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ABSTRACT

This thesis first presents an overview of induction motors and their starting charac-

teristics under a Direct On-Line (DOL) start. From which it is shown that a DOL

start results in large inrush currents and large torque rippling. Conventional soft-start

methods reduce the negative starting characteristics of the DOL method by limiting

the stator voltage/current, but also reduce the overall torque that can be produced.

The problem with reducing the torque through conventional soft-start is that this may

lead to the motor stalling under heavy loads. Discrete Frequency Control (DFC) aims

to increase the starting torque whilst still maintaining a reduced starting current, by

applying a series of discrete frequencies to the motor whilst still using the soft-starter’s

hardware. The generation of sub-harmonics is achieved through the general operating

principles of DFC, which is to either include or exclude half cycles of the supply. The

DFC research conducted in this thesis is divided into two key topics: first, the generation

of balanced sub-harmonics: and second, an assessment of three DFC control methods.

Harmonic analysis of generated sub-harmonics is undertaken using the Fast Fourier

Transform (FFT). From this analysis it is confirmed that the methods for generating

these sub-harmonics yields the most symmetrically positive three-phase system.

Three DFC methods are assessed, DOL-DFC, Voltage/Frequency-DFC (V/f -DFC),

and Current Control-DFC (CC-DFC). Simulations of the three show that the CC-

DFC performs best, as it produces the most torque with the least amount of current.

Simulations of CC-DFC method and the conventional soft-start method show that the

CC-DFC is capable of producing higher torque with less RMS current being required,

but this comes at the cost of greater peaks/spikes in current and an increase in torque

ripple.
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T Torque N ·m

Te Electromagnetic torque N ·m

Tload
Mechanical Loading torque applied to mo-

tor
N ·m

V Voltage V

Vα, Vβ α, β Voltages in stationary reference frame V

Vm Mutual voltage V

Vr Rotor voltage V

Vrms,ll RMS line to line voltage V

Vs Stator voltage V

Vs,h

Stator voltage at a given discrete harmonic

(where h is the harmonic divider and h |

h ∈ Z )

V

Vsup Three-phase supply voltage V

VA,sup,VB,sup,VC,sup Individual phase/line supply voltages V

ω Angular frequency/speed rad · s1

ωrated
Rate angular frequency/speed of induction

motor (given by name plate)
rad · s1

ωe Rotor’s electrical angular frequency/speed rad · s1

ωm
Rotor’s mechanical angular frequen-

cy/speed
rad · s1

ωh,m
Rotor’s mechanical angular frequen-

cy/speed at sub-harmonic h
rad · s1

ωs Stator angular frequency/speed rad · s1

ωsl Slip angular frequency/speed rad · s1
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Xm Mutual reactance Ω
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X
′
r Rotor reactance referred to stator Ω

Xs Stator reactance Ω

Z Impedance Ω

Zr Rotor impedance Ω

Z
′
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Chapter 1

INTRODUCTION

1.1 General Overview

Directed On-Line (DOL) starting of induction motors results in high inrush currents

and large torque rippling. The large inrush currents can cause undesirable voltage dips

in the power supply and increase thermal stress within the motor, whereas the rippling

of torque can lead to adverse wear of the motor and can lead to rotor speed ripple.

Conventional soft-start methods reduce the inrush current and torque ripple, but at the

cost of reducing the amount of torque that can be produced. By reducing the frequency

that is applied to the motor greater torque can be produced. Discrete Frequency Control

(DFC) aims to provide this whilst maintaining a reduced input current, where DFC

generates a series of sub-harmonic frequencies through the use of soft-starter hardware.

1.2 Thesis Objective

The main objective of this thesis is to compare the starting performances of a DFC

method and a conventional soft-start method within a simulation environment, in order

to understand the advantages and disadvantages of a DFC start.

To achieve this objective a simulator of a soft-starter is first developed using Simulink.

Next, an investigation is conducted into ways of generating sub-harmonics for DFC.

Sub-harmonics are then generated using the simulated soft-starter hardware, where

harmonic analysis is conducted to assess the quality of those sub-harmonics. From

there, existing and new DFC methods are investigated and implemented. After which,
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the best performing DFC method is compared to the conventional soft-start method

through a series of simulations.

1.3 Thesis Outline

Chapter 2. Provides a literature review on current Discrete Frequency Control (DFC)

research. Additionally, background information regarding: induction motors,

soft-starts, and conventional soft-starter control methods is presented.

Chapter 3. Presents the simulation environment that is used throughout this thesis.

This simulation environment provides a model for a soft-starter and will be

implemented using Matlab’s Simulink.

Chapter 4. Presents methods for generating optimal sub-harmonics for DFC, where a

method for determining the sub-harmonics’ optimal phase-angles is first presented,

followed by a method for generating a Look Up Table (LUT) of firing-patterns.

Lastly, harmonic analysis of the sub-harmonics is conducted by using the Fast

Fourier Transform (FFT).

Chapter 5. Presents three DFC methods, DOL-DFC, V/f -DFC, and CC-DFC. Each

methods’ starting performance is assessed through simulations, from which the

three methods are evaluated against one another.

Chapter 6. A comparison between the conventional soft-start method and the best

performing out of the three DFC methods is presented, from which the advantages

and disadvantages of DFC are assessed.

Chapter 7. A discussion of potential future work/research that may be conducted is

presented.

Chapter 8. Presents the conclusions of this thesis.





Chapter 2

BACKGROUND

2.1 Chapter Overview

This chapter provides a literature review on current Discrete Frequency Control (DFC)

research. Additionally, background information regarding: induction motors, soft-starts,

and conventional soft-starter control methods is presented. Firstly, presented in Section

2.2 is an overview of induction motors, where their basic operation is discussed and

more importantly their starting characteristics with a Direct On Line (DOL) start

are presented. Section 2.3 then presents a basic overview of soft-starters, after which

conventional soft-starter control methods are discussed in Section 2.4. This section

selects and discusses a conventional control method in some detail. This conventional

method will later be used to provide a comparison to the starting performance of DFC.

Finally, in Section 2.5 the current research in DFC is reviewed and key areas that

require further research are highlighted.

2.2 Induction Motors

This section discusses key aspects of induction motors. Firstly, presented in Section 2.2.1

is a brief overview of an induction motor’s two main parts, the stator and rotor. From

there, Section 2.2.2 discusses how the stator is able to produce a Rotating Magnetic

Field (RMF). After which, Section 2.2.3 explores how an induction is about to preform a

basic motor action (in this case this is the conversion of electrical energy into rotational



4 Chapter 2 Background

mechanical energy), this leads to Section 2.2.4 where the concept of slip is introduced.

Finally, in Section 2.2.5 the starting characteristics of an induction motor are presented.

2.2.1 Induction Motor Overview

Electrically, induction motors can be viewed simply as a transformer, where the stator

is a stationary primary and the rotor is a rotating, short-circuited secondary [1, Ch.2,

pp. 30]. This section (2.2.1) presents a basic overview of an induction motors’ stator

and rotor.

The stator for a three-phase motor is comprised of three windings (one per phase).

Each winding consists of an even number of magnetic poles, where each pole is made

up of one or more coils equally spaced around the stator’s periphery [2, Ch.9]. When a

current is passed through the coil(s) of a given pole a magnetic field is produced (by

Ampère’s Law [3, Ch.29]). At the same time, a given pole’s corresponding pair produces

an opposing magnetic field, as its coil(s) are connected in reverse. Figure 2.1 shows a

cross-section of a solenoid/wound coil and demonstrates how the directions of both the

current and magnetic fields relate.

Magnetic 
field

Direction 
of current

Figure 2.1 Cross-section of a solenoid/wound coil with indicated direction of magnetic field lines as
a result of current flow.

There are two types of rotor designs used in three-phase induction motors: Squirrel

Cage and Phase-wound. The Squirrel Cage rotor consists of uninsulated, conductive,

short-circuited bars that are skewed and run axially to the stator’s coils. Where the

number of conductive bars does not equal the number coils of the stator (this design

restriction reduces the possibility of the motor cogging [4, Ch.9]), but both hold the

same number of magnetic poles as the rotor’s magnetic fields are caused by the stator’s

[5]. Phase-wound rotors have a similar construction to the stator. The windings
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of Phase-wound rotors are short-circuited by brushes, which wear leading to higher

maintenance compared to the its Squirrel Cage counterpart [6, Ch.6, pp.310]. As a

result, squirrel cage rotors are more commonly used in industry due to the superior

reliability [6, Ch.6].

Despite their differences both rotor types operate by the same fundamental principles.

These principles start with an Electromagnetic Force (EMF) being induced in the rotor

by the stator’s magnetic field (induced EMF by Faraday’s Law [3, Ch.31]), this EMF

then causes current to flow in the rotor and a magnetic field is produced. Both the

stator and rotor’s magnetic field then interact leading to the motor to rotate. A simple

cross-section of a three-phase two-pole induction motor is shown in Figure 2.2, this

motor consists of a Squirrel Cage rotor and a stator with windings represented as

concentrated coils, one per each pole.

Rotor

Stator
Phase A

Phase B

Phase C

Air-gap

Figure 2.2 Cross-Section of single pole pair (two-pole) induction motor.

2.2.2 Rotating Magnetic field

This section will discuss how a Rotating Magnetic Field (RMF) is produced by the

stator and how the number of poles influences the speed at which it rotates.
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By taking an example of where a three-phase AC supply is directly connected to the

corresponding phase terminals of a motor an understanding of how the stator produces

a RMF can be formed. To simplify this a single phase can be taken as an example. Now

as that current, for that phase, alternates with time so does each poles’ polarity for

that same phase. Accordingly, as the magnitude of that current changes with time so

does the magnitude of the poles’ magnetic flux [4, Ch.9.2]. As this process takes place

across all three-phases the poles’ magnetic fields combine to form an RMF, Figure 2.3

shows three-phase current wave forms and the corresponding resultant of the RMF for

a two pole motor (where the resultant is an Magneto-motive Force (MMF)). This is

demonstrated further as the discrete time steps 0◦, 60◦, and 120◦ of the supply period

are taken from Figure 2.3 and examined in Figure 2.4, here a cross-section of a two-pole

stator is shown with the direction/position of the RMF in response to the direction of

current at each pole.

θ

t1 t2 t3

60º
120º

Phase A

Phase B

Phase C

Magnetic-field 

Resultant

Figure 2.3 Three-phase AC wave diagram with a RMF of two pole motor revolving in the anticlockwise
direction.
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t2

θ = 60º
t1

θ = 0º
t3

θ = 120º

sC

sB'

sA

sC'

sA'

sB

Fs

Fs

θ

Fs

θ

sC

sB'

sA

sC'

sA'
sB sC

sB'

sA

sC'

sA'

sB

'' '

' '

'''

Figure 2.4 Stator RMF position at 0◦, 60◦, and 120◦ of rotation, for a two pole motor [4]. Fs is the
resultant of the RMF (where the resultant is a MMF in Ampere – Turns [A− t]).

The rotational speed of the stator’s RMF is directly proportional to the stator frequency

and the number of pole-pairs per-phase, this speed is known as the synchronous speed.

From the examples shown in Figures 2.3 and 2.4 of a two pole motor (single pole-pair)

it can be seen that the direction of the resultant of the RMF (Fm) rotates anticlockwise

at the same rate as the applied frequency. Showing that the magnetic field will rotate

about two poles for one full revolution of applied current. If, for example, the number

of pole-pairs are increased from one to two (per-phase) then the input current will need

to complete two full revolution in order for the RMF to complete just one, thereby,

halving the rotational speed of the stator’s RMF [4, Ch.9]. This leads to the calculation

of synchronous speed as shown in Equations (2.1a) and (2.1b).

Nsyn = 60fs
Pp

(2.1a)

ωsyn = 2πfs
Pp

= ωs
Pp

(2.1b)
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Where in Equation (2.1):

Nsyn = Synchronous speed [rpm].

ωsyn = Synchronous angular frequency/speed [rad · s1].

ωs = Stator angular frequency/speed [rad · s1].

Pp = Number of poles pairs [-].

fs = Stator frequency [Hz].

2.2.3 Principles of Motor Action

This section discusses how an induction motor preforms the basic motor action, in this

case where motor action refers to the conversion of electrical energy into rotational

mechanical energy [2, Ch.3]. In order for an induction motor to perform this action

there first needs to be a RMF, as discussed in Section 2.2.2. Secondly, the RMF must

induce an EMF in the rotor, this was briefly discussed in Section 2.2.1. Lastly, the

interaction of the rotor’s current/magnetic field and the RMF from the stator need to

produce a force on the rotor [2, Ch.3]. Of these three requirements the second and the

last are presented in this section (2.2.3).

An EMF is induced in the rotor when the stator’s RMF passes through the air-gap

and is then cut by the rotor’s conductors. This cutting action induces an EMF in the

rotor’s conductors by Faraday’s Law, as discussed in Section 2.2.1. As a result of the

EMF, current flows through the rotor’s short-circuit conductors in the direction shown

in Figures 2.5 and 2.6. These currents inherently produce a circulating magnetic field

about the rotor’s conductions, as shown in Figure 2.6b. The rotor’s current/circulating

fields then interact with the stator’s RMF resulting in a force being produced near the

surface of the rotor. Given this force is applied at a distance from the centre of rotor a

torque inherently acts on the rotor and is therefore able to rotate [2, Ch.3, pp.14].

The force that is applied to the rotor is known as the Lorentz-force [3, Ch.34], which

describes the resulting force from the combination of forces produced by electric and

magnetic fields. Where the electric and magnetic fields act orthogonally to each other

and both lie on the same plane. The resultant Lorentz-force then acts orthogonally to

that plane. To further demonstrate how this force is produced the area highlighted in
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red in Figure 2.5 is more closely examined in Figure 2.6. The first step to this process is

shown in Figure 2.6a, where the stators magnetic field flows through the air-gap and is

then cut by the rotor’s conductors and an EMF is induced. Following this, Figure 2.6b

shows circulating magnetic fields about the rotor’s conductors as a result of the current

produced from the induce EMF. Finally the resulting magnetic field (as a result of

the interaction of both stator and rotor fields) interacts with the rotor’s current which

produces a force that is applied to the rotor. This is shown in Figure 2.6c, where the

magnetic field flows from right to left and the rotor’s current flows into the page with

the resultant force acting in the direction as shown by the red arrows.

Fs

sC

sB'

sA

sC'

sA'

sB

ωsyn

Te

Fr

ωm

Rotor

Stator

θsl

Figure 2.5 Stator Magnetic Flux inducing rotor EMF producing a resultant
rotor magnetic field [4, Ch.9].

Where:
ωsyn = Synchronous speed [rad · s1].
ωm = Rotor’s mechanical speed [rad · s1].
Te = Electromagnetic Torque [N ·m].
θsl = Slip angle [radians] or [deg].
Fr = Rotor’s MFF [A− t].
Fs = Stator’s MFF [A− t].
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Stator

Rotor

Stator magnetic 
field lines

Shaft

(a) Stator/air-gap magnetic field

Stator

Rotor

Rotor magnetic 
field lines

Shaft

(b) Rotor magnetic field

Stator

Rotor

Force

Resultant magnetic 
field lines

Te,ωm

Shaft

(c) Resultant magnetic field

Figure 2.6 Step by step example of induction motor performing motor action, by Exploring the
region highlighted in red from Figure 2.5. These figure demonstrate the production of a force exerted
on the rotor by the interaction of both stator and rotor magnetic fields [4, Ch.9].

2.2.4 Concept of Slip

As stated in Section (2.2.3) an induced EMF in the rotor’s conductors is required to

produce torque and an EMF is only induced when the rotor’s conductors cut the field

lines of the stator’s RMF. Therefore, if the rotor is able to rotate at the synchronous

speed then its conductors will not cut through the RMF and no EMF will be induced

resulting in zero torque being produced. As a result of this constraint the rotor will

never reach the synchronous speed (this is why induction motors are also referred

to as asynchronous motors) [4, Ch.9]. The difference between the rotor speed and

synchronous speed gives rise to the concept of slip (S), where slip describes the two

relative differences in speeds. Slip is typically expressed in terms of either a percentage

or fraction of the synchronous speed, where both terms are dimensionless quantities,

this is shown by Equations (2.2a) and (2.2b) respectively. Additionally, slip can be

expressed in terms of speed in either RPM or rads/s, as shown by Equations (2.3a)

and (2.3b) respectively. It should be noted that the frequency of which the rotor’s

voltage and current is proportional to the amount of slip and the stator frequency (as

inducing an EMF in the rotor required it’s conductors to cut the RMF of the stator).

The rotor’s frequency is given by Equation (2.4).
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Spercent = Nsyn −Nm

Nsyn
× 100 (2.2a)

Sfrac = Nsyn −Nm

Nsyn
(2.2b)

Nsl = Nsym −Nm (2.3a)

ωsl = ωsyn − ωm (2.3b)

fr = Sfs (2.4)

Where in Equations (2.2), (2.3) and (2.4):

Sprecent = Slip expressed as a dimensionless percentage of synchronous speed [-]

Sfrac = Slip expressed as a dimensionless fraction of synchronous speed [-]

Nsl = Slip speed [rpm].

Nsyn = Synchronous speed [rpm].

Nm = Rotor mechanical speed [rpm].

ωsl = slip angular frequency/speed [rad · s1].

ωsyn = Synchronous angular frequency/speed [rad · s1].

ωm = Rotor’s mechanical angular frequency/speed [rad · s1].

fr = Rotor’s electrical frequency [Hz].

Note: Equation (2.2) speed terms can be in either [rpm] or [rad · s1].

2.2.5 Induction Motor Starting Characteristics

The section will cover the starting characteristics of induction motors: torque, current,

and speed under Direct On Line (DOL) conditions. To determine these characteristics

in-relation to the motor parameters it is common place to use a per-phase equivalent

circuit of an induction motor. Such circuits are typically developed from a pre-phase

transformer model (shown in Figure A.1, Appendix A) and then simplified by referring

the rotor’s secondary circuit to the primary side of the induction motor, as shown in

Figure 2.7 [7, Ch.7].
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Is
Rs

Vs Em =Er

Io

ImIc

Ir

Rc

jXs jXr 

jXm 

''

' Rr'
S

= Rr'
1-S
SRr'

Figure 2.7 Simplified per-phase equivalent circuit of induction motor, derived from Figure A.1.
Where:
Vs = Stator voltage [V] Em = Mutual induced EMF [V]
Is = Stator current [A] I0 = no-load current [A]
Im = Magnetising current [A] Ic = Core-losses current [A]
Ir = Rotor current [A] Xs = Stator reactance [Ω]
Xm = Mutual reactance[Ω] Xr = Rotor reactance [Ω]
Rs = Stator resistance [Ω] Rc = Core-losses resistance [Ω]
Rr = Rotor resistance [Ω] S = Slip [-]
V ar′ = The prime symbol above a rotor variable is there to denote that

the variable is reflected/referred to the stator/primary side of the circuit.

The torque produced by an induction motor is directly related to the rotor’s speed

and output power. In fact, the total output power ρo is a product of the produced

torque and the rotor’s mechanical speed (ρo = Teωm). To determine the output power

an equivalent circuit of only the rotor is used, as shown by Figure 2.8a. If the rotor

losses, from Figure 2.8a, are ignored, as losses are not converted to mechanical power,

then the output power can be calculated by Equation (2.5). By rearranging (2.5) to

solve for electromagnetic torque gives Equation (2.6).Now to clearly show the effect slip

on the starting torque the rotor’s current (Ir) from Equation (2.6) is substituted with

Equation (2.8) to give Equation (2.9). Where Equation (2.8) is derived from a modified

rotor equivalent circuit shown in Figure 2.8b. The modified rotor equivalent circuit is

used here as the slip term will remain in the numerator of Equation (2.9) regardless of

any relative changes in the rotor’s impedance. This would not be the case if the rotor’s

current was derived from the equivalent circuit in Figure 2.8a, this can be seen by the

derivation of the rotor’s current given by Equation (2.7). The reasoning for deriving

Equation (2.9) in such a way will be made more clear later in this section (2.2.5) when

the torque-speed/slip curve is discussed.
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Er

Rr
1-S
S

Rr

Ir
Xr 

Load 

Rotor losses

(a) Equivalent circuit of rotor.

SEr
 

Rr

Ir

SXr 

(b) Equivalent circuit of rotor where slip (S) from
Figure 2.8a is multiplied through.

Figure 2.8 Two forms of rotor’s equivalent circuit.

ρo = Teωm = 3I2
rRr(1− S)

S
(2.5)

Te = ρo
ωm

Te = 3I2
rRr(1− S)
Sωm

where: ωm = ωsyn(S − 1)

∴ Te = 3I2
rRr

Sωsyn
(2.6)

Where in Equations (2.5) and (2.6):

ρo = Output power [W].

Te = Electromagnetic torque [N ·m].

ωm = Rotor’s mechanical angular frequency/speed speed [rad · s1].

ωsyn = Synchronous angular frequency/speed speed [rad · s1].

Ir = Er
Zr

= Er√
(Rr/S)2 + (Xr)2 (2.7)
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Ir = Er
Zr

= SEr√
(Rr)2 + (SXr)2 (2.8)

Te = 3SE2
rRr

ωsyn[R2
r + (SXr)2] (2.9)

The torque-speed curve in Figure 2.9a can be drawn by varying the amount of slip

(S) in Equation (2.9). To demonstrate this the slip value (within Equation (2.9)) is

considered for the following cases:

i) Let slip be large S ≈ 1: here (SXr)2 is large (as Xr = S(2πfs)Lr) and (Rr)2 is

comparatively small ((SXr)2 � (Rr)2); therefore, torque is inversely proportional

to slip Te ∝
1
S
. This being the case as S is squared in denominator and not the

numerator of (2.9) by (SXr)2.

ii) Let slip be the following S = Rr/Xr: at this point torque is at it maximum value

[7, Ch.9]. This point is known as the pull-out or breakdown torque as shown in

Figure 2.9a.

iii) Let slip be small (S � 1): as the slip decreases beyond the slip/speed that

produces the maximum torque the (SXr)2 term of Equation (2.9) becomes small

in comparison to (Rr)2, ((SXr)2 � (Rr)2) (as Xr = S(2πfs)Lr). Resulting in the

produced torque being proportional to slip (Te ∝ S). This leads to a linear region

of torque as the rotors speed approaches its limit/rated speed.

In addition to the starting torque shown in Figure 2.9a there is also an occurrence of

torque (so referred to as pulsations) rippling predominantly during the unstable region

as shown in Figure 2.9b. The torque rippling here is large during DOL starting. This

is largely caused by an unbalanced three-phase input to the stator, which introduces

negative sequence components and underlining sub-harmonics of the fundamental input

frequency. This leads to sub-harmonics in mutual flux interacting with the rotor’s MMF

resulting in the torque rippling [8]–[10].
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Locked Rotor torque

Te

ωrated

ωsyn

Slip= 0Slip= 1

Trated

Unstable region 
Te ∞ 1/S 

Stable region 
Te ∞ S 

Max torque
(Pull-out/Breakdown) 

torque

(a) Starting torque speed/slip curve.

