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ABSTRACT 

An analytic technique, the finite difference calculus, is pre

sented as a method that can be used, subject to certain restrictions, 

to produce mathematical models for the response of curved lattice space 

structures when subject to load. The restrictions are that the struc

ture is linear elastic and has a regular lattice layout on a shallow 

curved surface. 

The method produces partial difference equations, which 

together with their boundary conditions may be solved analytically to 

give a formulae for the unknown joint deformations. Having this 

solution, the structural analyst need only evaluate the formulae for 

the values of the parameters that describe a particular structure. 

Solutions are given for three types of structures which all 

lie on a shallow second order surface, i.e. cylinders and elliptic or 

hyperbolic paraboloids. Single layer structures with pin jointed rods 

or rigid jointed beams and a double layered structure with pin jointed 

members are analysed. In all cases the structures are suppo1.·ted by 

gables on all four sides of a rectangular boundary. 

For these structures the solution for the displacements takes 

the form of a double trigonometric series with a finite number of 

terms. Numerical results obtained with a digital computer are 

compared with those from other methods, principally the direct 

stiffness method. 'l'he finite difference calculus method proved to 

be accurate and more economic to use. 

The effect of varying structural and geometrical pa.rameters 

is discussed and of particular interest is the interaction between 

the rises of the curved surface in the tv10 directions. A cdtical 

geometry for the hyperbolic paraboloid which has·a rise and sag- of 

Dqual magnitudo is found. At this critical shape, the response of 

the~ structure shows an undes.irable feature that load .is carried by 

bending action rather than by membrane action. 
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CHAPTER ONE 

INTRODUCTION 

Lattice space structures are characterised by having many 

similar members (beams or rods) connected at joints that lie in or near 

a regular surface. An essential feature of these structures is that the 

structural action is three dimensional, and that they cannot be con

sidered and analysed as assemblages of independent planar sub structures. 

Such lattice space structures have become increasingly popular 

as a structural form over recent years. A use for such structures, 

particularly the doubly curved types considered in this thesis, is for 

roofing large column free areas such as may be required for sports 

arenas, warehouses, aircraft hangars, to name a few. There are many 

other applications for different types of lattice space structures and 

examples can be found in the literature [16, 45, ·a1, 94]. 

One requirement for large structures is that they are efficient 

in the use of materials. Another requirement is that they be aestheti

cally pleasing. Lattice space structures can meet both of these 

requirements and particularly so for large spans when conventional truss 

structures become heavy and may be unsightly. The inherent efficiency 

of the three dimensional action of space structures leads to economy of 

materials and the repetition of members aids the mass production of 

components and the subsequent assembly process. Recent conferences 

[16, 45, 81, 94] contain excellent background material on the use, design. 

and construction of space lattice and other related structures. 

1.1 PROBLEM STATEMENT 

The analysis, and thus the design, of lattice space structures 

is not without its probl<·ms. A lot of th,3 difficulties stem from the 

large size and complexi 1-y of the stru .. Lures. Numer.i cal techniques of 
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analysis have usually been bas,~d on conventional approaches such as the 

direct stiffness or finite element method. However, these methods tend 

to be expensive because the structure size, as characterised by the 

number of joints and members, is so great. Other methods involve spread

ing out the lattice properties to obtain an equivalent continuum and the 

solution of the resulting differential equations is by an analytic or 

numerical procedure. The testing of small scale models is yet another 

method that has been used. 

These methods are examined in chapter 3 and as pointed out there, 

they are in some ways unsatisfactory. The problems usually take the 

form of expenses (of computer time or manpower) or excessive approxima

tion. The present work is directed towards the application of a tech

nique, the finite difference calculus, that gives adequate accuracy 

without being prohibitively expensive. 

The finite difference method is described in chapter 2 and 

briefly, involves writing operator equations for the unknown quantities, 

displacements in thi~ case. These operator equations are solved 

analytically for a functional solution for the unknown. The functions 

can be evaluated at any location the numerical solution is required. 

It must be emphasised that the finite difference technique used 

here is not the same as that commonly used in numerical work as an 

approximate method of solving continuum problems. However it is not 

new and is the branch of mathematics that is naturally applicable, 

without appro:x:imation 1 to discrete structures. As outlined in chapter 

2, it has beon applied in the past to several structural types with some 

success. 
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1.2 CHAPTER DETAILS 

The general method used is outlined in chapter 2 and applications 

to three classes of structures are made in chapters 4, 5 and 6. These 

three classes of structure are all doubly curved, in the form of second 

order surfaces, a~d bounded by rectangles. Pin jointed and rigid jointed 

single layer structures and pin jointed double layer structures are 

considered and the appropriate discrete mathematical model is formulated 

in each case. A solution which satisfies the equations and the boundary 

conditions is given in the form of a finite double trigonometric series. 

Chapter 3 outlines other analysis methods that are generally 

available for these types of structures. Some indication of the capa

bilities and limitations of each method is given. This is done so that 

the results of the numerical procedures presented in chapter 7 can be 

viewed together with results from other methods. Also presented in 

chapter 7 is a computer program that is used to evaluate the solution. 

It is shown that this is viable both in terms of accuracy and cost. 

After proving that the program works, it is used to obtain the 

response of the structures to changes of geometry and structural proper

ties. The results of these numerical experiments are presented in 

chapter 8. Finally in chapter 9, the extension to account for non linear 

behaviour of the. structure is considered. 

The present work is intended to present and apply a technique 

(the finite difference calculus) to the problem of stru~tural analysis 

and give some results for a small group of structures which are 

restricted in form and layout. It is not intended that this thesis is. 

an exhaustive treatment of lattice space structures in general. There 

are many problems associated with such structures. These include the 

choice of geometry, mc,mbcr layout, joint dt~c;ign and structuro buckling, 

to name a few which ,1re not treated. ·rhe rem1l ts which are given are 
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available directly to the structural analyst but it is envisaged that 

the method can be extended to other classes of structure with more 

general characteristics. The objective is to show that the method is 

applicable to curved lattice space structures. 
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CHAPTER TWO 

FINI'l'E DIFFERENCE CALCULUS METHOD 

2.1 INTRODUCTION 

The use of the analytic method of finite differences in treating 

physical problems is not new. Prior to about 1900, there was a scientific 

hypothesis that·"nature does not make jumps". On this hypothesis, contin

uity is the only permissible medium for constructing mathematical models 

of the physical universe. All changes were assumed to be continuous 

· ·and "natural laws" were expressible as equations between rates of change. 

Thus it was thought that differential equations were the proper mathe

matics of the physical sciences. About 1900 with the advent of quanta 

in radiation theory and of genetics in biology, it was seen that not all 

natural phenomena are conveniently described in terms of continuity. 

It was about this time that the use of finite differences increased and 

applications were made in various fields of study. 

The next section gives the background of the development of the 

mathematics of finite differences and section 2.3 outlines the development 

of finite difference methods applied to structural mechanics. 

2.2 REVIEW OF FINITE DIFFERENCE CALCULUS 

Although, as explained previously, the general use of finite 

differences started about 1900, there were some theoretical results 

available much earlier than this. The beginnings of the calculus of 

finite differences are traceable to the early 1700's with Stirling [so) 

and Bernoulli [6] and later in the 1750's with Euler [31]. These early 

developments were principally to facilitate numerical calculation by 

interpolation formulae in the areas of astronomy, table construction and 

mechanical quadrature. Later there were applications in combinational 

analysis and probability theory, especially by Laplace [53). Boole [9] 



6 

in 1860 summarises most of the work that had been done before that time 

and, although much of the theory has since been updated and extended, 

this text does contain many results which are still relevant. 

At that stage, the calculus of finite differences had developed 

into three inter-related branches: the difference calculus, the summation 

calculus and the theory of difference equations. The first two are 

concerned mainly with numerical methods of interpolation and approximate 

integration using finite differences. The last topic of difference 

·equations is mainly of an analytic nature and is the branch used in this 

thesis. Boole, in his text, treats all three of these branches of the 

calculus. 

The modern theory of difference equations starts with Poincare [65] 

in 1885 with his treatment of the general linear difference equation with 

variable coefficients. Birkhoff [7] gave a treatment in 1911 and after 

this there appeared many texts on the calculus of finite differences. 

The notable ones are by Norlund [62], Steffensen [79), Milne-Thompson [59], 

Fort [35] and Jordan [51]. All of these treat the three branches of the 

finite difference calculus and span the period from the early 1900's to 

1950. 

In the 1950's with the development of the digital computer, there 

was an increase in the use of finite differences in numerical methods. 

Many texts appeared on this aspect of finite diflerences but they are not 

of much use to the analytic theory. 

More recently, somt' texts on the analytic theory of finite 

difference equations have been published. These include Levey and 

Lessman [54], Brand [10], Soaty [74] and Miller [ss]. All of these treat 

finite difference equations in their own right without concentrating on 

the numerical procedures. While most available texts treat only linear 

equations, Saaty (74] treats simple non-linear equations. 
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2.3 REVIEW OF APPLICATION OF FINITE DIFFERENCE CALCULUS TO STRUCTURAL 
MECHANICS 

The first major application of the finite difference calculus to 

structural mechanics was in 1927 with the publication of the text by 

Bleich and Melan [s]. This work, in German, although extensive and 

thorough was very general and did not emphasise the savings in computa

tional effort that could be obtained with certain classes of structures. 

Possibly because the method did not apparently offer any advantage over 

other better known methods, no significant development followed for a 

considerable period. 

In 1940, Von Karman and Biot [85] presented a short treatment of 

the uses of finite differences in engineering. They considered stresses 

in a continuous beam on equidistant supports, the stability of a latticed 

truss and other examples of electrical and mechanical systems. In a 

similar manner, Pipes [64] in 1946 gave some examples of engineering 

systems analysed by finite difference techniques. 

The static analysis of a beam grillage was treated by Holman [43) 

and also by Ellington and Mccallion [29], both in 1957. These marked a 

revised interest in the use of finite difference methods. In 1959, 

Ellington and Mccallion extended their treatment to include the dynamic 

analysis of a beam grillage [3o]. 

The developments of Dean and his as.so.:::.:! ates over the period from 

1959 to the present (1977) include much which is relevant to the treatment 

here. In 1959, I?ean and Tauber [17] derived the finite difference modela 

for regular parallel chord Vierendeel and triangulated trusses and gave 

_closed form solutio~s to these equations. They drgnE:}d for further use 

of finite difference teehniques. In 1960 they published a paper [83] 

containing the mathemati<·u I background for solutions of finite difference 

aqu11ti.ons. 
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A paper by Dean [1s] in 1960, extended the use of finite difference 

techniques to three dimensional structures by reducing the problem to an 

equivalent one dimensional model for which a solution was presented. 

Appendices to this paper presented the solutions for difference equations 

with symmetric quartic operators in one variable. 

There was a further significant extension in 1963, when Dean and 

Ugarte [19], presented the analysis of regular net-like structures. This 

involved formulating a mathematical model for the vertical deflexion of· 

the regularly spaced joints of the cables of the net. The model was an 

equation for a single dependent variable (the vertical deflexion of the 

joint) of two independent variables (the coordinates which describe the 

location of the joint in the structure). The two components of the hori-· 

zontal deflexion were neglected in this analysis. A solution was proposed 

in the form of a double trigonometric series and both uniform and general 

load cases were considered. A similar method was used by Dean [20] to 

analyse a beam composed of regularly interconnected larnellas. A grid 

constructed in a similar manner was also analysed. 

In a dissertation in 1965, Ugarte [84] considered the analysis 

of latticed structural shells using finite difference calculus methods. 

She used a stress function approach to obtain a solution for the equi

librium equations of a statically determinate lattice structure. Various 

shapes of structure were considered includini;; a shell of revolution 

under symmetric loading, a right conoid and a hyperbolic paraboloid. 

The force deformation relations were also considered and a finite series 

type solution was presented for the deformations of a cylindrical latticed 

shell. The treatment considered only members with rtxial loads and pin

jointed ends. 
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Dean [21] also in 1965, presented the static analysis of several 

lattice shells which were internally statically determinate. He proposed 

a stress function type solution to the equilibrium equations for a hyper

bolic paraboloid and an elliptic paraboloid. For these structures to be 

statically determinate, it was possible to consider only one degree of 

freedom for each joint and thus only vertical loads. The member layout 

differs somewhat from that treated in this thesis, so the two cannot be 

compared directly. 

