and Conway (65) found "end effects", 

as stage efficiencies, in the range 0.05 < es < 0.30o The 
magnitude of' the "end eff'ect" is dependent on the drop size, 
as well as the extraction system. 

7.9 DRIVING POTENTIAL FOR TRANSFER PROCESSES IN MIXERS 
A driving potential based on the diff'erence in solute 

concentrations in the outlet phases is accepted f'or calculating 

mixer vessel transf'er rates, despite activity coefficients 
being more rigorous as driving force potentials from a 
thermodynamic standpoint, (34). Except in Karr and Scheibel's 

paper (54), concentration driving forces have been used for 

extraction, although a solute discontinuity occurs at the 

interface. In this work, the solute concentration in the 
continuous :phase is suff'iciently low,< 10-5 Mol. fraction, to 

cause little deviation from the ideal, (22), and with the 
accuracy of' solute concentration obtained, activity driving 

forces are not warranted. 

The solute concentration at the interface is considered 
to be at equilibrium, except for high mass transfer rates, 
( 9) • Some workers, not ably Kishinevskii and Korniellf.o,:· ( 57) , 
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claim that an interfacial resistance caused by a solute 
absorption layer, occurs with low mass transfer rates, 
although Davies and Waggill (21) consider that mono

molecular film resistances are caused by damping of inter
facial instabilitiese Also, a theoretical analysis (43) 

shows that the bulk phase con~entrations may not lie on the 
e4uilibriu.m curve, because of differing material transfer 
rates, in an extraction process. However, interf'acial 
e4uilibriu.m is here assumed, although the polar solute, 
o-nitrophenol, may have been absorpted on the interface. 

Each phase in a mixing vessel is normally assumed to 
be fully mixed. Treybal and Setzer,(111) found that data 

for isobutanol transfer into water, when the dispersed 
isobutanol phase was presaturated with water, are more 
consistent, when the driving forces with low mixer power 
inputs are based on plug flow of the continuous phase. Some 
knowledge of the continuous phase mixing rate is available, 
flow models for mixing vessels have been developed (85, 135), 
and theoretical studies of inertial subrange turbulence mixing 

have been made (17, 103)~ Rosenweig (103) develops an 
explicit relationship for the degree ofnunmixedness 11 , If' /f . 

q; 
11' 

~d 
e 
e 
elf 

\JI 2 " 
).. 2 3 )-1 = (1 + N ( gc e:) e ( 7 .21) ~ ( 1-11 ) e d 

Ne 
2 /5/6 ...L 0.48 = 

/1/3 • = 
CJ c¥ 

= 

= 

= 

= 

= 

= 
= 

final mean concentration, (or volume fraction). 

local fluctuations from the mean concentration, (or vol. 
fraction). 
characteristic wave-length of large eddies, length-1 • 

mean residence time~ 2 
- _-2,_ d~x . 

energy in_put cascade - 2gc • dt . 
universal constant for 
k5/3 G ( k ) ( g € ) 1 /3 

1 C 

the inertial subrange, (103) 
€0-1 -., 0.4 

Substitution in e4n,. 7 .21 shows the 'degree of 1mmixedness' 
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in this work to range from 1 .2% (minimum) in the 8¾ in. 
vessel, to 7.5% (maximum) in the 5½ in. vessel. 

Mixing rate experiments (75) for vessel geometries 
similar to those used here also suggest that a high degree 

of continuous phase mixing occurs. Rice, Toor and Manning, 
(99), observed that complete neutralisation of a NaOH and 
phenolpthalein solution, introduced into the eye of an 
impellor occurred in the impellor stream, the circulating 
bulk liquid being acid, ~so4• Biggs (8) introduced a 
tracer pulse into the mixer inlet feed stream. The mixing 
in the vessel was indicated by the outlet stream concentration 
which approached 95% of the final concentration in time t 95 • 
For a paddle type impellor in a 9i in. vessel, 

t95 = 3 .5 (~) 11~6 gc -1/6 N-2/3' for, 104 < Relmp < 105 • 

The ratio, mixing time to the fluid residence time t 95; a, for 
the 8¾ in. vessel used is in the range 0.05 < t95/e < 0.13. 

This result also shows the continuous phase to be nearly fully 

mixed. 
In Section 5.10, it is shown that negligible coalescence 

of the dispersed phase, isooctane, occurs in the mixing vessel. 
Thus, the change in the solute concentration of the dispersed 

phase must be included in the mass transfer driving force 
potential. 

The mean driving force potential is numerically calculated. 
For each run it is based on the constant outlet solute 
concentration in the continuous phase, and a decreasing solute 

concentration in the dispersed phase, the limits of which are 
given by the inlet and outlet concentrations. 
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7.10 RESULTS OF MASS TRANSFER EXPERIMENTS 
A full description of the apparatus and its operation 

is given in Section 2G A summary of this section, and the 
data processing program, in Appendix 14, is given here. 

A sample of the dispersion leaving the mixer coalesced 
in the tube settler, see Fig., 2e10e The o-nitrophenol 
content in a portion of the coalesced aqueous phase was 
analysed, while flowing through a light absorptiometer cell. 
The differential millivolt output from the measuring and 
reference photometer cells was recorded. At the end of each 
run, a sample, circa 50 mle, was collected from the sample 
settler for a check spectroscopic analysis, using a Beckmann 
DK2 spectrophotometere The two analyses of the outlet 
concentrations were in agreement+ 4%, except when some 
isooctane was inadvertently included in the aqueous sample. 

The mass transfer coefficients are calculated from the 
continuous analysis concentrations, except for runs 113 and 
115, where a heat filter in the continuous absorptiometer 

cracked, making the calibration curve inaccurateo Both 
absorptiometers were calibrated with solutions of known 

solute concentrationc 
The inlet aqueous phase contained no solute, being 

tapwater. The solute concentration in the inlet isooctane 
phase was calculated from the spectrophotomically measured 
concentration of water samples, into which all the solute in 
an isooctane sample had been extracted, see Section 2.4. 
The raffinate solute concentration was calculated from a mass 

balance. 
The scale reading error for the two concentration analysis 

methods is+ 3%, for an extraction stage efficiency of 0.5. 

The error•in the mass transfer coefficient, however, is+ 6%, 
as the outlet aqueous phase concentration is used to estimate 
the total solute transferred, as well as the driving force. 
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(Aqueous phase).(Concentration) = 
flow rate change 

(Mass transfer).(Interfacial)o 
coefficient area 

.(Driving force) 

The percentage error in the mass transfer coefficient, 
resulting from the concentration measurement errors, increases 
as the stage efficiency tends towards O or 1.0. At an 
efficiency of 0.85, the mass transfer error becomes~ 12%. 

The computational steps in a computer program used to 
calculate the mass transfer coefficients, see Appendix 1~, 
are summarised here. 

The solution properties, density, viscosity, and 
diffusivity are calculated from relationships given in Section 

2o3• 

The extraction stage efficiency is calculated, and the end 
effect corrections made. The mass transferred from the 
und.ispersed isooctane jet, see Fig. 5o9, is calculated, using 
a transfer coefficient based on penetration theoryo 

= 

A contact time., e was estimated from the jet height and rise 
velocity, which were measured, see Section 2060 The outlet 
end effect was calculated as two effects. Transfer through 
the slowly moving interface in the settler was estimated 
from a relationship obtained for a similar flow configuration, 
(80)., 

= diameter of flow path • 

= flow rate, mass/(length2 x time). 

The second contribution, of mass transfer from the 
entrained dispersed phase drops, is estimated from Ward and 
co-workers' correlation, see Appendix 1. 
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1 1 

Sh = 0.98 Re3 Sc3 

which is applicable for small drops in viscous flow. This 

end effect is negligible as the small, non-coalesced drops, 
which are considered to be formed in the initial dispersion1 

contribute little to the transfer processes in a mixer. 
The number of these drops present in the sample settler is 
estimated by matching the mean particle size found in the 

settler, Section 2.6, with the number of that size in the 
mixing vesselo The solute transfer that occurred in 0.5 
1o5 seconds before the phases became substantially coalesced, 
after leaving the mixer, is not estimatede 

The sum of these end effect correctio~s is small, stage 

efficiency< Oo02, and is less than the errors due to solute 
concentration measurementso However, the inlet and outlet 
concentrations are corrected to exclude these end effects, 
as they always add to the transfer occurring with the 

dispersion in the mixing vessel. 
The transfer coefficient COA, based on the corrected 

outlet solute concentrations is calculated, as well as the 

transfer coefficient COIA, based on the corrected continuous 
phase outlet concentration and the change in dispersed phase 
concentration between the corrected inlet and outlet 

concentrations, see Section 7.9. For the latter case, the 
mean driving force is calculated by a numerical integration 
involving 100 to 150 steps. 

The film coefficients for the continuous phase CO and 
COI, are calculated from the transfer coefficients COA and 

COIA, and the measured interfacial area of the dispersion. 

CO = CO.A/AREA, COI = COIA/AREA 

The interfacial area, AREA = 6 '/ / dsv is obtained from the 
dispersed phase hold-up, and the surface-volume particle 

diameter, see Sections 5 and 6. 
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Fie;. 7 .4 Graphical determination of the line of· best f·it 

for the mass transfer data. 
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7.11 DISCUSSION 

The stage efficiency calculated for each run, indicates 
the fractional approach to equilibrium of the extraction 
phases. The efficiency range was limited by using different 
liquid residence times in the mixing vessel, to minimise the 
errors in the mass transfer coefficients, introduced by errors 
in the concentration analysiso However, high and low 
efficiencies were unavoidable with the apparatus and the 
impeller Reynolds number range used, Appendix 13.. Except 
for the inlet end effect (29), the inlet flow rate does not 
influence the mass transfer within the mixing vessel, (130)~ 

The end effect corrections, for the mass transfer that 
occurs before the dispersed phase liquid is broken up, and the 
transfer occurring outside the mixing vessel before the aqueous 
phase solute concentration is analysed, are estimated as stage 

efficiencies, see Appendix 13. The maximum total end effect 

calculated equals a stage efficiency of 0.011, but Flynn and 

Treybal (29) found end effect corrections, expressed as 

Murphree efficiencies, of 0.2 to Oo9, for mixing vessels. 

The relatively low inlet flow rates and the fast dispersion 
coalescence in the settling vessel, have resulted in the small 
end effects estimateda Extrapolation of the data in Fig. 7a1 

to zero power inputs shows the calculated end effect 
corrections to be realistic, and less than the errors in the 
experimental determination of the overall efficiency. The 
geometries graphed are selected on the basis that there are 
more than three comparable data points in each graph. 

The overall mass transfer coefficients CO and COI, are 
calculated from the expression, 

Transfer rate, NA= CO~ AVv"' DF 

A = interfacial area/unit volume. 

Vv = volume of vessel., 
DF = mean driving force. 

A more correct relationship is,( q), 



which reduces to, 

= CO. DF when xA << 1 (7 .. 22) 

For the low solute transfer rates occurring in this work, 
008 x 10-i transf'er flux < 1 .. 3 x 10-q, mols solute/cm~ sec., 

eqn. 7.22 may be used to estimate accurate values of CO and COie 

The overall mass transfer coefficient will approximate to 
the continuous phase f'ilm resistance, when there is negligible 
interfacial resistance to solute transfero 

= 1 

~ 
+ 1 

If the dispersed phase transfer term is much less than the 

continuous phase term 1 << ...L then, 
md kd .kc 

..1.. 
Kc 

md = 

Kc = 

kc = 

gradient of the equilibrium curve over the concentra

tion range consideredo 
overall coefficient, based on the continuous extractant 
phase., 

film coefficient, based on the continuous extractant 
phasee 

The internal mass transfer coefficient for a drop may be 

calculated for the extreme conditions of maximum or zero 
internal circulation., As it is shown in this section that 

the dispersed phase drops were circulating internally, this 

condition is considered in the comparison of kd and kco 

For an internally circulating drop, with Redrop) 50, 
Handlos and Baron,(38) found the internal mass transfer 

coefficient to be correlated by, 

0.00375 vt 
1 + .AJf/4c 



which yields, for isooctane drops in water, 

= 

vt may be substituted by eqn~ 3e35, 

= V ...., 
max • a 

to yield, for mixer conditions, 

For rigid drops, kd becomes, 
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( 7 • .25) 

The gradient of the solute equilibrium curve, for the 

mixer operating conditions, is obtained from Table 1 as, 

"'J (gm ONP) / 0 .. 025, gm ~o ( gm ONP ) 
gm isooctane (7 .. 26) 

Within the accuracy of the experimental measurements of 

the solute concentration, the continuous phase mass transfer 

film coefficient, is equal to the overall mass transfer 

coefficient. The error introduced (m ir )/(~) is less than 
d d c 

0.025, by comparison of eqns. 7~25 and 7.26 with Appendix 13, 
and, as with the possibility of interfacial resistance, is 
neglected. 

The mass transfer coefficients, CO and COI, obtained are 

plotted versus the impeller tip velocity ND1 , in Figs. 7.2 and 

7.3. For each vessel geometry the graphs show, 

CO ,,.._, ( NDI) 1 • 7 

COI - (NDI) 1 .. 36 

(7.,27) 

(7 .. 28) 

CO = mass transfer coefficient when the driving force is 

based on each phase being fully mixed. 
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COI = mass transfer coefficient when the driving force is 
based on a fully mixed continuous phase but an 
unmixed dispersed phaseo 

The relationship CO - {ND1 ) 107 is not explained by the 
laminar or turbulent boundary layer relationships, summarised 
in Table 5. This disparity lends weight to the conclusion 
that the dispersed phase is not fully mixed in the extraction 
vessel, see Section 5.100 The velocity exponent in the 
relationship COI -(ND1 )1 •36 approaches that predicted for a 
drop that has high interfacial mobility in turbulent flow, 
eqn. 7.17. The data for COI are best correlated as, see 
Fig. 7.4, 

COI = 4.10x10-6(NDI)1 .3~ (; )(-.016 NDI + 1.211) (7.29) 
T MKH units 

which may be approximated by, see 

Shlmp = 0.0008(f2.. Relmp 1 •36 • 

Fig. 7 .,5, 
1 

D .36 D .,5 
I T 

- 336 ( 7 .30) 
MKH units 

The comparable mobile interfacial relationship eqn. 7.17, 
may be written, 

S fi:tk, ~ R 1o5 (a) Sc½ 
himp . "' Jz..f ~d • elmp • D1 • (7.31) 

The solution property terms in eqn. 7.31, cannot be 
compared with the experimental results, as these terms are 
not being investigated. 

The experimentally determined Reynolds number exponent 
shows that extensive drop interf'acial motion occurs, as well 
as turbulence in the continuous phase boundary layer. The 
theoretical velocity exponent of 1 .. 5 (eqn. 7.31) may arise 
from internal circulation in a drop, with turbulence damping 
in the surrounding boundary layer, or from interfacial 
turbulence caused by interfacial tension gradients, see 
Appendix 5o The latter mechanism is not applicable to the 
system isooctane/o-nitrophenol/water (extractant phase), see 
Section 5.8; thus the velocity exponent of 1 .. 3.6 may only be 
interpreted by internal drop circulation and turbulence damping 
mechanisms. 
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The predicted length ratio, a/D1 , partially occurs as the 
term 16 5 .. The particle diameter term, a, is not found 

D ., D 0 

I T 
experimentallye It arises in the predicted transfer relation-
ship, eqn. 7.17 from con~idering the mass transfer to be caused 
entirely by the inertial subrange turbulence of eddy length~= 
2a. Besides some transfer occurring with.all the fluid 
velocity components, a range of particle diameters is found for 
each dispersion in a mixero The length parameter 1 , 

D .. 36D .,5 
1 I T 

eqn. 7.,30, is dimensionally similar to Dr' eqn., 7.,31. The 
combined length term arises from the energy dissipation region, 
and the mass transfer region extending to the vessel walls. 
The energy dissipation relationship, eqn., 3.,7, substituted in 

the theoretical prediction of the transfer rate, shows the 

energy dissipation to occur entirely within the impeller 

volume, see Section 603., 
The Sherwood number in eqn., 7 .,30 is based 

diameter, as suggested in Section 4.5, but the 
correlation could equally well be written, 

D .,5 

on the impeller 
experimental 

Sh_ = 8'9,2·~ --~-,--0-4 R 1 .36 _-__ T_ 
--.1' •· · .x · · · elmp • D 1 .36 1100 ( 7 .,32) 

·I M-.86 

The relevant vessel length is not established, but it is 
apparent that the particle diameter is not the correlating 
length parameter, in mixing vessel extraction. This result 
is contrary to that obtained for mass transfer with spheres 

in steady flow conditions, see Appendices 1 and 2. 

Three subsections of this work have been completed as 
projects, in this Departments T.P. Debbie (24) investigated 
the dissolution of freely circulating o-nitrophenol particles 
in mixing vessels., The particles used were nearly spherical, 

with a range of diameters of 0.047 < 2a ( 0.147 ems., dsv = 
0.098 ems. These data are correlated by the relationship, 

= 0.072 Re 0 .. 81 
Imp .. 