Te

ωrated

ωsyn

Slip= 0Slip= 1

Trated

Unstable region 
Te ∞ 1/S 

Stable region 
Te ∞ S 

(b) Starting torque speed/slip curve with electromagnetic torque rippling.

Figure 2.9 Induction motor torque speed/slip curve under DOL starting conditions.
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The starting current (stator’s current during start-up) can be derived from the equivalent

circuit in Figure 2.7. This current is given by Equation (2.10), where the magnetising/-

mutual current Im is ignored to simplify the equation. From Equation (2.10) it can be

seen that when the slip is high (S ≈ 1) the inrush current will be much greater than

when slip is low (S ≈ 0). This is shown by Figure 2.9a, where the initial inrush current

when slip is high reaches approximately six to eight times that of the motor’s rated

current, in contrast when there is no slip the input current drops to zero[11].

Is = Vs
Zs

where: Zs =

√
(Rs + R

′
r

S
)2 + (Xs +X ′r)2

∴ Is = Vs√
(Rs + R

′
r

S
)2 + (Xs +X ′r)2

(2.10)

I

ωrated

Irated

ωsyn

Slip= 0

6-8 x Irated

Slip= 1

Figure 2.10 Starting current speed/slip curve under DOL starting conditions.
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2.3 Soft-Starter Overview

This section is an overview of soft-starters, discussing why soft-starters are used, and

what their basic structure is. This section does not discuss conventional control methods

for Soft-Starts, this later presented in Section2.4.

The starting characteristics for a DOL start were presented in Section 2.2.5, where

Figures 2.9 and 2.10 show the starting torque and current curves with respect to speed

when starting by DOL. There are a number of advantages of DOL starting these include:

the motor is able to produce maximum/high torque, simplicity, and low cost. Although

producing maximum torque is an advantage when the motor is under heavy loads, under

light loads this can lead to wear/damage to mechanical components the motor is driving

[11]. The two main disadvantages of the DOL starting method are: torque rippling, and

high inrush current, both of which can be seen in Figures 2.9b and 2.10 respectively.

The rippling of torque can lead to adverse wear within the motor and can lead to a

rotor/shaft speed ripple, although the applied load dampens the effect torque ripple

has on the output speed. High inrush/starting current from DOL starting can cause

undesirable voltage dips in the power supply and increase the thermal stress within the

motor, causing an increasing in wear [12].

A soft-starter aims to reduces the negative starting characteristics of the DOL method

by limiting the applied voltage, this is achieved by ramping the voltage from an initial

value up to the supply or input voltage to the stator. As a result of reducing the applied

voltage the magnitude of the starting current is reduced. The lower initial voltage also

results in a small torque being produced, this can allow for play between mechanical

components the motor is driving, such as gearing, to be removed without too much

force being exerted; therefore reducing wear/damage that may occur during the initial

stages of start-up [12].

Reducing the applied voltage is achieved by controlling the time(s) at which a series

of Silicon Controlled Rectifiers (SCRs) are turned on. Where the control of the SCRs

is implemented using micro-controller operating in real-time. In addition to the SCRs

each phase has a bypass switch, these are used to bypass the SCRs once the motor is
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running close to it operating speed. The basic structure of a soft-starter is shown in

Figure 2.11, this figure shows a pair of SCRs and a bypass switch for each phase placed

between the supply and the input terminals to the motor. As an SCR is a unidirectional

device each pair of SCRs for a given phase either allow or block current from flowing

between the motor and the supply. It should be noted that a major limiting factor of

the control of induction motors with soft-starter hardware is that the gate of a given

SCR can only be turned on; therefore, once the the SCR is on it will remain on until

the current is backward biasing relative the given SCR.

Motor

Phase A

Phase B

Phase C

Soft-Starter
(SCR's / Thyristors layout)

Supply side Stator side

Figure 2.11 Basic Soft-Start configuration in wye connection.

2.4 Conventional Soft-Starter Control

This section presents the conventional soft-start control method that will be developed

and tested to provide a direct comparison to the starting performance of the DFC

method.
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There are several methods for controlling the starting performance of soft-starters, these

include: a timed voltage ramp, a constant/ramped RMS line current, torque control,

and adaptive control [13]–[16]. Of these four methods the constant/ramped RMS line

current control method will be presented in this study as this method is widely used,

relatively simple compared to other methods, and used in loading cases that DFC may

be best suited to [16].

The first step to this control method is to determine the supply/stator RMS line current

for either of the three-phases. The simplest way to achieve this for a continuous-time

waveform in a discrete real-time system, like that of a soft-starter, is by square rooting

a moving average of squared samples, where the sample are periodically taken. For the

RMS line current this is achieved by Equation (2.11).

Irms =
√

1
n

(I2
1 + I2

2 + · · ·+ I2
n) (2.11)

Where in Equation (2.11):

I = Raw current signal [A].

n = number of samples [-].

Using the calculated RMS line current from (2.11) and a pre-set current limit an error

can now be calculated. This error is then used to set the firing-angle, where the firing

angle refers to the time at which the SRCs are switchedon relative to either the supply

voltage or currents’ zero-crossings. Figure 2.12 shows how the firing-angles are defined

relative to these crossings, where the α firing-angle is referenced from the supply voltage

zero-crossing (VZC) and the γ firing-angle is referenced from the supply/stator current

zeros-crossing (CZC). Either firing angle, α or γ, can be used, but initially during

start-up the current signal is not present as current has clearly yet to flow from the

supply to motor; therefore, without a CZC the α firing-angle with reference to the

VZC must be used. During this stage the initial value of γ is calculated/measured

from the current signals, this takes a few full periods of the supply in order to gain an

accurate measurement. In contrast the initial value of α is pre-defined. After γ has

been initialised the firing-angle can be switched from from α to γ (from the VZC to the
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CZV reference point). The reasoning behind switching between the two is that when

using the VZC as the reference (α as the firing-angle) it causes the γ angle (as shown in

Figure 2.12) to oscillate slightly, this unbalances the three-phase system increasing the

negative and zero sequence components. This results in an unwanted torque and speed

ripple [14]. Switching from the VZC reference to the CZC (from α to γ ) reduces these

effects. Equations for calculating the α and γ firing-angles based on the RMS current

error are give in Equations (2.12) and (2.13) respectively, Where ’K ’ is the gain (either

a proportional (P ) or proportional and integral (PI) gain). Again, the initial value of

α is pre-defined and the initial value γ is calculated once the current signal is formed.

π π20

γ	
α

Supply 
Voltage

Supply/stator 
current Stator 

Voltage

	θ

Figure 2.12 Example of Conventional Soft-Starter α and γ firing angles for a single phase.
Where:
α = Firing angle with respect to VZC
γ = Firing angle with respect to CZC
θ = Phase angle of current lagging behind voltage

αnew = αprev + (Irms actual − Irms limit)K (2.12)
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γnew = γprev + (Irms actual − Irms limit)K (2.13)

Where in Equations (3.3) and (3.4):

K = Gain [-].

Irms actual = Calculated RMS line current [A].

Irms limit = Limit to RMS line current [A].

αnew γnew = New/updated firing angle [rad or degrees]

αprev γprev = Previous/old firing angle [rad or degrees]

A simplified control logic for the current ramp method used in this study is shown

in Figure 2.13. Here the α firing angle is used until three periods of the supply are

completed, otherwise the γ firing angle is used. Once a zero-crossing is detected, of

either VZC or CZC, the respective firing-angle is updated and the firing time for the

SCR is set (where the firing time is the firing angle converted from an angle into seconds

and is zeroed from the point of the zero-crossing). Once the SCR firing time is expired

the SCR is fired or turned on. Bypassing of the SCRs occurs when the γ firing angle is

less than five degrees (γ < 5◦). The reason for this is that as the firing-angle γ decreases

towards zero the current to the motor nears full conduction and the motor’s speed nears

its rated value. Full conduction with the use of a soft-start is the equivalent to running

DOL; hence, the SCRs can be bypassed at this point.

The starting characteristics for a soft-start using the current ramp control method

are shown in Figure 2.14. These starting characteristics are bound/limited by the

characteristics of a DOL start, as the soft-start reduces the voltage it follows that the

produced torque and starting current is also reduced. The second plot in Figure 2.14

shows the initial ramp of the starting current, which is then held at a constant as the

motor speeds up. During the ramping of the current the torque also ramps as shown

by the first plot in Figure 2.14, as mentioned in Section 2.3 both the gradual ramp

and reduction of current and torque reduces stress on the motor, grid, and mechanical

components that are being driven.



22 Chapter 2 Background

Start

Timecurrent

>=
3 x Tsupply

Check 
for IZC

Check 
for VZC

Calculate 
αnew

Calculate 
γnew

γnew

< 5º

Set SCR 
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Figure 2.13 Flow diagram of current limited/ramped soft-start control, where α and γ are calculated
using Equations (2.12) and (2.13) respectively. Note that each phase/line executes the setting and firing
of their respective SRCs concurrently which is not shown in this figure.
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Figure 2.14 Induction motor torque and current speed/slip curves under soft-start starting conditions.
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2.5 Discrete Frequency Control (DFC)

This section presents the current research on DFC. Section 2.5.1 presents the theory

behind the basic operating principles of DFC, with a discussion on ways the current

literature has been shown to implement this. Section 2.5.2 presents an example of the

ideal starting characteristics for DFC, where a motor runs at a series of frequencies

producing the ideal results with maximum torque being produced. Later in Section 2.5.2

the current research on how to achieve these results is discussed. Finally, a summary of

what research is required/needed in this study in summarised in Section 2.5.3

2.5.1 Operating Principles of DFC

The advantage of utilising a soft-starter with conventional control methods, presented in

Section 2.4, is that the resulting reduction in both current and torque reduces stress on

the motor, grid, and mechanical components that are being driven. The main problem

with the conventional soft-starter control methods is that by reducing the stator voltage

Vs the resulting reduction in torque may be too great for heavy loads, leading the

motor to stall [17]. Any reduction in the stator voltage can have a large impact on

the magnitude of the produced electromagnetic torque, as the torque is quadratically

proportional to the stator voltage (Te ∝ V 2
s ) [18]. This can be shown by Equation

(2.14), which derives the the electromagnetic torque in relation to the stator voltage

from the equivalent circuit shown in Figure 2.7.

Te = 3
(

R
′
r

S · ωsyn,h

)(
V 2
s,h

(Rs +Rr/S)2 + (Xs +X ′r)2

)

where: Xs = 2πfhLs, X
′
r = 2πfhL

′
r, ωsyn,h = 2πfh

Pp
, and fh = fsup

Pp

∴ Te = 3
(
R
′
r · Pp

S · 2πfh

)(
V 2
s,h

(Rs +Rr/S)2 + [(2πfh) · (Ls + L′r)]
2

)
(2.14)
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Where in Equation (2.14):

h = Sub-harmonic divider, where h | h ∈ Z [-].

Vs,h = Stator voltage at a given discrete sub-harmonic [V].

fh = sub-harmonic frequency,

where the stator frequency fs = fh=1 = fsup/1 is the fundamental [Hz].

ωsyn,h = Discrete sub-harmonic synchronous speed (ωsyn,h = ωsyn/h) [rad · s1].

Ls = Stator inductance [H].

L
′

r = Rotor inductance referred to stator [H].

DFC aims to increase the starting torque whilst still maintaining a reduced starting

current. To achieve this a series of discrete frequencies are applied to the motor, where

these discrete frequencies are sub-harmonics of the supply voltage. In order to produce

sub-harmonics of the supply frequency, using soft-starter hardware, half cycles of the

supply’s alternating voltage are either included or excluded [19], an example of this for

a single phase can be seen in Figure 2.15. It should be noted that the sub-harmonic

produced in Figure 2.15, as shown by the red line, depicts an ideal case where there are

no other underlying, unwanted harmonics/sub-harmonics associated with it.

In order to produce different sub-harmonics the order/sequence and number of including

and excluding half cycles of the supply voltage will vary, this will also vary from phase to

phase for the same sub-harmonic, as the phase-angles of the supply are ±120◦. For the

purpose of this study the order/sequence and number of including and excluding half

cycles will be referred to as a firing-pattern. Where each phase will have an individual

firing-pattern for each discrete frequency.

In order to determine these firing-patterns the phase-angle for each frequency must

first be determined. The importance of this is that in order to produce the maximum

torque with minimal torque ripple the three-phase system must hold both a positive and

symmetrical sequence (i.e. there should be no negative and zero sequence components

in order to produce a positive, balanced system) [20]–[22]. Unfortunately creating

sub-harmonics using the principles of DFC leads to some scenarios where it is not

possible to produce phase-angles that result in a system that holds no negative sequence

components [23]. This is due to finite number of possible ways that the half cycles of the
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supply can be either included or excluded for a given sub-harmonic. Current research

struggles to demonstrate what the optimal phase-angles are in order to reduce negative

sequence components, as there are conflicting suggestions on the matter. For example

Ma, Li, and Zheng [23] and Yi-ping [24] suggest that for a sub-harmonic divider of 2

(h = 2) the optimal phase sequences are (0◦, 60◦, 300◦) and (0◦, 60◦, 210◦) respectively.

Although the supply frequencies in these examples are different, 50Hz and 60Hz, for a

sub-harmonic produced by a sub-harmonic divider (h) the number of half cycles of the

supply will clearly be equal regardless of what the fundamental frequency is. In this

case, for a sub-harmonic divider of 2, the number of half cycles over the full period of

the sub-harmonic is four, this can also be seen in Figure 2.15. Given current research

struggles to demonstrate what the optimal phase-angles are this area requires further

investigation.

Ideal stator voltage

fh = f2 = 25Hz
2nd harmonic frequency

Included half cycle Excluded half cycle

fh = f1 = 50Hz
Fundamental frequency

Supply voltage

Figure 2.15 Basic principle of DFC operation, where half cycles of the fundamental supply voltage
are either included or excluded in order to produce a sub-harmonic of the fundamental frequency. In the
case shown the fundamental frequency is 50Hz and a sub-harmonic divider of 2 produces a sub-harmonic
frequency of fh = f2 = 25Hz. Note that the sub-harmonic voltage produced here represents an ideal
case.

2.5.2 Control Methods

The ideal starting characteristics for DFC with sub-harmonic dividers of h = 1, 2, 3, 4

is shown in Figure 2.16. The fundamental (h = 1) torque and current speed curves in

Figure 2.16 are taken from an ideal DOL start, where torque, current, and speed rippling

is not present, the ideal DOL torque and current speed curves can also be seen in
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Figures 2.9a and 2.10 respectively (also note that for a DOL start using a soft-starter the

firing-angle is zero). The sub-harmonic torque and current speed curves, in Figure 2.16,

are simply reflections of fundamental curves with a proportionally reduced synchronous

speed depending on the sub-harmonic divider (ωsyn,h ∝ ωsyn,1/h). The dashed blue lines

in Figure 2.16 show each individual frequency’s starting characteristics if the motor were

to run up until each frequency’s synchronous speed ωsyn,h. In contrast the solid blue

lines in Figure 2.16 show the ideal torque and current starting characteristics relative

to speed when stepped through all four of the frequencies in this example. Where ideal

in this case means the point at which a frequency is switched results in the maximum

torque being produced and at the point of switching the change in firing-patterns

between frequencies does not result in any unwanted sub-harmonics being produced. In

addition to the switching of frequencies being ideal, the torque and current speed curves

are also ideal, where no rippling of either torque, current, or speed is present, as the

phase-angles for each frequency in this case result in a perfectly balance and positive

three-phase system/sequence. In reality the discrete sub-harmonic frequencies being

produced here would highly likely not produce a perfectly balanced three-phase system

and switching between frequencies, where each frequency holds differing firing-patterns,

would likely cause underlying sub-harmonic imbalances within the three-phase systems,

both of which would result in the rippling of torque, current and speed.
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Figure 2.16 Torque/speed and current/speed curves for an induction motor operating at varying
frequencies. Let the fundamental stator frequency fs be 50Hz, then the sub-harmonics shown are 25,
16.7, and 12.5Hz. The solid blue curves are ideal curves for DFC running at the varying frequencies,
the dashed blue lines represent the complete torque/speed and current/speed curves for each discrete
sub-harmonic frequency. Note that these torque/speed and current/speed curves are reflections of the
starting characteristics for a DOL start as shown in Figures 2.9a and 2.10 respectively; therefore, the
firing-angle in this case is zero.
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There are two key problems relating to the control of DFC, these are: determining

at which point is the most optimal to switch from one frequency to another, and

determining how to calculate or set the firing-angles based on some limiting factor.

The aim of optimising when to switch frequencies is to maximise the produced torque.

Similarly setting firing-angle based on some limiting factor aims to do the same, but

additionally has the aim of reducing an excessive inrush current and torque, in order to

reduce any possibility of damage that may occur during start-up. This has the same

aim as that of the conventional soft-starter control method presented in Section 2.4.

Current research on DFC fails to mention a control method for optimising when to

switch frequencies. Ginart, Esteller, Maduro, et al. [19], Kaiqi, Dianguo, and Yi [21],

[22], Ma, Li, and Zheng [23], and She, Liu, Zhang, et al. [25] among others all fail to

mention anything relating to the matter. Given the lack of research in this area and

the importance of this, as highlighted by previous discussions in this section relating

to Figures 2.16, more research on this topic is clearly required. From Figure 2.16 it

can be seen that there are three possible parameters that could be tracked and used

to find the optimal point to switch frequencies, these are: the electromagnetic torque,

supply/stator current and the speed of the rotor. All three are possible areas that

require more research.

Current research around determining how to calculate or set the firing-angles is seemly

all limited to either: simply setting the firing-angle to zero, as first proposed by Ginart,

Esteller, Maduro, et al. [19]; or from recent research implementing a form of open-loop

Voltage/Frequency control (V/F control), where the firing-angles are all predetermined

[17], [23], [26]. Clearly of the two setting the firing-angle to zero is the simplest, so this

would be a good method to test first. V/F control steams from one of the simplest

control methods used in Variable Speed/Frequency Drives (VSD or VFD). Where the

aim of V/F control is to maintain a constant torque over the range of applied frequencies

by maintain a constant V/F ratio [1, Ch8.3, ]. In this case the ratio is between the

fundamental stator voltage and the applied discrete frequency (Vs,1/fh = constant

). This is further demonstrated from Equation (2.15), which steams from Equation

(2.14). Current research on this topic all implement a form of fixed V/F control, where
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all firing-angles are predetermined based on the V/F ratio from a method known as

Equivalent Sinusoidal Modulation (ESM) [23]. In this case the implementation of ESM

takes the integral of the included half cycles of the supply voltage and the integral of the

sub-harmonics’s ideal voltage, as seen in Figure 2.15, and sets the fixed firing-angles to

ensure both integrals are equal. Ma, Li, and Zheng [23] implemented this method, their

results show a large torque ripple which oscillates in both the positive direction and

negative, this is shown in [23, Fig.2.17]. Provided the aim of V/F control is to maintain

a constant torque it could be assumed that this would remove the need for accurately

determining when to switch frequencies in order to produce maximum torque. But

given the results in [23, Fig.2.17] this does not appear to be the case as the torque ripple

at each frequency increases with speed indicating the average torque has decreased;

therefore, the switching of frequencies is not optimised. Given the research on the

topic of firing-angle control in relation to DFC is limited, this area of V/F control

requires further study. In addition to investigating the method of using predetermined

firing-angles for V/F control, the firing-angles could be varied in real-time with a

simple feed-back loop involving the stator voltage Vs,h. This provides another area

for potential study. Another possible method that could be investigated steams from

the conventional soft-start method presented in Section 2.4 of using a current limit to

control the firing-angle, this again is another area of potential study.

Te ∝
Vs,h
ωsyn,h

from Equation (2.14)

where: ωsyn,h = 2πfh
Pp

and Vs,h = Vs,1

∴ Te ∝
Vs,1
fh

(2.15)
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Speed

Torque

fh = 3.125 Hz fh = 5 Hz fh = 7.14 Hz fh = 12.5 Hz fh = 16.67 Hz

Figure 2.17 Example of large torque ripple using V/F control with DFC [23]. Note this figure has
been edited to improve clarity around where the axes lie and what the applied frequencies are.

2.5.3 Areas to Research

As discussed in Sections 2.5.1 and 2.5.2 there are three main areas where further research

is required, these are: determining the optimal phase-angles in order to generate firing-

patterns that results in minimal negative sequence components, in order to produce

the most torque at a given frequency; research into determining how to optimise the

switching frequencies so that potential troughs in torque and speed at these points

during start-up are kept to a minimum; and lastly, further research is required in the

control of the firing-angle(s), so that maximum torque is produced and that a limiting

factor, for example in the input current, is not exceeded.

From the information gained on the limitations and problems associated with DFC

from the current research a method/course of study can be set out as follows. First,

determining the optimal phase-angles is required. Next, methods of increased control

require investigation theses proposed methods are: V/F control with a fix/predetermined

firing-angle; V/F control varied firing-angles by implementing a simple feed-back loop

involving the stator voltage (Vs); observing the RMS line stator current drop of a signal

phase in order to approximate the speed; thereby, providing a reference for switching

frequencies; observing the the peaks in electromagnetic torque to again provide reference

for switching frequencies; and lastly, observing the rotor’s speed to once again provide

reference for switching frequencies. In addition to methods where either the current,

torque or speed are tracked a current limit may be added, similar to the conventional

soft-start method of Section 2.4, in order to reduce the rippling of the torque, current

and speed.
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SIMULATION ENVIRONMENT

3.1 Overview

This chapter presents the simulation environment that will be used throughout this

study. This simulation environment will provide a model for a soft-starter and will be

implemented using Matlab’s Simulink [27]. An overview of the soft-starter and induction

motors’ hardware is presented in Section 3.2, alongside simulation results for a DOL

start. Section 3.3 then discusses how the VZCs and CZVs are established. This leads

into Section 3.4, where the method for generating the signals used to trigger/firer the

SCRs is developed. From there the development of the conventional soft-start current

limiting method, discussed in Section 2.4, is implemented and tested in Section 3.5.

Section 3.6 presents the implementation and testing of loading cases which will be used

for testing the performance of DFC in later chapters. Finally this chapter concludes in

Section 3.7 where the simulation results from the DOL start and conventional soft-start

are compared.

3.2 Hardware

Figure 3.1 shows the basic hardware of the soft-starter model. The supply side voltage

and current sensor, as seen in Figure 3.1, is the primary sensor that will be used for

detecting the VZCs and CZCs. The tags labelled SCR A, SCR B, and SCR C are input

signals to control the gate driving of the SCRs, where only one signal for each phase is
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used for both its SCRs. Additionally, each phase has a bypass switch which will be used

to run the motor DOL. On the stator side of the soft-start there is a the voltage/current

sensor, as shown in Figure 3.1, this can be used to check that the stator voltage is as

expected or used to measure the stator voltage and current so that they can be used as

input parameters for more complex control methods. The induction motor, as shown in

Figure 3.1, is set-up to receive a mechanical load as a torque input. The yellow load tag

in Figure 3.1 provides a load input signal to the motor which can be control to simulate

a number of different loading cases. These loading cases are presented in Section 3.6.