The dissertation by Mithaiwala (60) in 1968, presented the analy

sis of cylindrical ribbed and latticed shells. In this he presented a 

·microanalysis where he started with the basic elements and obtained a 

governing equation. The solution was then obtained by a method of 

summation over the whole structure. Also presented was a macro approach 

where the total structure was considered as the starting point. Any 

unknown interactions at nodal points were determined by considering com-

patibility of deformations at the nodes. These two approaches are 

broadly equivalent to the stiffness and flexibility methods of structural 

analysis. Mithaiwala used these two methods to demonstrate the advantages 

of each. His solution in both cases was in the form of a finite double 

trigonometric series for the displacements. 

The application of finite differences to two dimensional frames by Dean 

.and Ugarte [22] is of considerable relevance to this thesis, even though 

it did not consider a space structure as such. The techniques used there 

for the formulation and solution of the system of governing partial dif

ference equations are very similar to the techniques used in this thesis. 

Given as an appendix to the paper is a treatment of the use of finite 

series solutions for difference equations and an outline of the require

ments for the form of th<' equations and for the boundary conditions so 

tha. t a. series solution i r: v i.:ible. 
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'!'Ill, uwi of rl11lLo difftwemnu tochniqucrn to f:l 11on-ll11oar 1Hruclun, 

was demonstrated by Avent [2] in 1969. 'I'ho vertical dlsplacem,rnts and 

the forces in a two-way network of prestressed cables, under static out

of-planeloading were determined by solving a set of finite difference 

equations numerically by a walk-through method so that equilibriwn was 

satisfied at each joint in turn. Non-linear behaviour was considered 

along with various shaped boundaries. Even though a nwnerical solution 

was developed, the use of finite difference techniques resulted in less 

effort being required than would have been the case if a more conventional 

analysis method had been used. 

Dean and Gang Rao [24] used the macro approach to analyse struc

tures which consist of an assemblage of discrete and continuous components. 

The resulting models involved summation equations and surmnation-integral 

equations. The important aspect of this approach is the ability to 

analyse structures where discrete and continuous components interact. 

r 
Other papers of interest given in the bibliography l3, 23, 26, 

36, 77] treated various shapes and types of structure. Many of the 

presentations noted above are summarised in the paper by Dean and Avent 

[21] which outlines the state of the art up to the Second International 

Conference on Space Structures [al] held in 1975. 

Another researcher who used finite difference techniques was Wah 

with publications from 1963 to 1970. He consieered in the main, uniform 

grillages [86, 87, 88, 89) subject to static and dynamic loads as well as 

stability problems. The solutions generally took the form of finite 

trigonometric series. In another paper [9o], Wah presented the stability 

analysis of a stiffened plate under in-plan~ compression. Along with 

some other material, th<' r<,rrnlts in the papers above, are presented in 

a text by Wah and Calco!-<' [91] published in 1970. This text represents 

one of the few attempb; Lo collect such material and present it in a form. 

suitable for general use ,md teaching. 
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Renton alee made uee of the finite difference calculus in the 

analysis of grillages, space grids and trusses [67, 68, 69, 70, 71, 72]. 

Renton's techniques generally involved formulating tho mathematical model 

of the physical system as difference equations. These were then either 

solved directly in terms of elementary functions or transformed, by using 

a Taylor series expansion, to an approximate differential equation. 

This latter equation would then be solved. In effect this was forming an 

analogy between the discrete system and a continuous one. While this 

technique does introduce approximations into the model, it demonstrates 

one means of using the finite difference calculus in formulating the 

analysis of a structure. 

Other researchers include Gutkowski [40, 41] who analysed a 

cylindrical space lattice, Suzuki, Kitarrnaru and Yamada [s2] with the 

analysis of a double layer flat grid, Hussey, Tarzi and Theron [44] also 

with the analysis of a double layer flat grid, and Grigorian [38, 39] who 

gave the vibration analysis of multi-thread networks and of flat gridworks 

of Vierendeel trusses. 

Sherm.an et al presented a bibliogr~phy [ 75] as at 1972 and a 

state-of-the-art report [76] as at 1976 on the broad topic of lattice 

structures generally. While it considered many facets other than the 

structural analysis, the bibliography [75] gives many references on this 

topic and in particular on the use of finite difference techniques in the 

analysis procedure. The use of finite differences was treated in some 

detail in the report [76] and it is certainly a good starting point to 

obtain an introduction to the subject as well as references to further 

material. 
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2.4 CHARACTERISTICS OF SUITABLE STRUCTURES 

The type of structure that is suitable for analysis by the analy

tic techniques of finite differences is characterised by a regular layout 

of discrete components such that the structure may be sub-divided into 

a number of identical modules. Within each module, the number, the 

geometric layout and mechanical properties of the joints and members 

are the same as in any other module. The internal complexity of the 

module determines, to some extent, the complexity· of the analysis process •. ·. 

Chapter 4 treats a single layer structure with a module containing_. 

one joint and six members each capable of resisting axial forces only, 

while chapter 5 extends this treatment to account for members which can 

resist bending. Chapter 6 considers a double layer structure with a 

more complex module which contains two joints and fifteen pin jointed 

members. 

If the structure cannot be sub-divided into identical modules, 

it may still be possible to formulate the analysis problell\ by using the 

finite difference techniques, but in general for such cases it is not 

possible to find an analytic solution. In these cases the major advantage 

of the method is lost and other methods (e.g. direct stiffness) may prove 

easier to use. 

The main treatment in this thesis considers linear elastic 

behaviour of the members and of the total struc~ure. One implication 

of this is that the member stress levels due to any loading are such 

that member strains and displacements are small. This is to ensure that 

the member behaves linearly elastically and that no member buckling or 

other non-linear behaviour can occur. Another. implication is that the 

total structure deformat_ions are small so that structure buckling does 

not occur. 
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Extension of the mothod to non- Line.tr behaviour, both mnterial 

and geometric will be considered in chapter 9. 

2.5 OUTLINE OF GENERAL METHOD 

The remainder of this chapter contains an outline of the general 

method of using the finite difference calculus to analyse regular struc

tures. The purpose of this outline is to show how the analysis is 

developed without delving into the fine detail that is necessary for the 

analysis of particular structures. Chapters 4, 5 and 6 contain the 

detailed application of the method to three classes of structures. 

2.5.1 Member Relations 

Consider a component element which may be any structural element 

say a bar, a beam or a shell segment. For this element load-deformation 

relations in the local or element coordinate system (e.g. x,y,z) can be 

determined from slope deflexion equations_or by finite element methods. 

These are the same as the element stiffness relations as used in the 

direct stiffness method and can be written as 

••• (2-·1) 

where {p } 1 , {p }2 are vectors of the member end actions at ends 1 and 2 
X X 

of the member, and{~ } 1 , {~ } 2 are the vectors of the end displacements. 
X X 

These are shown in figure 2.1. The size of t~e vector depends on the 

complexity of the element. For a bar member the vectors {p }1 etc. have 
X 

three members ·and for a beam member they have six members. The matrices 

[k.11], [k12], [k2 i) and [k2 2) contain the stiffness properties of the 

element and as noted above can be obtained from the slope deflexion 

equations. 

These relations are in a coordinate system that is related to the indi

vidual member and as the mombers may hl".Ve differing orientations, the 
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Fig. 2 · 1 BEAM MEMBER AXES , DISPLACEMENTS AND ACTIONS. 

coordinate system may be different f or each member. In order to form 

. equilibrium equations at a joint where several members meet, the member 

end actions and displacements are transformed into a more convenient 

coordinate system that is related to the structure. This structure co

ordinate system (a,S,y) need not be a cartesian one and in general a 

curvilinear one may be more convenient. For such a case, the transfor

mations between the element and structure coordinate systems will differ 

at the two ends of t he member. These transformations <;an be written as 

•• • (2-2a) 

{ £\ } i "" [ Ti] { 6 } . 
Cl X l. 

where i; l or 2 denotes the apprppriate ~nd of the member. The vectors 

{Pa} i and {L\i } i are the actiQns and displncernonts in the structure 

coordinate syst m and the vectors {px} i and {lx}i are actions and ~is

plac(lments in the'•tnernbBr coordinate si ,Jtem. The transformation matrices 
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[T1] are composed of direc~ion cosines and for an orthogonal transformation 

as considered here, the inverse of [Ti] is also the transpose of [ 'I'i] . 

Thus 

[ T7] {p } . 
1 a 1 

{ Cl } , = [ T -1:1] { ti } . = [ T 7] { ti } . x 1 a 1 1 a 1 

••• (2-2b) 

Carrying out these transformations, firstly of the end displacements gives 

••• ( 2-3 ) 

This relates the member end actions in the member coordinate system to 

the member end displacements in the structure coordinate system and it 

will be used in section 2.5.7 to determine the member actions. 

Secondly, transforming the end actions gives 

raj'} • [ T1k11T: T1k12T: ] {{6a}'} 
{p }2 T2k21T1 T2k22T2 {ti }2 a a 

... ( 2-4 ) 

which can be abbreviated to 

ta),} • [ K11 K12 l ta)') 
{P }2 K21 K22 {ti } 2 

a a 

... (2-5) 

where 

[K . . ] 
1J . 

[ T. ] [ k . . ] [ T:] 
1 1J J 

••• ( 2-6) 

for i = 1, 2 and j = 1, 2 

Relation 2-5 gives the member end actions in terms of the end 

displacements where all quantities are in the structure coordinate ·systen1. 

As it is only necessary to consider the end actions at one end of the 

member when writing equilibrium equations, it is convenient to partition 

relation 2-5 to give the end actions at end 1 as 

••• (2-7) 
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2.5.2 Shift Operators 

The joint displacement vector is different for each joint and 

can be considered as a function of the joint coordinates. Thus if end 1 

of the member considered in section 2.5.1 has coordinates (a,S) then end 

2 has coordinates (a+ g, 8 + h), where g and h depend on the member 

length and orient_ation with respect to the a and S axes. The member end 

displacements can then be written as 

{L\ }1 = {L\ (a,6)} 
a a 

. • • ( 2-8) 

{L\ }2 = {L\ (a+ g,8 + h)} 
a a 

••• ( 2- 9) 

It is convenient to introduce here the finite difference shift operator 

defined by the relation 

f(k) = f (k + j) 

where f (k) is a function of the variable k and E~ is the finite difference 

shift operator of order j on variable k. It is seen that the effect of 

the shift operator on a function is to give the value of the function at 

a displaced value of the argument. 

Using this concept, the end displacement at end 2 of the member 

can be expressed as 

{L\ }2 = {L\ (a+ g,S +h)} a a 

= ..• (2 - 10) 

where E~ and E~ are the finite difference shift operators of orders g 

and h in the a and S directions respectively. Substituting these into 

the previous relation 2- 7 for the member end action gives 

{PCl.(a,(3)} = [K1i] {6Cl.(a,6)} + [K12] {L\Cl.(a+g,S+h)} 

= [Kl i] { L\ (a, s) } + [Kl 2) E g E~ { L\ (a, 8) } 
a a µ a 

= [ [K1 i) + [K12] E~ E~] {L\a(a,S)} ••• (2 - 11) 

The vector {p (a,8)} contains the member end actions at end 1 which is at 
a 

coordinates (a,8) and is also considered a function of the coordinates. 
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2.5.3 Equilibrium of Typical Joint 

As several members meet at the typical joint at coordinates (ri, f~), 

the sum of the effects of all such members must be obtained to get the 

total joint reaction, which for equilibrium must balance the applied joint 

load. The member end actions as given in the relation 2-11 for a single 

member are summed over all members meeting at the joint to give 

{w (a,B)} 
a 

n 
t: 

{=l 
{P (a,8)}. 

<X l 

[ n( g, h.)] = t: [K 11 ]. +[K 1 2]. E i EBi {6 (a,B)} 
i:;:l i i a -- a .. . (2 -12 ) 

where subscript i designates the member, from 1 to n, and {w (a,S)} is the 
a 

vector of applied joint loads . The equation 2-12 can be abbreviated to 

{w (et, B)} = [K(E ,E 0 )] {6 (a, 8)} 
Ct Ct p Ct 

••• (2 -13) 

where [K(Ea,ES)] ~[,~J [K11] i +[K 12] i E 1 E l. 
g. h. )] 

(1 8 
•.• ( 2-14) 

This is for the case where the typical module as described in 

section 2.4 contains only one joint. Where the typical module contains 

more than one joint, the basic procedure is similar except that the final 

assembly of [K(Ea,ES)] is more complex and consists of sub-matrices giving 

the equilibrium relations at each joint in the module. An example of a 

structure with two joints in the typical module is treated in chapter 6. 