1 

Sc3 , (7.33 
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which is similar to other correlations for slow rates of the 
dissolution of solids in mixing vessels (24). However, the 
continuous phase controlled transfer coefficients for the 
isooctane drops in this thesis are significantly higher than 
the transfer coefficients for solids' dissolution; although 
the particle sizes, the solute, the transfer controlling 
phase, and the mixing vessels are the same. The difference 
in phase densities is greater for the solids' dissolution, 

( Po-nitrophenol - ~H20)= 0,,658, and ( ~isooctane - ~ li:20)= 

-0.,310 gm/cm3 

0 at 20 C, but from eqn. 7015, a transfer coefficient decrease 
is predicted for the isooctane dispersed phase. 

kc liquid extraction kc solids dissolution 

0.045 M/hr 0.019 M/hr 

1.18 M/hr 0.12 M/hr 

Solute impurities may have depressed the o-nitrophenol 
dissolution rates (33), but the principal increase can arise 
only from differences of interface mobility, (25). The higher 
transfer rates for the liquid dispersed phase support the 
conclusion, deduced from the velocity exponent in eqn. 7.28, 
that the drop interfaces were mobileo 

The extent of the internal drop circulation required to 
give this mass transfer increase has not been predicted for 

turbulent boundary layer conditions~ For a drop in steady 

flow, 10 ~ Redrop { 103 and Sc= 6.7 x 104, Ruckenstein's 
relationship, (106), 

' o.849 ~ 

shows that a mass transfer increase of four may be obtained 

with v'/v = 0.7. The maximum possible value of v'/v is 1.5. 
Although Ruckenstein's relationship is not directly applicable 

to this work, it suggests that high drop interfacial circula-

tion occurred. This is not expected in large scale 



experimental apparatus which is difficult to clean (11), 
although v'/v values near 1e5 have been achieved in falling 

drop investigations (25)o 
Two other projects have shown that the transfer rate with 

particles held in a mixer are controlled by boundary layers, 
different from those around freely circulating particles. 
Jo Voot (133) followed the dissolution of large o-nitrophenol 

spheres, 0.6) 2a > 0.2 ems., held by a thin wire passing 
through a diameter. The transfer data, obtained from a 
region just above the impeller, is correlated by, 

cgs units 

P.M. Farrier (28) investigated the mass transfer controlled 

electrochemical reduction of ferrieyanide ions in an 
indifferent electrolyte, see Appendices 2 and 4. The transfer 
rates, in a grid of mixer positions, were measured at the 
surface of an 0e143 cm. diameter copper-plated sphere. The 
mass transfer coefficients are correlated by, 

Impeller zone, kc = 0.00221 N0.45 cgs units (7o35) 

Bulk fluid, kc = 0000115 No.53 cgs units 

Farrier's results, eqns. 7.35, are evidence that a 
laminar boundary layer exists around asphere, even in the high 
energy dissipating impeller zone. This boundary layer 
develops for the mean flow and the larger eddies; the 
relative velocities of the inertial subrange turbulence, with 
respect to a fixed sphere, are much smaller, see eqn. 3.16. 
Consequently, the inertial subrange turbulence does not 

greatly affect th~ total mass transfer rate from a fixed 

sphere, a conclusion that is contrary to that found for freely 
circulating particles, see Appendices 2, 3, and 4. Voot's 

data (133) shows that the large diameter spheres are more 
influenced by turbulence, and possibly the method of particle 

support, (55). 
These three projects show that transfer processes with 

fixed and freely circulating spheres cannot be compared for 



· 134., 

mixer conditions., Thus, experimental correlations of mass 

transfer with particles held in a water tunnel, although 
useful in showing boundary layer processes, do not yield 

transfer data that may be scaled to mixers, even for particle 
dissolution., 

Comparison of results with published data 

With number, correlations of extraction mass transfer 

have increased in diversity rather than in conformity, although 

some classification according to transfer mechanisms has been 

possibleo As it is likely that any new correlation will be 
simultaneously supported and contradicted by existing 

correlations, the generalised relationships proposed in review 

articles are used for the comparison of transfer correlations 

obtained in this and T.P. Dobbie's work., 

The rates of the dissolution of solids have been satis
factorily correlated with the dimensionless groups, s~, 
ReI.mp' Sc. 

s~ = 

Sc = 

kc DT 

= 

b 2 
NDI ~c 

A 

A survey of solids' dissolution data (73), shows that 

an average transfer relationship may be written for mixers, 

= 0 402 Re 0065 
e Irnp 

Sc0o33 (7 .. 36) 

This correlation includes some diversity of data; the 

continuous phase transfer for ion exchange beads is given as 
$~"" Reimp001 ~005 , (40, 71), while solid~ dissolution rates 
in a mixer are given as StL - Re O 05 • O O 9 (31 24, 40). ~· Imp 
Debbie's correlation, 

= o.,072 Re 0.,81 Sco.,33 
Imp (7.33) 

for 1 o4 < Reimp < 2 x 1 o5 is in agreement with ll/Iarangozis and 



Jobnson's correlation, eqnc 7e36, at ReI = 5 x 104 0 mp 
There is a dearth of comparable extraction data (131)0 

Mostly, liquid-liquid transfer data have been presented as 
efficiency relationships, for example, (90), 

1. - e s 
= 3o18 x 1015 (DT)t 

Re 3o2 Po1o37 • DI 
Imp 

t = 1.6 unbaffled vessel, t = 0 baffled vesselo 

Other works (29, 38, 46), show the Murphree efficiency to be 
proportional to the mixing vessel power input, but these 
correlations do not distinguish between the resistances in 
each phase .. 

Overall transfer coefficients, Ka, for systems with the 
transfer resistance substantially in the continuous phase have 
been measuredo Rushton, Nagata and Rooney (109) found, f'or 
a single mixer geometry, 

-1 sec 

Equation 5o13 for the interfacial area, may be substituted 
in this equation, to yield, 

.k ,v N0 .. 9 
C 

Berestovai and Romanov (7) found for several systems, with 
predominantly continuous phase control, in a f'low mixing 
vessel, 

0 .. 94 X 

The volumetric flow rates, G0 and Gd, probably occur in the 

interfacial area term, but as the holdup and mean drop 

diameters were not determined, the dependence of the mass 
transfer coefficient k, on the impellor speed N, is not 

C 

apparent. 
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Nagata and Yamaguchi's data (81) for continuous phase 
transfer processes show a weak dependence of' the mass transfer 

rate on the impellor speeda The dependence is a function of 

the phase density differenceo 

k - NO for~= o gm/cm3 

k rv No" 5 for~= 00219 grn/cm3 

A density, impellor speed inter=relation is also found 

for solids dissolution, but for higher density differences, 

the exponent of the impeller speed changes in the opposite 
manner, ( 71). 

Limited mass transfer data for the dissolution of 
isobutanol drops in water, obtained for mixer conditions 

similar to those in this work (111), are too scattered to 
permit correlation9 

The diversity of these published correlations, 
necessitates the estimation of continuous phase mass transfer 
coefficients in mixer extraction, from stirrer cell, falling 
drop, and solids' dissolution data. 

Transfer from falling drops in a stagnant medium, may 
be correlated by Sh = f(Re.Sc) relationships, such as those 
obtained by Thorsen and Tergeson (125), 

1 " 

Sh = -178 + 3.62 Re2 Sc~ Re > 23 , Sc » 1 
for carefully purified liquids, 

• 1 
Sh = 2 + 0 .. 95 Re~ Sc~ 

for surfactant contaminated systems .. These relationships 

cannot be directly used in mixer correlations, see Appendix 4o 
JLass transfer with freely circulating drops is controlled by 

the inertial subrange turbulence, and involves the vessel 
geometry, but falling drop relationships are based on the drop 

velocity and diameter, and are independent of the vessel geometry .. 

More relevent to mixers are film transfer data obtained 
from stirrer cell measurementso In these cells, each phase is 
agitated, but the interface remains continuous, except for 
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surface eruptions. Davies, (25) correlates these data by 
an empirical relationship found by McManamey, (69), 

6 -4 k2 = .. 4 x 10 • (7s37) 

At least, the numerical constant will depend upon the system, 
(113).. Lewis's data (64), which Davies recorrelates with eqn. 

7 .37 , was originally presented in the form, 

-7 k2 = 1.13 x 10 $ 

(7.,38) 

Data obtained by Zhelcznyak and Brounshtein (138) for the 
system, heptane/toluene/diethylene glycol, may be cited in 
support of Lewisgs correlation, eqno 7.38 1 

= 

= 

A' increases slightly with concentration .. 
Subscripts hand d refer to the heptane and diethylene 

glycol phases., 

Data from other types of agitated extraction equipment 
may be cited in support of a range of mass transfer-velocity 

correlations. For example, 

Ref'., 140 

Ref,. 91 o 

It is sufficient to observe the results of Karr and Scheibel 
(54), who investigated transfer in the system, methyl isobutyl 

ketone/acetic acid/water, in a single section of a Scheibel 

column. With the organic phase dispersed, transfer to the 

continuous phase is correlated by, 



while the numerical constant for transfer into the dispersed 

phase is 1s06 x 10-?Q For transfer in either direction when 

the aqueous phase is dispersed, 

Ka D o&3 
I 

= 

Substitution of eqnso 5a13 and 603, in eqno 7o39 shows, 

k' ,_ k ,.,., (ND )1"'4/D Oo8 
c I I ( 7 .. 40) 

Karr and Scheibel attribute the high transfer coefficients 
in eqno 7.39, to a drop coalescence resistance, and a high 

degree of holdupo For the system used it is suggested that 

interfacial circulation also contributed to the increased 
velocity exponent, in eqne 7,.40 .. 
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7.12 CONCLUSION 

Mass transfer relationships may be predicted for single 
particles, in viscous, steady, and turbulent flow conditionse 
The diversity of the derived relationships arises from 
considering surface mobility and fluid turbulence as well as 
the average flow parametersQ These predicted relationships 
have not been extended to include the effect of particle 

interaction, but for low dispersed phase volume fractions in 

turbulent flow this effect is considered negligib.le .. 
In this work the overall mass transfer coefficient is 

shown to be substantially controlled, within the measurement 

error, by the continuous phase film resistance. Calculated 
corrections for the mass transfer, occurring before the 
dispersed phase fragments, and after the dispersion leaves 
the mixing vessel, are subtracted from the total measured 
transfer, to obtain the transfer due to the continuous phase 
turbulence in the mixerQ 

The scatter in the mass transfer data arises from two 
sources: the errors in solute concentration analysis and the 
errors in interfacial area estimation. The interfacial area 
was calculated from smoothed curves of the mean particle 
diameter dsv' and the holdup <) , but errors due to a lack of.' 
uniformity in the dispersion at low mixer power inputs, and 
inadequate analysis techniques at high mixer power inputs 

still occur. 
The mass transf.'er-velOcity relationship obtained when 

both phases are considered to be f.'ully mixed, and when only 

the continuous phase is fully mixed, substantiates the 
conclusion that the dispersed phase does not coalesce in the 

mixer, see Section 5.11Q 
The experimental mass transfer correlation f.'ound, 

COI 1 
D o5 

T 

- 0.012, 104 < Re1 < HY mp 
MKH units 

approaches that predicted using interface mobility and 

turbulent boundary layer mechanisms. Interface mobility, 



which influences the continuous phase transfer rate, is shown 
to arise from viscous drag in the boundary layer leading to 

partial internal circulation of the drops@ The mechanism of 
drop interface mobility is necessary to interpret the 
differences in the transfer data for liquid-liquid extraction, 

and the data for solids dissolution, in the same mixing 
vessels, for the same solute and continuous phaseo 

The experimental data do not indicate whether the impeller 
diameter or the vessel diameter is the correlating length in 
the Sherwood number. The particle diameter, which is 
predicted to be necessary for the correlation of transfer 
data for drops with surface mobility and a turbulent boundary 
layer, does not appear in the experimental relationship~ 
The diameter effect, if real, is considered to be diminished 
by the range of particle sizes and turbulence eddy lengthso 
The dimensional term _j__5 is found to correlate the transfer 

D o 
T 

data rather than the predicted term _.1_5 _ Dimensionally, 
D • I 

these terms are similar, but the vessel diameter term found in 
this work shows that the mass transfer, although predominantly 

occurring in the impellor region, also occurs in the bulk 

vessel. 
Experimental measurements of mass transfer with particles 

or drops in controlled, steady flow conditions, are shown to 
be inadequate for predicting transfer from particles or drops 

in a mixer. The mean fluid velocity controls transfer with 
a held particle, whereas the inertial subrange turbulence 
controls the mass transfer from a particle or a drop moving 
with the bulk flow~ The controlled flow experiments, however, 

do yield information about bulk flow and surface behaviouro 
In contrast, stirrer cells appear to be satisfactory mixing 
vessel models, for mass transfer rateso 

The dependence of the mass transfer coefficient on the 
solution properties is predicted in surface renewal models 
and boundary layer theorieso With turbulent boundary layers, 
the relationship derived is dependent on the viscous damping 
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postulate considered. The effect of solution properties 

on the mass transfer rates is not investigated in this work, 

so these parameters are not included in the experimental 

correlations obtained~ 



Section 8 

MIXING VESSEL DESIGN 

This thesis~ by surveying existing literature and 
presenting new data, has shown mixing vessel processes to 
be controlled by the fluid motion. Dimensional relation
ships derived from the concepts of local isotropy in turbulent 
motion, correlate data for power dissipation, particle size, 
coalescence rate, dispersed phase entrainment, and continuous 
phase mass transfer rates in a mixer. These relationships 
have involved order of magnitude approximations which render 
them suitable either for scale-up or data correlation, but 
direct mixer design from first principles is not yet possible. 

Published correlations of mixer data suggest a turbulence 
theory approach, but secondary system properties often alter 
the rate-controlling mechanism, rendering the predicted 

correlation invalid. The data obtained in this work for 
the system isooctane/o-nitrophenol/water, may be correlated 

by the relationships predicted from turbulence theory. This 
system, however, has introduced properties that may be 
considered to be uncommon for most extraction systems. These 

properties are summarised: 
1. Low rates of mass transfer, with most of the transfer 

resistance in the continuous phase boundary layero 
2. No interaction of material when it is being transferred 

through the interface. 
3. Interface mobility and partial internal drop circulation 

occur, which are related to the absence of surfactants in 

the system. 
4. No interfacial turbulence is caused by surface tension 

gradients induced by mass transfer. 



1430 

5. In the mixer the continuous phase is fully mixed, but 
the dispersed phase is substantially unmixedo 

The power dissipation data obtained in this work do not 
extend the understanding of this process. The problems are 
shown to be more complex than is apparent from the literature. 

The correlations of particle size, distribution, and 

coalescence rates, although not extended to industrial-sized 
mixers, are established for pilot scale mixerso A knowledge 
of particle sizes is important not only in the estimation of 
extractor efficiency, but in the prediction of emulsification 
and solvent losses, through entrainment of smaller particleso 

It is unlikely that total non-coalescence of the dispersed 
phase will occur in industrial mixing vessels, but some degree 
of 'unmixedness' will occur with low dispersed phase hold-up, 
or low power inputsa 

The mass transfer dependence on the impeller Reynolds 
number is uncommonly high, but boundary layer relationships 
suggest that this and other high Reynolds number correlations 
that have been obtained, show real effects. The mechanism of 

internal drop circulation for the system used in this work is 
unlikely to occur industrially, but high transfer rates 

caused by surface tension gradients are a likely occurrence. 
Thus, the exact prediction of mixer processes from first 

principles, has not been achieved; but if the interfacial 
behaviour of an extraction system is known, the relationships 

derived from turbulence theory will enable more exact scale

up of an existing process, or translation from one system to 
another. 
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NOMENCLATURE 

Roman alphabet, small letters 

a 

c* 

d 

Particle radius 

Critical drop radius for fragmentation 
Hydrodynamic constant 
Renewal theory constants 

Solute concentration 
Solute concentration in the bulk solution 
Solute concentration at the interface 

Solute concentrations at distances id, b0 , 
, , from an interface 

Equilibrium concentration of' the solute at 
the interface. 

Mean diameter of a particle size range, sub
script indicates the number percentage of drops 
which are smaller than this size. 
Drop diameter at the end of the drop formation 
period 

Extraction stage efficiency 

Corr.elation coefficient 
Correlation coefficient 
Gravtational constant 

Minor axis of' drop as an ellipsoid 

Wave-number 
Derivative of' k 
Mass transfer coefficient for the continuous 
phase 
Mass transfer coefficient for the dispersed 
phase. 
Drag coefficient for skin friction 
Large scale generated wave-number 
Energy dissipation wave-number 

~ength dimension 



m 

md 
n 

nc 

no 
p 

Ap 

q 

r 
t 

tf 
ti 

t95 

u 

ucr 
u 
~ 

u1, 

Au 
V 

vmax 

VO 

vr 
vt 

~ 
v' 

wi 

wx 

X 

x1, 

u2 

x2 
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Reynolds number exponent 
Solute distribution coefficient 

Schmidt number exponent, normalised number
fraction of particles in a size increment~ 
Number of collisions of particles of radius a 
with those of radius r per unit time and volume 
Number of particles per unit volume 
Pressure 

Pressure difference 
Major axis of a deformed drop as an ellipsoid 
Radial direction, radius of drop, space vector 
Time 
Time required for drop formation 
Characteristic time for displacement of 
material in a drop 
Liquid residence time in a mixer to reach 95% 
of the equilibrium concentration, after a 
step change in the inlet conditions. 
Velocity at a point 
Critical velocity for particle fragmentation 

Velocity component in a vertical direction 
Velocity of liquid in surface renewal zones 
1 and 2. 

Change in velocity at a point with time 
Slip velocity of the liquid with respect to a 
partially entrained particle. 

Maximum slip velocity of the liquid with respect 
to a partially entrained particle 
Skin friction velocity 
Velocity component in the radial direction, r 

Terminal velocity of a particle in a stagnant 
fluid 

Velocity change in an eddy of wave-length Ao 
Velocity of internal circulation for a drop 

Volume fraction of dispersed phase coalesced 
per minute. 
Velocity component in the tangential direction 
X 

Tangential direction 
Liquid contact lengths for surface renewal 
models 
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Vertical direction, distance out from a wall 
V y 

Dimensionless distance, = t "" y / , 0 

Depths of renewal liquid zones in surface 
renewal theories 

Roman alphabet, capitals 

A 

¾ 
BI 
C 

CIN 

CIT 

co 

COA 
COI 

COIA 
OWN 

CWT 

DENI 
DENW 
DF 
E 

F 

Interfacial area of dispersion per unit 
volume 
Width of a single baffle 

Width of an impeller blade 
Const. constants 
Solute concentration (o-nitrophenol) in the 
inlet dispersed phase (isooctane). 
Solute concentration (o-nitrophenol) in the 
outlet dispersed phase (isootance). 
Continuous phase mass transfer coefficient, 
based on each phase being fully mixed, in the 
mixer. 

CO x Interfacial area ( coefficient) 

Continuous phase mass transferA,based on the 
continuous phase being fully mixed and the 
dispersed phase being not mixed, in the mixing 
vessel .. 