The induction motor parameters that will be used throughout this study can be seen in

Table 3.1. The DOL starting characteristics for this motor can be seen in Figure 3.3,

where a constant load of Tload = 5 [N ·m] is applied. In addition, the start RMS line

current represented as a percentage of the motor’s rated current is shown in Figure

3.2. From these results the peck torque was found to be 166.4 [N ·m], with a peck

average torque of 90.1 [N ·m] and an RMS current that reached 773.7 % times that of

the motor’s rated current.

Figure 3.1 Simulink soft-start model of hardware
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Table 3.1 Induction motor parameters used within the Simulink simulation environment

Motor Type Single Squirrel Cage
Rated Power 4 [kW]

Rated Frequency 50 [Hz]
Vrms,ll 400 [V]

Rated Currnet 7.1 [A]
Rated Speed 1430 [rpm]
Rated Torque 26.7 [N ·m]
Pole Pairs 2 [-]

Motent of Inertia 0.2 [kg ·m2]
Coefficient of Friction 0.002985 [N ·m · s]

Power Factor 0.86
Motor Efficiency 0.95

Rs 1.405 Ω
Rr 1.395 Ω
Ls 0.1780 H
Lr 0.1780 H
Lm 0.1722 H

Lls (leakage inductance) 0.005839 H
Llr (leakage inductance) 0.005839 H

Figure 3.2 Simulation results of starting line RMS currents from Simulink Model by a DOL start,
for a constant load of Tload = 5 [N ·m]. Noted that the RMS currents are presented as a percentage of
the rated current.
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(a) Starting speed curve.

(b) Starting torque curve

(c) Raw supply/stator currents

Figure 3.3 Simulation results of starting characteristics from Simulink Model by a DOL start, for a
constant load of Tload = 5 [N ·m].
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3.3 Voltage and Current Zero-Crossings (VZC and CZC)

The implementation of complex tasks in Simulink can be achieved using function blocks

[28]. These function blocks utilise Matlab Code to set values of out signals, additional

input signals can be added and used as parameters to control the output. Essentially

these function blocks allow tasks to be implemented in a similar fashion as they would

in the real-world using embedded systems, where real-time input data is processed and

an output signal is generated. An example of a Simulink function block can be seen in

Figure 3.4, where this block is used for detecting the VZCs and CZCs from the supply

voltage and current signals.

Figure 3.4 Example of Simulink function block used for detecting the VZVs and CZC

The detection of the supply Voltage Zero-Crossings (VZCs) is simple in this simulation

environment as the supply signal lacks real-world variations due to noise. Therefore, by

simply observing when the supply voltage is either positive or negative a digital VZC

signal can be formed. This is shown in Figure 3.5 for a signal phase, where the digital

VZC signal is high when the supply voltage is positive and low when the supply voltage

is negative. The VZC is therefore, at the point at which the digital VZC signal’s state

changes from high to low or vice versa, these points of state change in that signal are

commonly referred to as a rising or falling edge.
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Figure 3.5 Detection of VZC for a signal phase

Detection of the supply/stator Current Zero-Crossings (CZCs) is more involved compared

to that for the VZCs due to variations/noise within the current signals. The problem

with this noise is that it causes the current signal to oscillate about the zero-crossing

when an SCR turns off, which could potentially lead to mistakenly detecting multiple

CZCs if not handled correctly. To resolve this issue the signal must undergo debouncing.

In this case the debouncing checks whether the state of the current signal has changed

from being either positive or negative, and once this is detected the state of the current

signal is repeatedly checked over a series of time-steps (where in this case the time-steps

are the same as the simulators global time-step of 50 µs). If the current signal state

(either positive or negative) does not change after some threshold number of checks

then the signal is no-longer oscillating about the zero-crossing and will therefore, be

considered debounced, as a result the CZC is now detected. The detection of CZCs for

a single phase can be seen in Figure 3.6, here the CZC signal is high if current is flowing

and low otherwise. Note that the phase angle between two high states of the CZC signal

is the gamma firing as discussed in Section 2.4 and can be seen in Figure 2.12.

Debouncing the supply/stator current signals solves the problem of mistakenly detecting

multiple CZCs, but through the process of debouncing a time delay is inherently

produced from the initial occurrence of a state change in the current signal until the

signal is successfully debounced. This time delay must be accounted for, if not a sudden

drop in the supply/stator current will occur when switching from the VZC to the CZC

firing-angle reference point (from the α to the γ firing-angle as discussed in Section 2.4).
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This sudden drop in current will result in a dip in torque and therefore, speed. The

problem with this is that if the applied load is too high then the motor may stall at

this point of transition. To resolve this issue the time delays for each phase are tracked

and removed from each phases’ respective SCR firing/triggering times. A comparison

between starts using the conventional soft-start control method when accounting for

and not accounting this delay can be seen in Figures C.1, C.2 and C.3 of Appendix C.

Figure 3.6 Detection of CZC for a signal phase

3.4 SCR Firing

The control of the SRCs’ firing-angles will vary according to the starting method used,

in contrast the order in which the SCRs are triggered/fired will remain constant for a

motor operating in one direction. This section establishes that sequence for a motor

operating in the forward direction, where a positive three-phase sequence is applied.

For an SCR to start conducting its break-over voltage must be applied to the gate. The

signals controlling the gate driving voltage in this case is simply a digital pulse, with

one control signal per each phase as shown in Figure 3.1. The simplest way to control

the firing or triggering of these signals is to view each phase independently, then set the

respective SCR control signals high based on the firing-angle and the point of reference,

either a VZC or a CZC. After this the SCR control signal should remain high until the
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next VZC or CZC (depending on what zero-crossing is used as the reference). At some

point during the time the SCR control signal for a given phase is high the SCR will

conduct, but this is dependant on whether there is a corresponding return path created

by either of the other phases. A return path will only be present if either of the other

phases’ SCRs are conducting or if their gate driving signal is also high. This return

path is ensured by the long pulse width of the control signal leading to an overlapping

of gate driving signals between all three-phases. An example of this is shown in Figure

3.7, where the reference for the firing-angle is the supply VZCs.

Phase A

Phase B

Phase C

Figure 3.7 Example of controlling the SCR gate driving signals where each phase is view independently
and the digital control signals pulse width remains here for long duration.

The method for setting the pulse width of the SCR control signals given in Figure 3.7

is simple and easy to implement, but for high voltage situations a high SCR break-over

voltage may only be met by the addition of a capacitor. In these situations the capacitor

that supplies the required break-over voltage for the SCRs takes some time to charge

and can only support a limited pulse width when discharging. This means the method

of hold a long pulse width in order to ensure a corresponding phase provides a return

path, as demonstrated in Figure 3.7, is not possible. This can be resolved through a

method that will be known as pair-firing. This method no longer views each phase

independently, instead to ensure a return path in a corresponding phase (i.e. to ensure

a corresponding phase’s SCR remains latched on) a force firing in that corresponding

phase occurs. Taking phase-A as an example, if the SCR in phase-A requires a firing



3.4 SCR Firing 41

based of the firing-angle, then to ensure a return path the SCR in phase-B will be

forced to fire as well. This means that each phase will undergo a primary firing, based

of the firing-angle and zero-crossing used, and a secondary firing forced by another

phase’s primary firing. It should be noted that in order to prevent a secondary firing

from occurring at the wrong time the polarity of the supply voltages of both phases

involved in that firing must be opposite. In the case for a motor operating in the forward

direction with a positive phase sequence applied the order/sequence of primary and

secondary firings is as follows: Phase-A’s primary firing forces phase-B’s secondary;

phase-B’s primary firing forces phase-C’s secondary; and lastly, phase-C’s primary firing

forces phase-A’s secondary. This is demonstrated in Figure 3.8, where the the VZCs are

used as the reference for the firing-angle and the subscript P indicates a primary firing

has occurred and the subscript S a secondary. Further detail to this is shown in Figure

3.9, where this shows a simulation of pair-firing for a signal phase with the inclusion of

the stator voltage and supply/stator current in order to further illustrate this method

working.

BS

AP

CP

AS

AS

CP

BP

CS

CS

BP

AP

BS

Phase A

Phase B

Phase C

Figure 3.8 Example of three-phase pair SCR firing sequence with reference to VZCs, when the motor
is operating forward. Where the firing angle is 30◦, the firing pulse width of 25◦, and the subscripts P
and S refer to a primary and secondary SCR firing respectively.
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(a) Simulation of SCR pair-firing for a signal phase with reference to the supply voltage.

(b) Simulation of SCR pair-firing for a signal phase showing the resulting stator voltage.

Figure 3.9 Simulation of SCR pair-firing for a signal phase.

3.5 Development of The Conventional Soft-Start

Control Method

This section details the implementation of the conventional soft-start control method

from Section 2.4. A basic summary of this control method was given by the flow digram

in Section 2.4, Figure 2.13. Provided that the establishment of the VZCs and CZCs

was made in Section 3.3 and the firing of the SCRs in Section 3.4, the first step in

implementing a simulation for this control method starts by calculating the supply/stator

RMS line current. Then to use that RMS current value in reference to a current limit

to calculate the firing-angles. Finally, states for controlling the switching from VZC to

CZC and from CZC to the enabling of the SCR bypass switches is implemented, again
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see Figure 2.13 for a more detailed summary of these states.

Calculating an RMS value in a real-time system is easily achieved by periodically

sampling a given signal, adding that sample to a set of previous samples and applying

Equation (3.1) (where this equation was also given in Section 2.4 by Equation (2.11))

to determine the RMS value. To implement this in Simlink a function block was used

to create a circular-buffer. The circular-buffer provides storage for a set of samples,

where at each time step a sample is taken, squared and stored in the set (i.e. the

circular-buffer). Once the set is full the sample/element that has been in the set for the

longest is replaced by the current sample. The number of samples taken in calculating

the RMS line current in this case is 20, at a sample rate given by Equation (3.2). This

ensures the RMS value is accurately calculated without over or under sampling. If

the noise of the RMS is found to be too high during simulations and/or testing then

increasing the number of supply periods over which the RMS line current is calculated,

while maintaining 20 samples pre-period, will reduce this noise as this will effectively

increase the low-pass filtering of the calculation.

Irms =
√

1
n

(I2
1 + I2

2 + · · ·+ I2
n) (3.1)

Where in Equation (3.1):

I = Raw current signal [A].

n = number of samples [-].

Tsample = 1
2 · n · fsup

(3.2)

Where in Equation (3.2):

Tsample = Sample rate [Sec].

Setting the firing-angles from the RMS current and current limit is achieved by Equations

(2.12) and (2.13), for clarity this is again repeated here with Equations (3.3) and (3.4).

To make this control system interchangeable between different induction motors with
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a different rated current parameter the calculated RMS current and current limit is

converted into a percentage of the rated current. This means the only parameter a user

may need to change is the the current limit, where the current limit is in terms of a

percentage of the rate current. This should result in a relatively constant response from

this control system. The gain parameter K, from Equations (3.3) and (3.4), was chosen

to be a proportional gain with a value select through trail and error of 0.02. Note that

if the gain is too small a steady-state error would exist and in contrast if the gain is

too large the current would overshoot and then being to oscillate about the limit as

the controller tries to correct the overshoot. The update rate of the firing-angles from

Equitation (3.3) and (3.4) was selected to be half that of the supply period, so in this

case 0.01[ms]. It should be noted that changing this update rate will clearly effect the

response of the system; therefore, the gain and the update rate are variables that are

both dependant on one an another.

αnew = αprev + (Irms actual − Irms limit)K (3.3)

γnew = γprev + (Irms actual − Irms limit)K (3.4)

Where in Equations (3.3) and (3.4):

K = Gain [-].

Irms actual = Calculated RMS line current [A].

Irms limit = Limit to RMS line current [A].

αnew γnew = New/updated firing angle [rad or degrees]

αprev γprev = Previous/old firing angle [rad or degrees]

States for controlling the switching from VZC to CZC and from CZC to the enabling of

the SCR bypass switches was also implemented using Simulink function blocks. The

conditions for the state changes were given in Section 2.4 Figure 2.13. Here switching

from using the VZCs as a reference for setting the SCR firing times to CZC (from the α

firing-angle γ as shown in Section 2.4 Figure 2.12) was done after three supply periods

had expired after initially starting. Switching from the CZC to then enabling bypass
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switches was carried out when the γ firing-angle become less then five degrees (γ < 5◦).

This condition for switching the bypass switches on was chosen to be (γ < 5◦) because

this essentially means the motor is nearly operating under full conduction; therefore,

switching the motor to operate DOL, by enabling the bypass switches, at this point

should not cause an undesirably large spike in input current and/or torque.

A test simulation of the current limiting conventional soft-start control method was

carried out with a constant load of Tload = 5 [N ·m]. Additionally, the current limit

was set to 400 % of the rated current (the rated current can be seen in Table 3.1). The

results of the RMS current control from this simulation can be seen in Figure 3.10, here

the RMS current ramps to the 400 % limit, holds at this limit and then drops as the

motor begins to reaches it maximum speed. Further to this the starting characteristics

of speed, torque, and the raw three-phase supply/state current can be seen in Figure

3.11.

Comparing these starting characteristics to the simulated DOL start under the same

conditions, as shown in Figure 3.3, it is clear the soft-start method used here has

resulted in a desirable reduction in inrush current, with a clear reduction in torque and

in torque ripple. From these results the peck torque was found to be 64.6 [N ·m], with

a peak average torque of 60.5 [N ·m] and an RMS current that reached 403.8 % times

that of the motor’s rated current.

Figure 3.10 Conventional soft-start current limiting method. Here the RMS line currents are a
percentage of the motor’s rated current. Where in this case the RMS line current is limited to 400 % of
the rate current.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents

Figure 3.11 Simulation results of induction motor starting characteristics from the Simulink Model
using the conventional soft-start method, under a constant load Tload = 5[N.m]
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3.6 Loading Cases

Induction motors are used across a broad range of industrial applications and therefore,

operate under a broad range of mechanical loads. Different loading cases or types of loads

produce varying load characteristics as the motor starts-up, where these characteristics

are proportional to the rotor’s mechanical speed. Equations (3.5) to (3.8) express how

speed can effect the applied load. The starting characteristics of these loading cases

are depicted in Figure 3.12, here it can be seen that the constant power and constant

torque loading cases have a higher initial torque compared to the linear and squared

loading cases. Given DFC aims to increase the initial starting torque it is likely that

this method will be best suited for either a constant power or constant torque load.

Constant power load Tload = K · ω−1
m (3.5)

Constant torque load Tload = K · ω0
m (3.6)

Linear torque load Tload = K · ω1
m (3.7)

Square torque load Tload = K · ω2
m (3.8)

Where in Equations (3.5) to (3.8):

Tload = Torque load applied to motor [N ·m].

ωm = Rotor’s mechanical angular frequency/speed [rad · s1].

K = Load scaling factor [-]
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Figure 3.12 Potential loading cases

Implementing these varying loading cases in Simulink is once again achieved using a

Simulink function block, where the mechanical rotor speed is used as an input and

either of the Equations (3.5) to (3.8) are used to generate a torque load signal that is

used as an input to the induction motor, as seen in Figure 3.1. It should be noted that

the motor’s rated torque is used as a limit to the amount of load that can be applied

to the motor when it had reached full speed, as depicted in Figure 3.12. Simulations

of each loading case under a DOL start were carried and can be seen in Figure 3.13,

here each loading case is seen to operate as expected when comparing their simulated

characteristics to their theoretical characteristics from Figure 3.12.
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(a) Constant power load from Equation (3.5), where
initial torque Tloadt=0 = Trated = 26.7 [N ·m] and the
final load Tloadt=0.7 = 0 [N ·m].

(b) Constant torque load from Equation (3.6), where
Tload = Trated = 26.7 [N ·m].

(c) Linear torque load from Equation (3.7), where
initial torque Tloadt=0 = 0 [N ·m] and the final load
Tloadt=0.7 = Trated = 26.7 [N ·m].

(d) Squared torque load from Equation (3.8), where
initial torque Tloadt=0 = 0 [N ·m] and the final load
Tloadt=0.7 = Trated = 26.7 [N ·m].

Figure 3.13 Simulation results loading cases based on Equations (3.5) to (3.8)

3.7 Conclusions

This chapter presented the essential features of the simulation environment that will be

used throughout this study. Section 3.2 presented the basic set-up of the soft-starter’s

hardware, the induction motor’s parameters in Table 3.1, and tested a DOL start with

the results showing a peak torque of 166.4 [N ·m], a peak average torque of 90.1 [N ·m]

and an RMS current that reached 773.7 % times that of the motor’s rated current for

an applied load of Tload = 5 [N ·m].

Leading from Section 3.2 , Section 3.3 discussed how the VZCs and CZCs were es-

tablished, with the VZCs being easily implemented relative to the implementation of
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the CZCs, which required both debouncing and a correction in in the time delay that

resulted from the process of debouncing.

Section 3.4 presented the pair-firing method used for trigger the SCRs. This was

developed in order to best simulate a real-world implementation of a soft-starter, where

a high SCR break-over voltage would be supplied by capacitors; therefore, the pulse

delivered to gate of SCRs could only be held for short duration. As a result of this

limitation in pulse width the pair-firing method forces a secondary SCR firing in a

corresponding phase to ensure conduction. Simulation results that demonstrating the

pair-firing method working where shown in Figure 3.9.

After establishing the firing of the SCRs with reference to both the VZCs and CZCs

the development of the conventional soft-starter current limiting method was discussed

in Section 3.5. This was based off the method presented in Section 2.4, the results of

the simulated starting characteristics for this method were shown in Figures 3.10 and

3.11. From these results the peak torque was found to be 64.6 [N ·m], with a peak

average torque of 60.5 [N ·m] and an RMS current that reached 403.8 % times that

of the motor’s rated current, where the current limit was 400 % of the motor’s rate

current and again the applied load was Tload = 5 [N ·m]. By comparing these results to

the results from the DOL start in Section 3.2 it is clear the soft-starting method used

here is working as expected with a reduction in peak torque of 61.2 %. The difference

in peak torque to peak average torque went from 45.9 % under a DOL start to just

6.4 % indicating a clear reduction in torque ripple, this is further demonstrated by

compared Figures 3.3b and 3.11b which show the starting torque from the DOL start

and soft-start respectively. The peak RMS current went from an uncontrolled 773.7 %

of that of the motor’s rated current via a DOL start to a controlled 403.8 % by the

conventional soft-start method, which only exceeded the set current limit by 3.8 %.

After establishing a working conventional soft-start method potential loading cases

were presented in Section 3.6. The aim of this section was to present the simulation of

more complex loading cases compared a simple constant load, which was used in the

testing of the both the DOL start and conventional soft-start from Sections 3.2 and 3.5

respectively. Equations (3.5) to (3.8) presented the relationship between loading cases
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and the rotor’s mechanical speed, from there Figure 3.12 demonstrated the theoretical

characteristics each loading case could have in relationship to an induction motor’s

speed/torque curve under a DOL start. Each loading case was tested, simulation results

from these tests were presented in Figure 3.13, comparison of these results to the

theoretical characteristics from Figure 3.12 confirmed the simulation of the loading

cases work as expected.

From this current development of the simulation environment the implementation of

DFC methods can be easily appended. Testing can be carried to determine the best

control method(s) for DFC and then further testing can be carried out in order to

provide comparisons to the conventional soft-start method under varying loading cases.

This aids in determining whether there are any situations in which DFC method(s) hold

any advantages over the conventional method.





Chapter 4

DFC GENERATION OF
SUB-HARMONICS

4.1 Overview

This chapter presents methods for generating optimal sub-harmonics for DFC. First,

Section 4.2 presents a method for determining the sub-harmonics’ optimal phase-angles,

where an optimal set of phase-angles produces the most positive and symmetrical

three-phase system at a given sub-harmonic frequency. From there, Section 4.3 presents

a method for generating a Look Up Table (LUT) of firing-patterns (a pattern of included

and excluded half cycles of the supply voltage) and a method for phase shifting that

LUT for each phases’ optimal phase-angles. Next, in Section 4.4 Fast Fourier Transform

(FFT) analysis is carried out. This analysis is undertaken in a Simulink simulation

environment, where the LUT from Section 4.3 is used to generate these sub-harmonics

using the soft-starter model (from Chapter 3) under a pure resistive load. This analysis

is used to confirm the method for determining each sub-harmonics optimal phase-angles

and to compare which sub-harmonics produce the most positive and balanced system.

Finally, conclusions of this chapter are drawn in Section 4.5.
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4.2 Determining Optimal Phase-angles

As discussed in Section 2.5, an induction motor produces maximum torque when the

three-phase system being applied is both positive and symmetrically balanced. For the

case of an induction motor operating in the forward direction the positive and balanced

phase-angles are given by Equation (4.5), where these phase-angles are based on the

three-phase waveforms given by Equations (4.1) to (4.4). For DFC this means that in

order to produce maximum torque at each discrete frequency, each sub-harmonic being

produced needs to hold a positive and balanced set of phase-angles. Unfortunately under

the conditions of DFC there is limited number of possible phase-angles combinations

for any given sub-harmonic, which means not all sub-harmonics may hold a set of

symmetrically positive phase-angles. This limitation results from the DFC operating

principles discussed in Section 2.5.1, where these operating principles see the generation

of sub-harmonics through the inclusion and exclusion of the supply voltage’s half

cycles and where a half cycle of the supply is only included if the sign of its waveform

matches the sign of the sub-harmonics ideal waveform. As a result the number of

phase-angle combinations are limited by a minimum phase-shift, where the degrees

of minimum phase-shift are given by the amount of degrees within either a full or

half period of the supply converted into equivalent degrees of the sub-harmonic. For

example, for a sub-harmonic divider of h = 2 a full period of the supply is equivalent to

360◦/h = 360◦/2 = 180◦ of the sub-harmonic’s period and a half period of the supply

is equivalent to 180◦/2 = 90◦ of the sub-harmonic’s period. This minimum angle of

phase-shift based on the sub-harmonic divider (h) is given by Equation (4.6), where for

an even sub-harmonic divider the minimum phase-shift is smaller than that for an odd

divider. This is due to an occurrence of two adjacent excluded half cycles for an even

harmonic divider. This distinction between even and odd sub-harmonics’ minimum shift

can be seen in Figures 4.1 to 4.3. Where Figure 4.1 shows the possible phase-angles for

a sub-harmonic divider of h = 2, Figure 4.2 for a sub-harmonic divider of h = 3, and

Figure 4.3 highlights how for an even sub-harmonic dividers, in this case h = 4, there

exists two adjacent excluded half periods of the supply, which is not the case for an odd

sub-harmonic divider (as seen in Figure 4.2).
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fh = fsup
h

(4.1)

uA,h = UASin(2πfh · t− φA,h) (4.2)

uB,h = UBSin(2πfh · t− φB,h) (4.3)

uC,h = UCSin(2πfh · t− φC,h) (4.4)

[
φA,h, φB,h, φC,h

]
pos−bal

=
[
0, 2π

3 ,
4π
3

]
=
[
0◦, 120◦, 240◦

]
(4.5)

Min shift in phase-angle =


180◦
h = π

h , if h is even, h = {2k : k ∈ Z}

360◦
h = 2π

h , if h is odd, h = {2k + 1 : k ∈ Z}
(4.6)

Where in Equations (4.5) to (4.6):

h = The harmonic divider, where h > 0 and h ∈ Z+.

fh = Sub-harmonic frequency [Hz].

fsup = Supply frequency [Hz].

uA,h, uB,h, uC,h = Arbitrary three-phase waveforms.