The relation 2-13 is a system of linear partial difference equations 

for the vector of unknown displacement functions {6 (a,8)}, given the 
a 

member properties (contained in the matrices [K 11 ] i and (K 12 ] i), the membe_r 

orientations (contained in g, and h.) and the vector of applied joint loads 
1 1 

{w (a, B) J. 
a. 

The elements of [K(Ea,EB)] involve the finite difference shift 

operators E and E 0 and may also involve the coordinates of the joint o: p 

i . o . ct and (·L When the joint coordinates are involved, it means the 
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structure is not regular and that the geometry and/or member properties 

vary with the coordinates. For such cases the solution to equation 2-13 

is very difficult and may be analytically intractable. 

For the more special cases of a regular structure, the elements 

of matrix [K(Ea,ES)] while still involving the shift operators Ea and E~ 

do not involve the coordinates a and B. Such cases are treated in this 

thesis and for them, equatjon 2-13 is a system of linear partial difference 

equations with constant coefficients. 

2.5.4 Boundary Conditions 

The boundary conditions on a structure are of two types. Firstly 

there are conditions on t he boundary displacements and secondly there are 

conditions on the boundary force reactions. These can be illustrated by 

a diaphragm type support to a lattice structure. For such a diaphragm, 

the displacement in the plane of the diaphragm must be zero and the dis

placements normal to the diaphragm are unrestricted. Where rotational 

deformations are possible, further conditions are required. The force 

conditions for a diaphragm are that the forces in the plane of the dia

phragm are unrestricted and the forces normal to the diaphragm must be 

zero. Where moments are possible, there are further conditions on them. 

Because the forces at a joint, due to the members meeting there, 

can be related to the displacements at that joint and at adjacent joints 

( those at the far ends of the members considered,, it is posE;ible to formu

late the force boundary conditions as conditions on the displacements . 

For the finite difference model of a lattice s~ructure, the force 

boundary conditions will involve the shift operators acb ng on the dis

placement functions. 

2.5.5 Solution Form 

The form of the solution used i s a series of the eigenfunctions 

of the homogeneous equations together with the boundary conditions . For 
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a finite difference equation on a finite interval, the number of distinct 

eigenfunctions is also finite and these eigenfunctions are mutually 

orthogonal over that interval. Because there are only a finite number 

of eigenfunctions, the series solution contains a finite number of terms 

and thus there is no concern about convergence of the series as is neces

sary with the infinite series of eigenfunctions of a differential equation. 

The non-homogeneous or loading terms (vector {w} in equation 2-13) 

must also be expanded into a series of the eigenfunctions. This does 

not impose any restric.t;.ion on the form of the loading as an arbitrarily 

general discrete function over the finite interval considered can be 

expanded into such a series by numerical methods. In some special cases, 

it is possible to obtain analytic expressions for the series coefficients 

and this reduces the numerical calculations. 

The assumed series form for the displacements and the series 

expansion for the loading terms are substituted into the equations and, 

because of the orthogonality of the eigenfunction, term for term matching 

results in equations for-the displacement series coefficients. These 

equations, one for each series term, are solved analytically if possible 

or numerically otherwise. 

From the description above it will be seen that the requirements 

for a series of orthogonal functions (the eigenfunctions) limits the 

method to those cases where the appropriate eigenfunctions of the differ

ence equation and the boundary conditions can be found. F•'or a specific 

type of structure viz. one on a shallow second order surf~cP and bow1cted 

by a rectangle with diaphragm type supports, the appropriatL• eigenfunctions 

are combinations of trigonometric sine and c~oH i II<' functions. This is Lhe 

shape of the structures considered in detail in chapters·4, 5 and 6 of 

this thesis. 
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2.5.6 Displacements 

Once all the displacement series coefficients have been deter

mined they can be used in the evaluation of the series to give the dis-

placements of the joints. This evaluation would generally be done 

numerically and only at one joint at a time. The computational effort 

involved is the same foreach joint, and thus, if only one or a few joint 

displacements are required, then only these should be evaluated with the 

series. 

In passing it will be noted that the direct stiffness method of 

analysis requires all displacements to be evaluated whether they are 

required or not, By this selective evaluation of the displacement series, 

the finite difference method offers some saving in computational effort. 

2.5.7 Member Actions 

Having evaluated the displacements at the two ends of a member, 

they can be used in expression 2-3 to determine the member end actions. 

This expression gives the member actions in the member local coordinate 

system. 

2.5.8 Joint Residuals and Reactions 

The resultant action at a joint due to all the m~rnbers meeting 

there can be determined nwnerically after the joint displacements are 

known. Expression 2-7 or 2-11 is used to determine the member actions 

in the surface coordinate system for each member. The sum from all mem

bers meeting at a joint should balance the applied joint load at the 

internal joints. Any difference between them is an indication of com

putational error. 

For boundary joints, the residual joint force from the members 

meeting there is balanced by the reaction of the boundary. 
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CHAPTER THREE 

ALTERNATIVE ANALYSIS METHODS 

3.1 INTRODUCTION 

The methods which are presently available to analyse a 

lattice space structure can generally be classified as belonging to 

one of four approaches. One of these is the finite difference 

method discussed in chapter 2. The others are the direct stiff-

ness method, the analogous continuum method and the physical model 

method. The bibliographies [75,76] are the source of many refer-

ences on analysis methods. 

In order to compare the performance of the finite difference 

method with the performance of the other methods, a brief description 

of them is given in this chapter. Indications of the uses and restric

tions are given for each method. In chapter 7 there is presented the 

results of analysis, by the finite difference method, the direct stiff

ness method and the analogous continuum method, of several space frames. 

These analyses are used to compare the performance of the methods. 

3.2 DIRECT STIFFNESS METHOD 

The direct stiffness method of analysis is the most common 

numerical method of structural analysis in use at present. It is one 

of a group of methods that involve solving systems of linear algebraic 

equations and, in most cases, proves the easiest to apply. The 

method is capable of handling structures with almost any layout of 

members and joints. It is also possible to consider a wide variety 

of boundary conditions. There are many more mathematical methods, 

e.g. flexibility coefficients, slope deflexion, moment distribution 

and others, but these are for special applications or are variations 

of the direct stiffness approach. 
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The direct stiffness method for a linear structure is described 

in many papers and texts on structural analysis, e.g. [48, 73]. · In 

applying any mathematical method to a physical problem it is necessary 

to make certain assumptions and simplifications. Those made in using 

the direct stiffness method for a framed structure are that the proper-

. ties of the section are assumed to be concentrated on their centrelines 

and that these line members are assumed to be connected together at the 

joints or nodes. Thus the structure is idealised to a system of lines 

and points representing the structure members and joints respectively. 

The member material is assumed to be linearly elastic and also the member 

deformation and the structure deflexions are assumed to be small. This 

is necessary so that the resulting system of simultaneous equations is 

linear. The possible extension to non linear behaviour will be considered 

later in this section. 

The analysis procedure starts with the member and forms, 

numerically, the stiffness matrix relating the joint forces and the 

joint deformations. For frame members the joints are at the two ends 

of the member. The size of the stiffness matrix depends on the member 

deformations that are considered significant. For members that can 

resist only axial loads, the linear displacements of the two ends are 

relevant and as there are three of these at each of the two ends, the 

stiffness matrix has six rows and six columns. When the member can 

resist transverse bending, torsion and shear as well as axial loads, the 

relevant displacements are three linear displacements and three rotations 

at each end. The member stiffness matrix then has 12 rows and 12 columns. 

When all the member stiffness matrices have been formed they can be 

assembled into the total structure stiffness matrix. The assembly is 

performed according to the connectivity of the members and involves 

summing, at each joint, the effects of all members that me0t there. 



The total structure stiffness matrix relates the joint forcos on the 

total structure to the joint displacements, and this matrix is square of 

size 3 (for pin joints) or 6 (for rigid joints) times the number of 

joints less any boundary constraints. 

The system of equations involving the structure stiffness matrix 

and the applied joint loading is solved for the joint displacements. 

Once these joint displacements are known, the member end actions can be 

determined from the member stiffness matrices and any boundary reactions 

can be computed from the total structure stiffness matrix or from the 

member end actions. 

When a structure undergoes large displacements or the material 

does not have a linear stress strain relationship, then the resulting 

equations are non linear. For such cases it is possible to use an 

incremental method where the structure is linearized and subjected to a 

series of small load increments. In this way, the response of the struc

ture can be found. For some types of problems it is possible to use an 

iterative approach for non linear behaviour. 

In making use of the direct stiffness method, the structural 

analyst is faced with certain assumptions, requirements and problems and 

he should be aware of them. 

The method idealizes the frame as a set of line members that 

meet at points. For the types of structures that are considered in this 

thesis, this is a good representation. Other types of structure, partic

ularly ones with short, deep members, would not be as accurately repre

sented by lines and points. 

The volume of numerical work in using the method, makes the use of 

a digital computer necessary. There are available many standard 

computer pr.oqrams, o.g. [12, 32, 55] to perform the required computa-
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tions. In general, these programs try to simplify and ease the burden 

of data preparation that is needed. Even so, the amount of data is 

generally large as it is necessary to specify, either explicitly or 

implicitly, the coordinates of every joint, the connectivity and prop

erties of every member and the applied loading on every joint. The task 

of preparing and subsequently checking this data is generally very time

consuming. This process of checking for erroneous data is particularly 

important, as a complete re-analysis is necessary if mistakes in the 

data are made. If the analyst requires a change of layout, boundary 

conditions or loading, a re-analysis is also required. 

It was noted earlier that a digital computer is required because 

of the volume of nwnerical work. One aspect of this is that the com

putation time and the storage requirement needed to analyse a given 

structure may be prohibitive unless efficient methods are devised. The 

greatest need is during the process of solving the system of equations 

and much work has been devoted to this [46, 61, 78]. For a given com

puter there is a limit to the size of the structure that can be analysed 

using fast, or primary, storage. It is possible to analyse larger 

structures by using slower secondary storage, i.e. magnetic discs and 

tapes, but this involves increased computation time. The trade-off 

between computer.time and storage is characteristic of this type of 

problem. 

A further aspect of the large volume of calculations is a danger 

of inaccuracy in the computing process of truncation of products and 

sums. This can cause the results of the analysis to be erroneous and 

before the analysis is performed, it is difficult to assess if and when 

this may happen, Indeed, even after the computer results are known, it 

is not always possible to know if significant error has occurred. 
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3.3 ANALOGOUS CONTINUUM METHOD 

The analogous continuum method makes use of the postulate that 

a discrete lattice structure can be approximated by fl continuum. The 

method has been used by many investigators for various types of struc

tures, e.g. [s, 14, 70] and in particular for lattice space structures, 

e.g. [15, 33, 57, 71, 92, 93]. 

Several assumptions and approximations need to be made to use 

this method of analysis. The usual ones are that the deformations of 

the members and structure are small and that the material of the lattice 

members and of the continuum is linearly elastic. These are so that the 

behaviour of the structure is linear. 

There are two basic approaches in determining the analogous 

continuum. In the first, the approximating continuum is a shell-like 

structure with mechanical properties determined from the properties of 

the discrete lattice. For this approach the deformations of the shell 

and the lattice are assumed to be the same at the node points, and the 

stress resultants in the shell are assumed to be statically equivalent 

to the member actions in the lattice. These assumptions give continuum 

strain/member deformation and continuum stress/member action relation

ships which can be combined with the member deformation/member action 

relationship, from the lattice member properties, to yield the continuum 

stress/strain relationship. This stress/strain, or constitutive, rela

tionship can then be used in a classical shell theory to produce a 

differential equation describing the behaviour of the shell <lnd hence 

describing the approximate behaviour of the lattice. 

The second approach involves formulating the structural problem 

in the lattice by a finite difference technique to produce finite 

difference equations for the unknowns, e.g. displacements. These 

unknowns which only have any significance at the discrete nodes in the 
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lattice, are now approximated by continuous functions and the finite 

difference equations are approximated by differential equations - the 

reverse of the more common procedure. There results a differential 

equation which approximately describes the behaviour of the lattice. 