COI x Interfacial area 
Solute concentration in the continuous phase 
at the vessel inlet. 
Solute concentration in the continuous phase 
at the vessel outlet. 
Diameter of flow path 
Impeller diameter 

Characteristic energy transfer function 

Diameter of a particle 
Diameter of a mixing vessel 

Solute diffusion coefficient, o-nitrophenol 
in water 
Density of the isooctane phase 
Density of the aqueous phase 
Average driving force for mass transfer 
Energy spectrum of wave numbers 

Shear force, skin friction drag on a surface 



Freact 

FLOI 

FLOW 

Fr 

G 

HI 

lir 
I 

J' 

K 

KD 

Ka 

L 

¾ 
~ 
N 

NA 

NAY' 

No 

p 

Po 

NBY 
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Force of adhesion of two drops, distance 
h0 apart 
Supplemental drag force for an accelerating 
particle 
Flow of isooctane phase to the mixer 
(volume/time) 
Flow of aqueous phase to the mixer, 
(volume/time) 

DN2 
Froude number = g 
Liquid flow rate 
Impellor height off' the bottom o! the mixing 
vessel 
Height or liquid in the mixing vessel 
Total mass transferred f'rom a drop per unit 
time 
Mass transfer f'lux 
Overall mass transf'er coefficient per unit 
interfacial area 
0-nitrophenol dissociation constant 

Overall mass transf'er coefficient 

Characteristic length dimension of a drop 
Length or a turbine impeller blade 
Eulerian coefficient or the longitudinal 
integral scale 
Stirrer speed 
Number of mols. of A transferred per unit 
time 
Number or mols. or A or B transf'erred in the 
y direction per unit time 

Total number of particle collisions in unit 
volume per unit time 
Power input to the mixing vessel 

Pge Power number, -
- nr5N3~ 

Pressure dif'ference between two points 
Regression coef'ficient 

Velocity correlation tensor 
Reynolds number= v.2a.Q _ 

-.) - Redrop 

Reynolds number of the impeller = 
ND 2 

I esoln 

Vsoln 



s 

Sa 

¾ 
Sc 
Sh 

Sb.r 

St 

T 

Tp 

TEMP 
u 
up 
V 

vv 
VISI 
VISW 
w 

We 

Greek alphabet 

oc 
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Reynolds number of dissipation eddy lengths, 
l"V 1 

Unit surface area 
Cross section area of a drop 
Pitch of impeller blades 
Schmidt number = v/J;-
Sherwood number, f'or particles,= 

k 2a 
C 

Sherwood number based on the impeller diameter, 
kcDI 

= --i;-
Sherwood number based on the tank diameter, 

kcDT 
= ~ 

-1 -1 Stanton number,= Sh. Re • Sc • 
Agitator torque 

Period of' motion of particles in a turbulent 
f'low 

0 Temperature, C 
Average velocity of' the fluid at a point 
Fluid velocity profile next to a surface 
Volume of a particle 
Volume of a mixing vessel 

Viscosity of the isooctane phase 
Viscosity of the aqueous phase 

Energy transfer function 
2 

Vfeb er number, - i.!....l - ()"' 

Hydrodynamic constant 
Hydrodynamic constant 

~, 412, /.3' ,d 11 Constants f'or the surface renewal theories 
'6 

& 
s; 

~d 
so 

, 
Hydrodynamic constant 

Diffusion coefficient 
Mass transfer boundary layer thickness 
Buffer layer thickness 

Hydrodynamic boundary layer thickness 



e: 

E:av 

E:o 

8 

e1, e2 

~ 

>--1 
)..0 

ft., 

i) 

~ 
t'sol 
O" 

erg 
T , 
If 

~s 
qi 
~ 

""x 

Superscripts 

/ 

Subscripts 

C 

d 

Imp 
T 

turb 

~ 
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Energy transfer rate per unit fluid volume 
Average energy dissipation rate per unit 
volume 
Energy dissipation rate per unit volume, at 
the wave-length ~0 • 

Liquid residence or contact time 
Liquid contact times in surface renewal 
theories 
Eddy wave-length, distance 
Wave-length of large scale, or generated eddies 
Wave-length of dissipation eddies 

Fluid viscosity 
Fluid kinematic viscosity 
Fluid density 
Density of a two phase solution 
Interfacial tension 
Standard deviation 
Shear stress 

Volumetric fraction of dispersed phase 
Volumetric fraction of the dispersed phase 
in the inlet flow to a mixing vessel 
Shape factor of a particle 
Fluctuations of concentration about a mean 
Final or mean fluid concentration 

acceleration of particles, size ~. 

Average value 
Circulating drop 

Continuous phase 
Dispersed phase 

Impellor 
vessel 

Turbulent 
With respect to eddy length A. 
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APPENDIX 3 

COMMENTS ON "BEAT AND MASS TRANSFER IN AN EXTENSIVE FLOWING 

FLUID", BY P.N. ROWE AND CO-WORKERS1 

by R.B. KEEY, B.Sc., PH.D. (Associate Member)* and 
J.B. GLEN, B.E., B.Sc* 

In a recent paper, Rowe, Claxton and Lewis1 survey 
published data on heat and mass transfer from single spheres 
mainly in the range 10 <" Re < 1 o4 and have described new 
experiments over a more limited range (20 < ~ < 2000). The 
present note discusses several points that arise from that 
paper and, particularly, that transport rates from bluff 
bodies are sensitive to the intensity of turbulence of the 
continuous mediumo 

The authors are to be congratulated on their extensive 
overview which should prove of great value to workers inter
ested in transport phenomena around isolated spheres. However, 
it is disappointing to see mass-transfer coefficients defined 
in an analogous way to heat-transfer coefficients without any 
comment on the limitations of the definition. Not oµly must 
it be assumed that the fluid properties be constant, as 
pointed out by the authors, but also if the analogy between 
the transport processes is to be maintained then the bulk-flow 
effects must be negligible and the solute concentrations sma112. 
While such conditions may have prevailed in the experiments 
described by Rowe et al, those wishing to use their data 
should be forewarned of such limitations. 

There appear to be some misconceptions about the experi
mental work done by the late Professor Garner and one of us 
(R.B.K.)3. An air-lift pump was not used for recirculating 
the liquid; a small centrifugal pump was used and the air-
lift was employed solely for raising the water into the tunnel 
at start-up. Evolution of air did not appear to be a problem; 
bubbles of radii greater than Oe001 in. could be detected by the 
experimental techniques employed. The theoretic~l equation 
developed was composed with Garner and Suckling's4 data (for 
the range 80 <Re< 900) and the agreement between theory and 
experiment was invoked to justify the use of the theoretical 
equation as a datum. The criticism of the choice of diffus
ivity is difficult to understand, for Wilke and Chang's5 
correlation predicts values intermediate in magnitude to the 
two ranges of values proposed by Rowe and coworkers1. 

The authors note that the loss in weight could be· 
measured to within~ Oo5 mg and that weight losses due to . 
handling and other factors were less than this. As this 
error is about 1/10,000th of the sphere mass for a½" diameter 
sphere, great care must have been exercised in handling the 
spheres after exposure to the fluid. While the velocity 
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measurements are less critical, if the data are to be 
regressed in terms of the square root of the velocity, some 
indication of the repeatability of the velocity determinations 
would be helpful, especially as six experimenters were involved~ 
For example, in the dye-trace method of finding the water 
velocities was diffusion of the trace a problem, as the 
residence time in the water-trough could be nearly 6 minutes 
at the lowest flows? In the wind-tunnel experiments, as 
the calibration of the sliding outlet valve was presumably 
non-linear, what flow reproducibility was possible at the 
highest velocity of 3 ft/sec? 

More significantly there appears to be a dichotomy 
between the authors' comments in the discussion and their 
remarks in the previous sections of their paperQ Initially 
the authors are concerned to show that whenever a Reynolds 
number index n ~½is reported, either such an exponent is 
explicable through experimental error, or the data would be 
equally well correlated by n = ½6 For example, in Table III 
they set out to show that the differences in the residual 
error variances for the least-square equations for their data 
over the range 0~4 ~ n < 0®6 are not significant compared with 
the F-test for 73 degrees of freedom at the 5 and 1% 
probability levelse In the discussion, however, the authors 
state: "In spite of the scatter and uncertainty surrounding 
the exponent there is no doubt that it increases with 
Reynolds Number .. 11 

This conclusion is obtained by a general observation 11 that 
the 'best• exponent tends to increase with the average value 
of Reynolds number in the range explored11 , the increasing 
influence of the wake at higher Reynolds numbers and the 
variation of total drag with Reynolds number~ In view of 
the statistical evidence adduced by the authors, little 
weight presumably can be given to the change of the "best" 
exponent with Reynolds number0 

The quantitative effect of increasing wake transfer with 
increasing Relnolds number is difficult to predict~ There is 
some evidence to suggest that 

1 

Re2 

and that the latitude 
occurs is given by 

+ B2 Re!] scl (1) 

at which separation of the forward flow 

1 

es = 83 + 1 91 Re = 3 (2) 

The first term in equation (1) derives from the contribution 
for the forward-flow area and the s~cond term from that aft 
of separation~ Since below Re"'1o;> the average transfer 
flux over the forward flow area is some 60% greater than the 
average flux in the wake4 it seems likely that B1 » B2. 
Inspection ·of both equations ( 1) and (2) would suggest ~he 
variation of a lumped exponent n is small up to~ -104 ~ 
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The analogy between drag force and heat (or mass) 
transfer cited by the authors is not wholly convincing. 
It appears that the authors have calculated the exponent 
for velocity from the total drag on a sphere, but changes 
in form-drag coefficient are insignificant only in the 
range 104 < Re < Recrit~ Further, the analogy between 
momentum and heat""Tor mass) transfer is unacceptable unless: 

(a) the flow is one-dimensional 
(b) Pr (or Sc)~ 1, so that the hydrodynamic and heat- (or 
mass-;transfer boundary-layers are nearly equal. 

On the other hand, there is some evidence6 from boundary
layer theories to suggest that the exponent n is a function 
of Reynolds numbere 

TABLE 1 

Theoretical Values of Reynolds Number Exponent 

n Re Range Theoretical Assumptions 
• 1 Thin mass-transfer boundary layere 3 
i.. 102 - 104 Laminar flow, thin hydrodynamic and 2 

mass-transfer boundary layers. 
2 103-Re Molecular and eddy diffUsivities 3 trans additive. 

1 Retrans Equating of molecular and eddy 
diffusivities defines the edge of the 
mass-transfer boundary layer. 

The Reynolds number limits given in Table 1 are only 
approximate, for they depend on the free-stream and boundary
layer turbulence intensities as well as the Reynolds number 
of the averaged flowQ 

No precise data of Sh vs Re for spheres show;gg the 
above effect are available, butthe data of Hilpert, which 
appear to have been obtained with care, for heat transfer 
from cylinders in cross-flow (Fig. 1) show a trend similar 
to that in Table 1 for turbulence intensities ::: Oo9%• 

Curiously, heat transfer from spheres with varying incident 
turbulence has not been investigated, while considerable work 
has been9done with cylinders and flat plates. Kestin, Maeder 
and Wong found that changes of free-stream turbulence cause 
large variations in Nusselt number over flat plates when 
there is a pressure gradient in the boundary layer o8posing 
the flow. For cylinders, Kestin, Maeder and Sogin1 show a 
40% increase in Nusselt number at the high but subcritical 
Re= 1.4 x 10~ for turbulence intensities increasing from 1% 
to 2 .2%. For 3 x 1 o3 < Re < 3 x 104, a 70fo Nusselt number 
shift is found by comparing Griffiths and Auberry's11 data 



obtained in the NPL wind-tunnel of rather high turbulence 
intensity with Hilpert's data in a low-intensity tunnel. 

For spheres, heat (and mass) transfer rates f'rom the 
front pole apDear to be very sensitive to free-stream 
dis turba.nce s i 2 f'or 5 x 1 o2 < Re < 3 x 1 o4: even the small
scale disturbances produced bystraightening gauzes appear 
to be sufficient to influence significantly the transfer 
rates from the leading area of a sphere 

In Rowe and coworkers' literature survey it is noted that 
Yuge15 required two equations to describe his heat-transfer 
results. 

Sh = 2 + 0 0 49 3 Re 0 .. 5 ' 1 0 < Re < 1 • 8 X 1 a3 
Sh = 2 + 0.30 Re0 •566~ 1.8 x 103< Re { 1o5 x 105 

The break at Re= 1.8 x 103 coincides with the change to 
the largest of the three wind tunnels. The kink could 
result from increased turbulence intensity in the longer 
tunnel for Re> 108 x 103 and similar discontinuities are 
detectable in Hilpert's datao Systematic Nusselt number 
dif'f'erences between distributed and parP,-bolic flows may be 
seen in the work on Garner and Suckling'+. This also has 
been attributed to f'ree-stream turbulence generated by the 
distributing scrl~ns12. For heat transfer to air, water 
and oil, Kramers finds 

.. 1 

Nu = 2 + 1.,3 Pr 015 + 0ct66 Re2 Pr3 

The second term Rowe and coworkers suggest, with some evidence, 
is due to "inadvertent disturbance of' the denser f'luids by the 
H.F. f'ield". The source of turbulence is not important to 
this discussion, but rather that turbulence in continuous 
media enhances transf'er processes with spheres. The 
alternative explanation, that f'luid properties change near 
the sphere, may be an additional consideration, as pointed 
out by Rowe and coworkerso 

The data presented by Rowe and coworkers were obtained 
f'rom a wind-tunnel and a water-trough operated with dif'f'erent 
flow straighteners, fluid velocities and differing geometries. 
While the authors state that both their flow straighteners 
gave a steady flow f'ield for the working velocities, it seems 
possible from the limited constructional details given that 
the water-trough generated small-scale turbulence of greater 
scale and lower wave-number than the wind-tunnel. 

Thus,if the postulate that free-stream turbulence enhances 
heat- (and mass-) transfer rates around spheres is accepted, 
then Rowe's data could be interpreted by differences in levels 
of turbulence rather than by errors in solution properties. 
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APPENDIX 4 

MASS TRANSFER FROM FIXED AND FREELY SUSPENDED PARTICLES 
IN AN AGITATED VESSEL 

R.B. KEEY and JeB~ GLEN, University of Canterbury, 
Christchurch, New Zealando 

Recently Middleman (1) has pointed out that mass-transfer 
relationships, deduced for flows around fixed spheres,may not 
be applied directly, if the particles are freely suspended in 
an agitated vesselo Rather than the mean bulk flow, it is 
the difference between the velocity of the particle and that 
of the mean local flow of the entrat.ning fluid that controls 
the transfer processc The object of this note is to cite 
some further evidence to illustrate this differenceo 

For the fixed-sphere experiments, a lead spherule was 
electroplated in copper and attached to a thin support as 
shown in Fig~ 1e This support occluded less than 2% of the 
surface of the sphere, which was used as the cathode in the 
reduction of ferricyanide ions to ferrocyanide ions in an 
indifferent electrolyteQ This reaction has been shown to be 
mass-transfer controlled (2) and the arrangement was similar 
to that used previously by the authors (3). 

As in that work, a series of experiments were done with 
the spherule held near the base and the walls of a rotating 
cylindrical vessel such that the local velocity was proportional 
to the rotational speed~ The results of 26 data points gave 

i 
k = L ,..., NO 047 ( 1 ) 

ZFSc0 

for 440 < (21'r rN)dp/,) < 2200 

and = 1440 

The correlation coefficient for the logarithmic regression 
was 0.99. This regression could then be used to correlate 
mass-transfer coefficients with local mean velocities under 
similar flow regimeso 

A second set of experiments was done with the same 
spherule held in a mixer in a vertical plane that bisected 
a segment bounded by neighbouring vertical baffles. The 
mixer consisted of a 7l" x 7l" diameter vessel, agitated by 
a centrally mounted, six-bladed paddle of 21" diameter and 
with a blade width/diameter ratio of!. The impeller was 
driven through a continuously variable gearbox that gave 
speeds between O and 1000 rpm. The sphere was held rigidly 
in various positions over the plane to give a grid of 
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locations that took in both the impeller stream and the ring= 
vortices sur.rounding it ( see Fig a 2)" To minimi.se disturbing 
the flow pattern forward of' the spherule, the sphere support 
was placed "downstream" together with the anode and the salt= 
bridge from the calomel cell~ Again the variation of mass
transfer coefficient with rotational speed was noted to yield 
the following results (12 data points in each set): 

correlation 
grid location log., regression coef'ficient coefficient 

C3 0"53 Oc994 
C5 Oc44 00993 
D6 0~47 0,.995 

E3 0.,53 0.,994 

F6 0~44 O .,998 

~he difference between the regression coefficients is 
not statistically s:i.gnificanteo 

For the experiments with freely moving particles~ 
o-nitro:phenol was used® Technical grade material. was purchased 
and st,eam-distillated to ~ive a solid melting at 45"0+ 0,2°c 
(reported value, 45oc (4))o Molten o-nitrophenol was injected 
into a saturated ag_ueous solution through an eye-dropper and 
the dr•o:plets so :formed were allowed to freeze slowly during 
free f'all" The particles were collected and the f'ract,ion 
between 16 and 22 mesh was kept f'or experiment,, The same 
power unit was used as in the fixed-sphere experiments with 
six-bladed paddles for the following geometries: 

vessel diameter, inG impeller diameter, in.c 

4 

The continuous phase was distilled water: acidified to 
pH 3~5 ~ Oo3 to suppress the dissodiation of o-nitrophenolc 
The particles were introduced into the mixi.ng vessel as 
g_uickly as possible and mixed for a set length of time, 
calculated from mass=transf'er rates taken f'rom Barker and 
Treybal 1 s correlation (5). The dispersed-phase volume 
f'raction was around 1o5%e At the end of each run the 
contents of the vessel were decanted and filtered through 
a fine mesh to separate the occasional chip of o=nitrophenol, 
the solution was quickly stirred to ensure unif'ormity and 
sampled for ultra=violet spectroscopye In this way, it was 
possible to work with concentration driving forces that 
dif'f'ered little from the saturation concentration at the 
su~f'ace of' each particle, yet the final mean concentration 
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(£§.o 7 x 10=4 g/ml) could be detected to within~ 3%0 