UA, UB , UC = Amplitude of each phase.

[φA,h, φB,h, φC,h]pos−bal = Phase A, B, and Cs’ optimal phase angles for a positive,

balance three-phase system.
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Figure 4.1 Possible phase-angles for a harmonic divider of h = 2 for an initial phase-angle of 0◦, here
it can be seen that the minimum phase-angle shift is 180/2 = 90◦. This is the case for all values of
h = even = {2k : k ∈ Z} the minimum phase-shift is 180/h or π/h. Note that the solid grey half cycles
of the supply are included and the white are excluded and that include half cycles must have the same
sign as the sub-harmonic.
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Figure 4.2 Possible phase-angles for a harmonic divider of h = 3 for an initial phase-angle of
0◦, here it can be seen that the minimum phase-angle shift is 360/3 = 120◦. This means that for
h = odd = {2k + 1 : k ∈ Z} the minimum phase-shift is 360/h or 2π/h. Note that the solid grey half
cycles of the supply are included and the white are excluded and that include half cycles must have the
same sign as the sub-harmonic.
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Figure 4.3 Waveform for a harmonic divider of h = 4. Here the dashed red circle highlights that for
a case where h = even = {2k : k ∈ Z} there are two adjacent excluded half cycles of the supply voltage,
which allows for a minimum phase-shift of 180/h. This case can also be seen in Figure 4.1 and when
compared to the waveforms in Figure 4.2 it is clear that for a case where h = odd = {2k + 1 : k ∈ Z}
the minimum phase-shift is 360/h as there is no two adjacent excluded half cycles of the supply.

Based on the now known minimum phase-shift from Equation (4.6) all possible combi-

nations of phase-angles for a given sub-harmonic divider (h) can be defined by Equation

(4.7). Where Equations (4.8) and (4.9) define what values the variables m and n may

hold according to whether the sub-harmonic divider (h) is even or odd. Here variables

m and n allow phase-B and Cs’ phase-angles to be independently shifted according to

the minimum phase shift angle from Equation (4.6). It should be noted that phase-A’s

phase-angle is fixed to its optimal angle of 0◦. This simplifies the problem by reducing

the number of possible phase-angles combination from h3 for odd sub-harmonics to h2

and from (2h)3 for even sub-harmonics to (2h)2. It is possible to do this because for a

three-phase system, when viewed as a set phasors, there are three angular displacements

between all phases, these are between phase-A and B; phase-A and C; and between

phase-B and C. This means that by changing either phase-B or Cs’ phase-angle all three

angular displacements between can be changed.

It should be noted that research carried by by the following: Kaiqi, Dianguo, and Yi

[21], [22], Ma, Li, and Zheng [23], Yi-ping [24], Bechir, Mabrouka, and Mohamed [29],

and Ginart, Camilleri, and Pesse [30] produced similar sets of equations as Equations

(4.7) to (4.9), but all fail to recognise that it is possible to have minimum phase-shift

of 180◦/h for an even sub-harmonic. Instead their minimum phase-shift was limited

to 360◦/h for all sub-harmonics. This means that the number of possible phase-angle

combinations was limited to h2 for even sub-harmonics as opposed to (2h)2 possible

combinations presented here.
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[
φA,h, φB,h,m, φC,h,n

]

=

0,

mπ + 2π
3

h

 mod (2π) ,

nπ + 4π
3

h

 mod (2π)



=
[
0◦,
(
m · 180◦ + 120◦

h

)
mod (360◦) ,

(
n · 180◦ + 240◦

h

)
mod (360◦)

]
(4.7)

m =


0, 1, 2, 3..., 2h− 1, if h is even, h = {2k : k ∈ Z}

0, 2, 4..., 2h− 2, if h is odd, h = {2k + 1 : k ∈ Z}
(4.8)

n =


0, 1, 2, 3..., 2h− 1, if h is even, h = {2k : k ∈ Z}

0, 2, 4..., 2h− 2, if h is odd, h = {2k + 1 : k ∈ Z}
(4.9)

Where in Equations (4.7) to (4.9):

m = Number of half cycles of the supply phase B’s sub-harmonic phase-angle has shifted.

n = Number of half cycles of the supply phase C’s sub-harmonic phase-angle has shifted.

φA,h, φB,h,m, φC,h,n = Phase A, B, and Cs’ phase angles for a given harmonic h and

phase shift l, m and n.

All possible phase-angles are now known, from Equations (4.7), from these possibilities

the optimal set of phase-angles for each sub-harmonic must be determined. This is

achieved by using the method of symmetrical components [31]–[33]. This method converts

the three-phase system (uA,h, uB,h, uC,h) into three systems of balanced components,

positive, negative, and zero, as shown by Figure 4.4. By converting the three-phase

system into these components each set of phase-angles’ balanced in the positive direction

can be checked in order determine which set is the most positive and balanced.



4.2 Determining Optimal Phase-angles 59

120º

240º

VB+

VA+

VC+

(a) Positive sequence
components.

120º

240º

VA-

VB-

VC-

(b) Negative sequence
components.

VA0 VB0 VC0

(c) Zero sequence components.

Figure 4.4 Vector representation of positive, negative, and zero sequence components.

To convert the three-system (uA,h, uB,h, uC,h) into sequence components a transformation

matrix will be used, this is known as the Fortescue transformation matrix [33]. This

transformation is given by Equation (4.10), where phase-A’s positive, negative, and zero

sequence components are calculated. For simplicity these components have been made

equivalent to u0
h, u

+
h , u

−
h . Variable α from Equation (4.10) is defined by Equations (4.11)

to (4.13). This variable (α) is a phasor that represents an angular displacement of 120◦,

which allows for the transformation of two phases’ sequences to be referred/reflected

onto another phase, as is the case for phase-B and C in Equation (4.10) where these

phases are referred/reflected onto phase-A.


u0
A,h

u+
A,h

u−A,h

 =


u0
h

u+
h

u−h

 = 1
3


1 1 1

1 α2 α

1 α α2



uA,h

uB,h

uC,h

 (4.10)

α = 1∠120◦ = −1
2 + j

√
3

2 (4.11)

α2 = 1∠240◦ = −1
2 − j

√
3

2 (4.12)

α3 = 1∠360◦ = 1∠0◦ = 1 + j0 (4.13)

Solving Equation (4.10) yields Equations (4.14) to (4.16). From the now known positive
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and negative sequence components of phase-A (u+
h and u−h ) the positive and negative

sequence components for phase-B and C can be solved using Equations (4.17) to (4.20).

u0
h = 1

3(uA,h + uB,h + uC,h) (4.14)

u+
h = 1

3(uA,h + α · uB,h + (α2) · uC,h) (4.15)

u−h = 1
3(uA,h + (α2) · uB,h + α · uC,h) (4.16)

u+
B = α2u+

h (4.17)

u−B = αu−h (4.18)

u+
C = αu+

h (4.19)

u−C = α2u−h (4.20)

In order to solve Equation (4.10) and subsequently Equations (4.14) to (4.20) the

three-phase variables uA,h, uB,h, and uC,h need to be converted into complex polar form.

This is achieved through Equations (4.21) to (4.23), where the phase-angles in this case

are negative as the phase-angles rotate in the clockwise direction, as shown by Figure

4.4 .

uA,h = cos(0) + j sin(0) (4.21)

uB,h = cos(−φB,h,m) + j sin(−φB,h,m) (4.22)

uC,h = cos(−φC,h,n) + j sin(−φC,h,n) (4.23)

From Equations (4.17) to (4.20) it can be seen that u+
B and u+

C are dependant on

u+
h . This means that for a given sub-harmonic the optimal set of phase-angles will

yield the highest value in magnitude of u+
h ; therefore, by comparing the magnitude

of u+
h for a given set of phase-angles to all other combinations the optimal set can

be determined. This comparison is given by (4.24), where E(m,n),h is an evaluation

number for a given set of phase-angles defined by m and n at a given sub-harmonic

h. In order to determine the optimal phase-angles from this equation variables m and
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n are independently iterated over by their range which is defined by Equations (4.8)

and (4.9). Then the corresponding set of phase-angles are calculated through Equation

(4.7). From there, u+
h is calculated by applying Equation (4.15) and Equations (4.21)

to (4.22). Finally, using Equation (4.24) the evaluation number (E(m,n),h) is calculated,

where the set of phase-angles which yields the highest or closest evaluation number to

one are then considered the optimal set. This process of determining the optimal set of

phase-angles was carried out for sub-harmonics in the range of h = 1− 16. The results

of this can be seen in Table 4.1.

E(m,n),h = |u+
h | (4.24)

Table 4.1 Optimal phase-angles for the set of sub-harmonics dividers h = 1− 16

Sub-harmonic
divider (h) φA,h φB,h φC,h m n E(m,n),h

1 0◦ 120◦ 240◦ 0 0 1
2 0◦ 60◦ 210◦ 0 1 0.9107
3 0◦ 40◦ 200◦ 0 2 0.8440
4 0◦ 120◦ 240◦ 2 4 1
5 0◦ 96◦ 192◦ 2 4 0.9423
6 0◦ 110◦ 250◦ 3 7 0.9899
7 0◦ 120◦ 240◦ 4 8 1
8 0◦ 105◦ 232.5◦ 4 9 0.9943
9 0◦ 93.3◦ 226.7◦ 4 10 0.9820
10 0◦ 120◦ 240◦ 6 12 1
11 0◦ 109.1◦ 218.2◦ 6 12 0.9879
12 0◦ 115◦ 230◦ 7 14 0.9974
13 0◦ 120◦ 240◦ 8 16 1
14 0◦ 111.4◦ 235.7◦ 8 17 0.9981
15 0◦ 104◦ 232◦ 8 18 0.9935
16 0◦ 120◦ 240◦ 10 20 1
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4.3 Generating Firing Patterns

Each sub-harmonic produced through DFC has a unique order/sequence and number

of included and excluded half cycles of the supply voltage, as discussed in Section

2.5.1, this is referred to as a firing-pattern. To implement these firing-patterns in either

the Simulink simulation environment (from Chapter 3) or in an embedded system a

Look-Up Table (LUT) will be used. This LUT is a matrix that is comprised of rows

representing each sub-harmonic’s unique firing-pattern. Each row of this LUT has a

length of 2h, this means that each element of a given firing-pattern represents a half

cycle of the fundamental/supply voltage’s waveform. From this each element for a given

firing-pattern holds a value, either a one for an included half cycle of the fundamental

waveform or a zero for an excluded. An example of a firing-pattern for the sub-harmonic

of h = 4 is given in Figure 4.5, where this firing-pattern was generated from Equations

(4.25) to (4.27). The generation of firing-patterns is achieved through Equation (4.25)

by comparing the sign of the fundamental waveform at each of its maxima/crests and

minima/troughs to the sign of the sub-harmonic’s waveform. If both waveforms hold

the same sign then element of the LUT is one, otherwise it will be zero. It should be

noted that in Equations (4.25) to (4.27) the variable j indexes the columns of the LUT,

and where j has an initial index of one, not zero, as this is intended for used in the

Simulink Model from Chapter 3, where Matlab’s initial index is one, not zero [34].

In order to use the LUT each row is indexed according to the sub-harmonic that is being

generated. Then across each row each sub-harmonics’ unique firing-pattern is indexed

independently by each phase. Where each phase holds its own point of index within the

firing-pattern in order to generate the sub-harmonics at their respective phase-angles

(phase-angles from Table 4.1). The point at which a given phase will access an element

of the LUT is during their corresponding Voltage Zero-Crossing (VZC), where based on

the value obtained from the firing-pattern within the LUT the SCRs for a given phase

will either be triggered or not triggered. This results in the inclusion or exclusion of a

half cycle of the fundamental waveform, as can be seen in Figure 4.5 by the solid grey

and white half cycles of the fundamental waveform.
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An LUT generated for a range of sub-harmonic dividers of h = 1−10 with a phase-angle

of 0◦ can seen in Table 4.2. Additionally, a LUT for a range of h = 1− 16 is provided

in Table D.2.

1 1 1 10 0 0 0LUT(h=4, j)=

t

Figure 4.5 Example of how a LUT for a sub-harmonic divider of h = 4 is created from Equations
(4.25) to (4.27). Here the red arrows show the values of Tj from Equations (4.25) and (4.26). The
values of the LUT show that if both signs of the sub-harmonic and fundamental waveforms are the
same then LUTh, j = 1, indicating a SCR is to be triggered. In contrast if the sign of the sub-harmonic
and fundamental waveforms are not equal then LUTh, j = 0, and the SCR is, therefore, not triggered.

LUTh,j =


1, if sgn(sin(2πfhTj)) = sgn(sin(2πfsupTj))

0, if sgn(sin(2πfhTj)) 6= sgn(sin(2πfsupTj))
(4.25)

Where in Equation (4.25) Tj and j are defined by Equations (4.26)
and (4.27) respectively:

Tj = Tsup
2 (j − 1

2) (4.26)

j = 1, 2, ..., 2h (4.27)

And where in Equations (4.25) to (4.27):

h = The harmonic divider used as a row index for the LUT

j = column index for the LUT.

fh = Harmonic frequency [Hz].

fsup = Supply frequency [Hz].

Tsup = Supply period [s].

Tj = Time locations for comparing the sign of both the sub-harmonic and fundamentals’

waveforms [Sec]. An example of this is given in Figure 4.5.

LUTh,j = Matrix called a Look-Up Table (LUT), where each row is a sub-harmonic’s

firing-pattern.
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Table 4.2 LUT for a range of sub-harmonics from h = 1− 10, where the phase-angle is 0◦. Note that
the indexing of the columns here starts at one not zero. For a LUT of sub-harmonics from h = 1− 16
see Table D.2.

index → 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Sub-harmonic
divider (h) ↓

1 1 1
2 1 0 0 1
3 1 0 1 1 0 1
4 1 0 1 0 0 1 0 1
5 1 0 1 0 1 1 0 1 0 1
6 1 0 1 0 1 0 0 1 0 1 0 1
7 1 0 1 0 1 0 1 1 0 1 0 1 0 1
8 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1
9 1 0 1 0 1 0 1 0 1 1 0 1 0 1 0 1 0 1
10 1 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 0 1

The LUTs in Tables 4.2 and D.2 were generated from a phase-angle of 0◦. This means

that to generate the firing-patterns for phase-B and C’s optimal phase-angles from

Table 4.1 either individual firing-patterns have to be generated for each phase-angle at

each sub-harmonic or the firing-patterns in the LUTs from Tables 4.2 and D.2 can be

phase shifted by simply changing the initial point of index. Implementing the latter

of these two methods (changing the initial point of index), can be achieved by either

inspection, or by using Equations (4.28) and (4.29).

To do this through inspection, the three-phase waveforms at each sub-harmonic for

the optimal phase-angles from Table 4.1 must be generated. Then by comparing the

firing-pattern for a phase-angle of 0◦ to the other firing-patterns for other phase-angles

the initial point of index can be determined. An example of these waveforms for the

forth sub-harmonic and their respective firing-patterns can be seen in Figure 4.6. Note

that the firing-patterns for any given phase start after the first occurrence of their

respective VZC. This means that for phase-A with fundamental phase-angle of 0◦ the

firing-pattern begins at time equals zero, whereas phase-B’s first VZC occurs 120◦

of the fundamental behind phase-A and lastly, phase-C’s first VZC occurs 60◦ of the

fundamental behind phase-A. Through inspection of the firing-patterns in Figure 4.6
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it can be seen that phase-B’s initial index is the seventh element and phase-C’s is the

forth element of the firing-pattern given a phase-angle of 0◦ by phase-A.

The development of Equations (4.28) and (4.29) stems from the known points at which

each phase’s respective VZC first occurs and by using variables m and n from Table

4.1. Where variables m and n provide information regrading to how many half cycles of

the fundamental phase-B and C are phase shifted from 0◦. By using Equations (4.28)

and (4.29) the initial point of index for phase-B and C was calculated, for the range of

sub-harmonics h = 1− 10 this can be seen in Table 4.2. In addition for the range of

sub-harmonics h = 1− 16 this can be seen in Table D.1.

1 1000 1 10

1 1000 1 1 0

1 1000 1 10

Figure 4.6 Example of firing-patterns for phase A, B and C at a fourth sub-harmonic.

jBh =



1, if h = 1

(2h−m) + 1, if m is even

((2h−m) + 1) + h, if m is odd & ((2h−m) + 1) mod (2h) = 0

((2h−m) + 1) mod (2h), if m is odd & ((2h−m) + 1) mod (2h) 6= 0
(4.28)
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jCh =



1, if h = 1

(2h− n) + 2, if n is even

((2h− n) + 2) + h, if n is odd & ((2h− n) + 2) mod (2h) = 0

((2h− n) + 2) mod (2h), if n is odd & ((2h− n) + 2) mod (2h) 6= 0

(4.29)

Where in Equations (4.28) to (4.29):

jBh = Initial point of index for phase-B for a given sub-harmonic (h)

jCh = Initial point of index for phase-C for a given sub-harmonic (h)

m = Number half periods of the supply phase-B for a given-harmonic was phase shifted

in order to gain the optimal phase-angle. This can be seen in Table 4.1.

n = Same as the variable m, but instead for phase-C.

Table 4.3 Initial indices for phase-B and C used to phase shift the firing-patterns in the LUT Tables
4.2 and/or D.1. This table is for the sub-harmonics of h = 1 − 10 for a table of Initial indices for
sub-harmonics from h = 1− 16 see Table D.1.

Sub-harmonic
divider (h) jBh jCh

1 1 1
2 5 1
3 7 4
4 7 4
5 9 6
6 4 11
7 11 6
8 13 15
9 15 8
10 15 8
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4.4 Harmonic Analysis

The quality of sub-harmonics produced according to the optimal phase-angles from Table

4.1 and their subsequent firing-patterns from Tables 4.2 and 4.3 need to be analysed in

order to confirm that the desired sub-harmonics are in fact being produced through

the yet to be tested operating principles of DFC (from Section 2.5.1). Additionally,

this analysis will be used to confirm that the method for determining the optimal

phase-angles from Section 4.2 does in fact produce the most positive and symmetrical

three-phase system at the desired sub-harmonic when compared to other cases. The

analysis that is conducted here is of the frequency spectrum produced by stator/supply

currents. This will be carried out using a Fast Fourier Transform (FFT) [35].

To carry out this analysis the load from Simulink model from Chapter 3 Figure 3.1

has been modified from an induction motor to a purely resistive load with a floating

reference, this can be seen in Figure 4.7. By introducing a purely resistive load the

currents’ phase lag caused by the inductive load is removed, this removes any variations

in the produced harmonics that may occur as a result of such lag. In addition this load

has a floating reference in order to mimic the floating point reference on the stator side

of an induction motor. The importance of this is that with a floating reference the return

path for one phase is shared across the other two phases, where these return paths are

likely to be affected by the exclusion of half cycles of the supply. As a result a float

reference is used so these effects can be analysed. It should be noted that the load can

be in either wye or delta configuration as this will not affect the analysis of the current

waveforms because the load has a floating reference. To generate the supply/stator

current data within the Simulink simulation environment for a fixed sub-harmonic (h)

the control logic provided by Figure 4.8 is used. From there an FFT is preformed on

the raw current data by use of Matlab’s fft function [36].
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Figure 4.7 Simulink soft-start model of hardware under a purely resistive load with flowing reference.

Start

Fire/turn on
SCR

Check
for

VZCs

No

Check
LUT(h,j)

value

LUT(h,j) = 0

LUT(h,j) = 1

If j = 2h
j = 1

else
j = j + 1

end

Figure 4.8 Control flow diagram for a single phase for the purpose testing the quality of generating
sub-harmonics by the firing SCRs in accordance to a firing pattern provide by a LUT.

An example of a simulated supply/stator current waveform for a sub-harmonic of

fh=3 = 16.67 [Hz] can be seen in Figure 4.11. In addition, Figure 4.10 shows phase-A’s

ideal firing-pattern for that same frequency. When comparing the current waveforms

in these figures it is clear that the sequence of included and excluded half cycles of

the fundamental are as expected and that the current waveforms in Figure 4.9 are
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not uniform in shape. This lack of uniformity results from the varying access phase-A

(in this case) had to a return path in either of the other two phases. This limited

access to return path for a given phase is a consequence of either of other two phases

performing an exclusion ( of a half cycle of the supply ) in accordance to their respective

firing-patterns. This unfortunately is an unavoidable ramification of the operating

principles of DFC.

Figure 4.9 Current waveform of phase-A compared to the ideal waveform of the sub-harmonic
frequency of fh = 3 = 16.67 [Hz].

Figure 4.10 Ideal firing-pattern and waveforms for a sub-harmonic frequency of fh = 3 = 16.67 [Hz].

The first set of analysis that was carried out was to confirm that the method used in

Section 4.2 for determining the optimal set of phase-angles does in fact produce the

most positive and symmetrical three-phase system at the desired sub-harmonic when

compared to other cases. This analysis was conducted on the third sub-harmonic at a

frequency of fh = 3 = 16.67 [Hz]. This sub-harmonic was chosen as it holds the least

amount of possible phase-angle combinations, h2 = 33 possibilities. The analysis here

required an FFT to be performed on all three-phases’ supply/stator current waveforms

in order to show the magnitude of the current produced at the sub-harmonic frequency

(fh = 3 = 16.67 [Hz]). Figure 4.11 shows the resulting FFTs for the optimal phase-angles
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[φA,h=3, φB,h=3, φC,h=3] = [0◦, 40◦, 200◦], where the frequency range presented is from

0− 100 [Hz], also the magnitude of the current has been normalised in the range of 0− 1

[A], it should be noted that this normalisation was done on all FFTs that were performed.

Figure 4.11 also shows that the magnitude of current is largest at the fundamental

frequency fsup = 50 [A], which is to be expected, also the magnitude of current at

the sub-harmonic frequency fh=3 = 16.67 [Hz] is uneven across all three-phases. This

imbalance is to be expected at this frequency as the optimal set of phase-angles here

are poorly balanced, in fact this sub-harmonic has the least balanced set of optimal

phase-angles when comparing its evaluation number (E(m,n),h) to the others presented

in Table 4.1.

Figure 4.11 FFT for a sub-harmonic frequency of fh=3 = 16.67 [Hz]. Here the magnitude of the
current has been normalised in the range of 0− 1.