The two approaches result in a governing differential equation 

which, together with mathematical statement of the boundary conditions, 

may be solved for the continuum displacements when the structure load is 

given. Knowing the continuum displacements and hence by analogy, the 

lattice frame displaceil\ents, it is possible to determine the member 

actions and so complete the solution. 

In practice, the solution of the differential equation may be 

very difficult or even analytically intractable. For some very restric

tive cases, the equations may be the same as those for a homogeneous, 

isotropic shell. In such cases, any known solutions, e.g. [34, 37, 47] 

can be used. More general layouts of the lattice may result in the 

equations being similar to those for a non-homogeneous and anisotropic 

shell for which there are no available general analytic solutions. 

Where there is no analytic solution for the shell and in the most general 

case where the equations do not have an analogous shell, the analyst 

must resort to the use of a numerical solution of the differential 

equations. The use of such a numerical solution can be as time-consuming 

as the original lattice problem but because of the approximations made, 

the solution may be less accurate. 

In using the method, the accuracy attained depends on many 

factors. Some of the factors that lead to greater accuracy include a 

"fine" lattice spacing when compared with the overall size of the 

structure and a "smooth" loading function. The geometry. also has a 

large effect on the accuracy and shapes where the member actions are 

principally axial forces and bending stresses are low, lead generally 
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to better results. 

The amount of computation involved in using the method is depen

dent on the technique used to solve the differential equations. It can 

vary from very little (e.g. use of a slide rule) to a great amount 

requiring a digital computer. For certain Ehapes and layouts where the 

effort is small to moderate and the accuracy reasonable, the method is 

excellent as a design tool. By using it, the designer can obtain stress 

and deformation distributions under the given loading. This may be 

sufficient as a final design or a more powerful analysis may be required. 

3.4 PHYSICAL MODEL METHOD 

This method of analysis involves constructing a physical model, 

such as a small-scale replica, which mimics the characteristics of the 

full sized structure. In the past, the method has been used for many 

types of structures [11, 13, 42] inciuding lattice space frames [4, 56, 

63]. 

There are some problems with the use of such models as it is 

very difficult to construct a model that will represent all the charac

teristics of the structure with sufficient accuracy. It is sometimes 

possible to model some of the characteristics adequately but not all of 

them. This gives rise to errors in the model analysis. 

The most common type of model is the s~all-scale replica. For 

lattice space structures, such models tend to be intricate with many 

members and joints and thus the construction of such models needs 

meticulous care. Instrumentation also causes problems for small models 

because the size of the instruments may have an ar,preciable effect on 

the model structure and hence on the results. 
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The effect of such problems is to make the use of physical 

models both time-consuming and expensive. Their use is generally restric

ted to research projects and analysis checks on unusual structures. 

They would not generally be suitable as initial design tools. 
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CHAPTER FOUR 

ANALYSIS OF A SINGLE LAYER PIN JOINTED STRUCTURE 

4.1 DESCRIPTION OF THE STRUCTURE 

The structure treated in detail in this chapter is one with 

the joints lying in a single layer defined by the shallow second order 

surface (fig. 4.1). 

z = 4 [ Bx (tx) ( 1 - ! ) + H (:::_ ) ( 1 - .! ) ] 
LX Y Ly ½ ..• (4-1) 

and bounded by diaphragm type supports on a rectangular boundary at 

X = o, X = LX, Y = 0 and Y = Ly. HX and H are the rises of the surface y 

in the X and Y directions respectively. 

For various values of the parameters HX and HY, this surface 

is the shape of an elliptic paraboloid (fig. 4.la), hyperbolic paraboloid 

(fig. 4.lb), translational paraboloid (fig. 4.lc and 4.ld) or a flat 

surface. 

A small portion of the structure is shown in figure 4.2a to 

indicate the layout of the joints and members in the surface. The 

typical module contains one joint which has six members framing into it. 

The orientation and layout of these members is shown in figure 4.2b. 

It will be seen that the members form triangles on the surface of the 

structure. For the structure to be regular, both the triangles and the 

joint layout must be uniform which is only possible on a flat or singly 

curved surface. However, an approximately regular layout can be obtained 

on a shallow doubly curved surface. 

In this chapter members are restricted to those with pin jointed 

ends. The members are only subject to axial loads. Linear behaviour 

of the structure is assumed. 



z 

y 

· Fig. 4 ·1 a ELLIPTIC PARABOLOID 

i 

~~ 

. Fig. 4·1 b HYPERBOLIC PARABOLOID 

l 

X 

Fig. 4·1c TRANSLATIONAL PARABOLOID 

Fig. 4-1 d TRANSLATIONAL PARABOLOID w 
0 
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Fig. 4·2a . PORTION OF SINGLE LAYER STRUCTURE .. 

(oe -1,;3+1) (oe+I, 13~1) 

Fig. 4·2 b. TYPICAL JOINT. 
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./ 

Fig. 4·3 BAR MEMBER AXES, DISPLACEMENTS AND ACTIONS. 

4.2 DERIVATION OF GOVERNING EQUATIONS 

Following the general outline ilS given in chapter 2, the deri-

vation of the mathematical model of the structure starts with the 

element properties. The basic element, a bar, with its local coordinate 

system is shown in figure 4.3. Also shown are the three linear dis

placements and the three corresponding forces in the x, y, z directions 

for each end of the member. Positive di i;placements and forces are in 

the positive directions o f t he member axes. 

The load deformation relations for the har element can be written 

i.n thifl memlwr coordinate nys te111 a~ 

••. ( '1-2) 



l .l 

where 

{p 
i -[:: l I i\ 

i 

C [ ~: l for i l and 2 
X X 

p . 
z l. z l. 

and [ k I I] [ k 2;, ] - [k I;,] = - [k,.] C lT. 
J 

t) , 6 and f, are the displacements of the end of the member in the 
X y Z 

x, y and z directions, p, p and p are the corresponding forces and 
X y Z 

the subscript~ 1 and 2 indicate the two ends of the member. E, A and L 

are the member elastic modulus, cross-sectional area and length respec -

tively. 

To write equilibrium equations at a joint, the member end 

forces of all members meeting there should be in a common coordinate 

system. Thus it is necessary to change the relations 4-2 from the local 

element coordinate system to the common coordinate system at the joint. 

A convenient coordinate system is one related to the curved surface 

and is denoted by the axes a, 8 and y . The y axis is normal tq the 

surface at a joint and the a and 8 axes are in the tangent plane at the 

joint. The a and 8 axes are oriented so that the projections of the a 

and 8 axes on the x, Y plane are parallel to the X and Y axes respec

tively. This is shown in figure 4.4. For a shallow curved surface the 

a, B, y axes form an orthogonal curvilinear coordinate system. The y 

coordinate is zero in the surface and thus a pair of .values (cx,B ) is 

sufficient to describe the location of a joint. It is convenient to 

scale the coordinates so that every joint has integral values o[a and Ii 

This results in having a= O at the edge X = O and a = N (an integer) 

at the edge X = LX. The value of N is the number of joint locations 

in the X direction. In a similar manner B = 0 at the edge Y = O and 

~ = M (an integer) at the edge Y = Ly' witl1 the value of M heing the 

number of joint locations in the Y direction. 
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Fig. 4·4 ffilENTATION OF oc, (3, ~ AXES. 

The a, B, y coordinate system is a curvilinear one and so the 

transformat.ion of quantities from the element x, y, z to the structure 

<X, B, y coordinate system will, in gerH~ral, be different at the two ends 

of the member. However the f orm of the transforn1ation is the same, and 

for the forces {P} it is 
X 

{p J. == [T.] {p }. a 1 1 · X 1 
• .• (4-3) 

where {pl, is as defjncd in equation 4-2, {p}. is the vector of forces 
X l a 1 

c1t end i in t-he ct, (\ y coordinate i,ystem and is de f ined hy 

,i nd [•r .] .is tho tr.:111~.rorm,,tiun matrix ,111d ii:; dofintid by 
l 
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[ T.] - [ + cos W. cos 4 + sin \Ji. - cos \Ji . sin 

fi l 1 1 1 1 1 

- sin 1/J . cos ¢. + cos \Ji . + sin I/Ji sin ¢. ... (4 - 4 ) 
1 1 1 1 

+sin¢ . 0 +cos¢. 
1 1 

The values of ¢ and 1/J at t he two ends are, in general, different. They 

are the rotation angles about they and z axes respectively and are deter

mined from the curvature of the surface and the orientation of the member 

in the surface. The value of 1/J is the angle, in the a, B plane, that is 

turned through in going from the projection of the x axis of the member 

on the a, B plane to the a axis. This is shown in figure 4 . 5a . 

For the str uct ur e considered here, t he values of ljJ1and I/J 2 are the 

same and are determined f rom 

. . • (4 - 5) 

The value of¢ is the angle in the plane containing t he member and the 

y axis that is turned through in going from the a, B plane to the x axis 

of the member . It is determined f r om the rad i us of cur vature of the sur-

face in the direction of the member and the member length. The surface 

radius of curvature (R) in the dir ection of the member is given by 

1 
R 

The values o f ¢ are then given by (see figure 4 . 5b) 

sin ¢1 = L/ 2R 

and sin ¢2 = + L/ 2R 

... (4 - 6a) 

.. • ( 4- 6b) 

where Lis the member length. ¢1 and ¢2 have the same magnitude but 

have opposite signs. 

The inverse transf ormation from the a, B, y to the x, y, z 

coordinate system is obtained by inverting the matrix [T . ]. Because the 
1 

transformation is orthogonal, the inverse matrix is also the transposed 

matrix and hence can be written dir ectly as 
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(a) Section in x,y plane. 

z 

(b) Section in x ,z plane. 

Fig. 4·5 DEFINITION OF ANGLES f ANO ¢. 
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[ T ~l] = [ T~] -· + cos tjli cos ¢, - sin 1/Ji cos <Pi + sin ¢ i l. l. 

+ sin 1µ i + cos 1/Ji 0 

cos 1/J. sin <P , + sin 1/J. sin <P , + cos <Pi l. l. l. l. 

The inverse transformation for the forces can then be written as 

{P }i = [T:] {p }, 
X l. a l. 

••• (4 - 7) 

For the end displacements {6 }. and {6 }. , the transformations are 
0.l. Xl. 

identical to those for the end forces {p }. and {p } .. a l. X l. 

These transformations can now be used in the load deformation 

relations. First transforming the end displacements gives 

••• ( 4-8) 

This relation , which gives the member end actions in the member coordi

nate system in terms of the end displacements in the surface coordinate 

system, will be used later to obtain the member end actions. 

Following this, the end actions are transformed to give 

••• ( 4-9) 

which can be written in the abbreviated form 

.•• (4 -10) 

where 

••• ( 4-11) 

for i "" 1,2 and' j = 1,2 

Details of matrices [K, .] are given in appendix c . Relation 4-10 can 
l. J 

be partitioned to give only the forces at end 1 in terms of the dis-

placements at both end 1 and end 2. This results in 

••• (4-12 ) 
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The end forces and end displacements can be considered as functions of 

the joint coordinates. If end 1 of the member is at coordinates{o:,S) and 

end 2 is at coordinates {a+ g, S + h) and making use of the finite 

difference shift operators E; and E~ as described in section 2.5 . 2 then 

relation 4- 12 can be written as 

.•. (4 - 13) 

Relation 4- 13 applies only to a single member. At a joint, equilibrium 

requires the sum of the member actions from all members meeting there to 

balance the applied load on the joint. This summation over the six 

members meeting at a typical joi nt gives 

[ 6 ( gi hi)] {w {o:,S)} = L [K1 i]. + [K12]. E E 0 {6 {o:,/3)} 
a i=l 1 1 a µ a 

... (4 - 14) 

where subscript i denotes the member number, from 1 to 6, as shown in 

figure 4.2b . Vector {w {o:,S)} is the applied joint loads and has three 
a 

components. These are the loads in t he a, Sandy dir ect i ons. 

The matrices [K11]i and [K12]i and the parameters gi and hi in 

expression 4- 14 are derived from the properties and orientations of the 

members. For the structure considered here with the layout shown in 

figure 4.2b, the values of the relevant variables are given in table 4.1. 

Due to symmetry about both the a and 13 axes, ¢,~and {EA/L) take on 

only two independent values. One value applies to members 1 and 4 and 

the other value applies to members 2, 3, 5 and 6. The values of g and h 

are determined from the change in the a and 13 coordinate in going from 

the typical joint to the other end of the member. The values are inte

gers because each joint has its {o:,/3) coordinates as integers. 