The results for all geometries are plotted in terms of 
Sherwood number k dT/.S- against impellor Reynolds number 
(Ndi/v) in Figo 3o It is seen that the results fall between 
those of Johnson and Huang (6) and those of Hixon and Baum (7) 
for similar conditions at the same Schmidt number ( ,) /~ = 
1240)0 The logarithmic regression coefficient is Oo80 with 
a correlation coefficient of Oc943: the standard deviation of 
the regression coefficient is Oe10Q 

The results of these and the previous experiments may be 
summarised: 

Impeller Reynolds Schmidt Regression 
Experiment Number Number Coefficient 

held sphere 9,500-76,000 1,290-1,510 Oo48 (av.,) 
free sphere 43,000-125,000 1240 Oo80 

These regression coefficients may be compared 
values postulated from theoretical reasoning: 

with 

Experiment 

held sphere 

free sphere 

Theoretical Regression 
Coefficient 

0 .. 875 

Theory (8) 

laminar boundary 
layer with negligible 
wake effect 

boundary layer 
defined through skin
friction velocity 
in turbulejt flow, 
GDF -NRe-

When the Reynolds number for local isotro~ic flow is 
based on the power dissipated per unit volume t9), we have 

N * = Re 
2 1 

~ 3 (P/V) 3 dp /_,µ, (2) 

The logarithmic regression of kd..../S- vs Ne* for the 
free spheres yields a regression coefficient 0¥ Oo77 with a 
correlation coefficient of 00916. The theoretical 
regression coefficient is 0075 (9)e This result lends 
support to the usefulness of Kolmogoroff's (10) postulate of 
the local isotropy of turbulent flow at high Reynolds numbers, 
as suggested by Middleman (1)e 

However, the mass-transfer correlations for the free 
spheres suggest that the transfer rate is controlled through 
a turbulent boundary layer, while the bulk turbulence is not 
intense enough to penetrate the laminar boundary-layer around 
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a fixed particleo The difference between the fixed-sphere 
and free-sphere experiments also clearly shows that the slip 
velocity that governs the mass-transfer process for freely 
suspended particles may not be proportional to the mean bulk 
velocity of the fluid, as Middleman deduces (1)o It would 
thus seem inappropriate to use correlations obtained for 
steady flows over particles as a starting point for describing 
transport processes in agitated vessels~ For the leaching 
of particles suspended in a turbulent fluid, Levich (11) 
obtains expressions for the mass-transfer rate, when the 
particle size is much smaller or much larger than the 
dissipation scale of turbulence~ The predicted dependence 
of particle diameter on mass-transfer coefficient differs 
from Harriottrs experimental relationships (12) used by 
Middleman<> 
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NOTATION 

CnF skin=friction drag coefficient 

c0 concentration at surface 

dI diameter of impeller 

'\, diameter of particle 

'1T diameter of vessel 

F Faraday constant 

iL limiting current 

k mass-transfer coefficient 

N speed of rotation 

P power dissipated 

r radial distance 

S surface area 

V volume 

Z valence change 

5,- diffusivity 

.,A, viscosity 

v kinematic viscosity 

~ density 
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Appendix 4., 
Fig. A.4 Heat transfer data obtained by Hilpert for cylinders 

in wind tunnels, Appendix 3. 
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APPENDIX 5 

CONTINUOUS PHASE MASS TRANSFER WITH A CIRCULATING DROP 

The mass transfer resistance in the continuous phase 
film around a mobile liquid interface, may be described by 

either of two mechanismso The surface mobility may arise 
from internal circulation caused by the relative motion of 
the drop and the fluid, or from interfacial turbulence caused 

by surface tension gradients over the liquid interfacee 
The energy dissipation per unit volume of viscous fluid, 

is given by Levich (63), who develops these two models: 

~ f 2 1i~ €'= - dt = A ( curl u) dV + .A ~ n o ds 

+ 2 fl f ( V curl u) ds (A5 "1) 
n is the direction of the normal to the surface over which the 
fluid is flowing .. 

In the zone of viscous flow about a circulating drop, 
the deviation of the velocity from that of an ideal liquid 
may be neglected, for Re>. '( 103 • The velocity of the 

undisturbed flow is irrotational, thus eqn. A5.1 may be 

simplified. 

dE 
- dt 

(u (o)) 2 + b (0)) 2 ) 2 \- (u 2lra sine de r O r . e r=a 

f (0) our(O) (0) 
=ft (2u .. - +2u r or 0 

vr(O) = - 3 Ve~ cos S, where y = r-a 

= 0 at y = Oo 

ou8 (0) 2 
- ) 2 TT a sine de ~r r=a 

dE 2 f (0) 'bve (O) 
- dt A 4 rr a v9 ~Y sine de (A5 .. 2) . 

v8 (o) = ~ v(1 -~) sine 



Thus, eqno A5o2 becomes, 

€= 
dE 

= dt = 121Ta fa 2 
V 

Hence, the total dissipative force exerted on a drop 
becomes 1 

F = ~ ½ = 12 Trfi av 

A force balance, analogous to eqno 3~27, may be written 
for the drop, 

!::11)' 0 a3 dv = 
3 rd dt 

( o = o ) bill' a3 du - 1 21T a h v ,c xd 3 dt r- (A5o3) 

The characteristic period TA, corresponding to the motion 
of scale ). , >. > >..0 , is a function only of the scale of motion 
>-., and the characteristic of the turbulent flow, p e Since 
A ). A0 , T). is not a function of the fluid visco~ity .. 

Dimensionally, 

2 "'I 

(..\ ()0 )3...., ~ 
e VA = 

or V = 

The acceleration associated with eddies of scale A may 
be written, 

w = 
A 

dv>,. - '""' dt 

which, with approximations similar to those used in Section 

3 .. 6, yields, 

t'c - ~d 

~d + 1 
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or vmax rv 
~c - ~d ~£ 

0 a .. o v 
· d \C C 

(A5e4) 

€ is substituted by eqno 3o7, and U in eqn. 7e12 is 
substituted by v , to yield, 

max (ND )3/2 

or 

k ...., '0"" ~ a __ I __ 
c ✓.t.<..f O ~d ., ~ D 1/2 

ShI "m:p 
Re1,.5 

Imp 

I 

f'or mixers,. 
k} is constant f'or the Reynolds number range involved, 
102 < Re>. < 1 o3 , ( 63) ., 

The exponent of' the Schmidt number is dependent on the 
viscous damping :postulate assumede From RuckensteinB surface 
renewal models, it is apparent that 0.5 is the upper limiting 

value, see Sections 7o4 and 7o5e \ 

The second model considers that the viscous damping, 
consequently the diffusion due to turbulence, near the inter
face is controlled by the interf'acial tensiono As before, 

the diffusion flux in a turbulent fluid is approximately 
determined by the turbulent notion near the interface. For 
Sc)) 1, the diffusion resistance is considered to be within 

the diffusion sublayer, see Section 7o3o 
The fluid velocity component normal to the surface must 

vanish at the liquid interface, the damping being determined 
from Piterskikh's relationship, 

= 

This condition arises as the velocity components must satisfy 
the continuity equation, and the x component of velocity is 

not a function of Yo 

x = distance along the surface 
y = :perpendicular distance from the surface. 

Similarly, the scale of the turbulence eddies increases 
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with distance from the surface~ 

). ,_ y 

Hence the effective kinematic viscosity,to which the 
turbulent diffusivity is analogous, is given by, 

l\urb ~ Vys y - Vo 

If' surface tension, rather than viscosity, controls the 
turbulence damping, then the depth A, of the zone of damped 
turbulence near the interface, can be a function of only the 
eddy velocity vA , the liquid density~, and the surface 
tension a-, 

(A5 .6) 

if' a direct relationship between A and o- is assumed. 

Substitution of'~ into eqno A5.5 yields, 
vo3~ y2 

(j ,)turb "" 

at y = b , = 

5turb "" 

or b "" 
i 

( .9-<r )2 
vo3 (! 

(A5.7) 

For control of' the mass transfer rate by the diffusion 
sublayer, the mass transfer flux is approximated by, 

j 

or k "" C 



v 0 may be substituted by eqn. 3e24 to yield, 

1/2 (kf)3/2 u3/2 e1/2 
kc "'J 23/2 " 0-1/2 • .B-

k' :r is again a constante 
For mixer conditions, 

1 

Sh """' (kf)3/2 R 1 .. 5 s 0.,5 f'2v 
C • £ 't Imp eimp D 20- 2 

I 

-t 

(k})3/2 Re1 .5 
1 We2 

or ShI ......, Sc~. Re mp Imp 

172. 

(A5.8) 

The derivations of eqns. A5.8 and 7.17 dif':t'er in that 

in eqn. 7.17 the Reynolds number exponent arises :Crom vmax ........ 
(NDI) 3/ 2 , with ~ - 1/v0 , while it arises in eqn. A5.8 
because b"' 1/v0 3/ 2 , and v 0 rv (NDI)e In practice it is 
unlikely that this dif:t'erence will be observed. Equation 
7.,17 however does predict kc,_ 8/1 , whereas eqn. A5.8 does 

not. Again, with a range of drop diameters, as well as a 
range of inertial subrange eddy lengths, this ditterence may 

also not be found. Both mechanisms imply a low viscous 
energy dissipation in the mean velocity gradients through 
the drop boundary layers., 

*University of Canterbury, Christchurch, New Zealand. 



APPENDIX 6. Solute Distribution Data t:or the System. 

Temperature 18°c, 
Soln, gm ONP 
No. gm ¾O 

2 2.39x10-5 
3 1.15 " 
4 1.46 " 
5 0.15 " 
6 2.33 " 
7 1.51 " 
8 2.28 " 
9 2.47 " 

10 3.86 " 
11 3.06 " 
12 4.16 " 
13 8.72 " 
14 8.249 " 
15 9.745 " 
16 22.12 " 
17 16.11 " 
18 22.09 " 
19 37.20 " 
~9a 40.52 " 
20 35.65 " 
21 
22 
23 
24 
25 

23.32 " 
70.29, " 
65.28 " 
62.09 " 

103.6 
26 110.8 
27 112.7 

pg. 153 Bk.I 
gm ONP 
gm ieooct. 

1.049x10-4 
0.936 " 
2.571 " 
1.090 " 
2.904 " 
4.036 " 
6.121 " 
·6.459 " 

13.464 " 
13.102 " 
12.76 
26.06 
26.80 
34.19 
58.10 
53.83 
55.32 

111.0 
110.5 
113.0 
113.6 
226.7 
220.0 
216.7 
410.4 
i.10.8 
407.7 

I 4.39 
.' 8.1'4 
1 n.6 

72.7 
12.5 
1,7.7 
2·~.8 
26.1 
34.9 
42-8 
30.7 
29.9 
32.5 
35.1 
26.3, 
24-4 
25.0 
29.8 
27.3 
31.7 
48.7 
32.2 
33.7 
34.9 
39.6 
37.1 
36.2 

Temperature 23.6°c, pg.157, Bk.I 
21 1.89x10-5 0.794:,:10-3 
23 7.05 " 2.93 " 
24 9.46 " 3.69 " 
25 11.47 " 4.87 " 
26 14.27 " 5.76 " 
27 16.17 " 6.70 " 

42.0 
41.5 
39.0 
42.4 
40.4 
41.4 

Isooctane/o-nitrophenol(solute)/water (pH 3.5) 

Temperature 18°c, !'L,,157 BkI 
Soln. gm ONP gm OIJP 
No. gm ¾O gm isooct. 

1 o.116x10-4 o.382x10-3 
2 0.292 " o.833 " 
3 0.375 " 1.601 " 
4 . 0.519 " 1 .834 " 
5 o. 709 " 2.520 " 
6 9.766 " 2.739 " 
7 0.950 " 3.338 " 
8 1.062 " 3.869 " 
9 1.214 " 4-436 " 

10 1.230 " 4-538 " 
11 1.126 " 4.644 " 
12 1.369 " 5.170 " 
13 1.765 " 5.720 " 
14 1.606 " 6.293 " 
15 1.829 " 6.714 " 
16 1.965 " 7.327 " 
17 1 .890 " 8.058 " 
18 2.391 " 9.494 " 
19 2.519 " 9-558 " 
20 3.130 " 11.753 " 

Temperature 18.3°c. 
1 3.501x10-5 
2 3.439 " 
3 2.927 " 
4 5.419 " 
5 6.632 " 
6 5.395 " 
7 8.401 " 
8 
9 

10 
13 
11 
12 
14 
15 

8.691 " 
8.917 " 
9.554 " 

10.660 " 
8.969 " 

10.314 " 
11.010 " 
11.443 " 

pg.145 Bk.I 
1.418x10-3 
1.226 " 
1.114 " 
2.243 II 

2.548 " 
2.385 " 
3.667 " 
3.711 " 
3.671 " 
4.612 " 
6.036 " 
4.541 " 
4.643 " 
5.918 " 
5.913 " 

32.9 
28.5 
42.6 
35.3 
35.5 

Temperature 1i .1°c, 
Soln. gm ONP 
No. gm BzO 
36 3.49x10-5 
41 2.02 • 
52 5.99 " 
53 6.68 • 
54 7.55 " 

35.7 55 
35.2 56 
36.4 57 
36.1 58 
36.9 

7,694" 
10.35 " 
15.17 " 
13.80 " 

41 .2 Temperature 24.g0c, 
37.8 14 2.36x10-
32.4 15 3.49 " 
39.2 18 5.36 " 
36 .• 7 2 6.64 " 
37.3 13 7.93 " 
42.6 10 9.043 " 
39.7 1 11.24 " 
37 .9 11 3 .38 " 
37 .6 39 13.94 " 

40.51 
35.66 
38.06 
41.39 
38.41 
44.21 
43.66 

40 10.78 • 

Temperature 29.4°c, 
28 2.68x10-5 
29 5.053 " 
30 6.838 " 
31 9.545 " 
32 11.84 
33 13.69 

42.70 34 
41.17 
48.27 
56.62 
50.63 

8.819 " 

45.02 
53.75 
51.67 
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pg.169 Bk.I 
gm ONP 
gm isooct. 

1.025x10-3 
0.557 • 
1.756 " 
2.218 • 
2.570 " 
2.885 " 
3.423 " 
5.004 " 
5.865 

&~61~~1~31 

1.157 " 
1.794 " 
2.350 • 
2.768 
3.38 · 
4.08 
0.860 " 
5.53 
3.05 

pg.157, Bk.I 
1.007x10-3 
1.925 " 
2.756 • 
3.775 " 
4.950 n 
5.717 " 
3,679 " 

29.4 
27.6 
29.3 
33.2 
34.1 
37.5 
33.1 
33.0 
42.5 

26.6 
33.1 
27.0 
29.6 
34.9 
37.4 
26.3 
25.4 
34.7 
29.i 

37.9 
38.1 
40.3 
39.5 
41.8 
41.8 
41.7 

APPENDIX 7. Dens ,ty Data ror the APPENDIX 8. Ki.nematic Viscos1·ty Data APPENDIX 9. SUrt:ace Tension Data ror 
Solutione,(Isooctene + b-nitrophenol~ ror the Solutions,(Isooctane + o-nitro- the System Isooctane/o-nitrophenol/Wator 

· (Water pH3 .• 5 + l>-nitrophenol). phenol), and IVater pH3.5 + o-nitrophenol) Twg phases at equilibrium, temperature 
Soln. gm ONP Density Density Soln. gm ONP K1.nemat1c viscosity 18 C, pg.169, Bk.I 
No. gm Isooct. 180c, 25.200 No. gm H:20 18°C 25.20c Soln. gm ONP 

guVcn, g!"fcm' cS. cS. No. gm ieooct. 

5.846x10-4 
11.111 II 

19.29 

5".irt:ace Tension 
dynes/cm:. 

5 
.6 

A 
9 

27.87 
31.13 

Isooctane 
59 32.20 

8 16.86 
95 44.77 
66 64.23 
59 32.20 

8 16.86 
95 44.77 
66 64.27 
Ieooctane 
Iaooctane 
Isooctans 

o.6944 o.6873 2 10.109x10-5 1.066 o.899 53 2.218JC10-3 
o.6946 o.6883 10 8.400 " 1.055 0.907 36 1.025 " 
o.6955 o.6876 11 6.093 " 1.069 0.897 56 3,423 " 
o.694 0.6880 15 4.087" 1.057 0.907 54 2.570 " 
o.6961 0.6887 14 2.280" 1.056 0.904 41 0.557 • 
o.6936 00 •

0
66887831 ;,o + acid 1.063 0.903 55 2.885 • 

0.6946 52 1. 756 " 
o.6944 o.6879 58 . 5.865 " 
0,6954 0,6888 Isooctane phase4 Pg.162, Bk.I 57 5,004 
o.6961 o.6894 5 5,846x10- 0.740 o.688 

49.22 
49.30 
48.90 
50.67 
50.96 
49.96 
49.59 
49.34 
48.91 

0.6950 o .• 6887 6 11.11 " 0.738 o.687 
0.6948 0.6876 7 19.29 " 0.741 o.686 

· o.6954 o.6639 B 27 .87 " o. 743 0.690 

Solute tranet:er rrom 1saoctam, 
phase. aqueous drops. -

2 • o.592x10-3 50.37 
0.6961 o •. 6894 9 31.13 " 0.741 o.692 
o.693ij 0.6867 Isooctane 0.743 0~686 
0,6942 o.6871 Isooctano 0.740 o.688 
o.6935 

3 1,835 " 50~29 
~ 1.039 " 49.71 
5 
6 
V 

2.586 " 
3.635 • 
4.128 • 

50.39 
47.55 
50.02 

Aqueous phase, pg.161, ·Bk.I 

50.12 
49.95 

49.34 

to aqueous 

50.58 

49.81 
49,37 

2 10.109,c10-, 0.9994 
10 8.400 " 0,9989 

0.9971 
0.9970 
0.9970 
0.9971 

So1ute trSJ!l.s:ter rrom isooctane to aqueous 
phase. isooctane drops. ~eM:perature 1aoc. 