The results from the FFT analysis of all phase-angle combinations for the third sub-

harmonic can be seen in Table 4.11. Here the phase-angle combinations are presented

in descending order according the evaluation number (E(m,n),h=3). These results show

the maximum magnitude in current at fh=3 = 16.67 [Hz], along with the average and

standard deviation (σh=3) of the currents’ magnitude. By comparing the average and

standard deviations’ in the magnitude of current the relative balance of the three-phase

system being produced at the desired sub-harmonic (fh=3 = 16.67 [Hz] in this case) can

be accessed. Here the system can be considered balanced if the standard deviation is

zero and its average is greater than zero. This means that the set of phase-angles that

produces the most balanced three-phase system, at the given sub-harmonic, yields the

lowest standard deviation and highest average magnitude in current. Additionally, for

the system to also be positive the phase-angles must hold a large evaluation number
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(E(m,n),h) as the magnitude in current that is produced through an FFT does not hold

this information.

From Table 4.11 it can be seen that the optimal set of phase-angles [φA,h=3, φB,h=3, φC,h=3]

= [0◦, 40◦, 200◦] produces the highest evaluation number along with a relatively low

standard deviations and a high average magnitude in current. As the evaluation number

in Table 4.11 decreases the standard deviations increases, which means the system

produced by those corresponding phase-angles is becoming more imbalanced. Then once

the evaluation number is less than 0.3 the standard deviations begins to decrease again,

this results from the corresponding phase-angles producing a negative and increasingly

balanced three-phase system. The analysis undertaken for the third sub-harmonic was

also carried out on the second sub-harmonic, this analysis produced the same pattern

of results which can be seen in Table D.3. Based off the results presented in Tables 4.11

and D.3 it can be confirmed that the method presented in Section 4.2 for determining

the optimal set of phase-angle does in fact result in the most positive and balanced

three-phase system being produced at the corresponding sub-harmonic when compared

to the other possible combinations.

Table 4.4 Analysis of all phase-angles combinations for the third sub-harmonic (h = 3), where
E(m,n),h is the evaluation number from Equation (4.24) and where Mag means magnitude.

E(m,n),h=3 φA,h=3 φB,h=3 φC,h=3

Max Mag in
current [A]

(at f = 16.67
[Hz])

Average Mag
in current [A]
(at f = 16.67

[Hz])

Standard
deviation (σh=3)
of Mag in current
[A] (at f = 16.67

[Hz])

0.8440 0 40 200 0.6152 0.5305 0.0735
0.8440 0 160 200 0.6146 0.5299 0.0735
0.8440 0 160 320 0.6129 0.5291 0.0728
0.4491 0 40 80 1.0000 0.7995 0.3473
0.4491 0 40 320 1.0000 0.7986 0.3487
0.4491 0 280 320 1.0000 0.7990 0.3481
0.2931 0 160 80 0.6787 0.6492 0.0500
0.2931 0 280 80 0.6797 0.6496 0.0480
0.2931 0 280 200 0.6810 0.6509 0.0500
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The FFT analysis that was performed on all phase-angle combinations for the third

sub-harmonic was also conducted on the sub-harmonics from h = 1 − 16, where the

optimal phase-angles from Table 4.1 were used. The results of which can be seen

in Table 4.5 and in Figures D.1 to D.15. This analysis was carried out in order to

determine which sub-harmonics produce the most balanced three-phase system with

the highest magnitude in current at their respective frequencies. The importance of

doing this is that during the transiting of frequency through a DFC start-up there

will likely be a large amount of undesirable harmonics being produced as a result of

a sudden change in the firing-patterns (and possibly the phase-angles depending on

the sequence of frequencies used). The problem with these sudden changes is that

they will affect the availability of return path for a given phase in either of other two

phases, and as seen in Figure 4.9 if a return path is not available when required the

resulting current waveform will become distorted. This distortion is likely not uniform

across all three-phases; resulting in an unbalanced system being produced, which leads

to the increased presence of undesirable harmonics. In turn this will cause a sudden

reduction in torque, which may led to the motor stalling. Therefore, it may be best to

skip some sub-harmonic frequencies during start-up in order to reduce the number of

frequency transition that occur. Selecting sub-harmonics that have the highest average

magnitude in current and lowest standard deviation may lead to the best performance

by a DFC start. A possible sequence of sub-harmonics that may yield good results from

Table 4.5 are h = 13, 10, 7, 4, 2, 1, this selection of harmonics is based on their lowest

standard deviation and a relatively high average magnitude in current compared to

sub-harmonics that produce a relatively similar frequency.
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Table 4.5 Analysis of sub-harmonics in the range of h = 1 − 16, where E(m,n),h is the evaluation
number from Equation (4.24) and where Mag means magnitude.

Sub-
harmonic
divider (h)

E(m,n),h
Average Mag in current

[A] (at fh [Hz])

Standard deviation (σh)
of Mag in current [A]

(at fh [Hz])

1 1 1 0
2 0.9107 0.8520 0.122066
3 0.8440 0.5305 0.073485
4 1.0000 0.5939 0.000538
5 0.9423 0.7686 0.055678
6 0.9899 0.7706 0.027737
7 1.0000 0.7444 0.003033
8 0.9943 0.8457 0.025073
9 0.9820 0.7933 0.038730
10 1.0000 0.9495 0.002566
11 0.9879 0.7778 0.028451
12 0.9974 0.9079 0.018989
13 1.0000 0.8253 0.001741
14 0.9981 0.9220 0.012962
15 0.9935 0.7488 0.017940
16 1.0000 0.7520 0.004567

4.5 Conclusions

This chapter presented methods for generating sub-harmonics that produce the most

positive and symmetrical three-phase sequence from all possible combinations of phase-

angles.

First, in Section 4.2 a method for calculating the optimal combination of phase-angles

was presented, the results of which can be seen Figure 4.1. Next in Section 4.3 a LUT

of firing-patterns was generated (LUT presented in Tables 4.2 and D.2), where the

firing-patterns in this LUT were generated with reference to a phase-angle of 0◦. From

there the initial indexing of those firing-patterns for phase-B and C was determined,

where this indexing phase shifted the firing-patterns from a phase-angle of 0◦ to phase-B

and Cs’ corresponding optimal phase-angles from Table 4.1. A harmonic analysis was

then carried out in Section 4.4. Where this analysis was undertaken by using a Simulink
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model of a soft-starter under a purely resistive load, and where an FFT was performed on

the stator/supply current signal in order to analysis the magnitude in the supply/stator

current being produced across all three-phases. The first set of analysis conducted in

Section 4.4 confirmed the method for determining the optimal set of phase-angles from

Section 4.2 did in fact result in the most positive and balance three-phase system being

produce when compared to other possible phase-angle combinations. Results from this

analysis are provided in Tables 4.4 and D.3. The second set of analysis carried out in

Section 4.4 was done to determine which sub-harmonics (in the range of h = 2− 16)

produce the most balanced three-phase system with the highest magnitude in current

at their respective frequencies. The results of which can be seen in Table 4.5, which led

to a proposed sequence of sub-harmonics of ( h = 13, 10, 7, 4, 2, 1,) which may yield the

best performance during a DFC start.





Chapter 5

DFC METHODS

5.1 Overview

This chapter presents three DFC methods. The first, presented in Section 5.2 is a Direct

On-Line DFC (DOL-DFC) based method that is also presented in [20] [24] [25] [29].

The second is a variable voltage variable frequency or V/f based method, which is also

presented by [17] [21] [22] [23]. Lastly, in Section 5.4 a newly proposed Current Control

DFC based method (CC-DFC) is presented.

5.2 DOL-DFC Method

As discussed in Section 2.5.2 DFC was first proposed by Ginart, Esteller, Maduro, et

al. [19], where no control method for setting the firing-angles was present. Instead the

firing-angles presented in [19] were simply set to 0◦ and fired with respect to the Voltage

Zero-Crossings (VZCs) (note that the firing-angle with reference to the VZC is known

in this study as the α firing-angle, further detail on this can be found in Section 2.4

and in Figure 2.12). By setting the firing-angle to 0◦ this method is essentially a Direct

On line (DOL) version of DFC (DOL-DFC). In addition to not presenting a firing-angle

control method Ginart, Esteller, Maduro, et al. [19] did not present a control method

for determining when to switch frequencies. If this switch is not timed correctly there

will be an increase in the undesirable harmonics that form and therefore, a decrease in

the torque produced may occur during the transitioning of frequencies. Following the
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research presented in [19] there have been a number of subsequent papers that have all

demonstrated the same DOL-DFC method, as presented in [20] [24] [25] [29]. Given

the interest in this DOL-DFC method, the same will be implemented here in order to

provide a direct comparison of its performance to the other DFC methods presented in

this chapter.

The control flow digram for this method can be seen in Figure 5.1, where this represents

the control flow for a signal phase as each phase works independently under these same

conditions. As seen in Figure 5.1 once a VZC is detected the Look-Up Table (LUTh,j)

is checked (see Table D.2 for the LUT). If the LUT value is equal to one the SCR

is immediately fired/triggered as the firing-angle is 0◦. Running concurrently to this

process is a count-down timer which is used to trigger the switching of frequencies

by updating/changing the sub-harmonic divider variable h. Here the sub-harmonic

variable h changes to a lower order if, and only if, the count-down timer has expired

and phase-A’s supply voltage (VA,sup) is positive. By checking that phase-A’s supply

voltage is positive, the initial indexing of the LUT firing-patterns is synchronised in

accordance to the initial indexing values provide by Table 4.3. These initial indexing

values were calculated based off phase-A’s phase-angle being set to 0◦. Note that the

index variables in LUTh,j are given by h which is current sub-harmonic divider and j

which is either phase-A, B or C’s index to the firing-pattern of a given sub-harmonic

(h).
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Figure 5.1 DFC-DOL control flow diagram for a single phase.

5.2.1 DOL-DFC Method Results

The DOL-DFC method was simulated in the Simulink environment which was presented

in Chapter 3. A constant load of 50% of the rated ( Tload = 13.4 [N.m]) was applied to

the induction motor. The sub-harmonics tested were all the sub-harmonics in the range

of h = 16− 1, the count-down timer, from Figure 5.1, was set to one second and again

the firing-angle was set 0◦. The results of this simulation can be seen in Figures 5.2

and 5.3.
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Phase A, B and C’s RMS supply/stator currents from Figure 5.2 were calculated using

Equations (3.1) and (3.2) and the same sample rate and number of samples used for

the conventional soft-start method from Section 3.5 were also used. As DFC outputs a

discontinuous stator voltage and current a large amount of noise associated with the

resulting RMS signals occurred in this case. To account for this without over filtering

the RMS signals in real-time the resulting noisy RMS data underwent post-processing,

where a low-pass filter with a cut off frequency of 10 [Hz] was applied, and where the

inherent delay introduced by the low-pass filter was offset. The results of this are shown

in Figure 5.2, where the degree of separation between the three-phase filtered RMS

currents clearly highlights the balance or imbalance of the three-phase system associated

at each sub-harmonic tested (from h = 16 to h = 1).

From the results shown in Figure 5.2 it can be seen that the RMS currents are consistently

300% to 600% of the rated and that the more balanced three-phase sub-harmonics from

Table 4.5 produce a set of three-phase RMS currents that all hold similar values, these

particular sub-harmonics are h = 13, 10, 7, and 4. In addition those sub-harmonics

produce a relatively low amount of speed ripple when compared to adjacent sub-

harmonics, this can be seen in Figure 5.3a. The start torque characteristics are shown

in Figure 5.3b, where a large amount of torque ripple is produced and is shown to

reduce as the harmonic order decreases. Additionally, spikes in the torque also occur

during the transitioning between frequencies, during which point a significant dip in

rotor speed can also be seen in Figure 5.3a.

16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 = h

Figure 5.2 Three-phase supply/stator RMS current for sub-harmonics of h = 1−16 for DFC operating
under DOL (e.i. firing-angle is 0◦).
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16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure 5.3 Simulation results of induction motor starting characteristics for DFC operating under
DOL (e.i. firing-angle is 0◦) with the sub-harmonics ranging from h = 1− 16. Under a constant load of
50% of the rated Tload = 13.4[N.m].
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5.2.2 DOL-DFC Method Discussion

The sub-harmonics h = 13, 10, 7, and 4 were highlighted as being the most symmetrically

positive when comparing them to the other sub-harmonics analysed in Section 4.4 (results

of which can be seen in Table 4.5). The superior balance of these sub-harmonics was

again confirmed by their relatively low differences between their respective three-phase

RMS current values as shown in Figure 5.2. Although these results are reassuring, there

are three main problems associated with the DOL-DFC results from Section 5.2.1. The

first problem is the large RMS currents shown in Figure 5.2, where the RMS currents

consistently sit between 300% to 600% of the motors rated current. The second is

the large dip in speed and the large spike/dip in torque during the transitioning of

frequencies, as shown in Figures 5.3a and 5.3b. The third and final is the large amount

of torque ripple shown in Figure 5.3b.

The problems associated with a high inrush current were discussed in Section 2.3. In

short, a high inrush current can cause undesirable voltage dips in the power supply and

increase the thermal stress within the motor, causing an increase in wear. Additionally,

a high inrush current increases the amplitude of the torque’s ripple, as the high inrush

current increases the presence of harmonic noise. The problem with the high inrush

current from the DOL-DFC method, as present here in Figure 5.2, is that the lack of

any firing-angle control means that this method is unable to prevent such high currents

from occurring; therefore, this method is clearly unsuitable for use in start-up situations

where a current limit is required.

The main problem with the large drop in speed and spike/drop in torque during the

switching of frequencies is that the motor may stall when under a heavy loads and/or

when under a controlled reduced starting current. A possible reason for the drop in

speed and spike/drop in torque during these points of start-up is that the three-phase

system becomes significantly imbalanced due to the sudden change in the firing-pattern.

To reduce these effects the following condition: phase-A’s supply voltage (VA,sup) must

be positive in order to change frequencies, is changed to the condition: phase-A’s

sub-harmonic period must be completed instead. This would make phase-A’s ideal

sub-harmonic waveform more sinusoidal during these points of transition, additionally,
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this would make phase-B and Cs’ ideal sub-harmonic waveform more sinusoidal if their

respective phase-angles do not change between frequencies. This would be the case

for the sub-harmonic sequence of h = 13, 10, 7, 4 as those all hold a balanced set of

phase-angles ( [φA,h, φB,h, φC,h] = [0◦, 120◦, 240◦] ). This change was implemented and

simulated under the same conditions as those from Section 5.2.1, the results of which

can be seen in Figure 5.4. By comparing these results to the results shown in Figure

5.3 it is clear that the changes made here to the conditions required for a switch in

frequencies has led to a significant improvement in reducing the the drop in speed and

the amplitude that the torque spikes during these points of start-up.

The third problem associated with this DOL-DFC method is the large of amount of

torque ripple, which can be seen in Figure 5.3b. To identify the cause of this a simulation

of second sub-harmonic was carried out under the same conditions as those from Section

5.2.1, the results of which can be seen in Figures 5.5 and 5.6. From Figure 5.5 it can be

seen that when the rotor speed reaches its peak the average torque drops and the actual

torque begins to ripple/oscillate in negative direction. This reduction in torque as the

rotor speed approaches its relative limit is to be expected, this was discussed in Section

2.2.5 for a DOL start. The difference between a DOL and a DOL-DFC start is that for

the DOL-DFC start the torque ripple increases at higher speeds. The cause of this is

due to the inductance decreasing as the rotor’s speed increases, as a result, reducing

the phase lag of the current (note that the decreasing inductance as the motor’s speed

increases was discussed in Section 2.2.5). The problem with this reduction in phase lag

is that it disrupts the firing-pattern as it effects the availability of return-paths across

all three phases, this can be seen in Figure 5.6. As seen in Figure 5.6 the firing-pattern

for the second sub-harmonic starts off as expected, but becomes distorted at about

0.45 [Sec]. When comparing this to Figure 5.5a this is the same point at which the

rotor’s speed is near its limit. After 0.5 [Sec] the firing-pattern in Figure 5.6 is nearly

completely lost. Causing the three-phase system to become increasingly unbalanced,

which in turn leads to the torque rippling/oscillating in positive and negative directions.

In order to prevent this problem from occurring the transitioning of frequencies should

occur prior to a given sub-harmonics rotor speed limit being reached. This could be

achieved by either tracking the rotor’s speed or the torque. This will not only reduce
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the torque ripple, but will also increase the amount of average torque produced. It

should be noted that the torque ripple produced by any DFC method in the positive

direction is unavoidable as DFC outputs a discontinuous stator voltage and current.

16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

Figure 5.4 DOL-DFC induction motor starting characteristics with the following revised condition
for switching frequencies: phase-A’s sub-harmonic period must be complete in order to switch. The
sub-harmonics here are ranging from h = 1− 16. The induction motor is under a constant load of 50%
of the rated Tload = 13.4[N.m]

(a) Starting speed curve.
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(b) Starting torque curve.

Figure 5.5 Simulation results of induction motor starting characteristics for DFC operating under
DOL for the sub-harmonic h = 2. The induction motor is under a constant load of 50% of the rated
Tload = 13.4[N.m]

Figure 5.6 DOL-DFC three-phase supply/stator RMS current for the sub-harmonic of h = 2. Under
a constant load of 50% of the rated Tload = 13.4[N.m].
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5.2.3 DOL-DFC Method Conclusions

The DOL-DFC method resulted in the following: inrush currents that were consistently

between 300% to 600% of the rated; a large dip in speed and large spike/dip in torque

during the transitioning of frequencies; and finally, a large amount of torque ripple being

produced, these results can be seen in Figures 5.2 and 5.3. The high inrush currents

caused by the DOL-DFC method are unavoidable as this method lacks firing-angle

control, making this method unsuitable for start-up situations where a current limit is

required. The large dip in speed and large spike/dip in torque during the switching of

frequencies was reduced by changing one of the conditions for frequencies switching:

phase-A’s supply voltage (VA,sup) must be positive, to the condition: phase-A’s sub-

harmonic period must be complete. This simple change significantly reduced the amount

that the rotor’s speed dropped and the magnitude in which the torque spiked during

the transitioning of frequencies, this can be seen in Figure 5.4. The negative torque

ripple is linked to the decrease in inductance as the rotor nears each of the frequencies

corresponding speed limit, which results in the distortion of the firing-patterns. This

leads to an increase in the imbalance of the three-phase system, which finally results

in the torque rippling/oscillating in positive and negative directions, this occurrence

can be can be seen in Figures 5.5 and 5.6. To avoid this, the frequency should change

prior to the rotor’s speed reaching the peak or when maximum torque is produced for

whatever sub-harmonic is in operation.

5.3 V/f - DFC Method

As discussed in Section 2.5.2 a number of studies have implemented a Voltage/frequency

(V/f) based DFC method, these are presented in [17] [21] [22] [23]. V/f control is

widely used in Variable Speed Drives (VSD) due to its simplicity, the aim of this control

method is to maintain a constant air-gap flux in order to produce a constant maximum

torque across a wide range of frequencies [37].

Theoretically then a V/f -DFC based method eliminates the need to track the rotor’s

speed or the electromagnetic torque for the purpose of determining the optimal time to
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transition frequencies, as a constant maximum torque should be maintained. In practice

though, a constant maximum torque will not be maintained, instead the torque will

drop after a frequency change occurs as a result of the relatively large step between the

sub-harmonic frequencies that are available through DFC. An example of this change

in torque can be seen in Figure 2.16, Section 2.5.2. In contrast VSDs practically have

a continuous range of frequencies available; therefore, producing a constant torque is

much easier. As a V/f -DFC based method can not maintain a constant maximum

torque the ideal scenario will see the torque drop once a frequency change occurs, then

rise again to the maximum, where it should be maintained until the next frequency

change. As maximum torque should be maintained once it has been reached, a change

in frequencies can occur at any time after such torque is met. This gives rise to a simple

control strategy for determining when to switch frequencies, which is simply to hold

each frequency for an extended amount of time before switching to ensure maximum

torque is first reached. This unknown amount of time a frequency must be held for does

not need to be accurately determined as long as that time does not expire prior to the

maximum torque be produced.

As discussed in Section 2.5.2, in order to maintain a constant torque through V/f

control the stator voltage is varied according to the frequency that is applied to the

stator. This varying of the stator voltage is determined by a ratio that is defined by

Kv = V(s,h=1)/fh=1. In practice this ratio only holds true above some cut-off frequency

fc, below this frequency a compensation voltage must be applied [38]. Unfortunately

determining the compensation voltage is difficult as it is dependant upon the impedance

of the induction motor which may vary during start-up [37]. To simplify this control

method the motor may run at frequencies greater that the cut-off, the V/f control

profile/relationship can be seen in Figure 5.7.



86 Chapter 5 DFC Methods

Vrated

frated

Vs [v]

f [Hz]

Linear Region

Non-Linear Region 
voltage compenstation 

required

fc

Figure 5.7 V/f control Vs verses fs control profile

5.3.1 Fixed Firing-Angle V/f DFC method

The V/f -DFC methods that were implemented in [17] [21] [22] [23] were completely

open-loop (a control system with no feedback parameters). Where the firing-angles were

pre-determined based on the V/f ratio. This was achieved through a technique known

as Equivalent Sinusoidal Modulation (ESM) in [23]. To calculate the firing-angles based

on ESM the integral of a half period of the fundamentals ideal waveform is taken from

an unknown initial time that will be called the firing-time (tf ) until the end of the

fundamental’s half period. This integral is then made equal to the integral of a portion

of the sub-harmonics’s ideal waveform. An example of how the fifth sub-harmonic’s ideal

waveform is portioned is shown in Figure 5.8. Here the red vertical lines portion the

sub-harmonic waveform and the grey areas under the fundamental show the resulting

firing-angle from the ESM technique.

To calculate the firing-angles across an entire sub-harmonic’s period and to generate a

LUT of firing-patterns the firing-time (tf ) is solved for in Equation (5.1). Then using

Equation (5.4) the firing-time is then converted into a firing-angle. Note that from

Equation (5.1) the fundamental’s voltage amplitude (Vs,h=1) is the phase to neutral or

line to neutral rated voltage of the induction motor (see Table 3.1 for the induction
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motor’s parameters used in this study). It should also be noted that these calculations

do not take into consideration any voltage compensation that may be required as this

is motor dependant [37]. From Equations (5.1) to (5.4) a LUT of firing-angles was

generated, this can be seen in Table 5.1. Where the −1 elements identify a excluded

half cycle of the fundamental.

t

Vsup
h=5

Vsup

Figure 5.8 Fix V/f control example of how the fundamental waveforms’ firing-angle proportioned
according to the waveform of the fifth sub-harmonic

∫ Tsup/2

tf

| Vs,h=1 sin(2πfsupt) |dt =



∫ (k+2)(Th/H)

k(Th/H)
| Vs,h sin(2πfht) |dt, if k < h and k is even

∫ (k+3)(Th/H)

(k+1)(Th/H)
| Vs,h sin(2πfht) |dt, if k ≥ h and k is odd

−1, if k < h and k is odd

−1, if k ≥ h and k is even

(5.1)

Where in Equation (5.1) H and k are defined by Equations (5.2)
and (5.3) respectively:

H =

2h, if h is even

2(h+ 1), if h is odd
(5.2)

k = 0, 1, 2, ..., 2h− 1 (5.3)

αf = ( tf
Tsup

) · 360◦ or αf = ( tf
Tsup

) · 2π (5.4)
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And where in Equations (5.1) to (5.4):

h = The harmonic divider, where h > 0 and h ∈ Z+.

tf = Firing-angle in units of time [s].