Substituting the values given in table 4.1 into the relation 

4-14 yields the governing partial difference equation for the structure. 

1 W {a, /3)} [Vl l 
w;{a,/3) = v21 

w {a,S) v31 y 

... (4 - 15) 

V3 2 
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TABLE 4.1 Single Laye r Struc tur e Member Orient ations and 
Pr operties 

Member No End 1 End 2 Membe r 

g, h. 
l. l. 

i ¢ 1/J ¢ 1/J Property Type 

1 - 01 0 01 0 1 +2 0 

2 -a 2 - 0 02 - 0 2 +1 +1 

3 - 02 - TT + 8 02 - TT+ 0 2 - 1 +l 

4 - 01 - TT 01 - TT 1 -2 0 
-

5 - 02 - TT - 8 02 - TT - 8 2 - 1 -1 

6 - 0 2 - 2TT+ 0 0 2 - 2TT+ 8 2 +l - 1 

where 

e = 1 {Ly/L} t a n- M Nx 

8HX 
01 = 

NLX 

4H 4H 
02 

X e+2 sin e = cos 
NLX MLY 
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where 

v1 2 

-V31 = S1cos01sin01 [- (E +2 -2] V13 = E ) 
a a 

+ S2cos0cos02sin02 [- (E+l - 1 +l -1 ] - E ) <Es + Es l a a 

S2sin20cos 202 [ 4- (E +l -1 ( +l -1] V22 = + E ) ES + ES ) a a 

= S2sin8cos01sin01 [- (E+l + - 1 ( +l 
Er/)] V23 = -V3 2 Ea ) ES a 

s ' 2 [2+(E+2 -2 ] S2sin202 [4+(E+l + E- 1) ( +l + Et)] V33 = 1s1.n 01 + E ) + ES a a a a 

and S, = (EA/L) . where i denotes the property type 1 or 2. 
l. l. 

4.3 BOUNDARY CONDITIONS 

The structure has diaphragm supports on all edges and this must 

be expressed as a set of mathematical conditions on the solution. A 

diaphragm is assumed to be infinitely rigid in its own plane and infinitely 

flexible normal to its plane. This requires that no deformations occur 

in that plane and no reactions occur normal to that plane. These can be 

expressed mathematically as, firstly, for the in-plane conditions 

0 a(a,S) = 0 at s = 0 and (3 = M ... (4-16a) 

oS (a, S) = 0 at a = 0 and a = N ... (4 - 16b) 

0 y<a,S) = oat a = 0 and a = N 
... (4-16c ) 

and s = 0 and s = M 

and secondly, for the out-of- plane conditions (see fig. 4.6) 

(pa) l + (pa) 2 + (pa) 6 = 0 at a = 0 ... (4 - l 7a) 

(pa) 3 + (pa) 4 + (pa) s = 0 at a = N ... (4-17b) 

<Psl 2 + <Psl 3 = 0 at s = 0 •.• (4-l 7c) 

<Psl s + <Psl 6 = Oat S = M ... (4-17d) 
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Fig.4·6 BOUNDARY JOINTS. 
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These latter conditions on the forces can be simplified by the 

following procedure. Consider the structure extended to the left and 

right at the a= 0 and a = N edges respectively. The extended members 

are shown dashed in figures 4.6a and 4.6b. The full equilibrium equation 

4-14 then holds for this extended structure. Taking the a direction 

component, with the applied load as zero, gives 

which can be re-arranged as 

•. • (4-18) 

where the first group contains the effect of members to the right of 

the diaphragm and the second group those to the left. The force boundary 

condition at a= 0 requires that the first group is zero and hence the 

second group is also zero. At a= N the force boundary condition requires 

the second group is zero and thus also the first. Because of this the 

boundary conditions at both a= 0 and a= N can be combined into the 

single condition 

••• (4-19 ) 

This is a form which makes later manipulation easier when it is expressed 

as a condition on the displacements. 

The a component of each member as given by expression 4-12 and 

table 4 .1 can now be substituted in expression 4-19, which after simpli

fication gives for the force boundary condition, the requirement that 

= 0 •.. (4-20a ) 

at a ~ O and a = N 
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In a similar manner the conditions 4-17c and 4-17d can be com

bined by extending the structure in the S direction as shown in figures 

4.6c and d. The resulting condition on the displacements is then 

] 6 (a, S) 
a 

] 6S (a, S) 

+l - 1 J (Es +Es ) 6 (a,S) y 

= 0 ..• (4 -20b) 

at S = 0 and$= M 

The boundary conditions of diaphragm supports on all four edges 

that is just considered, is not the only one that can be treated. In 

the case of a full y restrained boundary joint, equation 4- 19 still holds, 

except that the two terms in brackets are equal top, say, rather than 
Ct 

zero. Then equation 4- 18 with the right hand side equal to 2p would be 
Ct 

satisfied. This equation is the a component of the governing partial 

difference equation which would then apply at the restrained joint with 

a load of 2p applied there. 
a 

The value to give to the joint load 2pa is chosen so that the 

displacements of the boundary joints are zero as required when the 

structure is subject to its load and to the restraining forces on the 

boundary joints. This is achieved by carrying out a two stage analysis 

procedure and involves setting up and solving a system of linear equa

tions with the number of unknowns being the number of constrained joints. 

Numerical results were obtained for several structures with 

f ully restrained joints by this process without any difficulty. They 

are not reported here, however. 

4.4 SOLUTION OF GOVERNING EQUATIONS 

The procedure used to find the solution to the governing equa-

tions in to assume the functions for the d.isµlacemcnts as finite double 



44 

trigonometric series with unknown fourier coefficients such that the 

assumed series satisfies the boundary conditions. The double series, 

when substituted into the governing equations, should also yield the 

same form as the series used to represent the corresponding loading 

term. Matching like terms of the corresponding series yields algebraic 

equations for the unknown coefficients of the double series. 

A suitable form for the displacement solution is 

oa(a,8) 
N M iTTa 

sin 
j·,rB 

a .. cos 

12 
l.J N M 

08 (a, 8) b,. sin 
iTTa jTT8 

= -- cos 
l.J N M ... (4 - 21) 

6 Y (a, 8) sin 
iTTa jTT8 

C,. -- sin i=o j=o l.J N M 

It must be shown that this expression satisfies the governing equations 

and the boundary conditions. It is obvious that the displacement con

ditions in equation 4-16 are satisfied. To prove that the assumed solu

tion satisfies the governing equation 4- 15 and the force boundary 

condition equations 4-20, it is necessary to determine the effect of the 

finite difference operations on the assumed solution. 

it, thus 

Consider 6 (a,8) as given above and the operation E+g acting on a a 

E +g o (a, 8) 
a a 

N 
= E+g 1: 

a 

M 
E (a cos ina. sin jTTB ) 

ij N M i=o j =o 

N M 
= L E ( a .. 

i=o j=o l.J 
cos iTT (a.+g) sin jTT8 ) 

N M 

N M 
_ 'I' ,,, { iTTa iTTg iTICi. . iTig} . ~ 
- ~ , (aij cos~os N - sin~in N s1.n M ) 

i•O i ""O 

The operator E+g always appears paired with the operator E-9 . The 
a. (~ 

-g 
effect of Ea on oa(a,B) is given by 

These two operators appear in the pain·. E +g + E- g and E +g 
a. a a 

- g 
Ea which 
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operating on 6 (a, Sl 
a 

give 

(E+g+E-g)6 (a,S) 
N M 

iTTg iTTa jTT~) = t }:; (a . . {2cos N }cos sin 
ci a a 

i=o j =o l.] N M 

(E+g_E-g )o (a,S) 
N M . iTTa, jTTS ) = 1: L (a . . {- 2sin~} sin sin a a a i=o j =o l.J N N M 

In a similar manner the effects of these two combinations and 

f h mb . . +h - h d +h - h f · f o t e two co 1.nat1.ons ES +ES an ES - ES on the unctions or 

oa,(a,S), oS(a,S) and oy(a,S ) can be determined. A complete list is given 

in Appendix A. 

With these operator effects known, it is now possible to show 

the force boundary conditions 4-20 are satisfied. To do this, the dis

placement functions can be substituted into the boundary condition 

equations and the effect of the operators carried out. As this involves 

a considerable amount of algebraic manipulation it would be better to 

use a more compact method such as that used by Mithaiwala [60]. From 

Appendix A it will be seen that a symmetric difference operator LC$), 

such as E:9+E~9 , when applied to a sine o r cosine function yields the 

same trigonometric function while an anti-symmetric difference operator 

L (a/$), such as E+g_E-g, applied to a trigonometric sine or cosine 
a a 

function yields the oppos ite function, that is, cosine and sine respec-

tively. Using this , equation 4-2 0a can be written in the more concise 

form 

L (a /$) a,L ($ ) 8oa (a,8) + L ($ )a,L (a / $ ) 8o8 ca,S) + L($)aL($) 6oy(a,S) 

,-: 0 ••• (4-22 ) 

where L($ )a, , L (a / $ )a , L ($ ) 8 and L(a/$\i are the symmetric and anti

s ymmetric operators in the a and S directions respectively. When the 

functions for 6 (a,8), 00 (a,8) and 6 (a,S) are substituted into t his 
a µ y . . 

equation it gives 

N . M [ 
t .}:; Bij sin 

i =O J=O 

iTTa 
sin 

N i!!JiJ 
M at a,:.::o 

a=N 

= 0 
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where B .. is some non- zero expression obtained from the operator results 
1J 

of equation 4- 22. It is thus shown that the boundary condition 4- 2Oa is 

satisfied. In a similar manner it can be shown that the boundary condi-

tion 4- 2Ob is also satisfied by the displacement functions 4- 21. 

The loading function {w (a,B)} must also be expressed as the 
a 

finite double trigonometric series 

w (a, /3) 
N M ina 

sin jn/3 

12 
p,. cos 

a 1J N M 

"'s (a, /3) sin ina jn/3 •.. (4-23) q,. cos 
1J N M 

w (a, /3) sin 
ina 

sin jn/3 
r .. y i =o j =o 1J N M 

wher e the four ier coefficients p .. , q .. and r .. must be determined from 
l.J l.J l.J 

the known loading functions. The procedure to obtain them for a general 

function and some special functions is given in appendix B. 

The assumed series solution for the displacements can now be 

substituted into the governing equations together with the series for 

the loading. The effect of the operators is performed and like terms 

are equated to give equations for the unknown fourier coefficients a .. , 
l.J 

b. . and c. . in terms of the coefficients p .. , q. . and r. . . These equa-
1J 1J lJ J.J l.J 

tions are 

V1 l V12 V13 a .. p,. 
1] 1J 

V2 l V2 2 V2 3 b .. = q, . 
1] 1J 

•.. (4 - 24) 

V31 V3 2 V33 ij 
C, , r .. 

1] 1] 

for i = o, 1, N and j = o, 1, .. . M 

where 

VJ I 

Z 2 in jn) V22 = 4S2sin 0cos 02(1- cos - cos 
N M 

-4S 2sin0cos02sin02(cos 
in 

sin jn) V2 3 = V32 = 
N M 



47 

This is a set of three simultaneous linear algebraic equations in the 

three unknowns a .. , b . . and c . .. There are (N+l ) (M+l) such sets to 
l] lJ l] 

cover all pairs of values of i and j . 

4.5 DISPLACEMENTS 

Once the displacement series coefficients a ,., b,. and c .. have 
l] l] l] 

been determined (from expression 4-24) for all the values of the sub-

scripts i from Oto N and j from Oto M, they can be used in expression 

4-21 to give the displacements 6 (a,8), o0 (a,B) and 6 (a,8) . These a µ y 

series would be evaluated numerically in the majority of cases. It is 

conceivable that in certain cases the series can be evaluated analyti

cally but such cases would be rare and need not be considered here. 

4.6 MEMBER ACTIONS 

When the displacements at the two ends of a member are known, 

the member end actions can be obtained using expression 4-8. This 

method of determining the member actions is the same as that used in 

the direct stiffness method of analysis. 

4.7 JOINT RESIDUALS 

The accuracy of the numerical work can be checked by determining 

the resultant actions at a joint, due to all members meeting there . At 

an internal joint, the resultant actions should balance the applied load. 