11 6.093 " 0.9988 
15 4.087 " 0.9975 
14 2.280 " 
11zo + acid 

Q.9991 
0.9996 

0.9966 
0.9979 

pg.176, Bk.I. 3 
3 r.mxro-
2 0.592 • 
6 3.635 " 
4 1.039 " 
5 2.584 " 
V 4.128 " 

50.32 
50.39 
50.42 
50.23 
50.36 
50.83 

50.53 
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APPENDIX 12. Bold-up Data APPENDIX 10. Vessel and. Impellor Design Data 

Agj.t. Po-r Bold- Hold- Temp Agj. t. Power Hold-=ed ga, cllllsec _up ., ratio oc . 3:ed gm env'aee up 
Hol.d- Temp 
., ratio oc 

7¼11 Vessel,- 2jD Impellor 

235 6.75x1o' o.031u 0.300 
329 .5 14. 111 " O .0354 O ,309 
419 24. 7 • 0.0338 0.465 
502 39.0 • O.Q4:,2 0.595 
610 64.9 " 0.0547 0.753 
729 106.2 • o.Q599 0.825 
7i" ftBBel., 2i" Impallor 

318.5 7 .53"1o' 0.0286 0.250 
416 9.24 " 0.0:,:,3 0.291 
518 12.9 • 0.0393 0.344 
641 24.0 " 0 .Q41u O .387 
750 35.0 • 0.0411 0.566 
846 47 .3 • 0.0495 o.681 
5i" VeeaeJ., 1¾" Impellor 
472 8.34"1o' O.Q201 0.176 
.590 13.Q ·• O.Q295 0.2.59 
693 18.0 • 0.0406 0.3.55 
8Q2 24.0 " 0.0491 o.~ 
900 30.4 " 0.0621 0 • .544 
841 26.3 • 0~0479 0.420 

20.6 
20.7 
19.4 
19.6 
19.7 
19.6 

19.6 
19.7 
19.8 
19.8 
20.0 
20.2 

21 .1 
21.2 
21.3 
21.3 
21.4 
21.6 

8¼11 Vease1,. 4fr Impeller 
133 8.42%1<Y 0.0272 0.302 
242.5 . 38.2 " 0.0539 0.598 
187 19.2 ,, 0.0334 0.371 
396 1lu 0.0632 0.670 
.510 304 0.0677 0.933 
321.5 82.,5 • 0.0571 0.786 
635 591 O .0682 o. 939 
640 . 602 " 0.0677 0.932 
8¾11 vessel.,- 3" Impeller 
187.5 5,02x1o' 0.0235 0.206. 
206 14.6 " 0 .0305 0 .266 
458 36.9 " 0.0407 0.443 
599 72.6 " 0.0595 . 0.820 
678 100.9 " 0.0613 0.844 
807 163 H 0.0640 0.662 
8¾" Vesael, 2 ti;" Impellor 

324 8.46x1o3 0.0236 0.206 
1144 17 019 H 0.0285 0.250 
591 34.0 " 0.0401 0.351 
721 55.8 '' 0.0553 o.613 
846 84.9 H 0.0562 0. 774 

5½" Vessel, 2-i" 
207 5.13x103 
361 17.5 H 

445 28.6 • 
589 59.0 " 
697 93.7 " 
639 158.3 " 

Impel1or 
0.0211 0.184 
0.0571 0.500 
0.0740 0.6,52 
o .0763 o.835 
0.073.5 0.892 
O .0635 o. 798 

Nomenclature -ror Appendix 14. Read Print 

20.4 
20.5 
20.5 
20.5 
20.8 
20.7 
20.s 
21.0 

20.5 
20.5 
20.6 
20.6-
20.7 
20.8 

Ves. Vee. Ves. Battle Imp. Blade Bosa Scale 
d1a. ht. vol-. ratio 41a. width dia. Ratio 
ems. ems. l.itres ~ ems. ems. ems. J¼l'Dx 

14,105 14:37 2.~90 ~ 1:~l g:i~i r:g~1 ~:;~ 
19,;76 19,;9 5'.~75 .5.43 0.721 1.451 3.64 

7.26 o.894 1.811 2.12 
10.29. 1 .270 2 .532 1 ,93 

22;20 22,;5 s.!l-08 6.27 0.820 1.633 3.54 
7.66 0.953 1 .920 2.90 

11.83 1.422 2.710 1.88 

Impel1or Shafi diameter = 1.27 cma. 
Diameter phase inlets to DWCing vessel. 

Iaoocta.il.e .phase - 1.50 CIIIB. _ 
Aqueous phase - 2.82 ems o.n., 1.99 ems. I.D. 

Read Print 

Cil Concentration sol.Ute 1n inl.et i&ooctane :: ~~et,;. Mol/Kol , DlB Inle't extraotiOJ1 etticiency 
OUt.l.et extraction etticim,a;r 

dBO 

CIT Concentration solute 1n outl.et iaooctane " UOU'l 
co 

CD.I. 

COI 

COIA 

OWN 

CWT 

DAB 
DBJII 

mms 
DSD 

DEIV 

Ila.as tranat'er ooetticient based on outlet 
concentrationa. · 

CO ,c 1nt.er'!:ac1al area/unit volume 
llaas trans:ter coe:t:r1c1ent based on a fUl.ly 

, llixed continuous phase and an· Ullllllled 
diaperaed phase 

COi x Inter1'ac1al. area/unit volume 
Concentration sol.ute 1n inlet water 
Concentration sol.Ute 1Il outlet .-ater 
Dittusivit;r or o-nitrophenol in water 
DaneU;r iaooctana 

Dans1 t;r dispersion ~..3 
llean drop diameter • '~ 

nd 
Ileen drop ~ameter log D8V = log d50 
+ 5.757 log" g 

overall extraction ettioieney 

Accept Data 

Evaluate 
plcy'aical. properties 

Eval.uate 
speed-dis. relationehipa 

Ev&l.uate 
inaee balance, equ1libr1um 
concentrationa and etticienoy 

Print 
Output da,ta 

ems. 

Ell 
i'LOI 

PI.OW 

IMP 

PONO 

POW 

RE 

REV 

RUN 

BONO 

i'l.ow rate o~ isooctane 
l'l.ow rate of water 
Im.pe1l.or diameter 
Power Number 

Power Input 

Impel1or Reynolds NUlliber 
Im.pell.or sp&ed 
Run number• twor.kbook 2. pg.no.) 

Schmidt Dlllllber = 
SIGIIA. Psrticl.e size standard deviation = 

-~ 
d50 

ems. 
ml/lllin 

cm 

11!!.s!! 
sec 

R.P.11. 

TEMP Temperature 0 c 
VDIA Vessel. diameter ems. 
VEB Vessel volume ml.. 
VOLP Dispersed phase Tolwae :traction 

Evaluate 
end et!'ects and 

subtract trom total tra.D.eter 

Evaluate 
maae traneter coeft'1c1ents 

and Sherwood numbers 

Append1X 14. Block d1agru ot ms.as trane!'er calculation program. 

,.}/br 

• 
I&.! 
br 

Rev/br 

oc 

II. 
,.} 



APPENDIX 11, DROP SIZE DISTRIBUTION DATP. 175 

RUN PHOTO 0-0.3 .3-.6 • 6-1.0 1.-1.51.5-2.5 2-5-4. NO RUN PHOTO 0-0.3 .3-.6 .6-1.0 1.-1.51.5-2.s 2.5-4 . NO 
NO NO DPOP NO NO DROP 
29 1 .2102 -6938 -9503 -9951 I .0000 .0000 406 59 1 .2070 -5383 .8512 -9435 -9774 1.00.00 243 
29 2 .3040 . 7076 -9252 -9951 1. 0.000 .0000 434 59 2 . 1660 -5147 .8025 .9333 -9771 I .0000 211 
29 3 .2512 -6504 .8928 .9867 .9999 .0000 487 59 3 .1938 .6043 .7639 .8614 -91'86 1. 0000 164 
29 4 .3252 -7266 -9420 .9948 1.0000 .0000 513 59 4 -2123 .4869 .7288 .8781 .9656 1 .0000 182 
29 5 .2260 .6559 .8930 .9892 I .0000 .0000 508 59 5 .2171 -5765 -7221 .8663 .9554 1.0000 158 
29 6 .2733 .6884 .9071 .9883 .9999 .0000 462 59 7 . 1752 .6219 .8481 .9409 .9873 1 .0000 200 
Z9 7 .2142 .6082 -9060 -9837 .9999 .0000 344 59 9 -2449 -5643 .7602 .8974 -9584 1.0000 146 
29 8 -2708 -7327 -9376 .9952 1.0000 .0000 463 59 11 .2216 .5115 .7285 .8813 .9711 1-0000 148 

30 1 .4554 .8839 1 .0000 .0000 .0000 .0000 435 61 1 -1404 .4896 . 7635 -9426 .9817 1 .0000 183 
30 2 .4484 .8372 1.0000 .0000. .0000 .0000 460 61 2 . 1796 -4969 .7815 .9285 . 9902 1 • 0000 218 
30 3 .5076 .8832 .9999 .0000 .0000 .0000 330 61 3 -2408 -5217 .8026 .9402 . 9899 I .ODDO 223 
30 4 .4617 .8575 .9999 .0000 .0000 .0000 406 61 4 -2569 .5878 .8207 -9366 .9851 .0000 241 
30 5 _.5007 .8989 .9999 .0000 .0000 .0000 365 61 5 ,2556 -5432 .8361 ,9462 .9817 1.0000 204 
30 6 .4786 .8945 .9999 .0000 .0000 .0000 388 61 6 .3133 -5667 .7723 .9085 -9779 .9999 275 
30 7 .4754 .8983 -9999 .0000 .0000 .0000 336 61 8 .2289 -5495 -7647 .9211 .9860 1-0000 201 
30 8 .4813 .8381 .9999 .0000 .0000 .0000 381 61 10 .2836 .5814 .7814 .8268 .9871 .0000 201 

31 1 -2941 .8104 -9837 1.0000 .0000 .0000 383 63 I .2158 .5691 .8203 -9478 .9892 .9999 244 
63 2 -1848 . 6740 .8869 -9690 -9948 . .9999 346 

37 1 .1228 .3872 .7049 .8829 -9661 1.0000 192 63 3 .2344 .6496 .8525 ;9781 .9963 .9999 302 
37 3 .1918 -::zn .6801 -8517 -9687 1 .0000 231 63 4 .2668 .6132 .8698 -9724 -9941 .9999 249· 
37 4 • 1645 . 88 .7054 .8766 -9654 1.0000 280 63 5 -3471 -7541 .9177 .9800 -9960 .9999 267 
37 6 .1921 ·.4990 -7188 .8893 -9667 .9999 339 63 6 -3522 -7602 -9226 -9762 . 9964 1 . 0000 405 
37 7 -2274 .5095 -7411 .9011 .9820 .9999 246 63 7 -2560 .6156 .8526 -9524 .9921 .9999 422 
37 8 .2058 .4852 -7582 .9137 .9803 1.0000 223 
37 9 -2791 · .5385 -7711 .8970 .9618 1 .0000 250 69 2 .2058 .5231 .7226 .8409 -9490 .9807 158 
37- 13- .2187- -4687 .6'718----.8385 .9635 l.0000 --192 · ·69 4· · .3-1,43 .5593 ,7072 .8416 -9424 -.-9760 -142 

69 5 -2774 -5414 -7427 .8645 .9507 1.0000 165 
39 l .2061 .4685 .7559 .8975 .9600 1.0000 191 69 6 .2357 -4796 .7317 .8373 -9268 .9999 123 
39 .2628 .5309 . 7835 .9381 -9845 1 .0000 208 69 ' 

.228_4 -5711 -7680 .8804 -9648 1.0000 136 

~~ 6 .2036 -5187 -7612 .8872 -9672 .9999 214 69 .2187 .4348 .6645 .8559 -9639 1.0000 182 
7 .2512 -5467 -7684 .9211 -9784 .9999 203 69 9 .2722 -5143 .7349 .9088 .9779 .9999 136 

39 9 -2352 .5346 .6971 .8768 .9692 .9999 241 69 11 .1788 -4761' .6846 .8379 -9518 1.0000 205 
39 10 .2197 .4875 -7674 .9209 .9819 .9999 344 
39 11 .2221 .5082 -7176 .8861 • 9693 1 • 0000 185 71 1 .2716 .7190 -9241 .9840 1.0000 .0000 385 
39 12 -2387 -5450 -7942 .9153 .9750 .9999 223 71 2 -2461 .7015 .9107 .9846 1 .0000 .0000 338 

71 3 .3362 • 75lt4 -9265 .9920 1.0000 .0000 394 
41 1 -3576 -7367 .8798 .9728 -991'2 .9999 324 71 4 .3280 .• 7558 -9445 .9921 1.0000 .0000 422 
41 2 .2629 .6022 .8566 , -9541 -9915 .9999 376 71 6 .3130 .7090 .9231 .9887 1.0000 .0000 452 
41 3 -2959 -6523 .8814 .9833 -9981 .9999 317 71 7 .3078 -7535 -9431 .9918 1.0000 .0000 427 
41 4 -2547 -5708 .8225 -9461. .9852 1 .0000 31'0 71 8 .2490 .7020 -9274 -9914 .9999 .0000 457 
Iii 6 .3208 -5762 .8349 .9528 .9823 .9999 312 71 9 .3035 .7209 .9359 . 9903 1 • 0000 .0000 427 
Ii! 8 .2678 -5783 .8384 - -9657 .9910 .9999 281 

73 1 .2386 .6893 .9132 .9751 -9941 .9999 288 
43 1 .3877 .7309 .9470 1.0000 .0000' .0000 497 73 2 -3412 -7599 -9348 .9922 -9986 .9999 381 i.3 2 .4593 -7408 .9166 .9870 1.0000 .0000 519 73 3 .2971 .7235 -9308 .9821 -9964 .9999 42 
43 3 -3796 -7272 .9150 .9840 1.0000 .0000 520 73 Ii ,2863 .6710 .8857 .9752 -9976 1.0000 485 
43 5 .!i327 .7262 .9238 .9887 1.0000 .0000 551 73 5 -3473 .6997 .8997 .9709 .9947 1.0000 lt45 

73 6 -31'49 -7186 .9330 .9890 .9970 1.0000 1'74 
45 l .3840 -7869 -951.S .9959 .9999 .0000 467 73 7 -3563 -7352 .8786 .9668 . 9973 1 • 0000 523 
45 2 .4380 .7737 -9318 .9961 .9999 .0000 379 73 8 .1890 .6155 .8418 .9695 -9948 .9999 291 
li5 3 .4214 -7812 -9430 • 991'8 1 • 0000 .0000 443 75 1 .4505 .8455 .9738 1.0000 .0000 .0000 335 
45 Ii -~488 -7612 -9287 .9878 .9999 .0000 381 75 2 .3503 .7992 -9822 .9999 .0000 .0000 517 
45 6 • 17 .7858 .9354 .9919 .9999 .0000 390 75 3 .3820 .s201i .9630 .9999 .0000 .0000 500 
45 7 .4249 .8104 -9646 .9933 1.0000 .0000 510 75 4 .4161 .8520 .9791 1.0000 .0000 .0000 442 
i.5 8 .4385 .8039 -9529 -9933 1 • 0000 .0000 433 75 5 -3844 .8018 -9716 -9999 .0)00 .0000 436 
45 9 .4~12 .7770 .9703 .9947 1.0000 .0000 531 75 6 .4094 -781'9 -9745 1 • 0000 .0000 .0000 561' 

75 7 -3792 .8095 -974li 1.0000 .0000 .0000 593. 
47 1 -3918 -6989 .8502 .9399 .9799 1 .0000 223 75 8 .411'1 .7940 .9679 .9999 .0000 .0000 451 
47 2 .3285 -5890 .7590 .8849 -9528 1.0000 187 
47 3 -2358 .5085 .7223 .8418 -9504 -9999 152 77 1 .5192 .9258 .9862 .9999 .0000 .0000 369 
47 Ii -3578 .6105 .8105 .8631 -9368 .9999 95 77 2 .3286 .8544 -9~65 .9999 .0000 .0000 218 
47. 5 .2619 .4789 .6510 .8456 -9438 .9999 137 77 3 .5936 .9010 .9 63 .9999 .0000 .0000 333 

77 4 -2762 .8081 -9667 -9999 .0000 .0000 202 

~ 1 .2259 .6071 .8613 .9823 -9964 .9999 324 77 5 .31,21 .8677 .9735 .9999 .0000 .0000 286 
3 .3805 -7164 .8768 .9543 -9912 .9999 293 77 6 -5635 .8729 .9804 -9999 .0000 .0000 313 

49 4 .2905 .6753 .9162 .9790 -9947 .9999 320 77 7 .5365 .8692 .9711 -9999 .0000 .0000 318 
49 5 .3544 .6820 .8860 .9774 .9947 .9999 - 326 77 8 .5700 .8847 .9781 .9999 .0000 .0000 - 328 
49 6 -3156 .6980 -9292 .9885 .9974 .9999 271 
49 7 .3510 .6834 .8864 -9692 .9957 .9999 381 79 1 .2340 -71'33 -9490 1.0000 .0000 .0000 336 
49 8 -2549 -6561 .8923 .9729 -9962 .9999 314 79 2 .2189 .7394 .9503 1 .0000 .0000 .0000 387 
51 1 -5963 -9455 1.0000 .0000 .0000 .0000 465 79 i .2079 -7147 -9278 -9917 1. 0000 .0000 417 
51 2 .sou .9019 -9946 1,.0000 . • 0000 .0000 484 79 .3610 .8252 -9628 -9980 1.0000 .0000 426 
51 3 .i.2 .8351 .9892 1.0000 .0000 .0000 600 79 5 -3265 -7951 -9560 -9967 1.0000 .0000 420 