αf = Firing-angle in units of degrees of radians [deg] or [rad].

fsup = Supply frequency [Hz].

fh = Sub-harmonic frequency [Hz].

Tsup = Supply period [s].

Th = Sub-harmonic (h) period [s].

Vs,h=1 = Induction motor’s Rated voltage [V].

Vs,h = Stator voltage limit Vs,h=1/h [V].

Vs = Actual/measured stator voltage [V].

Vs,α, Vs,β = Stator voltage in α, β reference frame[V].

Vs,h = Sub-harmonic voltage amplitude Vs,h=1/h [V].

Table 5.1 LUT of firing-angles for V/f -DFC. Note the −1 enters indicate that a half cycle of the
fundamental must be excluded.

index → 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Sub-harmonic
divider (h) ↓

1 0◦ 0◦
2 0◦ -1 -1 0◦
3 90◦ -1 90◦ 90◦ -1 90◦
4 90◦ -1 90◦ -1 -1 90◦ -1 90◦
5 120◦ -1 90◦ -1 120◦ 120◦ -1 90◦ -1 120◦
6 120◦ -1 90◦ -1 120◦ -1 -1 90◦ -1 120◦ -1 120◦
7 135◦ -1 107◦ -1 107◦ -1 135◦ 135◦ -1 107◦ -1 107◦ -1 135◦

The control flow digram for this method can be seen in Figure 5.9, again similar to the

control flow digram for the DOL-DFC method, shown in Figure 5.1, this represents

the control flow for a signal phase as each phase operates independently under these

same conditions. The differences here from the DOL-DFC control flow are: each phases’

firing-angle is updated based on the V/f -DFC LUT (Table 5.1); an excluded half cycle

of the fundamental is indicated by a −1 in the LUT not a zero; and the condition that

phase-A’s supply voltage (VA,sup) must be positive in order for the frequency to switch
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has been changed to phase-A’s sub-harmonic period must be completed. The reasoning

for this updated condition for switching frequencies was discussed in Section 5.2.2.
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Figure 5.9 V/f -DFC control flow diagram for a single phase.

5.3.2 Fixed Firing-Angle V/f DFC method Results

The fixed firing-angle V/f -DFC method was again simulated in the Simulation en-

vironment as presented in Chapter 3, where a constant load of 50% of the rated

(Tload = 13.4 [N.m]) was again applied to the induction motor and the the count-down

timer, from Figure 5.9, was set to one second. As the V/f control cut-off frequency
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from Figure 5.7 is unknown and no voltage compensation is accounted for from the

V/f -DFC LUT (Table 5.1) the highest ordered sub-harmonic that would be tested

here is the seventh. In order to reduce the number of frequency changes not all of

the sub-harmonics in the range of h = 7 to 1 will be used, the reasoning for this is

because each frequency change causes a sudden drop in speed and torque, as discussed in

Section 5.2.2. Instead the sequence of h = 7, 4, 2, 1 will be tested as these sub-harmonics

produce a more balanced three-phase system compared to their respective adjacent

sub-harmonics (this was discussed in Section 4.4). The results of this simulation can be

seen in Figures 5.10 to 5.12. Figure 5.11 shows the actual stator voltage in comparison

to the limits set by the V/f ratio ( Kv = V(s,h=1)/fh=1). Here the stator voltage is

given as a percentage of the rated. Where the actual stator voltage is calculated by

Equation (5.5) and then averaged. Variables Vs,α and Vs,β from Equation (5.5) are the

stator voltages in the stationary α, β reference frame. Note that the transformation of

three-phase, three component stator voltages Vs,A, Vs,B, Vs,C to the two component α, β

stator voltages were calculated from Equations (B.1) to (B.3).

Vs =
√
V 2
s,α + V 2

s,β (5.5)

The results here show that the sub-harmonics h = 7 and 4 actual stator voltages hold at

their respective V/f ratio limits (see Figure 5.11), their RMS currents are relatively low

(see Figure 5.12) and they both fail to produce a meaningful amount of torque as there

is rotor speed being produced, as seen in Figures 5.10a and 5.10b. In contrast the second

sub-harmonic failed to maintain the stator voltage at its corresponding V/f limit and

the RMS current that is produced by this sub-harmonic is large, at about 470% of the

motor’s rated, these results can be seen in Figure 5.11 and 5.12 respectively. Maximum

speed for the second sub-harmonic is reached and the produced torque increases to a

maximum and then fails below that, this can be seen by the average torque given in

Figure 5.10b.



5.3 V/f - DFC Method 91

7 4 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure 5.10 Simulation results of induction motor starting characteristics for the VF-DFC method
with the sub-harmonics sequence of h = 7, 4, 2, 1. Under a constant load of 50% of the rated Tload =
13.4[N.m].
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7 4 2 1 = h

Figure 5.11 Three-phase supply/stator RMS current for sub-harmonics of h = 1 − 16 for DFC
operating under DOL (e.i. firing-angle is 0◦).

7 4 2 1 = h

Figure 5.12 Three-phase supply/stator RMS current for sub-harmonics of h = 1 − 16 for DFC
operating under DOL (e.i. firing-angle is 0◦).

5.3.3 Fixed Firing-Angle V/f DFC method Discussion

The seventh and fourth sub-harmonics were able to maintain the stator voltage at their

respective V/f ratio limits. Unfortunately these sub-harmonics failed to produce a

meaningful amount of torque, resulting in no rotor speed being produced. These results

indicate that a voltage compensation is required for these frequencies. The problem

with this requirement is that voltage compensations are difficult to calculate, as the

impedance of the motor needs to be accurately known [37]. The difficulty of determining

this impedance is not so much dependant on the stator and rotors’ resistance, but more
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their inductance which changes by a relatively large amount with respect to the rotor’s

speed (this inductance and rotor speed relationship was discussed in Section 2.2.5).

In contrast to seventh and fourth sub-harmonics the second sub-harmonic failed to

maintain the stator voltage at its respective limit and produced a starting RMS current

that exceeded the motor’s rated by approximately 470%. Maintaining the stator

voltage at its limit could be achieved by implementing a closed-loop system, where

the actual stator voltage is fed-back and used as a control parameter for setting the

firing-angles in real-time. This would also reduce the RMS current as the voltage is

lowered. Also in contrast to seventh and fourth sub-harmonics the second sub-harmonic

produced a meaningful amount of torque resulting in the rotor’s speed reaching its

peak. Unfortunately maximum torque was not maintained, this can be seen by the

average torque in Figure 5.10b. Where the torque drops dramatically after 2.5 seconds

at which time the rotor’s speed nears its limit, the stator voltage increases well beyond

its limit and the firing-pattern shown by the current becomes increasingly distorted,

this can be seen in Figures 5.11 and 5.10. Note that the distortion in firing-pattern

results from the currents’ phase lag reducing, which was discussed in Section 5.2.2. A

potential solution to this problem is to add an additional condition for determining

when to switch frequencies. This condition being: if the stator voltage increases beyond

its limit and passes an identified threshold then a frequency switch should occur.

The underlining problem with a V/f -DFC based method is that the V/f relationship

was formed under the assumption that only a single continuous frequency is applied

to the stator. VSDs meet this criteria, as they essentially output a single continuous

frequency, with a relatively low amount of harmonic noise compared to what is produced

by the DFC method. In contrast the DFC method outputs a sub-harmonic (h) frequency

that is coupled with a non-continuous fundamental, where the fundamental is of a

higher magnitude than the sub-harmonic. Note that in this case the other underlining

harmonics and sub-harmonics generated through the DFC method are being ignored.

This coupling of the sub-harmonic and the fundamental means that the V/f ratio

no-longer holds true even within linear region of the V/f profile (see Figure 5.7). An

additional problem with these coupled frequencies is that their relative difference in
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magnitudes is not the same across all sub-harmonics h. This can be seen in Section

4.4, Table 4.5 where an FFT was performed in order to pull-out the magnitudes of the

underlining sub-harmonics. To form a new non-linear V/f ratio across all frequencies a

new technique for calculating the compensating voltages would have to be developed.

This technique would have to take into consideration the coupled frequencies and their

relative difference in magnitude. The problem with this is that it would add further

complexity to the already known issues associated with calculating the compensation

voltages.

The problems associated with a V/f -DFC based method that have been discussed here

leaves questions as to whether this method is at all viable. Taking into consideration

the complexity of the problems that have yet to be overcome and by considering other

potential DFC methods that may prove to not only be less complex, but also better

performing, no further research into a V/f -DFC based method is undertaken in this

study.

5.3.4 V/f DFC method Conclusions

Fixed firing-angle V/f -DFC based methods were present in [17] [21] [22] [23]. The

theory behind this method derives from the widely used V/f control strategy for VSDs,

where a constant air-gap flux and constant maximum torque is produced across a

wide range of frequencies by varying the stator voltage according to the V/f ratio (

Kv = V(s,h=1)/fh=1). A fixed firing-angle V/f -DFC was implemented in Section 5.3.1,

where a LUT of the fixed firing-angles was generated, (see Table 5.1). The results of

this are present in Section 5.3.2, and can be seen in Figures 5.10 to 5.12. A discussion

following these results was presented in Section 5.3.3, where it was discussed that

the general theory behind a V/f -DFC based method fails to consider the coupling of

the sub-harmonic and non-continuous fundamental frequencies. As a result the V/f

relationship breaks-down, leading to a non-linear V/f ratio across all sub-harmonics.

This lead to the conclusion that the problems associated with a V/f -DFC based method

make this method not viable.
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5.4 Current Control Based DFC

A new Current Control-DFC (CC-DFC) method is proposed in this section. The

firing-angle control mechanism of this CC-DFC method is based on the same control

mechanism used for the conventional soft-start control method that was implemented

in Section 3.5. This method aims to hold the RMS current at a predefined limit by

varying the firing-angle accordingly. Note that this firing-angle is referenced from the

VZCs. The equations for calculating the firing-angle were given by Equations (2.12)

and (3.3), but are again given here for clarity by Equation (5.6).

αnew = αprev + (Irms actual − Irms limit)K (5.6)

Where in Equation (5.6):

K = Gain [-].

Irms actual = Calculated RMS line current [A].

Irms limit = Limit to RMS line current [A].

αnew = New/updated firing angle [rad or degrees]

αprev = Previous/old firing angle [rad or degrees]

In addition to the CC-DFC method controlling the current, the rotor’s speed will be

used as a reference for changing frequencies at the optimal time. Where the optimal

time to change frequencies is when maximum electromagnetic torque is produced by

the motor. Note that a discussion on why the electromagnetic torque was not used as

this reference is given in Section 5.4.1. There are two ways to determine the rotor’s

speed. The first is to simply install a speed sensor that directly measures the rotation of

the rotor, but this increases cost and reduced reliability due to the extra componentry

[39, Ch.9]. The second option is to estimate the speed without the use of a speed

sensor by using one of many sensorless speed estimation techniques (note that the term

sensorless only refers to the absence of a rotation sensor, not all sensors). Although both

approaches should ideally yield the same results in reality reducing cost and improving

reliability is always beneficial; therefore, to prove the viability of this new CC-DFC

technique an evaluation and implementation of a sensorless speed estimation technique

is presented in Section 5.4.2.1.
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5.4.1 Torque Reference CC-DFC

Initially, directly using the electromagnetic torque as the reference for changing frequen-

cies was considered. This was calculated using Equation (5.7), where the α and β stator

fluxes from Equation (5.8) were solved using the forward Euler’s method and where the

α, β transform are given in B. Note that the resulting torque that was calculated was the

same as that already provided by the measurements given by Simulink. Unfortunately

it was found that there was far too much noise associated with the calculated unfiltered

torque under a DFC start, this can be seen in Figures 5.3b, 5.4b, and 5.10b.

Further consideration of using the electromagnetic torque as a reference was undertaken

by filtering or averaging the raw signal and then finding its derivative. The aim of this

was to use the derivative to locate when the torque reached its maximum (maximum

defined by the slope/derivative of the torque curve equalling zero), but this method

failed for two reasons. The first reason was due to the inherent delay caused by

averaging/filtering the torque. This meant that when the maximum torque was found,

the actual torque had well surpassed the maximum and had substantially decreased.

Off-setting this delay may be possible, but would be difficult due to the unpredictable

waveform of the raw torque. The second reason averaging the torque failed is because

each sub-harmonic produces a different torque curve with a varying amount of pull-up

torque due to the varying harmonics that are produced. This inherently made it difficult

to accurately determine whether the torque had actually reached its maximum or

whether the torque was leading into the trough of the pull-up torque (as at the point of

heading into the trough of the pull-up torque the slope/derivative becomes zero). The

presence of a pull-up torque for second sub-harmonic can be seen in Figure 5.10b by

the average torque. It should noted that the characteristics of the torque curves are

motor and load dependant, which complicates this issue further.

Te = Pp ·
3
2(ψ(s,α)i(s,β) − ψ(s,β)i(s,α)) (5.7)

Where in Equation (5.7) ψ(s,α) and ψ(s,β) are calculated in Equation (5.8):

ψ(s,α) =
∫

(V(s,α) − i(s,α)Rs)dt and ψ(s,β) =
∫

(V(s,β) − i(s,β)Rs)dt (5.8)
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5.4.2 Rotor speed Reference CC-DFC

To identify the speed at which each sub-harmonic produces maximum torque a DOL-

start was simulated under a constant full load (where full load is the rated load

Tload = 26.7[N.m]). It was found that at maximum torque the rotor’s speed was

950[rpm]. By dividing this speed with the rated speed of the motor a scaling factor for

locating the switching speed for each sub-harmonics can be found. This scaling factor

is 950/1430 = 0.67 = η, now by using Equations (5.9) to (5.11) the reference speed for

changing frequencies can be calculated.

ω(m,h=change) = ω(m,h−rated) · η (5.9)

Where ωm,h from Equation (5.9) is defined by Equation (5.10):

ω(m,h−rated) = ωsyn,h − ωsl (5.10)

And where ωsyn,h from Equation (5.10) is defined by Equation (5.11):

ωsyn,h = 2πfh
Pp

(5.11)

And where in Equations (5.9) to (5.11):
ω(m,h−rated) = Rated rotor speed at sub-harmonic (h), where ωm,h = ωm/h [rad · s1]
ωsyn,h = Synchronous speed at sub-harmonic (h), where ωsyn,h = ωsyn/h [rad · s1]
ωsl = Slip speed [rad · s1]
fh = Sub-harmonic frequency applied to stator, where fh = fs/h [Hz]
Pp = Number of pole pairs [-]
η = Fraction that scales ωm,h to the point at which maximum torque is reached [-]

The control flow diagram for this method can be seen in Figure 5.13, this is again similar

to the control scheme used for the DOL-DFC and V/f -DFC methods (see Figures 5.1

and 5.9 respectively), where again this represents the control flow for a signal phase

as each phase works independently under these same conditions. There are three key

differences to this control strategy. The first, is that the firing-angles are determined

by the current control equation (Equation (5.6)). The second, is the use of the rotor’s

speed as a reference for changing frequencies (from Equation (5.9)) and the last, is
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switching to the conventional soft-starter technique when the fundamental is being

applied to the motor (sub-harmonic h = 1). Note again this method was outlined in

Section 2.4 and implemented in Section 3.5. There are two reasons for switching to the

conventional soft-starter method: first, the control of this is already implemented; and

second, this method switches to using the Current Zero-Crossings (CZVs) as a reference

for the firing-angles, which improves the balance of the three-phase system (as discussed

in Section 2.4).

No
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No

Yes
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Figure 5.13 CC-DFC control flow diagram for a single phase.
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5.4.2.1 Sesnorless Rotor Speed Estimation

There are a number of sensorless techniques that can be used to estimate the rotor’s

speed, these techniques fall within two main categories: Model Reference Adaptive

Systems (MRAS), and speed observers [40]. The sensorless techniques within both

categories work according to the same basic principle. This being that a model of

the system, in this case the induction motor, is created, where this model contains

only estimated variables. The model is then used to compute a prediction of what the

true value of those variables should be. The predicted state of some or all of those

variables are then compared to a set of uncorrelated measured variables, which are

given directly through some sort of sensor(s). Then based off some tuning factor (gain)

the predicted variables are adjusted, this adjusted set of predicted variables provides

the new estimation. This process is repeated recursively with the aim of converging

the estimated variables to the measured variable. To put this principle simply, the

aim is to accurately obtain the value of an immeasurable variable or variables by using

information based on measurement variables. It should be noted that for this method to

work the model of the system needs to be accurate and the gain must be well tuned. A

comparative study of a range of sensorless techniques for estimating the rotor speed of

an induction motor was undertaken in [40], where it was concluded that the Extended

Kalman Filter technique (an observer based technique) performed best within a noisy

environment. According to these findings and given the DFC method emits a large

amount of noise this method was chosen for use in this CC-DFC method.

An Extended Kalman Filter (EKF) is an optimal recursive filtering algorithm that

can be used with non-linear time varying stochastic (random probability distribution)

systems [41, Ch.3]. The EKF stems from the Kalman filter which only works for linear

systems as the associated noise is assumed to be of Gaussian/normal distribution. For

the EKF to work the system must be linearised, in a digital environment this can

be accurately approximated by discretising the system. Noted that this is only made

accurate if the sample time is small, in the case of an induction motor the sample time

must be smaller that the time constant of the machine [41, Ch.3]. Where the time

constants for the stator and rotor of an induction motor are given by Tstator = Ls/Rs
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and Trator = Lr/Rr. Once the system has been linearised noise can then be added to

both the system and the measurement, where both sets of noise are uncorrelated. The

noise is then used to compute the inaccuracies with the model and the measurements,

which then is used to compute a correction term. This correction term is used to

recursively correct the values/state of the estimated variables from the model. For the

EKF the correction term is given by what is known as the Kalman gain (Kg) and by

comparison between the measured variables to their predicted counterparts. There are

four steps required to implement a discretised EKF algorithm for sensorless rotor speed

estimation, these are given below [41, Ch.4]:

1. Determining the induction motor model (within the time-domain).

2. Discretising the model.

3. Determining the noise and their corresponding covariance matrices (Q,R).

4. Implementing the EKF algorithm and tuning it.

1.Determining the induction motor model (within the time-domain).

The model of the induction motor is well known, the model used here is in many studies,

two of these are [41, Ch.4], [39, Ch.9]. This model has been established in the stationary

reference frame (the α, β reference frame, where the transform of this is given in B).

The reason for using the stationary reference frame, not the rotating, is that it reduces

the number of computations, therefore, a smaller sample time can be taken, which

improves accuracy [41, Ch.4]. The induction motor model is given by Equations (5.12)

to (5.15), where the noise associated with the model and measurement are ignored.

dx
dt

= Ax + Bu (Induction Motor Model) (5.12)

y = Cx (Measurment) (5.13)

Where Equation (5.12) in matrix form is given by Equation (5.14):

d

dt



i(s,α)

i(s,β)

ψ(s,α)

ψ(s,β)

ωm


=



−a1 0 a2 ωm · a3 0

0 −a1 −ωm · a3 a2 0

a4 0 −a5 −ωm 0

0 a4 ωm −a5 0

0 0 0 0 0





i(s,α)

i(s,β)

ψ(s,α)

ψ(s,β)

ωm


+



b1 0

0 b1

0 0

0 0

0 0



V(s,α)

V(s,β)

 (5.14)
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Where Equation (5.13) in matrix form is given by Equation (5.15):

i(s,α)

i(s,β)

 =

1 0 0 0 0 0

0 1 0 0 0 0





i(s,α)

i(s,β)

ψ(s,α)

ψ(s,β)

ωm


(5.15)

And where in Equations (5.14) and (5.15) the followings constants are defined by:

a1 = Rs
Lsσ

+ RsL2
m

L2
rLsσ

a2 = RrLm
L2
rLsσ

a3 = RrPp
L2
rLsσ

a4 = RrLm
Lr

a5 = Rr
Lr

b1 = 1
Lsσ

σ = 1−
(
L2
m

LrLs

)

2. Discretising the model.

To make the model from Equations (5.14) and (5.15) discrete according to a sample time

Tsmp Taylor’s series expansion is used, where an example of a second order expansion

is given in Equation (5.16). In order to reduce the computational time of the EKF

algorithm only the first order expansion is taken under a small sample time Tsmp. For

the matrices A and B this is given by Equations (5.17) and (5.18) respectively. Note

the discrete form of the matrix C from Equations (5.13) and (5.15) is simply given as

Cd = C. The discretised models of the induction motor and the measurement are given

by Equations (5.23) and (5.24) respectively, where k represents the time step. The

discretised matrices Ad and Bd are given by Equations (5.21) and (5.22) respectively.

Ed ≈ 1 + ETsmp + (ETsmp)2

2 , ... (5.16)

Ad ≈ I + ATsmp (5.17)

Bd ≈ BTsmp (5.18)

x(k + 1) = Ad(k)x(k) + Bd(k)u(k) (Induction Motor Model) (5.19)
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y(k + 1) = Cd(k)x(k) (Measurment) (5.20)

Ad =



1− a1Tsmp 0 a2Tsmp ωm · a3Tsmp 0

0 1− a1Tsmp −ωm · a3Tsmp a2Tsmp 0

a4Tsmp 0 1− a5Tsmp −ωmTsmp 0

0 a4Tsmp ωmTsmp 1− a5Tsmp 0

0 0 0 0 1


(5.21)

Bd =



b1Tsmp 0

0 b1Tsmp

0 0

0 0

0 0


(5.22)

3. Determining the noise and their corresponding covariance matrices

(Q,R).

Given the system has now been made discrete, noise can be added. This is given in

Equations (5.23) and (5.24), where the input noise of both v and w are uncorrelated

and of normal distribution with a zero-mean. It should be noted that the true amount

of noise and its distribution is unknown; therefore, tuning the quantity of noise related

to both the induction motor model and the measurement model is necessary. Because

the set of noise v holds five linked random variables and the noise w holds two linked

random variables covariance matrices are used, these are given by Equations (5.25) and

(5.26). Where the covariance matrix Q is a diagonal 5 x 5 matrix and where R is a

diagonal 2 x 2. Note that there is also a covariance matrix for the prediction stage of

the state variables (where the state variables are given by vector x in both the induction

motor and measurement models). This prediction covariance matrix is defined by P

(which is a diagonal 5 x 5 matrix).

x(k + 1) = Ad(k)x(k) + Bd(k)u(k) + v(k) (Induction Motor Model) (5.23)

y(k + 1) = Cd(k)x(k) + w(w) (Measurment) (5.24)
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Q = cov(v) (5.25)

R = cov(w) (5.26)

4. Implementing the EKF algorithm and tuning it.

There are five recursive steps to the EKF which are defined below [41, Ch.4]. These

can be viewed in three main stages: predictions (steps 1, 2 and 5), filtering (step 3) and

estimation (i.e. the result, step 4). The notion for a predicted variable is given by the

asterisk superscript (x∗), whereas the notion used to denote an estimation is given by

the hat operator (x̂). Note that variables without the prediction or estimation notion

are measurement variables. It should also be noted that the stator voltages V(s,α) and

V(s,β) are measured variables used within the induction motor model. These variables

are not estimated/predicted and therefore are not used as comparison parameters for

adjusting the estimated state of the motor’s model.