Any discrepancy is an indication of errors or inaccurate calculations. 

At the edge or boundary joints, the residual actions are the 

reactions supplied by the boundary supports. 



48 

CHAPTER FIVE 

ANALYSIS OF A SINGLE LAYER RIGID JOINTED STRUCTURE 

5.1 DESCRIPTION OF THE STRUCTURE 

The structure dealt with in this chapter is an extension of the 

one treated in chapter 4. The surface shape and the layout of joints 

and members are the same (see figures 4.1 and 4.2 ) . The difference is 

that, for this chapter , members which can resist bending, shear and 

torsion as well as axial loads are considered. The joints are assumed 

to be capable of transmitting these extra actions from member to member 

and so ar e r igid joints. 

5.2 DERIVATION OF GOVERNING EQUATIONS 

The deriva tion given her e follows the general outline as given 

in chapter 2 and also the specific application given in chapter 4. The 

steps taken and the results produced are in some places identical to those 

in chapter 4. At such places, the detailed derivation has been omitted 

from this chapter, as including it would be unnecessary duplication . How

ever, to assist the reader and to avoid excessive cross referencing, the 

results have been quoted when needed. In general the detailed equations 

are more complicated than in chapter 4 because more joint displacement 

modes and member actions are considered. 

The basic element is a beam in space s hown in figure 5.1. Also 

shown is the local x,y,z coordinate system, the end joint displacements 

and the end actions . The end joint displacements are the three linear dis

placements (6 , o and o ) and the three rotations (0 , e and 0 ) . The 
X y Z X y Z 

end actions are the three forces (p, p and p) ~nd the three moments 
X y Z 

(m, m and m ) . Positive displacements and forces are in the positive 
X y Z 

directions of the member axes and positive rotations and moments are in 

positive dir ection of rotations in a r ight handed coordinate system. 
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For the beam clemt' nt. .in l hi .•.; rnt ' llllH •r · coordinate syi;tem, t.he load 

deformation relation::; can be wri ti ·t•n i1s 

rp) 'l [ k ll 
k 1 i t\l 'l .•• ( 5-1 ) 

{p ) hi k ;, ;• ! /\ } 
X ~ X 2 

where 

{p}. = PX ! /\ l . \) 
X .l X l X 

p .s 
y y 

p .s 
z z 

m 0 
X X 

m 8 
y y 

m 
i 

e 
i z z 

for i = land 2, 

Fig. 5·1 BEAM MEMBER AXES, DISPLACEMENTS AND ACTIONS. 
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E and G are the elastic and shear modulus of the member mateirial. A, I , 
X 

I and I are cross sectional area and the second moments of area about 
y z 

the x, y and z axes respectively. Lis the member length. 

In transforming to a coordinating system related to the structure, 

the rotations and moments transform in an identical manner to the linear 

displacements and forces as detailed in chapter 4. Thus the transformation 

for the end actions can be written 



{pa.}i "' [T1J{P f . 
X 1 

and {P } . = [T~]{P } . 
X 1 i a 1 

where [Ti] = +cos t/J .coscf>. 
l. l. 

-sint/J . coscf>. 
1. l. 

+sincf>. 
l. 

+sint/1. 
l. 

-cost/1.sincf> . 
l. l. 

+cost/I. 
1. 

+sint/lisincf>i 

0 +coscf>. 
l. -- --

0 

0 

as 
quadrant 

1 
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••• ( 5-2a ) 

••. ( 5-2b) 

and {p }. is the vector of member end actions in the a, 8, y coordinate 
a i 

system. 

4- 4. 

The angles cf>, and t/1. are defined in section 4.2 following equation 
l. l. 

Identical transformations hold for the end displacements {6} 
a 

and {6} as given for the end actions {p} and {P} above. 
X a X 

Following the procedure used in chapter 4, these transformations 

can be used in the load deformation relations. The matrix steps are the 

same and equations 4-8 to 4-14 are applicable. The size of the matrices 

is greater by a factor cif 2 as now rotat.ional deformations and moments are 

considered. Details of the matrices (K .. ] as defined in relation 4-11 are 
l.J 

given in appendix c. The resulting governing difference equation 

••. (5-3 ) 

is the same as equation 4-14. 

vector {wa(a,8)}, the applied joint loads, has six components. 

They are the three loads in the a,8 and y directions and the three moments 

about these axes. 

The matrices [K1 1]i and [K12] 1 and the parameters g1 and hi in 

expression 5- 3 are derived from the properties and orientations of the 

members. For the structure considered, the values of the relevant vari

ables are the same as for those of chapter 4 and are given in table 4.1. 
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Substituting the values given into the matrix equation 5-3 yields the 

governing partial difference equation for the single layer rigid jointed 

lattice 

V l l V12 V1 3 . V16 0 w 
a a 

V21 V22 68 w8 

vu 0 w 
y = y 

etc e m 
a a . . 08 ms 

V51 V66 e my y 

where two typical terms of the matrix are 

EA i 2 { +l - 1 +l - 1} 
+(L)2cos 0cos 02 4-(Ea +Ea) (Ef3 +E8) 

12EI . +l -1 +l -1 
+( L3 y) ;.!COs 20sinlo2{4+(Ea +Ea ) (E8 +E8 ) } 

12EI 
z 2 +l -1 +l -1} 

+( Lg ) 2sin 0{4- (Ea +Ea) (ES +EB) 

and 
GEI +l - 1 +l - 1 

v1 4 = <7> 2cos0sin0sinoi{+ (Ea -Ea) (EB -EB )} 

6Eiz +l -1 +l - 1 
+ (-i:r-) 2cos0sin0sinoi{+ (Ea -Ea) (E8 -E8 )} 

As can be seen, the terms are rather bulky and thus are not all 

presented here but are given in full in appendix D. 

5.3 BOUNDARY CONDITIONS 

Although the diaphragm supports of thi s structure are the same 

as those of chapter 4, additional conditions on the rotations and moments 

are needed. 

The in-plane conditions are 

0 a(a,B) "' 0 at 8 = 0 and 8 = M ..• (5-4a ) 

08 (a, 8) "" 0 at a = 0 and a :a N ... ( 5-4b) 

0 y(a,B> - 0 at a = 0 and a • N .•• (5-4c ) 
and ~ ·- 0 and B • M 
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e a(a,8) = 0 at a = 0 and a = N .•• ( 5-4d) 

e8 (a,8) = 0 at 8 = O and 8 = M .•• ( 5-4e) 

and the out-of-plane conditions are (see figure 4. 6) 

(pa) 1 + (pa)2 + (pa) 6 = 0 at a = 0 ••• ( 5- Sa) 

(pa) 3 + (pa)" + (pa)s = 0 at a = N •.. (5-Sb) 

1 
(p8) 2 

l 
8 ••. (5 -Sc ) . 2(p$) 1 + + (pa) 3 + 2 (Ps)" = 0 at ::= 0 

l 
2(p8) 1 

l 
+ 2(p8)" + (ps) s + (pa) 6 = 0 at 8 = M ••. (5-Sd) 

(ms> 1 + (ms) 2 + (m8)6 = 0 at a = 0 .•• (5-Se) 

(m8)3 + (ms) I+ + (ms) 5 = 0 at a= N ••. (5- Sf) 

l 
(m )2 + (ma) 3 

l 
8 •.• (5-5g) 2 (ma) 1 + + 2 (ma) 4 = 0 at = 0 

a 

l l 
(m ) s (m ) 6 8 ••• (5-5h) 2 (ma) l + 2 (ma) 4 + + = 0 at = M a a 

(my) 1 + (my) 2 + (my) 6 = 0 at a = 0 .•. ( 5-5i) 

(my) 3 + (my)" + (my) !i = 0 at a = N ••• (5-5j ) 

1 
(my) 2 

l 
at 8 ••• (5-Sk) 2 (my) 1 + + (m ) 3 + 2 (m ) 1+ = 0 = 0 y y 

1 l 
(my) s + (m ) 6 at 8 ••• (5-51) 2 (my)1 + 2 (my) I+ + = 0 = M y 

Again following the procedure outlined in section 4.3 the latter 

conditions on the forces and on the moments can be simplified. Expressions 

5-5a and 5-5b combine to become 

[(pa) 1 + (pa) 2 + (pa) 6 ] - (<pa) 3 + (pa) 4 + (pa)~] = o 
at a= O and a= N 

••• (5-6) 

The a direction force component for each member, as given by 

expression 4-12 and table 4.1, can be substituted into expression 5-6 to 

lead to the condition on the displacements of 



EA 12EI 12EI 
+[{(L)2cos0sin0cos2o 2-( L 3 Y)2cos0sin0sin2o 2-( L 3 z )2cos8sin0} 

EA 12EI 
+[{(L)1coso1sino1-( L 3 Y) 1coso 1sino 1} {-2 } 

EA 12EI +2 -2 
+{(L)1coso1sino1+( L 3 Y) 1coso1sino1 } {-(Ea +Ea)} 

EA 12EI 
+{(L)2cos6coso2sin02-( L3 Yhcos0coso2sin02} { -4 } 

EA . 12EI 
+{(L )2cos6coso2 sin02+ ( L 3 Y)2cos0coso2sincr2} 

+1 -1 +1 +l ] 
{-(Ea +Ea ) (EB +EB )} oy 

6EI 6EI 
+[ {(V") 2 cos0sin0sin02 + ( L 2z) 2cos0sin0sincr2} 

6EI +2 _2 } 
+{{(-YL2 ) 1sino1 } {- (E -E ) a a 

6EI 
+[ {( L 2z)2sin8coscr2} 

= 0 at a= O and a= N 
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In a like manner the other out-of-plane requirements 5-Sc to 5-51 

can be combined in pairs and simplified to produce conditions on the dis

placements. The detailed conditions are quite bulky and are thus given in 

full in appendix E. 
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5.4 SOLUTION OF GOVERNING EQUATION 

For this structure involving 6 displacements at each joint, it is 

proposed that a suitable form for the displacement function is 

0 a (a, 13 ) aij cos ina i • ~ -- s n N M 

o13 (a,13 ) b . . sin 
ina i!!.@. -- cos 

1J N M 

0 y<a , B> 
N M sin ina jn8 

cij -- sin 
= r r N M •.• ( 5-7 ) 

i=o j=o ina j1Tl3 e a (a, B> dij sin Ncos M 

e 6<a,B > cos ina . jnB e .. -- sin 
1J N M 

e y<a,B > f .. 
ina j1Tl3 cos Ncos 1J M 

The form of the solution for the displacements o , 06 and o is 
a Y 

the same as used in chapter 4. The rotations 0 a, 0 B and ey also take on 

a finite series of trigonometric f unctions. 

The solution fits the displacement conditions 5-4 as can be seen 

by inspection, and thus it is only necessary to show that it also fits 

the governing equation 5-3 and the force conditions in Appendix 

E obtained from the modification of expressions 5-5. 

Both the governing equations and the boundary conditions involve 

the finite difference operators. Complete lists of all the operators and 

functions encountered are given in appendix A. 

The force boundary conditions given in appendix E can be written 

in more concise forms using the notion of symmetric and anti-symmetric 

difference operations as introduced in section 4. 4. In this manner it 

can be shown that all force boundary conditions are satisfied. 

The load function {Wa (a,B )} must also be expanded into a finite 

double series of the same form that is used for the displacements, viz. 
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w (a., 8) 
i TIO. i_n8 

pij cos -- sin 
a N M 

ws (a,(3 ) sin ina. jnB 
qij -- cos 

N M 
N M 

wy (a, 8) i i TTCX sin jnS ••• ( 5-8 ) rij s n --
= >: >: N M 

ma (a.,8 ) i=o j=o sin 
i'ITCX jn8 

sij -- cos 
N M 

m8 (a,8) tij cos ina i -- s n 
N 

jn(3 
M 

my (a, 6) 
ina jnB 

uij cos -- cos 
N M 

where the fourier coefficients p. ,, q, ., •••, uij are determined from the 
l.J l.J 

known loading functions. The method to determine these is given in appen-

dix B. 

The assumed displacement form can be substituted into the govern

ing equations together with the series for the loading. The effects of 

the operators are carried out and like terms are equated to give equations 

for the unknown coefficients a .. , b, ., •••, f .. in terms of the known 
l.J l.J l.J 

loading coefficients pij' q,,, •••, U,,. This results in (N + 1 ) x (M + 1 ) 
l.J l.J 

sets of six equations in six unknowns - one set for each value of i and j. 