79 6 .3212 .7788 .9563 .9938 1. 0000 .0000 525 
53 1 -5760 .8346 .9572 .9915 .9986 .9999 464 79 7 .2770 .7808 .9553 -9962 1.0000 .0000 423 
53 2 .i.981 .8371 -9564 -9850 -9965 1 .0000 486 79 8 .2421 .8812 ,975? .9976 1.0000 .0000 481 
53 3· :5869 .8614 .9755 :9945 .9999· ·:uooo l+U8 
53 4 .4541 -7922 -91'45 .9948 I .0000 .0000 411 83 1 .2612 .5348 .7252 .8168 .8778 -9694 87 
53 5 .5064 .8240 .9721 .9957 1.0000 .0000 479 83 2 -2453 -4906 -7185 .8762 .9393 -9818 ~i. 53 6 .4419 .7993 -9452 .9958 1.0000 .0000 556 83 l .-z828 .5387 -7407 .8585 -9292 .9685 
53 7 .4718 .7934 -9542 .9881 .9990 1.0000 404 83 .2289 .5036 .6868 .8241 -9194 -9560 78 

83 5 -2295 .5409 -7868 .9016 -9508 .9999 61 
55 l .5051 .8499 .9760 .9999 .0000 .0000 454 83 6 .2773 -5630 .7226 .8487 -9243 .9663 119 
55 2 -4507 .8179 -9522 .9999 .0000 .0000 351 83 7 .2604 .4895 .6145 -7916 .8750 .9791 96 
55 l .4661 .8202 .9680 .9999 .0000 .0000 !i84 83 8 .2345 -4567 .6913 .8148 .9135 -9753 · 81 
55 -4908 .8456 .901i -9999 .0000 .0000 447 83 9 .2137 .4274 .5877 .7633 .8778 .9770 131 
55 5 .4878 .8482 .972 .9999 .0000 .0000 402 83 10 -1538 .4153 .5615 .6769 .8153 .9615 130 
55 6 .4739 .8140 .9776 1.0000 .0000 .0000 474 
55 7 .i.930 .8li55 .9692 -9999 .0000 .0000 418 85 2 .1513 .4221 .6929 .9160 -9565 .9797 144 
55 8 .4858 .8198 .9817 1.0000 .0000 .0000 371 85 3 -1546 .4li26 -7519 .9333 -9786 - .9919 200 

85 4 . 1942 -4703 -7924 .9233 -9718 .9948 217 
85 5 -1835 .4993 -7416 -9104 ,.9664 ,9832 156 
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RUN PHOTO 0-0.3 -3--6 .6-1 .o 1 .-1 .51 -5-2-5 2-5-4. NO RUN PHOTO 0-0.3 -3--6 .6-1.0 1.-1.51.5-z.5 2.5-4. NO 
NO NO DROP NO NO DROP 
85 6 .1813 .4604 .6883 .8837 -9581 .9860 215 113· 1 .1369 -4358 .6413 .8356 -9439 1.0000 210 
85 7 -1609 .4770 -7241 -9310 -9712 .9885 174 113 2 • 1671 .3047 .5873 .7739 .9039 -9999. 159 
85 8 • 15li6 .1i077 .6795 .8904 .9615 -9911 218 113 3 .2190 .4076 .6423 .8371 .9382 1.0000 161 
85 9 .2138 .4424 -6572 .8537 .9305 -9744 219 113 1 • 1504 .3008 -5929 -7876 ,9026 1.0000 113 

113 2 .0956 -2782 .6086 .8173 .9391 1.0000 115 
87 1 .2569 .6647 .9163 -9680 .9958 1 .0000 425 113 3 -1176 .3686 .6432 .8315 -9413 .9962 129 
87 2 .2788 -7132 .9047 -9766 -9942 1.0000 412 
87 3 -3130 -7447 -9249 -9807 -9976 1.000.J 461 115 1 -2287 .6049 .8591 -9790 -9949 .9999 241 
8'7 4 .3086 -7016 .8969 -9674 -9971 t.OOOG 455 115 2 -2474 .6505 .9179 .9817 -9965 .9999 283 
87 5 -2451 .6865 .9005 .9829 -9981 1 .0000 509 115 3 -2799 .6264 .8735 .9815 .9973 t .0000 287 
87 6 .2380 .6438 .8584 -9855 -9968 .9999 289 115 4 -2772 .6394 .8920 .978~ .9935 .9999 293 
87 7 -2627 .7173 -9144 .9866 • 9984 1 . 0000 428 115 5 .2503 .5535 .8073 -976 -9949 .9999 284 
87 8 -2479 .7038 -9325 -9774 -9966 1.0000 432 115 1 -3li62 .7017 -9234 .9835 -9978 .9999 299 
89 1 -2725 .7012 -9515 -9929 1.0000 .0000 402 115 2 .3048 -6597 -8929 -9805 . 9965 1 • 0000 267 
89 2 .2642 .7001 .9266 -9922 .9999 .0000 358 115 3 -2241 .6489 -9137 .9790 -9916 .9999 346 
89 4 .2364 .7064 -9277 .9944 .9999 .0000 360 115 4 .3015 .6104 .8714 -9724 .9951 .9999 380 
89 3 -2616 . -7581 -9325 -9939 1.0000 .0000 333 115 5 -2555 .6218 .8339 .9872 .9950 .9999 316 
89 5 .2061 -7321 -9240 -9941 .9999 .0000 264 
89 6 -2353 .6910 -9711 -9964 .9999 .0000 349 119 1 .3605 -7679 -9809 .9967 1.0000 .0000 469 
89 7 ,2434 -7481 .9500 -9963 -9999 .0000 366 119 2 .3348 -7653 .9573 -9932 1.0000 .0000 413 
89 8 .3091 -7314 .9036 -9924 1.0000 .0000 391 119 3 .3314 .7704 .9710 .9937 1.0000 .0000 lt01 

119 4 -3142 -751t8 -9614 .9930 1.0000 .0000 362 
91 . 3 .2535 .7897 .9707 t.0000 .0000 .0000 447 119 5 .2865 -7449 .9598 -9927 -9999 .0000 350 
91 4 .2395 .6881 .9047 -9965 1.0000' .0000 · 413 119 6 .3029 -7556 .9395· -9965 .9999 .0000 338 
91 5 .2669 -7346 -9463 -9971 1.0000 .'0000 485 119 7 .2678 • 7529 .9575 -9878 -9999 .0000 251 
91 6 -2964 -7687 -9527 .9854 1 .0000 .0000 547 119 8 -3653 ;8592 .9601 -9922 1.0000 .0000 407 
91 8 .3281 .7861 · -9532 -9988 1-0000 .0000 520 

. 91 9 .3507 .8164 -9587 .9991 1.0000 .0000 576 121 1 .2927 .8457 -9541 .9939 .9999 .0000 362 
91 10 .3468 ,7914 -9660 .9983 1.0000 .0000 57~ 121 2 .2970 .8193 -9581t -9924 1.0000 .0000 400 
91 11 .2650 -7620 .95f1 .9970 1 .0000 .000-0- 555 121 3 .30!lO ._7204 .9450 .9961 1.0000 .0000 499 

121 4 .4080 .8125 -9629 -9927 -9999 .0000 3)2 
93 1 .2929 .8035 .9623 -9947 1.0000 .0000 390 121 5 -2803 .7182 .9615 -9984 1 • 0000 .0000 378 
93 2 .4007 -7562 -92'75 -9964 .9999 .0000 263 121 6 .3073 • 7299 -9206 -9978 1.0000 .0000 400 
93, 3 .3867 .8465 '-91$76 .9963 1.0000 .0000 361 121 7 -3506 .7975 -9599 -9920 .9999 .0000 31to 
.93 It -3727 .8705 -9591 • 9959 I. OuOO .0000 lt34 121 8 -3541 .. 8170 -9655 .991io 1.0000 .0000 396 
93 5 -3254 .8025 .9433 -9926 .9999 .0000 392 
93 6. -3461 -7949 -9612 .9977 1.0000 .0000 418 123 1 .4982 .8619 .9917 1 .0000 .. 0000 .0000 ·392 
93 7 -3156 -7861 -9531 -9926 1.0000 .0000 lt07 123 2 .4969 .8514 -9738 1.0000 .0000 .0000 360 
93 8 .3337 .8111 .9699 -9929 1.0000 .0000 1t13 123 1 -5098 .8887 .9931 1 .0000 .0000 .0000 397 

123 -5573 .911i6 .9804 .9999 .0000 .0000 390 
97 l •• 1858 -4767 .7838 .9338 -9742 1.0000 137 123 5 -4750 .9077 • 9809 1 • 0000 .00.00 .0000 i,9e 
97 2 ,2561 -5335 -7695 -9289 -9908 -9999 136 123 6 -5187 .es21i .981t2 -9999 .0000 .0000 453 
97 3 • 1713 .4697 -7605 -9196 .9770 1 .0000 152 123 7 -4926 .8892 .9873 .0000 .0000 .0000 5lt3 
97 4 • 1800 .4680 -7650 -9312 .9803 .9999 119 123 8 -4153 .811t8 .9790 1 .0000 .0000 .0000 lt92 
97 5 • 1576 .lt048 .6780 .8619 -9495 -9999 161 
97 6 -1783 .3618. .6625 .8817 .9633 .9999 198 125 1 -3411 .8122 .9639 .9971t .9999 .0000 2li6 
97 2 -2040 .i,591 -7085 .8559 -9428 1.0000 189 125 2 -2727 .7003 .8998 -9967 .9999 .0000 343 
97 4 • 1848 .li620 .6733 .8927 • 963-0 1 • 0000 171 125 3 .4013 .8345 .9668 -9956 1 .0000 .0000 294 

125 4 .3101 .7753 -9567 ;9956 1.0000 .0000 356 
99 2 .0872 -4306 • 7li63 .9059 .9613 .9850 · 246 125 5 .3387 .8103 -9562 -9962 1.0000 .0000 lt25 
99 3 -1512 -5334 .81t43 .9602 ·.9872 -99'i9 274 125 6 .3135 -7678 -9406 .9950 1.0000 .0000 359 
99 · 4 .1722 .4553 -7712 -9148 -9731 -9940 248 125 1 -3670 -7619 -9519 -9979 1 • 0000 .0000 531 
99 5 • 1064 .l,614 .7708 -9240 -9552 -9864 211 125 8 -3652 -7961 -9553 . 9988 1 • 0000 .0000 391 
99 6 .1176 .lt742 .8134 .9353 .9838 -9944 310 
99 7 .2118 .5710 -7437 -9123 -9654 .9930. 311 131 1 .3763 -7607 -9515 .9851 .9981 0000 366 
99 8 -2359 .6220 .8623 -9563 .9897 .9999 334 131 1 -349'1 .6255 .8219 -91t74 .9848 1.0000 201 
99 9 -2322 .5826 .8542 -9403 .9718 .9933 286 131 2 • 1864 .li609 .7630 .9088 .9820 1 .0000 238 

131 3 -2504 -5448 .7863 -9522 .9888 1.0000 213 
101 1 .3030 .7071 .9186 .9859 .9971 -9999 333 131 4 -2536 -5182 -7498 -9194 .9779 1 .0000 179 
101 3 -2712 .7072 .9231, -9862 1.0000 .0000 312 131 5 -2343 .6160 .8606 -961t5 .9893 1 .• 0000 280 
101 4 .1770 .5739 .8475 .9583 .9905 .9999 224 131 6 .2864 .5998 .8290 -9491 -9884 1.0000 226 
101 5 -3134 -7561 .8969 .9707 .9938 -9999 41~ 131 7 .3073 .5781 .8663 .9824 .9999 .0000 305 
101 6 .-1939 .6166 .see, .9773 -9959 .9999 29 131 8 .2806 -5519 .7577 .8774 • 9875 1 • 0000 164 
101 7 .2608 .7071 .8999 .9825 .9959 -9999 386 

. 101 8 .2018 .6587 .8926 .9697 .9944 .9999 395 133 2 .2872 -7312 -9463 .9790 .9898 -9964 317 
101 9 ~2568 .6432 .8500 -9674 -9939 1.0000 473 133 3 .3533 -7772 -9491 .9873 .9958 -9989 309 

133 4 -3432 -5852 -8901 .961t9 .9899 .9979 299 
103 I .3383 .7813 -9706 .9958 -9999 .0000 436 133 5 .3531 .7963 .9593 .9896 .9997 .0000 322 
103 2 .3495 .7681 .9551 .9957 .9999 .0000 528 133 6 -3922 -7683 .8996 _ .9730 .9870 -9998 251 
103 3 .3605 -.7757 -9534 -9969 .9999 .0000 620 133 7 -3576 .7802 .9412 .9710 .9883 ,9998 238 
103 4 • 1800 .6055 .9042 -9911t .9999 .0000 266 133 9 -2734 -7116 .9230 .9823 -9925 .9999 352 
103 ~ .2359 .8271 -9548 -9986 .9999 .0000 603 
103 .3110 -7484 -9445 .9886 1 .0000 .0000 560 1.35. 1 .2205 .6932 -9295 .9871 .9999 .0000 301 

135 2 .2930 -7624 -9514 -9873 -9988 1.0000 373 
105 1 .2112 -7835 .9637 -9953 1.0000 .0000 413 135 3 .2627 .6532 .8860 .9777 -9981 .9999 317 
105 2 .1503 .7081 .9193 ,9935 .9999 .0000 331 135 It -2~f -6ru -952{ .9305 .9930 .9999 4j1 
105 3 .1569 -7106 -9298 -9924 -9999 .0000 367 135 5 .2 9 .6 .936 .9 65 .99 9 .9999 3 4 
105 4 .2854 .7968 -9502 • 9949 1 • 0000 .0000 519 137 1 -3569 .7657 i .0000 105 5 • 1379 .7330 -9305 -9954 -9999 .0000 335 .9516 -9591 .0000 407 
105 .6 .2897 .7231 -942~ .9930 -9995 .0000 392 137 2 -3596 .851iO -9709 -9942 1.0000 .0000 ltlO 
105 7 .2204· -7313 ,9381, .9937 -9999 .0000 399 137 3 .-38+5 .-8316 ,9670 ,'3933 .9999 .-0000 366 
105 8 .2665 -7673 -9453 -9945 1.0000 .0000 4!B 137 4 -3998 .8347 .9720 .9912 1.0000 .0000 443 

137 5 .1i022 .8r1 .9683 -9942 .9999 .0000 412 
107 1 .2722 .7895 .9430 .9865 -9969 1.0000 452 m 6 .40ij .8 §0 -;J21 '§§42 1.0000 .0000 450 
107 2 .2796 -7659 -9311 · -9878 -9987 -9999 449 7 .35 -7 0 • 99 • 75 1.0000 .0000 430 
107 3 -2762 -7983 -9420 .9884 .9977 .9999 421t· 137 8 -4116 .8787 .9707 • 9971 .9999 .0000 404 . 
107 5 -3122 -7805 .9301 .9821 -9981 1.0000 li93 
107 7 .3092 .7955 .9658 -9915 -9975 1.0000 472 139 3 .3087 .8073 .9755 .9969 1.0000 .0000 440 
107 8 .2824 -7916 -9606 -9953 .9999 .0000 452 139 " -3565 -7761 .9734 .9958 1.0000 .0000 480 
107 9 .2562 .6915 .9278 -9847 -9961 1.0000 438 139 5 .3505 .7501 .9625 -9915 1.0000 .0000 471 
107 10 .2850 .7631 .9320 .9890 .9971 .9999 376 139 6 -3794 .8041 .9667 -9974 .9999 .0000 487 

139 7 -3567 .8501 -9597 -9972 .9999 .0000 426 
139 8 -3704 .8323 -9719 -9967 .9999 .0000 326 
139 9 -3854 .8041 .9572 -9948 1 . 0000 .0000 518 
139 10 .3120 -7526 .9729 .9965 1.0000 .0000 437 
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APPENDIX 11, DROP SIZE DISTRIBUTION DATA 