1. Prediction of states

x∗(k + 1) = Ad(k)x̂(k) + Bd(k)u(k) (5.27)

2. Prediction of covariance matrix

p∗(k + 1) = ∂x∗(k + 1)
∂x̂

p̂(k)∂[x∗(k + 1)]T
∂x̂

+ Q (5.28)

3. Kalman filter gain computation

Kg(k + 1) = p∗(k + 1)∂[ŷ(k + 1)]T
∂x̂

...(
∂ŷ(k + 1)

∂x̂
p∗(k + 1)∂[ŷ(k + 1)]T

∂x̂
+ R

)−1

(5.29)

Where ŷ(k + 1) is defined as:

ŷ(k + 1) = Cd(k)x̂(k)
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And where the derivative of ŷ(k + 1) is simply given by:

∂ŷ(k + 1)
∂x̂

= Cd(k) = C

4. Estimation of states

x̂(k + 1) = x∗ + Kg(k + 1) (y(k + 1)− ŷ(k + 1)) (5.30)

Where y(k + 1) is defined by:

y(k + 1) = Cd(k)x(k)

5. Prediction of covariance matrix

p̂(k + 1) = p∗(k + 1)−
(

Kg(k + 1)∂ŷ(k + 1)
∂x̂

p∗(k + 1)
)

(5.31)

→ Proceed back to 1.Prediction of states

From Equation (5.27) x∗(k + 1) is defined by Equation (5.32). Additionally, the partial

derivative of x∗(k + 1) is given by Equation (5.33).

x∗(k+1) =



(1− a1Tsmp) ˆi(s,α) + (a2Tsmp) ˆψ(s,α) + (ω̂m · a3Tsmp) ˆψ(s,β) + (b1Tsmp)V(s,α)

(1− a1Tsmp) ˆi(s,β) − (ω̂m · a3Tsmp) ˆψ(s,α) + (a2Tsmp) ˆψ(s,β) + (b1Tsmp)V(s,β)

(a4Tsmp) ˆi(s,α) + (1− a5Tsmp) ˆψ(s,α) − (ω̂mTsmp) ˆψ(s,β)

(a4Tsmp) ˆi(s,β) + (ω̂mTsmp) ˆψ(s,α) + (1− a5Tsmp) ˆψ(s,β)

ω̂m


(5.32)
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∂x∗(k + 1)
∂x̂

=



1− a1Tsmp 0 a2Tsmp ω̂m · a3Tsmp (·a3Tsmp) ˆψ(s,β)

0 1− a1Tsmp −ω̂m · a3Tsmp a2Tsmp −(·a3Tsmp) ˆψ(s,α)

a4Tsmp 0 1− a5Tsmp −ω̂mTsmp −Tsmp ˆψ(s,β)

0 a4Tsmp ω̂mTsmp 1− a5Tsmp Tsmp ˆψ(s,α)

0 0 0 0 1


(5.33)

The variables that require initialisation and tuning for the EKF algorithm are: the

sample time Tsmp, and the covariance matrices Q,R and P. The sample time used was

Tsmp = 0.0002 [Sec], as Tsmp � Tstator. The values within the Q,R covariance matrices

are given by (5.34) and (5.35), where these values were tuned through trial and error

by using the following set of rules:

1. If Q is large this indicates that there is more uncertainty within the indication
motor model, this causes the Kalman gain (K) to become large, therefore, the
transient response is fast [42].

2. If R is large this indicates that there is more uncertainty within the measurement,
this causes the Kalman gain (K) to become small, therefore, the transient response
is slower [42].

3. If Q is too large and R is too small the system can be come increasingly unstable
[41, Ch.4]. If the system is found to be unstable and slow to response the sample
time Tsmp is likely too large, which is causing the results from the discretised
matrices Ad and Bd to be poorly approximated.

The initial values of the prediction covariance matrix P is given in Equation (5.36).

Where the values within this matrix represent the variance within the initial values of

the state of the estimated variables ˆi(s,α), ˆi(s,β), ˆψ(s,α), ˆψ(s,β) and ω̂m [42]. Given that the

testing of this is undertaken within a simulated environment the uncertainty surrounding

the initial state of these variables is low; hence, the relatively low initial values within

P.
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Q =



1× 10−10 0 0 0 0

0 1× 10−10 0 0 0

0 0 1× 10−10 0 0

0 0 0 1× 10−10 0

0 0 0 0 1.5× 10−4


(5.34)

R =

5× 10−2 0

0 5× 10−2

 (5.35)

P =



1× 10−5 0 0 0 0

0 1× 10−5 0 0 0

0 0 1× 10−5 0 0

0 0 0 1× 10−5 0

0 0 0 0 1× 10−5


(5.36)

5.4.3 Speed Reference Current Control Results

The CC-DFC method was again simulated in the simulation environment presented

in Chapter 3, where a constant load of 50% of the rated (Tload = 13.4 [N.m]) was

applied to the induction motor and the RMS current limit was set to 400% of the

rated. Additionally, the estimated rotor speed calculated from the sensorless EKF

algorithm was used as the speed reference. The scaling factor η950/1430 = 0.67, as

mentioned in Section 5.4.2, was used to identify the rotor’s speed where a frequency

change should take place. The sub-harmonic sequence used was h = 10, 4, 2, 1, this was

chosen through testing of various sequences. The reason this sequence preformed best

was because the difference in sub-harmonic frequencies is not too large nor is it too

small. If this difference is too large the torque and speed drops, which could potentially

cause the motor to stall under heavy loads. In contrast if this difference is too small

then frequency changes occur too often as the next speed limit used for indicating a

frequency change is too close. The problem with this is that the three-phase system

is more unbalanced than it is otherwise for a short duration after a frequency change
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occurs, this imbalance causes the torque to then drop, so reducing the number of times

a frequency change occurs during a start reduces the effects of this problem.

The results from the CC-DFC simulation can be seen in Figures 5.14 to 5.16. Figure 5.14

shows the error in the estimated rotor speed, where it can be seen that at low speeds

the error is greater than at high speeds. Additionally, it can be seen that when the

motor reaches it maximum speed a steady-state error of approximately 8 [rpm] exists.

The starting characteristic of the speed curve can be seen Figure 5.17a, where the speed

is shown to have little ripple compared to the results from DOL-DFC and V/f -DFC

starts (see Sections 5.2.1 and 5.3.2). Additionally, the speed curve is relatively smooth

throughout its ramp and smooth during the transitioning of frequencies, particularly

when compared to the other two DFC starting methods. The torque curve of the

CC-DFC method from Figure 5.17b shows little rippling in the negative direction and

shows no substantial spikes during frequency transitions. Additionally, the average

torque shown in Figure 5.17b does not show any substantial reduction throughout the

start. The filtered and unfiltered RMS currents are shown in Figure 5.16, where it

can be seen in Figure 5.16b that current spikes when the frequency switches form the

second sub-harmonic to the fundamental, at which point the limit is exceeded, reaching

approximately 600% of the rated.

Figure 5.14 Error between actual rotor speed and estimated rotor speed from the sensorless EKF
estimation.
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10 4 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure 5.15 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 50% of
the rated Tload = 13.4[N.m].



5.4 Current Control Based DFC 109

10 4 2 1 = h

(a) Filtered RMS current.

(b) Unfiltered RMS current.

Figure 5.16 RMS currents by the CC-DFC Speed reference method with the sub-harmonics sequence
of h = 10, 4, 2, 1. Under a constant load of 50% of the rated Tload = 13.4[N.m].

5.4.4 Speed Reference Current Control Discussion

The results of CC-DFC method with speed referencing are shown to have improved

starting performance compared to the DOL-DFC and V/f -DFC methods from Sections

5.2 and 5.3. By using the rotor’s speed as a reference for determining the optimal time

to switch frequencies the torque was able to stay consistently positive throughout the

start. This in turn smoothed the profile of the speed curve as the slope of the speed

remained consistently positive, which was not the case for the DOL-DFC and V/f -DFC

methods.

The sensorless estimation of the rotors speed perform better at high speeds than at low,
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though not by a large amount. This suggests that the filtering of the EKF could be

improved through tuning, which could be somewhat automated by using the tuning

rules that were presented in Section 5.4.3. Additionally, the estimated speed held a

steady-state error of approximately 8 [rpm]. The likely cause of this is the uncertainty

surrounding the resistance and inductance of both the rotor and stator, which is known

to not remain constant. This could be accounted for by added these parameters to the

set of estimated variables of the EKF, but this would increase the overall complexity of

the EKF, which would increase the computational load and the number of terms that

require tuning. For the purposes of the CC-DFC method the speed reference is only

required during start-up and not at full speed; therefore, accounting for the steady-state

error is not necessary. One key problem with this sensorless speed estimation method is

that the EKF is difficult to tune as the noise of the induction motor and measurement

model are unknowns. Additionally, the tuning factors within covariance matrices (Q,R

and P) are motor dependant; therefore, must be individually tuned for each motor. In

contrast rotational sensors do not have this problem as they are not motor dependant.

The RMS current shown in Figure 5.16 spiked when the frequency switched from the

second sub-harmonic to the fundamental. The reason for this is that firing-pattern of

the second sub-harmonics includes half the amount of half cycles as the fundamentals’

firing-pattern. To resolve this the firing-angle must increase once the operating frequency

switches to the fundamental. This was tested by manually increasing the firing-angle

incrementally until this spike in the RMS current was reduced to approximately the

control limit (in this case that limit is 400% of the rated). The results of this can be

seen in Figure 5.17, where in this case the firing-angles was increased by 1.5 times. The

problem with finding a robust technique to determine the amount that the firing-angle

must increase by is that the non-uniform shape of the stator currents’ waveforms

produced by the second sub-harmonic varies according to the firing-angle. This is

because the firing-angle affects the availability of return-paths within all three-phases,

where this effect is not shared equally across each phase. As a result the amount that

the firing-angle must increase by is not constant. As a solution has not be found here

further consideration of this problem is required.
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10 4 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

(c) RMS supply/stator currents.

Figure 5.17 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 50% of
the rated Tload = 13.4[N.m]. Where the addition of an increased firing-angle when switching from the
second sub-harmonic to the fundamental.
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5.4.5 Speed Reference Current Control Conclusions

The newly proposed CC-DFC speed reference method has shown to provide improved

starting performance compared to the DOL-DFC method presented in Section 5.2 and

in [20] [24] [25] [29]. Additionally, the CC-DFC method has shown to provide improved

starting performance compared to the V/f -DFC based method presented in Section 5.3

and in [17] [21] [22] [23]. The sensorless rotor speed method provided adequate results

for use as a reference for switching frequencies. Although the drawback of the EKF

is that it is difficult to tune and that the tuning the EKF is dependant on the motor

parameters. One problem with current control is that the firing-angle must increase just

prior to switching from a sub-harmonic to the fundamental. If not, the RMS current

spikes and may exceed the current limit. As the CC-DFC method has provided the best

starting performance compared to the other two DFC methods present in this chapter,

the CC-DFC method will undergo further comparative testing against the conventional

soft-start method in Chapter 6.





Chapter 6

COMPARISON BETWEEN DFC AND
CONVENTIONAL SOFT-STARTER
CONTROL

This chapter compares the conventional soft-start method from Sections 2.4 and 3.5 to the

CC-DFC method from Section 5.4, where two key aspects of the starting characteristics

are compared. The first is a comparison of the amount of torque that can be produced

under the same current limit. The second is a comparison of the amount of current that

is required for a successful start.

In order to compare the amount of torque that is produced the loading cases from

Section 3.6 must first be considered, where these loading cases are also shown here

in Figure 6.1. From the loading cases shown in Figure 6.1 it can be seen that the

constant power load (Tload = K · ω−1
m ) initially applies a high load that decreases as the

rotor’s speed increases. In contrast, both the linear and square torque loading cases

(Tload = K · ω1
m and Tload = K · ω2

m respectively) apply a low initial load that increases

with the rotor’s speed. To compare both starting methods’ performances under these

loading cases a constant load can be applied instead, as a constant load is independent

of the rotor’s speed. This means a high load can be applied both initially and at the

end of the start. For the simulation that will be used to compare the amount of torque

produced, constant loads of 25%, 50%, 75% and 100% of the motor’s rated load (

Trated = 26.7 [N.m] ) will be applied to the motor and will be tested with an RMS

current limit of 400% of the motor’s rated ( Trated7.1 [A] ). An additional test will also
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be conducted for the CC-DFC method under a light load. The load that is applied

in this case is only 5% of the motor’s rated load ( Trated,5% = 1.34 [N.m] ), where an

RMS current limit of 400% of the motor’s rated will be again used. The aim of this

additional test is to assess the effects that the large torque rippling produced by a DFC

start has on the rotor’s speed, as a lighter load provides less damping. This additional

test will therefore provide the necessary information to confirm whether the CC-DFC

method is suitable for light loading conditions, namely for the final stages of a start

when the motor is under a constant power load and the initial stages of a start for when

the motor is under either linear and square torque load.
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Figure 6.1 loading cases

Reducing the current limit increases the firing-angle, which affects the availability of

return-paths for the current. For a DFC start, the effects of this are greater in comparison

to a conventional soft-start. This is due to the exclusion of the fundamental’s half cycles,

which inherently reduce the availability of return-paths. This means that by increasing

the firing-angle by lowering the current limit the availability of return-paths, for a DFC

start in particular, may be lost. As discussed in Chapters 4 and 5 if the availability

a return-path is lost or reduced the firing-pattern generated through DFC becomes

distorted, which effects the balance of the three-phase system; therefore, reducing the

amount of torque that is produces. This leads to the second set of comparative tests
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conducted here, where for the set of constant loads that are 25%, 50%, 75% and 100%

of the motor’s rated, the RMS current limit is decremented in steps of 25% of the

motor’s rated current until the motor stalls. This will provide a comparison for the

current requirements between the two starting methods.

6.1 Results

The comparative tests were conducted within the Simulink simulation environment from

Chapter 3. The sub-harmonic sequence used for all CC-DFC starts was h = 10, 4, 2, 1,

where the reasons for using this sequence were discussed in Section 5.4.3. The results for

the torque comparative tests are given in Section 6.1.1 and for the current requirement

comparative tests in Section 6.1.2.

6.1.1 Varied Load, Fixed Current Limit

Table 6.1 provides the results for the CC-DFC starts and Table 6.2 for the conventional

soft-starts, where the set of constant loads of 25%, 50%, 75% and 100% of the motor’s

rated load were applied to the motor and where the current limit was set to 400% of

the motor’s rated current.

From these results it can be seen that the CC-DFC method was able to successfully

start at 100% of the rated load (Tload = Trated = 26.7 [N.m]), whereas the conventional

soft-start method failed to start at 75% and 100% of the rated load. The CC-DFC

method’s peak RMS current and peak raw current values where found to be higher

than the conventional method’s. By comparing the peak and minimum values of the

torque of both starting methods, it can be seen that the CC-DFC method’s torque

rippled/oscillated a lot more than the conventional. This can also be seen by comparing

the starting characteristics of the CC-DFC under a 25% load in Figure 6.2 to the

conventional soft-start characteristics under the same load in Figure 6.3. It is also

worth noting that the CC-DFC method starts the motor faster the conventional method.

Figure 6.4 shows the CC-DFC starting characteristics under a 100% constant load,
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where the ramp of the speed curve dips when the frequency transitions to the second

sub-harmonic and the fundamental.

The results of the additional CC-DFC test for the light loading case can be seen in

Figure 6.5, where a 5% load was a applied with 400% current limit in place. The results

shown in Figure 6.5 show that the torque ripple under a light loading case had little

effect on the rippling of the rotor’s speed when comparing these results to the results

shown in Figure 6.2. Further to the results shown here Figures E.1 to E.6 show the

starting characteristic of the tests conducted according to the successful starts in Tables

6.1 and 6.2.

Table 6.1 Starting performance of CC-DFC under varies constant loads with a current limit of 400%
of the rated and with a sub-harmonics sequence of h = 10, 4, 2, 1

Constant
Load
[N.m]

Start
time
[Sec]

Max
Speed
[rpm]

Mean
IA,s
RMS
[A]

Peak
IA,s
RMS
[A]

Peak
raw
IA,s
[A]

Peak
Te

[N.m]

Mean
Te

[N.m]

Min
Te

[N.m]

6.7 1.4 1484 17.1 30.1 56.3 211.1 25.9 -117.4
13.4 1.7 1468 20.3 32.4 62.1 177.5 31.5 -35.5
20.0 1.9 1452 22.9 34.9 79.0 445.4 35.2 -394.2
26.7 4.0 1435 23.8 31.5 70.4 322.3 32.6 -238.7

Table 6.2 Starting performance of the Conventional soft-start control method under varies constant
loads with a current limit of 400% of the rated.

Constant
Load
[N.m]

Start
time [Sec]

Max
Speed
[rpm]

Mean
IA,s
RMS
[A]

Peak
IA,s
RMS
[A]

Peak
raw
IA,s
[A]

Peak
Te

[N.m]

Mean
Te

[N.m]

Min
Te

[N.m]

6.7 1.65 1484 21.39 28.23 36.96 57.70 23.77 0
13.4 2.40 1468 23.14 28.59 37.50 58.53 24.50 0
20.0 Stalled 2.2 26.69 28.72 37.69 28.65 17.47 0
26.7 Stalled 0.2 26.39 28.70 37.68 29.21 17.21 0
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10 4 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure 6.2 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 25% of
the rated Tload = 6.7[N.m].
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure 6.3 Simulation results of induction motor starting characteristics for the conventional soft-start
method. Under a constant load of 25% of the rated Tload = 6.7[N.m].
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10 4 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure 6.4 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 100% of
the rated Tload = 26.7[N.m].
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10 4 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure 6.5 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 5% of
the rated Tload = 1.34[N.m].
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6.1.2 Fixed Load, Varied Current Limit

Tables 6.3 and 6.4 shows for the CC-DFC and conventional soft-start methods, where a

constant load of 25%, 50%, 75% and 100% of the motor’s rated load was applied to

the motor and where the RMS current limit was decremented in steps of 25% of the

motor’s rated current until the motor stalled.

By comparing the RMS current limits from Tables 6.3 and 6.4 it can be seen that the

CC-DFC method was capable of starting at a reduced current limit of at least 50% less

than the conventional soft-start method despite the effected availability of return-paths

for the current (effected return-paths caused by increased firing-angle which results

from the current limit).

Similar to the results presented in Section 6.1.1 the CC-DFC method produced a higher

peak RMS current and raw current compared to the conventional method. Also similar

to the results from Section 6.1.1 the CC-DFC method produced a higher peak torque and

lower minimum torque compared to the conventional method, which is to be expected.

An example of the starting characterises for the CC-DFC method can be seen in Figure

6.6, here the motor was under a 25% load and held a current limit percentage of 225% of

the motor’s rated current. Further to this figure, Figures E.8 to E.14 show the starting

characterises for all the tests within Tables 6.3 and 6.4.
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Table 6.3 Starting performance of the CC-DFC control method at a minimum RMS current limit
that prevents stalling under varies constant loads and with a sub-harmonics sequence of h = 10, 4, 2, 1

Constant
Load
[N.m]

RMS
Current
limit %

Actual
Current
limit
[A]

Max
Speed
[rpm]

Start
time
[Sec]

Mean
IA,s
RMS
[A]

Peak
IA,s
RMS
[A]

Peak
raw
IA,s
[A]

Peak
Te

[N.m]

Mean
Te

[N.m]

Min
Te

[N.m]

6.7 225 15.9 1484 6.1 14.0 20.2 39.3 139.2 11.5 -91
13.4 300 21.2 1468 4.6 18.2 23.8 50.6 159.1 19.4 -32
20.0 375 26.5 1452 3.2 21.1 27.5 66.9 295.3 28.2 -247
26.7 400 28.3 1434 3.0 22.3 32.6 70.4 322.3 34.4 -238

Table 6.4 Starting performance of the Conventional soft-start control at a minimum RMS current
limit that prevents stalling under varies constant loads.

Constant
Load
[N.m]

RMS
Current
limit %

Actual
Current
limit
[A]

Max
Speed
[rpm]

Start
time
[Sec]

Mean
IA,s
RMS
[A]

Peak
IA,s
RMS
[A]

Peak
raw
IA,s
[A]

Peak
Te

[N.m]

Mean
Te

[N.m]

Min
Te

[N.m]

6.7 275 19.5 1484 5.2 17.5 20.0 28.0 41.5 12.4 0
13.4 375 26.3 1468 5.5 22.2 25.2 34.0 52.7 18.4 0
20.0 450 31.8 1452 2.6 25.7 32.1 43.1 66.4 29.6 0
26.7 500 35.3 1435 2.7 28.7 35.6 48.4 74.0 35.5 0



6.1 Results 123

10 4 2 1 = h

(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure 6.6 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 25% of
the rated Tload = 6.7[N.m] with a current limit of 225% of the motor’s rated.
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6.2 Discussion

The results from Section 6.1 show that the CC-DFC method is capable of producing

more torque with less current compared to the conventional soft-start method. The

average torque produced by the CC-DFC method across all tests was 27.6 [N.m],

whereas the conventional method produced an average torque of 22.37 [N.m] across all

tests. This shows a 23% increase in the average amount of torque that can be produced

by the CC-DFC method compared to the conventional.

Unfortunately these gains in torque come at a cost of greater peak currents, where

an average peak current of 61.9 [A] was produced by the CC-DFC method across all

test. In comparison the conventional soft-start method’s average peak current across

all tests was 37.91 [A]. In addition to the increase in peak current there is also an

increase in the amount torque rippling that occurs during a CC-DFC start compared

to a conventional start. This is made evident by the difference between the maximum

and minimum values of torque shown in Tables 6.1 to 6.4, where the average peak and

minimum torque produced by the CC-DFC method across all tests was 259 [N.m] and

−174.3 [N.m] respectively. In comparison the conventional method had an average peak

and minimum torque of 51.1 [N.m] and 0 [N.m] respectively.

Although the torque ripple produced by the CC-DFC starts has been shown to be large

in comparison to the conventional soft-starts, the speed curves shown in Figures 6.2 to

6.6 and in Figures E.1 to E.14 show that that torque ripple is largely dampened out by

the load. This is particularly evident in Figure 6.5 where the motor is only under a 5%

load during a CC-DFC start.

Although this dampening of the torque ripple exists, as shown by the speed curves,

this matter requires further research to determine whether possible stress damage may

be occurring to the motor. Additional research is also required into the effects caused

by the large current spikes by the CC-DFC starts, as this may apply high thermal

stresses on equipment and might also trigger over-current protection, depending on the

application.