The equations can be written in the abbreviated form 

a . . p, . 
l.J l.J 

[ V] .. b .. q,. 
. •• ( 5-9) l. J l.J 

l.J = . . . . 
f .. U,, 

l.J l.J 

where matrix [v]ij is a six by six matrix with each element dependent on 

the value of i and j. Typical elements are 

V11 ,. EA :l { i 'IT 2} EA 2 :.! { i 'IT 2!.} +2(r:;-)1cos 01 1-cosN +4 (r:;-) 2 cos 8cos o 2 1-cos~osM 

EI . i 2 EI . · i , 
+24(~) 1sin:lo1{l+co+}+48 (~ ) 2cos 28sin202{l+co7os*} 

EI 
+48(L 3z ) 2sin 28{1-cos~os1rf} 
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EI i . 

V14 = -24 (~ )2 cos0sin0sina2 {sinNn sin*} 

EI . . 
-24 (L3z)2 cos0sin0sino2 {si7 sin*} 

Detailed expressions for each element are given in appendix F. 

5.5 DISPLACEMENTS 

When the displacement series coefficients aij' bij' •••, fij have 

been determined for all values of i and j, they can be used in expression 

5-7 for the displacements 6 (a ,6),6 0 (a,6), •••, 0 (a,8). These series would 
a P Y 

be evaluated numerically and involve the summation of a finite series of 

trigonometric functions for the displacement of each joint. 

5.6 MEMBER ACTIONS 

The displacements at the two ends of a member are used in expres

sion 4- 8 to give the end actions . For this type of member, there are an 

axial force, two transverse shear forces, two transverse bending moments 

and a torsional moment to be determined. 

5.7 JOINT RESIDUALS 

The numerical accuracy of the calculations can be checked by 

computing the resultant forces due to the member actions of all members 

meeting at a joint. For an internal joint, these residual forces should 

balance the applied joint loads. Any difference indicates an error or 

inaccurate calculations. 

For an edge joint, the resulting forces are balanced by the 

reactions supplied by the boundary supports. 
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CHAPTER SIX 

ANALYSIS OF A DOUBLE LAYER PIN JOINTED STRUCTURE 

6.1 DESCRIPTION OF THE STRUCTURE 

The structure considered in this chapter has the lattice joints 

lying in two distinct layers with a constant spacing (D) between these 

two layers. The middle surface, halfway between the two layers, lies on 

a shallow doubly curved surface whose equation is the same as equation 4-1 

which represented the surface of the single layer structure of chapters 4 

and 5. The boundaries are also the same. For various values of the sur

face parameters, the surface takes on the shapes described in chapter 4 

(see fig. 4.1). 

The layout of joints and members is different from that used in 

chapter 4. A small portion of the structure is shown in figure 6.la to 

indicate the layout. Both the upper and lower layers contain an arrangement 

of members lying wholly within the appropriate layer, with the two layers 

being connected by web type members. The typical module is shown in 

figure 6.lb and, unlike the structures treated in chapters 4 and 5, here 

the typical module contains two distinct joints. This involves an exten

sion to the procedure used before, and the present chapter is included to 

demonstrate the technique. 

The members have pin jointed ends and a ~e subjected only to axial 

loads. Linear behaviour of the component members and of the complete 

structure is considered. 

6.2 DERIVATION OF GOVERNING EQUATIONS 

The derivation of the governing equations follows the general out

line given in chapter 2, with the extension to a module which contains 

more than one joint. The basic element used for all members is a pin ended 

bar as shown in figure 6.2. Also shown ure the displacements, actions and 
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local x, y, z coordinatt) system axes. 'l'll1..' e l eme nt is the same ns that 

used in chapter 4 and the load deformation relations are tlw same as given 

there (see equation 4 - 2). 

The transformation between the local and curvilinear coordinate 

systems is also the same as used in chapter 4 and is given in equation 4-4. 

The values of the angles <f' and tj;, however, are determined in a different 

ma nner . The resulting load deformation relation in the curvilinear a, a, y 

coordinate system is 

{p }i 
a K1 I K1 2 {L\ }i 

('t 

= •• • (6 - 1) 

{p } 2 
C't 

K21 K 22 { ,,\ } 2 
(X 

· j · 

[Kij] [Ti ] [ k .. ] [ T : ] 
' where = ••• ( 6 - 2) 

.l J J 

for i = 1, 2 and j = 1, 2 

Details of the matrices [K . . ] f or this rod member are given in appendix C. 
l. J 

Fig. 6·2 BAR MEMBER AXES, DISPLACEMENTS AND ACTIONS. 
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For equilibrium at a joint, the actions at end 1 of the member 

are needed. Relation 6-1 is partitioned to give these as 

••• ( 6-3) 

Up to this point, the procedure is the same as that followed in 
I 

chapters 4 and 5. It is here that consideration must be made that the 

typical module of the structure shown in figure 6.lb contains two types of 

joint, characterised by the layer of the structure, upper or lower, in 

which it lies. The displacements of the joints are functions of the 

(discrete) coordinates (a,S) describing the location of the joint and 

thus the member end displacements are represented by an upper layer joint 

displacement function {6 (a,S)} or by a lower layer joint displacement 
Ct 

For a member wholly in the upper layer, the joi~t displacements 

can be expressed as 

{6 }2 • {6 (a+g,S+h)} a a 

= Eg E~ {6 (a,S)} 
Ct p Ct 

... (6-4) 

where E~, E~ are the shift operators described in section 3.6.2 and g, h 

depend on the member length and orientation. When these displacements are 

substituted into expression 6-3, the end actions at end 1 (the joint at 

coordinates (a,S)) are given by 

••• (6-5) 

For a member wholly in the lower layer, both joints are lower 

layer joints and the end displacements are 

{6~}1 ~ {X <a,S)} 
.... ' Ct 

{~a}2 • E~ E~{Xa(a,6)} ••• ( 6-6) 

and the member actions are 
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.•• ( 6-7) 

For a member that links the upper dnd lower layers, two situations 

can arise. One is that the joint at end 1 is in the upper layer and thus 

end 2 is in the lower layer. For this case the displacements are 

{t. }1 = {6 (a,8)} 
Ct Ct 

· ••• (6-8 ) 

and the end actions are 

••• (6-9) 

The other situation is for end 1 to be in the lower layer and 

end 2 to be in the upper layer. The displacements are then given by 

{t. l1 = {X <a,8>} a a 

••• (6-10) 

The end action then becomes 

••• (6-11) 

These four cases are all that are possible for this structure. 

Now that the member end actions are known for each type of member, 

it is possible to form equilibrium equations at the two typical joints. 

One joint will be considered at a time to assist the explanation of how 

they are formed. 

Consider first the typical joint in the upper layer as shown in 

figure 6.3a. There are 8 members meeting there and of these, 4 lie com

pletely in the upper layer and 4 link the .upper and lower layers. The 

applied load vector {Wa(a,8)} is balanced by the sum of the end actions 

of these members. With the numbering of the members shown in figure 6,3a, 

the equilibrium equation becomes 
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( r£., (3 + 2 ) 

(oC+I, /3-I) 

(tl -1, ~-I) 

(a) Upper l ayer joint 

(el+l,(3+1) 

(oC- 1,p+-1) 

(oe~1, 13-1} 

. (<i.+2, ~) 

(<1:,, /3- 2) 
(b) Lower layer Joint 

Fig. 6-3 DOUBLE LAYER STRUCTURE JOIN TS 
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{w (a,8)} .. r. {P (a,8) } 1 

a i=l a 

:c: L ( [ [ K 11 ] i + [Kl 2 ] i E: iE: i ] { 6 a ( a , s) } ) 
i=~ 

+ E ( [K11]i{6a(a,S)} + [K12]iE:iE:i{6a(a,B)}) 
i=~7,8 

" [i;l( [K11l1 l + E ( [K12l1•:1.:1u1~cn,8)) 
i=~ 

+[ E ( (K12 ] iE:iE:i )] {Xa (a,S)} 
i=S&7,8 · 
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••• (6-12) 

In a similar manner, at the lower layer joint, the load vector 

{W: (a,S)} is equated with the sum of the member actions to give (see figure 
a 

6 .3b) 

16 
{wN(a,S)} = E {P (a,S)}i 

"" i=9 a 
I 

"' [ L ( [Kl 2 ] i E: iE: i)] u~ Ct ( Ct , (3) } 

i=ll,14.,l.~6 

These summations appear to involve 16 members. However only 15 

of these are distinct , as web members 7 and 13 are the same. They are 

given a different number for the two situations ~o as to make end l of 

the member in the upper and lower layers respectively. The values of~ 

and$ are adjusted to make this so. 

These two equations 6-12 and 6-13 can be combined into the single 

ayetem of equations 

V22 ] { 
~ctca,B)} 
~ (a,6) 

('t 
••• (6-14) 
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where 

m [ 

= [ 

m [ 

The matrices [K 11 ]i and [K1 2)i and the parameters gi and hi in 

expression 6-14 are derived from the properties and orientations of the 

members. The values of the relevant variables are given in Table 6.1. 

These values are derived frOJl\ the layout shown in figure 6.1. There is 

symmetry about both the a and Saxes and thus the variable take on only 

a few values. 

When these values are substituted into expression 6-14 the result 

is the governing partial difference equation for the deflections, 

cS w a ex 
cSS ws 
0 = w y y 

·-etc 0 w 
a a 

68 ws 
V&l 6 WY y 

where two typical elements of the matrix are 

where Sa (EA/L) with an appropriate subscript of a,S or d indicating 

the direction the member lies in. The uther terms of the matrix are 

given in full in appendix o. 



TABLE 6.1 Doµble Laye r Structur e Member Orienta tions and 
Properties 

Member No End 1 End 2 

s . (E:) i = gi 
i <P ljJ <t> ljJ 1 

1 -o 0 o 0 s +2 
a. Cl a. 

2 - 013 1T/ 2 013 1T/ 2 se 0 

3 -o 1T o TT s -2 
a. Cl a. 

4 -08 31T/ 2 08 31T/2 SB 0 

'" 

5 - <P e - <P e Sd +l 

6 - <P rr- 8 - <P TT- 8 Sd - 1 

7 - <P 7T+8 - <P 7T+8 Sd -1 

8 - <P 27T- 8 - <P 27T- 8 sd +l 

-9 - cr 0 o 0 Sa. +2 
a a -10 -a 
B 

7T/ 2 013 TT/ 2 SS 0 

-11 -a 1T o 1T s - 2 a a Cl 
-12 -as 37T/ 2 OB 37T/ 2 SB 0 

13 <P e <P e Sd +l 

14 <t> TT- 8 <P rr- 8 Sd -1 

15 <P rr+e <P 7T+8 sd -1 

16 <P 27T- 8 <P 27T- 8 S · 
d 

+l 

where 

e . l{Ly / L} 
• t an- M Nx 

o 
8HX ,._ 

a NLX 

aa 
SHY 

=-
MLY 

<t> • t • n- 1{ n// (~ l ' + (LX) 2
1

} 

n 
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hi 

0 

+2 

0 

-2 

+l 

+l 

-1 

-1 

0 

+2 

0 

-2 

+l 

+l 

- 1 

- 1 
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6.3 BOUNDARY CONDITIONS 

The structure is bounded by diaphragm type supports on a rt)ctangu

lar boundary, and thus the boundary conditions are similar to thoNu for 

the single layer structure with the extension to two layers. The Qon~ 

ditions in the plane of the diaphragm are 

0 ex<a:,B> = lex (ex, B> = 0 at a= 0 and B = 

08 <a:, B> • °68 (a, B> = 0 at et= 0 and ex = 

0 y<a,B> = 6 (ct, B> = 0 at a= 0 and a = y 
and 13 = 0 and B = 

The out of plane conditions are (see figure 6.4) 

(pa:) l + (pct) 5 + (p ex> a = 0 at a: = 0 

(pet)3 + (pa) 6 + (pa) 7 = 0 at a = N 

(pa)9 + <Pah 3 + (pex)u = 0 at a = 0 

(pah 1 + (pa:h i+ + <Pa:h s = o at a: = N 

<Pa> 2 + <Pa> s + <Pa> 6 = 0 at B == 0 

<Pa> .. + (P13> 7 + <Pa> a = 0 at B = M 

<Pah o + <Psh 3 + <Pah .. = 0 at B = 0 

<Psh 2 + <Pah s + <Pah 6 = 0 at s = M 

M 

N 

N 

M 

... (6-lSa) 

.•• (6-lSb) · 

••• (6- lSc) 

••• (6-16a) 

••• (6-16b) 

.•• (6- 16c ) 

••• (6-16d) 

.•• (6-16e) 

••• (6-16£) 

•.• (6-16g) 

••• (6-16h) 

The procedure of logically extending the structure as outlined in 

section 4.3 can also be used here to combine and simplify the force 

boundary conditions. Expressions 6- 16a and 6- 16b combine to give 

••• (6-17) 

at a: = 0 and a a N 

This can then be expres sed in terms of the displacement functions and 

then becomes a condition on these of 

+ [o 

0 
ct 
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Fig. 6·4 LOWER LAYER BOUNDARY JOINTS 
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[sd 
2 2 +1 -1 +1 -1 ] 6 + cos 0cos ¢(Ea -Ea ) (ES +ES) a 

+ [sd 
2 +1 -1 +1 -1 

cos0sin0cos ¢(Ea +Ea) (ES -ES) J rs 
[sd 

+1 -1 +1 -1 ] 6 + cos0cos¢sin${-(Ea +Ea) (ES +ES)} = 0 
a 

at a= O and a "" N 

The other out of plane requirements can be treated in a similar 

manner and lead to the conditions on the displacements given in fu1i in 

appendix E. 