APPENDIX 14, PROGRAM FOR COMPUTING MASS TRANSFER COEFFICIENTS 
RUN PHOTO 0-0.3 .3-.6 .6-1.0 1.-1.51.5-2.5 Z.5-4 .• NO 

NO NO DROP 5 READ100,RUN,FV,TEMP,CIN,CWN,CWT,FlOW,FLOl,EM,S!GHA,VES 143 l .3009 ,4805 .6650 .8155 -9271 .9757 206 READ10,POW,REV,DIA,VDIAjOPRQ,RUN,!N,DSD 143 2 ,2148 .4958 -6611 .8099 -9421 .9834 121 VOLF•FV*FLOI/ (FLOW+FLO I ' 143 3 .3597 -5467 -7194 .8705 .9280 -9640 139 DSL•LOGF(EM*.06411)+3-5*(LOGF(SIGMA))**2 143 4 -2448 .5034 .6326 .8D95 -9251 .9591 147 DSV•EXPF(OSL) 143 5 -2348 .4090 .5833 .7651 .9015 .984P 132 OVLsLOGF(EM*. 06411 )+3-5*(LOGF(SI GMA) ),..,2 143 6 -2654 -4567 .5925 .7777 -9506 .993F 162 DV•EXPF (OVL) 143 7 .1504 .3539 -5929 .8053 -9646 1.oooc 113 AREAr6.*VOLF/OSV 143 8 -1545 .3454 .5545 -7636 .9363 -9818 110 ARE-6.*VOlf/OSD 143 9 .1810 -3362 .5172 • 7241 .9051 .9827 I 16 
~~~7!c~jfi;~~~TEMP*.000903)*(1.+CIN*.437) 143 10 .1438 .3669 .5611 .8345 .9352 -9784 139 

.9032 .9752 1.0000 161 DENS-DEN!*VOLf+.9985*(1.-VOLF) 145 1 .• 2046 -4327 -7231 v1s1-o.0146*EXPF(1036./(TEMP+z73.3JJ 145 2 • 1534 -3986 .6863 .8747 - -9514 -9933 192 VISW•100./(2.1482*(TEMP+81.97)-120 • 145 f -1744 -3647 .6897 .8681 -9325 .9875 183 VI SS•V I SW/ ( 1 .-VOLF)*( 1 .+l..5*VI S l*VOLF/(VI Sl+VI SW)) 1-45 .2119 .4662 ,7064 .8548 .9537 -9961 134 OABs2,722*(TEMP+273-3)*1.E-8/VISW 145 5 -2423 -5229 -7484 .8988 .9730 1.0000 226 SCN0-.01*VISW/(.9985*DAB) 
147 .3945 .7500 .9137 -9735 .9947 1.0000 342 ~g~p~;~j~J;8/(REV**3*DIA**5*DENS) 147 .3417 .6520 .8858 .9676 -9928 .9999 277 PONO;POW"2.12E+8/(REV**3*VDIA-5*0ENS) 1i.7 .,041 .6027 .8424 -9509 -9930 .9999 316 POT-POW"'2. 12E8/ (REV**3*VD I A**2*0 I A**3*DENS) 147 4 -2614 .6245 .8608 .9673 -9847 1.0000 266 RE-REV*OIA**2*DENS*l.667/VISS 147 5 .2652 .6444 .9282 -9764 .9939 1.0000 449 REIV•DENS*(POW/(1.E+6*VES))-.1667*DSV**.667/S1RF(VISS*.Ol) 147 6 -2757 .6107 .8491 -9785 -9933 .9999 351 REllcOENS*(POW/(OIA**3))**•1667*DSV**·667/SQRF VISS*.01) 147 7 -2741 .6182 .8870 .9659 .9874 .9999 333 REDSV-REV*DIA*DSV*DENS/(VISS*.6l 

-9924 .9999 .0000 430 REOSD•REV*O I A*DSD*DENS/ (VI SS"' .6_ 149 l .3142 .7227 .9322 RD=REV*OIA/60. . 149 2 .1796 .6683 ;9189 .9909 .9999 .0000 383 R202;R[V**2*DIA""2/(VOIA**3*3600.) tli9 3 .2908 .6552 -9461 .9908 -9982 -9999 352 RD3V3cREV*OIA**3/(VOIA**3*60.) 149 4 -2514 .6515 .9532 .9864 -9963 1.0000 42S R2D1•REV**2*DIA/(VOIA**2*3600.) 149 5 -2949 -7426 -953? .9864 .9970 .9999 li18 DNT•(REV/60.)**1.4*DIA**l.6 149 6 -3392 -764 -926 .9835 • 9945 1 • 0000 360 DNTR-DNT*(DIA/VDIA)**2.4 149 7 .2899 .6438 -9"38 -9767 .9935 .9999 346 DNS•(REV/60. )**1.8*01 A**1.6 11'9 8 .3727 -7615 .9559 -9784 -9~30 .9999 387 DNSR-DNS*(DIA/VDIA)**•84 
-7430 .8894 -9512 -9918 .9983 279 DNl2o;DIA'""* .4/ (REV*DIA/60. )-1 .z 151 1 .2195 DNR-DN12*(VDIA/DIA)**1.2 151 2 .i.128 .8210 -9156 -9723 .9930 -9982 338 FLO•FLOW/FLOl*1106./((786.1-TEMP)*(1.+CIN*.437)) 151 3 .3875 .8349 -9560 .9856 -9976 1 .0000 487 CIT•CIN-(CWT-CWN)*FLO 151 4 .21io3 .6105 .8412 .9471i -9924 1.0000 276 QEQN=CIN 151 5 .3616 .8148 -9'i09 .9840 .9970 .9999 43.1 QEQT'=O. 151 6 -4251 -7923 .9183 .9819 • 9903 1 • 0000 383 DOl.!l41•1 ,30 151 7 .4085 .7510 -9402 .9838 • 9989 1 • 0000 341 QEQR= (QEiN-QFQT )"'0 .6 I 8+QE1T 151 8 .5856 .6464 .8905 .9705 -9919 -9986 351 ERR•0.01 77*QEQR**0.9329- CIN-QEQR)/FLO 151 9 .4470 .6887 .9238 .9801 .9975 .9999 247 IF(ERR**2-2.*10.**(-13))105,105,101 

.7391 .9278 .9861 .9977 1.0000 .0000 422 101 IF(ERR)102,105,103 153 1 102 QEQT;QEQR 153 2 -3353 .8240 .9571 .9912 .9999 .0000 365 GO TO 104 153 f .5054 .8475 .9662 -9962 .9999 .0000 419 103 QEON-Q.EQR 153 -5217 .8485 .9759 -9971 1.0000 .0000 429 :g~ ~~~~!~~~T-CWN)/(0.01877*QEQR**0.9329-CWN) 153 5 -4976 .8957 .9824 -9968 1.0000 .0000 465 
153 6 .4245 .8499 .9633 .9961 -9999 .0000 442 IF(EFFY-1.)107,106,106 153 7 .5021 .9005 -9641 .9950. .9999 .0000 389 106 COA-.0 153 9 -4521 .8595 .9759 .9966 .9999 .0000 li44 co-.c 153 10 -4563 .8907 .9710 -9936 .9999 .0000 411 COIA•.O 153 11 .4202 .8329 -9576 -9922 -9999 ,0000 390 co1-.o 

-9588 .9862 328 
GO TO 118 155 1 .2757 -7423 .9162 .9972 107 IF(EFFY-.21131,121,121 155 2 .3262 .7439 .9251 -9747 .9921 -9982 307 121 IF(EFFY-.4 132,122,122 155 f -2708 -7625 .9308 .981t9 _.9958 .9983 358 122 IF(EFFY-.6)133,123.123 155 ,3422 -7501 -9292 -9758 -9926 .9991 346 123 !F(EFFY-.8)134,124,124 155 5 -3765 .7051 .8928 .9834 .9939 .9999 443 131 W•1-E+6 155 6 -3726 -7984 -9421 .9750 -9942 .9999 371i V-1.E-6 

.2818' .7326 .9581 .9903 .9999 .0000 132 GO TO 117 157 1 132 l-1•5-E+5 157 2 .2804 • 7917 ,9525 .9938 .9999 .0000 254 V•2-E-6 157 3 -3763 .8899 -9814 .9920 .9999 .0000 286 GO TO 117 157 4 .4215 .8396 .9813 -9956 1.0000 .0000 334 133 W•2-5E+5 157 5 -5364 .9181 .9861 .9940 1.0000 .0000 36 V•4-E-6 157 6 -4484 .9173 -9921 .9975 1 .0000 .0000 336 GO TO 117 157 ~ -4396 .9236 -9926 1.0000 .0000 .0000 298 134 W-2-E+5 157 .4414 .9376 .9844 -9971 .9999 .0000 · 305 v-s-E-6 157 9 -4478 ,9323 .9853 .9981 .9999 .0000 273 GO TO 117 
124 1-1-1.66667£+5 

V-6.E-6 
1170COIA-FLOW*6.E+3*(1.-.1295*CWT)/(VES*(1.-VOLF)*(.01877*CIN**.9329-C 

1WN-.01877*QEQR'*""-9329*.02}/LOGF(50,*(CIN/QEQR)**•9329))' 
COI-COIA/(AREA*100.) 
RISE~11.66-FLOl*5.82E-i 
THETA•RISE/((FLOW+FLOI *1.46E-3)+RISE/(FIOl*8.68E-2) 
COPEN~36.*(DAB/THETA)**.5 
TRIN~COPEN*(.01877*C1N-.9329-CWN)*3•66*RISE/FLOW 
EFINs(TRIN-CWN)/(.01877*QEQR,..,.9329-CWN) 

OCOSAM-(OAB*VISW).,.(-.67)*(VISW/VIS1)**•254*(SCN0)-(-1,46)*(1,/VIS 
1W)**.397*DAB*1170. 
TRSAM~COSAM*(.01877*CIT**-9329-CWTl*13,6 
EFPH~TRSAM/(.01877*QEQR**.9329-CWN 
TAVsVOLF*VES*6.E+7/FLOI 



APPENDIX 14, PROGRAM FOR COMPUTING HASS TRANSFER COEFFICIENTS CONTD, 

TOTDR•l,E-85· 
EFD•l ,E-85 

OTDF•,00971*(CIN**1,9329-(CWT/,01877l**2,073)/(CIN~(CWT/,01877)**1, 
1072)-CWT • . 
· IF(TDF)27,27,11 · 

11 DCNT•FLOl*DPR0*3,82/((0V)**3*FLOWl 
COOR,.35,2*0AB*(2,098E+5*SCNO/VISW **,333 
DIMENSION DI (10) 
DI (1 •• 0175 
01 (2 -.0156 
DI 3 ,.,0126 
DI 4 .,,0108 
DI 5 •• 0091 
DI 6 •,0079 
DI 7 •.0067 
Dt 8 •,0057 
DI 9 • ,0046 
DI (I0) .. ,0032 
D0!41•1, 10 
TS•DENI *01 ( I )*(C I N-(1,02*CWT / ,01877)**1, 069 )*6,/.(COI *TOF) 
IF(TS-,Ol*TAV)27,27,28 

.28 TH• (TS-TAV+TAV*EXPF(-TS/TAV) )/ (1,-EXPF(-TS/TAV)) 
..Xl.N..c.1.11-. 
L•TH+,S 
D012J•Ll 

12 XIN•XIN-COl*(,01877*XIN*,9329-CWT)*,9985/(6.0*0ENl*Dl(I)) 
TDR•O, 
D013H•l,20 
UDR•CODR* ( ,Ol877*X IN** ,9329-CWTl*DI ( I )*"'2* ,0874 
XIN•XIN-l,91*UDR/(D1(1)**3*0ENI 

13 TDR•TDR+UDR 
EFM•TDR*DCNT/(,Ol877*QEQR**,9329-CWN)*,1 
EFD•EFD+EFM 
TOTDR•TOTOR+TDR*DCNT*,I 
IF(EFM-,0002)27,27, 14 

14 CONTINUE 
27 FWN•CWN+TRI.N 

FIN•CtN-TRIN*FLO 
FWT•CWT-TOTDR-TRSAM 
FIT•CIT+(TOTDR+TRSAM)*FLO 
IF(FWT-FWN)15, 15, 17 

15. PRINTl6,RUN,FWN,FWT · 
GO TO 5 . 

170COA•FLOW*6,E-5*(FWT-FWN)*(1,-,1295*FWT)/(,01877*FIT**•9329-FWT)/(V 
1ES*(1,-VOLF)) 
CO•COA/(ARE*100,) 

· KFIT•FIT"'W+,5 
KFlN•FIN"'W+,S 
N•KFIN-KFIT 
SFIT•FIT 
DF•O. 
D0251•1 ,N 
DF•DF+l,E-8/(,01877*SFIT**,9329-FWT) 

25 SFIT•SFIT+V 

CO I A•FLOW*6,E+3*( I,-, 1295*FWT)*V*DF/ (VES*FLO*( 1 ,.-VOLF)) 
COl•COIA/(AREA*100,) 
SHTCO•CO*VD I A/ (DAB*36, ) 
SHTCl•COl*VDIA/(DAB*36,) 
SHICO•CO*DIA/(DAB*36,) 
SHICl•COl*OIA/(DAB*36,) 
CODSD•CO*OSD/(DAB*36;) 
CIOSD•COl*DSD/(OAB*36,) 
CODSV•CO*OSV / (DAB*36, ) 
CIOSV•COl*OSV/(OAB*36,) 
EM-EM*,0641 
SI GMA•S I GMA+, 005 

118 DI A•D I A*, 01 
VDIA•VDIA*,01 
REV•REV*60. 
POW•POW*,036 
FLOW•FLOW*6,E-5 
FLOl•FLOl*6,E-5 
CWT•CWT*, 1295 
CIN•CIN*,647 
C IT•C IT*, 647 
DAB•DAB*,36 
·ot 1n;;orn rwroo·o. 
DENS•DENS*1000, 
VISl•VISl*360, 
VISS•VISS*360, 
DR•OIA/VDIA 
EFOUT•EFPH+EFD 
IF(SENSE SWITCH 1)50,51 

51 PRINT23,RUN,SHTCO,SHTCl,SHICO,SHICl,CODSD,CIOSD,COOSV,r.lDSV,DR,FV 
PRINT24,RUN,REDSD,REDSV,REll,REIV,RD,R2•2,RD3V3,R2D1,PONO,POT 
PRINT75,RUN,DNT, •NTR,ONS,DNSR,DN12,EM,ONR,SIGMA 
PRINT20,RUN,DIA,VOIA,REV,POW,VES,VOLF,FL W,FL:l,DSD,DSV 
PRINT22,RUN,CWN,CWT,CIN,CIT,DAB,DENS,DENl,VISl,VISS,TEMP 

50 PRINT21,RUN,COA,CD,COIA,COl,PO,RE,SCNO,EFFY,EFIN,EFOUT 
PUNCH20,~UN,OIA,VDIA,REV,POW,VES,VOLF,FltW,FL 'l,DSD,OSV 
.PUNCH22 ,RUtl,CWN, CWT ,C IN,CIT, DAB ,DENS,DENI, VI SI, VI SS, TEMP 
PUNCH21,RUN,COA,CO.COIA,COl,PO RE,SCNO,EFFY,EFIN,EFOUT 
PUNCH23,RUN,SHTCO,SHTCl,SHICO,SHICl,CODSO,CIOSO,CODS\l,CIOSV,DR,FV 
PUNCH24,RUN,REDSD,REDSV,REll,REIV,RD,R2D2,RD3V3,R201,PONO,POT 
PUNCH75, RUN ;ONT, ONTR, ONS, DNSR, ON1 2, EM, DNR, SIGMA 
GO TO 5 

100 FORMAT 14,FS,4,F4,1,3E8,3,2F6,0,F6,5,FS,3 1 F6,S) 
10 FORMAT F8,0,F6,1 1F6,3,F6,3,F6,4,14, 12,F6,q) 
16 FORMAT 14,2F10,81 . · 

103 FORMAT 214,7F7,4,F6,1,FI0,4) 
20 FORMAT 14,2F8,4,2F8,0LF8,6LF8,4,4F7,4) 
21 FORMAT 14,F8,2,F8,4,F~,2,F~.4,F8,3,F8,0,F7,0,3F7,4) 
22 FORMAT .14,F6,2,EI0,3,2F8,6,E9,2,2F7,0,3F7,I) 
23 FORMAT 14,4F8,0,2F8,1,2F7,1 1 2F7,4) 
24 FORMAT 14,2F8,l,2F8,3,F8,2,f8,4,F7,4,F7,3 12F7,4) 
75 FORMAT 14,2F8,2,F8,l,F8,2,2F8,5,F7,5,F7,41 

'END ...., 
~ m· 



APPENDIX 13, MASS TRANSFER DATA 

RUN IMP DIA VES DIA REVS POWER VES VOL V0L FR FLOW .no, DSD CM DSV CM RUN IMP DIA VES DIA REVS POWER VES V0L V0L FR FLO/ -2 FL0I DSD CM DSV CM 
RUN CWN CWT CIN CIT DAB DENS DENI I0•VISI 1d\\11ss TEMP RUN CWN CWT CIN CIT DAB · DENS DEN-I 10-.VISI ,c'.viss TEMP 
RUN C0A CO 0SD COIA COi DSV PONO DI RE SCN0 EFFY EFIN EF0UT RUN C0A CO DSD COIA COi DSV PONO DI RE SCN0 EFFY EFIN EF0UT 

. MKH UNITS MKH UNITS 
37 ,0449 , 14D5 28680. 310, ,00209D ,0207 ,4536 ,0583 , 1293 d650 75 ·• 1182 ,2220 22800, 4800, ,0D.8410 .0630 1, 1430 ,0893 ,0464 ,0465 
37 0.00 8,935£-07 .002067 .002018 2,61E-06 992, 695, 187,1 403,7 16,7 75 D,00 7,951E-06 ,002085 ,001357 2,55E-06 979, 696, 189,2 439,7 15,8 
37 17.19 .1698 17,16 ,1698 9,184 14248. 1500 .. 1009 .0004 .0094 75 0.00 0.0000 o.oo 0.0000 2.273 71035. 1570, 1.0210 .0003 .0062 

s J j 

39 .0449 ,1405 35160. 467, .002090 .0290 ,4536 ,0583 ,1215 ,1580 77 .1182 .2220 30480, 11156, ,008410 .0665 1.1430 .0893 ,0440 .0488 
39 0.00 1.825E-06 .002067 ,001966 2,59E;,.06 989, 696, 187,8 411.7 16,4 77 0,00 7,381E-06 ,002085 .001409 2,54E-06 978. 696. 189,4 443,1 15,7 
39 42.68 ,2348 41,92 ,2306 7,530 17086, 1522, ,2062 ,0004 ,0080 77 1748,21 1.2521 583.10 ,4180 2,214 94132, 1578, ,9478 .0002 .0005 . n I i ':, ;·., 

41 .0449 ,1405 41520, 628, .002090 .0446 ,4536 ,0583 ,0949 ,1123 79 ,1182 .2220 19140. 2918. ,008410 ,0599 1,1430 .0893 ,0518 .0531 
41 0,00 2,421E-06 ,002067 ,001932 2,57E-06 984, 696, 188,5 424,5 16,1 79 0,00 6,216E-06 ,002085 ,001516 2,52E-06 980, 696, 189,9 440,7 15,5 
41' 63.76 ,1870 61,17 ,1798 6.170 19474; 1546. ,2735 .0004 .0071 79 379.33 .5019 .. 246,76 -~67 .2.334 59550, 1594, .7981 .0002 .0021 

· )'/,!/ ', fl,e1·1 . 
43 ,0449 , 1405 . 47040. 834, ,002090 ,0482 ,4536 ,D583 ,0629 ,0823 83 ,0766 _,2220 1083(), 1 8, ,008410 ,0232 ,4536 ,0583 ,2369 1,4402 
43 0.00 3,626E-06 ,002067 .001865 2,57E-06 983. 696,. 188.2 425,8 16,2 83 0.00 7,640E-07 ,002085 ,002043 2,59E-06 991. 695, 187,5 407,2 16,5 
43 119,34 ,2794 111,51 .2613 5,641 21973, 1538, ,4096 .0004 .0059 83 3.50 .0595 3,52 ,0595 6,059 15475, 1515, ,0856 ,0004 .0094 

. "'I I.J-'i I 'b l :;;-