It should be noted that the spikes in torque that produce the extremely low minimum
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values through the CC-DFC starts occur around the transitioning of frequencies. A

known cause of this is due to the sudden change in the firing-pattern, which increase the

amount of undesirable harmonics as discussed in Section 5.2.2. Another probable cause

that may be adding to this problem is the skipping of the sub-harmonic torque curves.

An example of this is shown in Figure 6.7, where the second and third sub-harmonics

are skipped, this can be seen by the resulting red torque curve. Ideally, no adjacent

sub-harmonics should be skipped in order to maintain a higher torque, but this is not

possible as some sub-harmonics’ produce a three-phase system that is far less unbalanced

than others (see Section 4.4) and as discussed Section 5.2.2, more frequent changes in

frequencies increases the amount of undesirable harmonics. What this means is that the

sub-harmonic sequence used in these tests (h = 10, 4, 2, 1) may not be optimal for all

starting conditions. A possible solution to this problem could be achieved by calculating

the acceleration of the rotor. This could then be used to estimate the amount of time

the next sub-harmonic will operate for according to that sub-harmonic’s speed limit

(see Section 5.4.2 for information regrading each sub-harmonics’ speed limit). Further

testing regrading this possible solution will need investigating.
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Figure 6.7 DFC-DOL control flow diagram for a single phase.
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6.3 Conclusions

The CC-DFC starting method was found to be capable of producing higher torque

with less RMS current being required. Unfortunately this comes at the cost of greater

peaks/spikes in current and an increase in torque ripple. Although the torque ripple

was shown to be largely dampened out by the load further research into the effects (the

damaging effects) of this large torque ripple and current spikes is required.





Chapter 7

FUTURE WORK

The newly proposed CC-DFC method has shown to provide superior starting character-

istics, compared to the DOL-DFC and V/f -DFC methods (see Chapter 5). Additionally,

the CC-DFC starting method has been shown to provide increased starting torque with

reduced RMS current, compared to the conventional soft-start method used in this

study. Unfortunately the gains that the CC-DFC method provides over the conventional

method come at a cost of large torque ripple and high current peaks. This leads to the

next area of research which is investigating the potential problematic effects that may

result from the large torque ripple and high current peaks/spikes. The step following

this is to implement the CC-DFC method in the real-world and to improve the current

issues with the CC-DFC method.

Implementing the CC-DFC method in the real-world requires the rotor’s speed as a

reference. This could initially be achieved through the use of a rotational sensor, as the

implementation of a rotational sensor would be less complex than the implementation

of the EKF algorithm from Section 5.4.2.1.

The improvements that could be made to the CC-DFC method include: implementing

an adaptive controller for the selection of the sub-harmonic sequence as the current

implementation is predefined, and improving the firing-angle control to ensure the RMS

current does not spike when switching to the fundamental frequency.
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7.1 Hardware Testing of CC-DFC

Implementing the CC-DFC method in the real-world would be greatly simplified by

taking hardware/software currently used by conventional soft-start methods. In doing

so the detection of VZCs and CZCs would already be implemented, along with the

hardware control for the firing/triggering of the SCRs. From there the key aspects

that would remain include: the implementation of the LUT of firing-patterns, the

implementation of a firing-angle controller, and lastly the measuring/estimating of the

rotor’s speed.

Implementing the LUT should be carried out with reference to the control flow diagram

shown in Figure 5.13. Additionally, the Simulink implementation of the CC-DFC

method was developed to model a real-world system of a soft-starter, which means

the software elements of the soft-starter model were developed with little reliance on

Simulink function blocks. Therefore, the Matlab coding can be simply converted into C

or C++ for use in an embedded system.

A firing-angle controller could be taken from an already implemented firing-angle

controller from a conventional soft-start method, but this will likely require tuning. If

the controller used is PID based then a potential area of research that could improve the

performance of that controller is the control method known as fuzzy logic PID control

[43]. This method reduces the complexity of tuning standard PID controllers, making it

easier to obtain optimal tuning and therefore, optimal performance.

Estimating the rotor’s speed can be achieved through use of the EKF algorithm from

Section 5.4.2.1, but would require optimisation for implementation on a micro-controller.

If this algorithm is not optimised then it may not be possible to compute it in real-time.

By reviewing Equations (5.27) to (5.31) from Section 5.4.2.1, it can be seen that these

equations primarily consist of: diagonal matrices, matrices with many zero elements,

and a large amount of constant terms. This review leads to Table 7.1, where the

number of operations required to perform each loop of the EKF can be reduced down

to a total of: 35 additions/subtractions, 40 multiplication, and 2 divisions. Based

on the information in Table 7.1 an estimation of the execution time for each loop
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of the EKF can be made. For example, if an stm32f730r8 [44] micro-controller is

used and if floating-point numbers are not used, then one clock-cycle is required to

perform an addition/subtraction, up to three for a multiplication, and approximately

20 for a division [45]. This means that 195 clock-cycles in total would be required to

complete one loop of the EFK algorithm. Now given the stm32f730r8 micro-controller

has a clock-speed of 215 [MHz] the operations for one loop of the EKF would take

approximately 9.1 [ns], which is far less time than the 2[µs] sample-time used for the

EFK in Section 5.4.2.1. It should be noted that this approximation excludes the use of

floating-point numbers which is unlikely to be completely possible in reality; therefore,

the execution time would be far greater as floating-point arithmetic requires more

clock-cycles. This means that analysis of computational load from this EKF algorithm

operating on a micro-controller would be required in order to ensure it is capable of

being executed in real-time.

Table 7.1 Number of, and type of, operations performed during each loop of the EKF

EKF Equation
Number

# of Additions
and

subtractions
# of Multiplies # of Divisions

(5.27) 14 16 -
(5.28) 13 10 -
(5.29) 2 8 2
(5.30) 4 2 -
(5.31) 2 4 -

Total 35 40 2

7.2 Further Improvements to CC-DFC

The implementation of an adaptive controller for the real-time selection of the sub-

harmonic sequence was discussed in Section 6.2. The current implementation of the

sub-harmonic sequence is pre-defined, where the sequence used by the CC-DFC method
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was h = 10, 4, 2, 1. The problem with this is that if a different sub-harmonic sequence

could provide a better starting performance, each possible sequence would have to be

tested and verified prior to its use. An adaptive controller could remove this problem as

it could change the sub-harmonic sequence in real-time. The proposed solution to this

problem was presented in Section 6.2, where it was discussed that the acceleration of the

rotor could be tracked in order to estimate the amount of time the next sub-harmonic

will operate for in accordance with that sub-harmonic’s speed limit. If the time of

operation is found to be greater than some threshold then that sub-harmonic will be

used next. By doing this, this new adaptive approach aims to increase the time between

frequency changes in order to reduce the negative effects that occurs during these

transitions, see Section 5.2.2 for more information regarding issues related to changing

frequencies during a DFC start. The aim of this is to reduce the negative effects that

occur during the transitioning of frequencies, as a given sub-harmonic will not operate

for durations that are too short.

Section 5.4.4 discussed that during a CC-DFC start the RMS stator/supply current

spikes when switching from the second sub-harmonic to the fundamental. Increasing the

firing-angle just prior to that frequency transition was shown to reduce the amplitude of

the spike in current, but this was achieved through trial and error by manually setting

the amount that the firing-angle would increase by. This approach lacks refinement

and is simply not a practical solution. No potential solution to this problem is being

proposed here, but further consideration of it is clearly required.
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CONCLUSION

This thesis started by first presenting an overview of induction motors and their starting

characteristics under a DOL start. The advantages of a DOL start include: the motor

is able to produce maximum/high torque, simplicity, and low cost. Although producing

maximum torque is only an advantage when the motor is a under heavy load, under light

loads this can cause damage to mechanical components. The two main disadvantages

of the DOL start are: high torque rippling, and high inrush currents. The rippling of

torque can lead to adverse wear of motor and can lead to rotor speed ripple, whereas

high inrush/starting currents can cause undesirable voltage dips in the power supply

and increase thermal stress within the motor.

Conventional soft-start methods aim to reduce the negative starting characteristics of

the DOL method by limiting the stator voltage/current. The stator voltage/current

is reduced by delaying the conduction of the supply voltage through a series of SCRs,

where this delay is referred to as the firing-angle. The firing-angle is decreased as the

motor starts, ramping the stator voltage until the motor is operating DOL. As a result

the inrush currents and torque ripple are kept to a minimum. Additionally, the amount

of torque produced is lower, which under light loading cases reduces the potential risk

of damage to mechanical components.

The problem with conventional soft-starter methods is that the reduction in starting

torque may lead to the motor stalling under heavy loads. DFC aims to increase the

starting torque whilst still maintaining a reduced starting current by applying a series

of discrete frequencies to the motor. These discrete frequencies are sub-harmonics of the
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supply’s frequency, where these sub-harmonics are generated using soft-starter hardware

by the general operating principles of DFC, which is to either include or exclude half

cycles of the supply. It should be noted that the increase in torque results as torque

is inversely proportional to the stator’s frequency. The DFC research conducted in

this thesis was divided into two key topics: the first, was the generation of balanced

sub-harmonics, and the second was an assessment of three DFC control methods.

An induction motor produces maximum torque when the three-phase system being

applied is both positive and symmetrically balanced. For DFC this means that in order

to produce maximum torque each sub-harmonic needs to hold a positive and balanced

set of phase-angles. Under the operating principles of DFC there is a limited number of

ways in which the sub-harmonics across the three-phases can be aligned; therefore, not

all sub-harmonics are capable of holding a positive and balanced set of phase-angles.

This leads to the problem of determining which set of phase-angles, from all possible

combinations for given sub-harmonic, produced the most symmetrically positive three-

phase. This was achieved in Chapter 4, where a series of equations was developed in

order to find all of the combinations of phase-angles. Following this the method of

symmetrical components was used to determine which combination of phase-angles were

the most symmetrically positive for a given sub-harmonic. A LUT of firing-patterns

was then generated, where the firing-patterns are used in DFC to determine whether a

half cycle of the supply was to be included or excluded. Finally, harmonic analysis was

carried out within a simulation environment, where FFT analysis confirmed that the

set of phase-angles provided from the method of symmetrical components did in fact

produce the most positive and balanced three-phase system.

Three DFC methods were assessed in this thesis, these methods are: DOL-DFC, V/f -

DFC, and CC-DFC. The aim of these methods were to ensure that the largest amount

of torque was produced. Through testing of the DOL-DFC method it was found that

the torque ripple was large and the inrush current was high. Additionally, the torque

oscillated in both the negative and positive directions as the motor reached a speed

limit at each sub-harmonic frequency. This was due to the decrease in the current phase

lag, causing the generated firing-patterns to become distorted. As a result the average
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torque dropped, which lead to the conclusion that this control method was not suitable.

The V/f -DFC stemmed from V/f based control for VSDs, but the theory behind it did

not translate to DFC. V/f control makes the assumption that one continuous current is

applied to the motor, which is not the case for DFC. As a result the V/f -DFC method

failed to produced a meaningful amount of torque when operating at the seventh and

fourth sub-harmonics as the rotor speed remained at zero. At the second sub-harmonic

the stator voltage was not maintained at its V/f ratio limit. As the voltage continued

to rise the torque dropped. This also lead to the conclusion that the V/f -DFC method

was not suitable control method. The final method assessed in this thesis was the newly

proposed CC-DFC method. This method took the current control elements from the

conventional soft-start method that was used in this study. Additionally, a reference

to the rotor’s speed was used in order to determine the optimal time to switch the

operating frequency. Two approaches to determining the rotor’s speed were discussed.

The first, was to simply use a rotational sensor to directly measure the rotor’s speed,

but this comes at increased cost and decreased reliability. The second approach was to

estimate the rotor’s speed using a sensorless technique, which was an EKF. The results

of the estimated speed were shown to be adequate for its intend use in the CC-DFC

method. The results from the CC-DFC method were improved compared to the other

two methods, as the RMS current remained at a limit and the torque ripple remained

positive. The use of the rotor’s speed as a reference meant that the torque did not drop

as the rotor speeds did not reach a limit at each sub-harmonic.

A comparison between the CC-DFC method and a conventional soft-start method

was then presented. The CC-DFC method was found to be capable of producing

higher torque with less RMS current being required. This comes at the cost of greater

peaks/spikes in current and an increase in torque ripple. Although the torque ripple

was shown to be largely dampened out by the load, further research into the effects of

this large torque ripple and current spikes is required.
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Appendix A

INDUCTION MOTOR EQUIVALENT
CIRCUIT

Is
Rs

Em

Io

ImIc

Vs Rr

Ir

Er
 

jXr jXs 

Figure A.1 Transformer per-phase equivalent circuit of induction motor [7, Ch.7].
Where:
Vs = Stator voltage [V] Em = Mutual induced EMF [V]
Er = Rotor induced EMF [V] Is = Stator current [A]
I0 = no-load current [A] Im = Magnetising/mutual current [A]
Ic = Core-losses current [A] Ir = Rotor current [A]
Xs = Stator reactance [Ω] Xr = Rotor reactance [Ω]
Rs = Stator resistance [Ω] Rc = Core-losses resistance [Ω]
Rr = Rotor resistance [Ω]
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Figure A.2 Simplified per-phase equivalent circuit of induction motor, derived from Figure A.1.
Where:
Vs = Stator voltage [V] Em = Mutual induced EMF [V]
Is = Stator current [A] I0 = no-load current [A]
Im = Magnetising current [A] Ic = Core-losses current [A]
Ir = Rotor current [A] Xs = Stator reactance [Ω]
Xm = Mutual reactance[Ω] Xr = Rotor reactance [Ω]
Rs = Stator resistance [Ω] Rc = Core-losses resistance [Ω]
Rr = Rotor resistance [Ω] S = Slip
V ar′ = The prime symbol above a rotor variable is there to denote that

the variable reflected/referred to the stator/primary side of the circuit.
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Figure A.3 Phasor diagram for the equivalent circuit from Figure A.2.
Where:
Vm = Mutual voltage [V] ψm = Mutual magnetic flux [Wb]
S = Slip ωs = Stator angular frequency [rad · s1]
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Equations in (A.1) show the input, output, and power losses, which are determined via

the equivalent circuit shown in Figure A.2.

ρi = 3VsIscosφ (A.1a)

ρo = 3I2
rRr(1− S)

S
= Teωr (A.1b)

ρrotor−losses = 3I2
rRr = 3I2

sRr (A.1c)

ρair−gap = ρo + ρrotor−losses (A.1d)

Where for Equations in (A.1):

ρi = Input power [W]

ρo = Output power [W]

ρrotor−losses = Rotor power losses [W]

ρair−gap = Air-gap power [W]

φ = Is phase lag behind Vm as shown in the equivalent circuit phasor digram

from Figure A.3.
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CLARKE TRANSFORM

Here the Clarke transform takes the three-phase components A,B,C and converts them

into two orthogonal stationary components α, β using Equation (B.1).

120º

B

A

C

120º

β

α

Figure B.1 Comparison of three-phase, three component time domain ABC reference frame and the
stationary two component Clarke reference frame (or the α, β reference frame).
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If α is superposed with A and A + B + C = 0 then α, β can be calculated through

Eqyuaitons (B.2) and (B.3).

α = A (B.2)

β = 1√
3

(A+ 2B) (B.3)



Appendix C

SIMULATION ENVIRONMENT
DATA AND INFORMATION

(a) Starting torque curve simulation results without the addition of an offset for the CZCs

(b) Starting torque curve simulation results with the addition of an offset for the CZCs

Figure C.1 Comparison of starting torque via the conventional soft-start control method with and
with out accounting for the time delay(s) that occur when detecting the CZCs due to debouncing.
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(a) Raw three-phase input starting currents simulation results without the addition of an offset for the CZCs

(b) Raw three-phase input starting currents simulation results with the addition of an offset for the CZCs

Figure C.2 Comparison of the raw three-phase input starting currents via the conventional soft-start
control method with and with out accounting for the time delay(s) that occur when detecting the CZCs
due to debouncing.
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(a) Three-phase RMS line currents simulation results without the addition of an offset for the CZCs

(b) Three-phase RMS line currents simulation results with the addition of an offset for the CZCs

Figure C.3 Comparison of the raw three-phase RMS line currents via the conventional soft-start
control method with and with out accounting for the time delay(s) that occur when detecting the CZCs
due to debouncing.
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DFC GENERATION OF
SUB-HARMONICS DATA

Table D.1 Indices for phase-B and C. This used to phase shift the LUT (Table 4.2) from 0◦ to the
phase-angles at each sub-harmonic (given by Table 4.1) for both phase-B and C. Note that in this case
the indexing starts at one not zero.

Sub-harmonic
divider (h) jBh jCh

1 1 1
2 5 1
3 7 4
4 7 4
5 9 6
6 4 11
7 11 6
8 13 15
9 15 8
10 15 8
11 17 10
12 6 10
13 19 10
14 21 25
15 23 12
16 23 12
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Table D.3 Analysis of all phase-angles combinations for the second sub-harmonic (h = 2), where
E(m,n),h is the evaluation number from Equation (4.24) and where Mag means magnitude.

E(m,n),h=2 φA,h=2 φB,h=2 φC,h=2

Max Mag in
current [A]
(at f = 25

[Hz])

Average Mag
in current [A]
(at f = 25

[Hz])

Standard
deviation (σh=2)
of Mag in current
[A] (at f = 25

[Hz])

0.9107 0 60 210 0.9939 0.8520 0.1221
0.9107 0 150 210 0.9957 0.8513 0.1252
0.9107 0 150 300 0.9895 0.8514 0.1299
0.6667 0 60 300 0.6763 0.6120 0.1371
0.6667 0 240 300 0.6761 0.6243 0.1449
0.6666 0 60 120 0.6790 0.6214 0.1506
0.4714 0 150 120 1.0000 0.7064 0.3307
0.4714 0 150 30 1.0000 0.8900 0.3556
0.4714 0 240 210 1.0000 0.8910 0.3542
0.4714 0 240 30 1.0000 0.7042 0.3518
0.4714 0 330 120 1.0000 0.8908 0.3344
0.4714 0 330 210 1.0000 0.7045 0.3316
0.2440 0 60 30 0.4358 0.4194 0.0262
0.2440 0 330 300 0.4607 0.4430 0.0250
0.2440 0 330 30 0.4612 0.4436 0.0249
0.0000 0 240 120 1.0000 0.7693 0.3267

Figure D.1 FFT for a sub-harmonic frequency of fh=2 = 25 [Hz] and where [φA, φB , φC ] =
[0◦, 150◦, 210◦].
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Figure D.2 FFT for a sub-harmonic frequency of fh=3 = 16.67 [Hz] and where [φA, φB , φC ] =
[0◦, 160◦, 200◦].

Figure D.3 FFT for a sub-harmonic frequency of fh=4 = 12.5 [Hz] and where [φA, φB , φC ] =
[0◦, 120◦, 240◦].

Figure D.4 FFT for a sub-harmonic frequency of fh=5 = 10 [Hz] and where [φA, φB , φC ] =
[0◦, 96◦, 264◦].
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Figure D.5 FFT for a sub-harmonic frequency of fh=6 = 8.33 [Hz] and where [φA, φB , φC ] =
[0◦, 110◦, 250◦].

Figure D.6 FFT for a sub-harmonic frequency of fh=7 = 7.14 [Hz] and where [φA, φB , φC ] =
[0◦, 120◦, 240◦].

Figure D.7 FFT for a sub-harmonic frequency of fh=8 = 6.25 [Hz] and where [φA, φB , φC ] =
[0◦, 127.5◦, 232.5◦].
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Figure D.8 FFT for a sub-harmonic frequency of fh=9 = 5.56 [Hz] and where [φA, φB , φC ] =
[0◦, 133.3◦, 226.7◦].

Figure D.9 FFT for a sub-harmonic frequency of fh=10 = 5 [Hz] and where [φA, φB , φC ] =
[0◦, 120◦, 240◦].

Figure D.10 FFT for a sub-harmonic frequency of fh=11 = 4.5 [Hz] and where [φA, φB , φC ] =
[0◦, 109.1◦, 250.9◦].
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Figure D.11 FFT for a sub-harmonic frequency of fh=12 = 4.17 [Hz] and where [φA, φB , φC ] =
[0◦, 115◦, 245◦].

Figure D.12 FFT for a sub-harmonic frequency of fh=13 = 3.85 [Hz] and where [φA, φB , φC ] =
[0◦, 120◦, 240◦].

Figure D.13 FFT for a sub-harmonic frequency of fh=14 = 3.57 [Hz] and where [φA, φB , φC ] =
[0◦, 124.3◦, 235.7◦].
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Figure D.14 FFT for a sub-harmonic frequency of fh=15 = 3.33 [Hz] and where [φA, φB , φC ] =
[0◦, 128◦, 232◦].

Figure D.15 FFT for a sub-harmonic frequency of fh=16 = 3.125 [Hz] and where [φA, φB , φC ] =
[0◦, 120◦, 240◦]..
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.1 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 25% of
the rated Tload = 6.7[N.m] and with a current limit of 400% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.2 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 50% of
the rated Tload = 13.4[N.m] and with a current limit of 400% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.3 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 75% of
the rated Tload = 20[N.m] and with a current limit of 400% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.4 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 100% of
the rated Tload = 26.7[N.m] and with a current limit of 400% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.5 Simulation results of induction motor starting characteristics for the conventional soft-
start method. Under a constant load of 25% of the rated Tload = 6.7[N.m] and with a current limit of
400% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.6 Simulation results of induction motor starting characteristics for the conventional soft-
start method. Under a constant load of 50% of the rated Tload = 13.4[N.m] and with a current limit of
400% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.7 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 25% of
the rated Tload = 6.7[N.m] with a current limit of 225% of the motor’s rated.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.8 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 50% of
the rated Tload = 13.4[N.m] with a current limit of 300% of the motor’s rated.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.9 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 75% of
the rated Tload = 20[N.m] with a current limit of 375% of the motor’s rated.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.10 Simulation results of induction motor starting characteristics for the CC-DFC Speed
reference method with the sub-harmonics sequence of h = 10, 4, 2, 1. Under a constant load of 100% of
the rated Tload = 26.7[N.m] with a current limit of 400% of the motor’s rated.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.11 Simulation results of induction motor starting characteristics for the conventional soft-
start method. Under a constant load of 25% of the rated Tload = 6.7[N.m] and with a current limit of
275% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.12 Simulation results of induction motor starting characteristics for the conventional soft-
start method. Under a constant load of 50% of the rated Tload = 13.4[N.m] and with a current limit of
375% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.13 Simulation results of induction motor starting characteristics for the conventional soft-
start method. Under a constant load of 75% of the rated Tload = 20[N.m] and with a current limit of
450% of the motor’s rate.
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(a) Starting speed curve.

(b) Starting torque curve.

(c) Raw supply/stator currents.

Figure E.14 Simulation results of induction motor starting characteristics for the conventional soft-
start method. Under a constant load of 100% of the rated Tload = 26.7[N.m] and with a current limit
of 500% of the motor’s rate.
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