45 ,0449 • 1405 51900. 1015, .002090 ,0384 .8610 .0702 ,0577 ,0595 85 ,0766 ,2220 18540, 527, .008410 .0304 ,4536 ,0583 , 1992 • 1851 
45 o.oo 2.654E-06 .002067 .001034 2,55E-06 986. 696, 189.2 423.5 15.8 85 o.oo 2.784E-06 .002085 .001930 2.58E-06 989. 696. 1e0.o 413.5 16.3 
45 145,51 ,3794. 135,27 .3528 5,096 24447, 1570. ,3382 .0003 .0071 85 18.87 ,1270 18.01 .1213 4,033 26027, 1530 .. 3120 .0004 .0069 

ll,'/~/ G',/6 
47 ,0726 .1405 12900. 249, .002090 ,0267 ,4536 ,0583 , 1402 ,2620 87 ,0766 ,2220 27360. 1349, .008410 ,0524 .4536 ,0583 ,0776 .0731 
47 o.oo 8,676E-07 .002067 .002019 2,56E-06 990. 696, 188,7 414,2 16.0 81 0.00 6,]34E,-06 .002085 .001110 2,58E-06 982. 696, 188.0 42],6 16,3 
47 16.82 .1207 16.75 .1281 7.376 16269. 1554, .0900 .0004 .0088 af 1,33:11 · :3iiB ·rn2:2e ·.2520 ·-3:fff J6s9a-:- r'sio. i?546 .0004 :0024 

49 ,0726 , 1405 19~20, 504, ,002090 . ,0456 ,4572 ,0583 ,0854 ,0827 89 ,0766 · ,2220 35~8'~? 26.021_.6_1.0°08410 ,0588 l. 1430 .0893 ,0568 ,0597 
49 0.00 3,017£-06 .002067 .001898 2,57E-06 984. 696, 188,5 425,1 16,1 89 0.00 6,513E-06 .002085 .001488 2,55£-06 980, 696, 188,9 435,8 15,9 
49 89.09 ;2368 84,32. ,2242 4,078 24334, 1546, ,3408 ,0004 ,0065 89 489,97 ,7740 29li3fq .4603, ! 2,770 47375, ·1562. ,8364 ,0002 ,0018 

51 .0126 . 1405 20000. 1169 .. 002090 .0779 .4536 .0503 .0600 .0653 91 .0166 .. 2220 41046. 3683 .. 000410 .0501 1.213a .0905 :0529 .0542 
51 0,00 5,296£-06 ,002067 ·,001772 2,57E-06 974, 696, 188.2 445,7 16,2 91 0,00 6,759E-06 ,0D2085 ,001436 2,54E-06 980, 696. 189,4 437,9 15.7 
51 266,40 ,2743 230.58 ,2375 3,413 32391, 1538. ,5983 .0004 .0040 91 745,01 1.0052 378,55 ,5109 2,620 53940, 1578, ,8805 .0002 .0013 

,, ' .... , <r ,47. . 
53 ,0726 , 1405 35040. 2129, ,002090 ,0753 ,7440 ,0736 .0626 ,0577 93 ,0766 .2220 31620. 2000 •. 008410 .0558 1., 1430 .0893 ,0540 ,0497 
53 0,00 5,374E-06 ,002067 ,001678 2,58E-06 975, 696, 188.0 442,9 16,3 93 0.00 5,633E-06 ,002085 ,001569 2,54E-06 981. 696, 189,4 435,9 15,7 
53 504.67 .4120 409.50 .3345 3.195 40116. 1530 .. 6491 .0003 .0030 93 249.s6 .4842 10~-t~:,i .3s4~f;l,?c 41101. 151~- .nu .0002 .0030 

55 .0726 ,1405 41160, 3060 .• 002090 ,0736 ,9601 .0860 ,0469 .0530 225 202,53 .. ~421 140.00 ,2366 3.280 37181, 1477, .8486 .0005 .0015 
55 0.00 5,788£-06 ,002067 .001604 2,57E-06 976, 696, 188.2 442,8 16,2 225 ,0726 ,2220 31320. 1562, .008410 ,0724 ,3476 ,0576 ,0708 .0718 
55 875,30 ,6023 655,74 ,4512 2,831 47861. 1538, ,7194 .0002· .0031 225 0,00 7,731E-06 ,00201.li ,001679 2,63E-06 976. 695, 186,4 43'L8 17.0 

57 ,0726 •. 1405 49080. 5313, .002090 .0729 1.1118 ,0960 ,0415 ·,0485 23 ,0726 .2220 39840.' 2884, ,008410 ,1172 ,3476 ,0576 ,0560 ,0543 
57 0.00 6,280E-06 .002067 .001546 2,54E-06 976, 696, 189,4 447,5 15,7 23 . 0.00 8.806E-06 .002014 ,001633 2,66E~06 962, 694, 185,2 460,2 17,5 
57 1461.93 ,8252. 985.03 .5560 2.898 56482, 1578, ,7892 .0002 .0022 23 1132,02 .8849 391,13 .. 3062 2.983 43966. 1441. .9688 .0005 .0003 

. . I ' '//, ) if., 
24 ,0726 .2220 .47160. 4728, .ao8410 .0965 .5883 .0734 .0465 ,0486 

69 ,1182 ,2220 8160. 287, .008410 ,0259 ,7452 ,0717 ,1346 ,25!1 24 0,00 8.404E-06 .002014 ,D01531 2,64E-06 969, 695, 186,2 449,4 17,1 
69 0.01 1.0li2E-06 ,00208-$ ,002008 2,64E-06 990, 695, 185,9. 402,2 . 17,2 24 2812,59 2, 1846 647,51 ,5031 2,929 53643, 1470, ,9788 ,0003 .0002 
69 8,50 ,0765 8.37 ,0754 2,936 28111. 1463, ,1257 ,0003 ,0104 .2.1).\. 'S\1-
71 ,1182 .2220 15360. 1562, .008410 ,0569 ,7452 .0717 .0612 .0632 25 5060.05 3,2506 801.67 ,5155 2.818 60215, 1500 •. 9879 .0003 .0001 
71 0.00 5,840£-06 ,002085 ,001650 2,64E-06 981, 695, 185,9 421.6 17,2 25 · ,0726 ,2220 53760. 6731. .008410 .0998 ,5883 .0734 .0410 .0454 
71 157.83 ,2814 .121.90 ,2338 2,416 49999. 1463, ,7044 ,.0003 .0035 25 o.oo 8.482£-06 .002014 .001527 2,61£-06 968.-- 695, 187,1 455,9 16,7 

. ~lS . . 
73 .1182 ,2220 12151). 820. ,008410 .0356 ,7452 .0717 ,0794 .1710 97 .0627 .2220 19440. 311, .008410 ,0237 .4536 -0583 .1213 ,1562 
73 o.oo 3,457£-06 .002085 .001828 2,57[-06 987. 696. 188,5 418,7 16,1 97 o.oo 1.463[-06 .002157 ,002076 2,55[-06 991. 696, 189,2 414.2 15.8 
73 45,99 .1805 42.14 .1654 2,548 40083. 1546. ,4170 .0003 .0062 97 7,57 ,0941 7.42 ,0923 5,616 18297, 1570 •. 1585 .0004 .0080 

7 ·1 '/, ') .. ,_ 
',) ' ) ' f ... 

-..;i 
CD 



APPENDIX 13, MASS TRANSFER DATA CONTD, 

RUN IMP DIA VES DIA REVS POWER VES VOL VOL FR FLOW FLn1 DSD CM DSV CM RUN IMP DIA VES DIA REVS POWER VES VOL VOL FR FLOW ._FLOI DSD CM OSV CM 
RUN CWN CWT CIN CIT DAB DcNS DENI 1olv1s1 1ci!ov1ss TEMP RUN CWN CWT CIN CIT DAB DENS DENI IOltVISI 1d!cv1ss TEMP 
RUN COA CO DSD COIA COi DSV PONO DI RE SCNO EFFY EFIN EFOUT RUN COA CO DSD COIA COi DSV PONO DI RE SCNO EFFY EFIN EFOUT 
. MKH UNITS MKH UNITS 
99 ,0627 ,2220 26280. 554, .008410 .0273 ,4536 ,0583 ,1813 ,1248 125 .1028 ,1976 22050, 2283. ,005880 ,0543 1.1430 .0893 ,0535 ,0594 
99 0,00 2,486£-06 ,002157 ,002019 2,55E-06 990, 696, 188.9 415,5 15,9 125 0,00 6,617E-06 ,002545 ,001939 2,53E-06 982, 696, 189,6 435·,9 15,6 
99 15,28 ,1130 q }4,.71 .1090 4,049 24631. 1562, ,2693 .0004 .0070 125 323.44 .4838 242,88 .3633 · 2.394 52570, 1586. ,7026' .0002 .0031 

.lr, @I; r, 
101 ,0627 ,2220 34920, 1276', .008410 .0411 ,4536 ,0583 .0817 .0797 129 8.90 , 1008 8. 79 ,0996 5,523 17693, 1522, . 1354 ,0004 .0087 
101 0.00 6, 112E-06 ,002157 ,001817 2,57E-06 986. 696. 188,2 421,3 16,2 129 ,0726 , 1976 13860, 231, .005880 ,0253 .4536 ,0583 , 1720 ,2465 
101 84,30 ,2934 70.41 ,2451 3,988 32146. 1538, ,6621 ,0004 .0033 129 0,00 1-554£-06 ,002715 .002628 2,59E-06 990, 696, 187,8 409.4 16,4 

1 l) ,'I (J / ~- 1 I 

103 .0627 ,2220 43020. 1885, ,008410 ,0498 ,7452 .0717 ,0549 ,0546 131 ,0726 ,1976 19080, 522, .005880 .0356 ,4536 .0583 .1021 ,1145 
103 0,00 6.708E-06 ,002157 .001658 2,55E-06 983, 696, 189,2 430,9 15,8 131 0,00 2,797E-06 ,002715 ,002559 2,61E-06 987, 696, 187,1 412,9 16,7 
103 238.16· ,5346 166,21 ,3732 3,158 38611. 1570. ,7839 .0003 .0022 131 19,19 ,1042 18,53 .1010 4,797 24070, 1500. ,2441 .0004 .0079 

105 .0627 ,2220 50640. 3012 .. 008410 .0549 1, 1430 .0893 ,0557 ,0542 133 .0726 , 1976 24660. 868 .• 005880 .0322 1, 1430 .0893 , 1008 ,0751 
105 0,00 6,449E-06 .002157 ,001567 2,51E-06 981. 697, 190,3 439.5 15,3 133 0,00 3,237E-06 ,002715 .002418 2,59E-06 988. 696, 187,5 412,7 16,5 
105 386.14 .6452 249,51 · ,4174 3.098 44499. 1611. .8023 .0002 .0020 133 62,75 ,2746 58.45 ,2558 3,688 31158, 1515 .. 3236 .0002 .0079 

107 ,0627 ,2220 39420, 1804 .. 008410 ,0748 ,5430 .. 0893 ,0706 .0614 135 .0726 , 1976 29940, 1351, .005880 .0434 1, 1430 .0893 .0658 .0624 
107 0,0Q 4,856£-06 ,002157 ,001946 2,48E-06 975, 697. 191,3 457,5 14,9 135 0.00 5,115E-06 .002715 .002246 2-55E-06 985, ---696,- -1118,9- 425,8 ---15,9 
107 56,09 .0930 51.68 ;0050 3.959 33073, 1644 .. 5000 .0003 .0041 135 140.70 .3622 121,93 .3141 3,218 36546. 1562 .. 5113 .0002 .0054 

59 ,0621 ,2220 20400. 319, ,Q084JQ ,QU5 ,4680 .0583 ,1254 ,2210 137 ,0726 .1976 35220, 2196, ,00588C .0537 1.1430 .0893 .0520 .0619 
59, 0,00 2,162£-06 .002067 001943 2,56E-06 991. ·696·; 188,7 4f2,1 16-,0 137 0,00 6,941£-06 ,002715 ,002079 2,55E-06 982. 696, 189,2 433,5 15,8 
59 13.70 ,1612 13,2_5 ,1559 4,976 19299, 1554, ,2458 .0004 .0074 137 308.94 ,5273 233,59 ,3993 3.222 42090, 1570, .6938 .0002 .0033 

(., ·.•' ~ '-\ l 
61 .0627 .2220 28200. 698 ... 008410 ,0299 .4536 ,0583 . 1073 . 1160 139 .0726 , 1976 32880. 1870, .005880 .0509 1, 1430 .0893 ,0516 ,0483 
61 0.00 4.687E-06 .002067 ,001806 2,56E-06 989, 696, 188,7 416,2 16,0 139 0,00 6,371E-06 .002715 ,002131 2,53E-06 983. 697, 189,6 433,7 15,6 
61 47,48 ,2955 42,53 ,_2654 4,131 26368. 1554, .5296 .0004 .0046 139 238.38 ,4676 190,31 ,3734 3,370 39311, 1586. ,6351 .0002 .0038 

f lif'i f ·1 \ 

63 .0627 .2220 35000. 121\r .0004,0 .0314 ;7452 .0117 .0011 .0939 157 .0726 .1976 41940. 3435 .. 005000 .0599 1.1430 .0093 .0476 .0485 
63 0.00 4,739£-06 ,002067 .001715 2,54E-06 989. 696. -189,4 420,1 15,7 157 0,00 7,252E-06 .002588 ,001922 2,59E-06 980, 696, 187,5 430,5 16,5 
63 87.69 .3·071 74,62 .3296 3.628 33224. 1570. ,5763 .0003 .0043 157 431.28 .5395 301.01 .3768 2.991 50374. 1515. .7581 .0002 .0020 

I '. ,; Li ·1 (, 
143 ,0542 .1976 19860, 209 .. 005880 .0249 ,4536 .0583 ,2113 .2528 

113 ,1028 ,1976 8040, 197, ,005880 .0239 ,4536 ,0583 .1468 ,2191 143 0,00 f.392E-06 ,002588 ,002510 Z.64£-06 990, 695, 186,2 402.6 17,1 
113 0,00 1.346E-06 ,002545 ,002470 2,56E-06 991. 696, 188,7 41-2,4 16.0 143 8.16 ,1083 8,08 ,1076 7,294 14389, 1470, ,1270 .0004 .0095 
113 8.05 ,0925 7,98 .0918 4,226 _20452, 1554, , 1248 .0004 .0085 

. , I ( . 1--3-i;-L I,' , 145 ,0542 , 1976 24960, 340, .005880 ,0294 ,4590 ,0583 , 1532 .1858 
115 ,1028 ,1976 13140, 577, .005880 ,0368 ,4536 ,0583 .0809 ,0785 145 0.00 2,llOE-06 ,002588 ,002468 2,63E-06 989, 695, 186,4 406,2 17,0 
115 0,00 4,182E-06 ,002545 ,002312 2,56E-06 987. 696. 188,7 420,S 16.0 145 14,06 ;1209 13,79 . ,1187 5,991 17896, 1477, ,1929 .0004 .0087 
115 38,40 , 1564 36,03 , 1469 2,847 32654. 1554, ,3878 .0004 .0059 
117 ,1028 ,1976 10320. 325, ,005880 .0289 ,4536 ,0583 .1100 ,1313 147 ,0542 ,1976 31320, 564, ,005880 ,0364 ,4590 ,0583 ,0932 .0903 
117 0,00 2,059E-06 .002545 ,002430 2,59E-06 989, 696. 187,8 411,6 16,4 147 0.00 3,755E-06 ,002588 .002376 2,63E-06 987, 695, 186,4 410,5 17,0 
117 13.77 .0962 13.51 ,0946 3.306 2626L 1522 •. 1909 .0004 .0082 147 31.82 ,1687 30,15 .1600 5,041 22172. 1477, ,3433 .0004 .0071 

119 • 1028 , 1976 18450, 1364 .. 005880 .0437 t. 1430 .0893 .0549 ,0523 149 ,0542 .19'76 38460. -873, ,005880 ,0440 ,4590 .0583 .. 0734 .0705 
119 0.00 5,063£-06 .002545 .002081 2,57E-06 985. 696, 188,2 422,9 16,2 149 0,00 6.086£-06 ,002588 .002244 2,61E-06 985, 695, 187,( 418,2 16,7 
119 156,71 .3572 133,51 ,3045 2-434 45486. 1538, ,5376 .0002 .0052 149 78,00 ,2649 68.81 ,2338 4.218 26668. 1500. ,5564 .0004 ,0046 

121 . 1028 , 1976 16950, 1067, ,005880 .0378 1. 1430 ,0893 ,0553 ,0537 151 ,0542 , 1976 44820, 1238, ,095880 ,0414 , . 1430 .0893 ,0969 .0882 
12, o.oo· 4.532E-06 .002545 .002129 2.56r-06 987. 696. 188.7 421.1 16.0 151 o.oo 4,558E-06 .002588 .002170 Z,54E-06 985. 696, 109.4 426.5 15.7· 
121 124,03 .3616 108,77 ,3173 2,453 42045- 1554, ,4812 .0002 .0057 151 122.18 ,3643 107,49 .3205 3,775 30500. 1578, ,4765 .0002 .0056 
123 .1028 -1976 25080, 3350, .005880 .0595 1, 1430 ,0893 ,0424 .0416 
123 o.oo 6,967£-06 .002545 .001906 2-55£-06 980. 696. 189,2 437,4 15,8 153 ,0542 .1976 50520, 1678 .. 005880 ,0485 1.1430 .0893 .0512 ,0503 
123 391,39 ,4531 280.66 ,3253 2.391 59505, 1570, ,7397 ,0002 .0028 153 0.00 5,426£-06 .002588 ,002090 2,54£-06 983. 696, 189,4 431.1 15,7 

153 177.77 ,3922 148,93 .3289 3,582 33936, 1578, ,5672 .0002 .0046 

155 ,0542 , 1976 38520. 873, ,005880 ,0320 1. 1430 ,0893 , 1125 .0828 
155 0.00 3,146£-06 .002588 .002299 2,53E-06 988, 696, 189,6 421.4 15,6 
155 64,56 ,2988 60,23 ,2790 4,183 26602, 1586. ,3289 .0002 .OQ71 

.... 
a, 
C 
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