6.4 SOLUTION OF GOVERNING EQUATION 

There are 6 unknown displacement functions for this structure, 

three for the upper layer and three for the lower layer. A suitable 

form for this is 

6 a<a,S) 
i'ITa . ~ 

aij cos -- sin 
N M 

i'ITa ''ITS o6 ca,S> bij sin -- cos ~ 
N M 

6 y<a,S> N M cij 
. i'ITa i j1T6 

sin N s n . M 

= E E ••• (6-18) 
i=o j=o i'ITa j1TS 

6a (a, 6) d,. cos -- sin 
iJ N M 

8°6 (a,S> . i'ITCX j1Tl3 e .. sin -- cos 
iJ N M 

6a(a,8) f'' 
. i'ITa . j'ITS 

iJ sin N sin M 

It is necessary to show that this assumed solution fits the 

governing difference equations and the boundary .;onditions . By inspection 

it can be seen to fit the displacement boundary conditions 6-15 and by 

the technique of expressing the force boundary conditions 6-16 in terms 

of symmetric and anti symmetric operator expressions, as demonstrated in 

section 4-4, it is possible to show it also fits these conditions. The 

details of this are given in appendix E. 

The load function {Wa(a,8)} has to be expressed into a series simi

lar to the displacement function, i.e. 
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w (a,/3) i 1TCi. j TI/3 
pij cos -- sin 

Ci. N M 

w13 (a, 8) iTia jTI/3 
qij sin -- cos 

N M 

wy (a, 8) r .. 
. i 7Tct • jTI/3 

N M 
l.J 

sin N sin M 

= 1: E ••• (6-19) 

;a (a,/3 ) 
i mo j=o im~ j1Tl3 

sij cos -- sin N M 

;a (a,13 ) tij 
i1ra jTTl3 sin -- cos N M 

wy (a, 13 ) iTia ~ 
uij sin - sin N M 

The fourier coefficients p, ., qi'' 
l.J J 

••• , uij are determined from 

the known loading functions by the methods given in appendix B. 

These fourier expansions for the displacements and the loads are 

now substituted into the governing equation 6-14 and the effects of the 

operators carried out. The orthogonality of the terms allows like mem

bers to be equated to give equations for the displacement coefficients 

aij' bij' •••, fij in terms of the loading coefficients pij' qij' 

uij" 

These equations are of the form 

aij pij 

bij qij 

[v]ij 
• . 

= • • 
• • 

fij uij 

for i • o, 1, •••, N and j • o, l, •••, M 

••• 

••• (6-20) 

where [v]ij i s a 6 x 6 matrix with elements dependent on the values of 

i and j. Typical elements are 

v11 u +2Sacos 2oa{l-cos1: 2}+4Sdcos2 0cos 2 ~ 

v1~ • -4~doos 2 8cos 2~{cos~~os*} 

Detailed expressions for all the elements of [vJij are given in appendix F. 
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6.5 DISPLACEMENTS 

Once the displacement coefficients aij' bij' ... fij have been 

computed from expression 6-20, they can be used in expression 6-19 to give 

the displaeements of the joints. The upper layer joint displacements are 

determined from the aij' bij and cij coefficients and the lower layer 

joint displacements from the dij' eij and fij coefficients. The series 

•Would generally be summed numerically using a digital computer. 

6.6 MEMBER ACTIONS 

The axial force in each member, the only action considered in 

this analysis, is determined from the displacements at the two . ends of 

the member using expression 4-8 together with the appropriate values for 

the properties and orientations of the member. 

6.7 JOINT RESIDUALS 

The resulting forces due to the member actions of all members 

meeting at a joint can be computed. This serves as a check on the accuracy 

of the solution as,for internal joints, the resultant forces should 

balance the applied joint loads. At an edge joint, the resultant forces 

are balanced by the boundary reaction and thus effectively give the support 

reactions. 
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NUMERICAL TECHNIQUES 

7.1 INTRODUCTION 

In chapters 4, 5 and 6 there were presented the mathematical 

models of three classes of lattice structures. For each of these three 

classes, a finite series solution was proposed and it was shown that the 

assumed form satisfied the equations and the boundary conditions. 

However, it was not indicated in those chapters how to make use of the 

series solutions and so one of the purposes of this chapter is to 

demonstrate the numerical procedures and special techniques that assist . . 

in using the solutions. 

A further purpose is to describe the computer programs which 

were written to perform the numerical work and, by comparison with the 

results of the direct stiffness method and the analogous continuum method, 

to show when the proposed method is satisfactory and favourable in ana

lysing the classes of structures treated. 

7.2 GENERAL OUTLINE OF NUMERICAL PROCEDURES 

The general form of the solutions for the three classes of 

structures considered in chapters 4, 5 and 6 are similar and thus the 

procedures to obtain numerical results are also similar for the three 

cases. Because of this it is only necessary to give the detail for one 

of them. 

The numerical analysis starts with the description of the struc

ture - the geometric and structural properties. From these, values for 

o, ¢ and 8, the member length and material properties for each member 

can be determined for subsequent use. 

The loading on the structure is then processed. This is given 

in the form of the load, with three (or six) components, on each joint, 

and, to be of uae in this solution metl-od, · it must be expressed in the 
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form of a finite double trigonometric series. The procedure to do this 

is described in Appendix Band involves performing calculations of the 

form 

N M 
4 o:rr i . f3'1Tj 

pij ., NM E E wa (ex, f3) cos N sin M 
cx=o S=o 

for i = O , 1, • • • , N and j = O, 1, • • • , M 

to give the load series for each load component. These calculations 

involve a number of computations of the order [(M+l) (N+1)] 2 and storage 

requirements of 2(M+l) (N+l) locations. 

The next step is to determine the displacement series coefficients 

from the load series coefficients and the properties of the lattice . 

This involves solving (M+l) (N+l) sets of 3 (or 6) linear equations of 

the form 

.. V .. 
1J 

for i = 0, l, • • •, N and j = 0, l, • • • , M 

where pij' ••• are the load series coefficients obtained above, aij' ••• 

are the required displ acement series coefficients and [v .. ] is a 3 times 
1J 

3 (or 6 times 6) matrix, the elements of which involve trigonometric 

f unctions of i and j. Thus the matrix [v .. J differs for each value of i 
1) 

and j and details of it are given in Appendix E. For this step, the 

volume of calculation work is in the order of (N+l ) (M+l) and the storage 

requirement is 2 (N+l ) (M+l ). 

The displacements are determined by summation of the finite 

series when the series coeffic ients are known. The requirement here is 

the evaluation of expressions of the form 

N M i'ITCI. j'ITa 
~a(cx,S) • E E aij cos N sin M 

i •o j mo 

for CX • 0, 1, • • • , N and S "" 0, 1, • • • M 
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This involve~ calculation work in the order of [ (N+l ) (M+1 ) ] 2 and storage 

requirements of 2 (N+l ) (M+l ) . 

The member actions can now be determined frcrn the member stiff

ness matrices and the end displacements using relations of the form 

p 0 0 

= + 
• 

2 

This is performed for each member in the structure for which the stresses 

are required. If the member actions are required for all members, then 

the number of computations is of the order of (N+l) (M+l). 

In a similar manner, the reactions at each joint can be calculated 

from the displacements. This can be done as a check on the stability of 

the solution process and also to supply the reactions at the boundary of 

the structure. 

The results, comprising the joint displacements, the member actions 

and the joint residuals can be output as a numerical print out, a graph 

plot or both. 

A summary of the steps outlined above is given in table 7.1 

together with the storage and computing requirements for each step. 

7.3 SPECIAL NUMERICAL TECHNIQUES 

From a preliminary study of the volwne of computations, it 

became evident that the major amount of work is performed during the 

two steps, the fourier analysis of the loads and the evaluation of the 

diaplacement series. Both of these processes involve the summation of 

products of trigonometric functions. 

Thus a detailed study of these areas with a view to reducing 

the volume of calculation~ will produce the most rewards in computing 
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TABLE 7.1 Operations, Computing Work and Storage Requirements 
for Finite Difference Analysis 

Operation · Computing Storage 
Work Requirements 

Input geometric and structure small small 
data. 

Calculate preliminary data. 

. 

Input joint loads. (N+l) 2 (M+l) 2 2 (N+l) (M+l) 

Decompose into finite fourier 
series. 

Determine displacement (N+l) (M+l) 2 (N+l) (M+l) 
series coefficients from 
load series coefficients. 

Determine displacements (N+l) 2 (M+1) 2 2 (N+l) (M+l) 
from finite fourier series. 

Determine member actions · (N+l ) (M+l ) (N+l) (M+l) 
and boundary reactions. 

output results. small small 

•. I 
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efficiency. It is towards this end that special techniques are used 

in these two segments of the calculations . 

7.3.1 Trigonometric Functions 

Most sections of the analysis involve the evaluation of trigono-

metric functions of the form 

cos 
k7T1 

R 

k7T1 
and sin 

R 
for k = 0, 1, R 

and 1 = O, 1, ••• R 

It was found that if these functions are evaluated using stan

dard routines, then the computing time was quite large. As the functions 

are r equir ed a t r egular i nter va ls of the argument, special properties of 

these functions can be used. 

Consider the function f(k) = ki0 
e 

where i = ✓-I and e = 2.71828, the base of the natural logarithms 

then f (k+l) = e 
(k+l) i0 

ki0 i0 
= e • e 

= f (k) 
i0 • e 

This is a one term recurrence relation for the function f(k) 
ki0 = e 

' h 1 f ie d h ' 1 f ( ) given t e va ue o e an t e starting va ue o = e 0 = 1 . The 

function can be evaluated at the successive values of k = 1, 2, 3, 

in turn. 

Making use of the identity, 

ke . . kS ik0 cos + i sin = e 

in the above formulation, gives 

cos(k+l)0 + i sin(k+1)0 
(k+l)i0 = e 

ki0 i0 = e • e 

= [cos k0 + i sin k6] [cos0 + i sin0] 

= {cos k0 cos0 - sin k0 sin0} 

+ i{cos k0 sin0 + sin k0 cos0} 



gives 

77 

Equating corresponding real and imaginary parts of this expression 

cos (k+l ) 6 = cos k0 cos 6 - sin k0 sin8 

sin (k+l ) 6 = cos k0 sin 6 + sin k0 cos6 

These formulae provide a simple simultaneous recursive method 

of evaluating the successive values of t he sine and cosine functions 

at uniform increments of the argument when given the starting values 

cos (O) = 1 and sin (O) = o and the increment 8 or more specifically 

.cos6 and sin6. 

They may also be derived from the angle sum formulae of 

elementary trigonometry. However by using the method above, it can be 

seen that the technique is applicable to other functions, e.g. exponen

tial and hyperbolic. 

Tests were performed using the two approaches, direct evaluation 

versus recursion formulae, and these tests showed that on a Burroughs 

B6718 computer, the recursive formulae method took about one sixth of 

the computing time of the direct evaluation method. Accuracy did not 

appear to suffer due to the repeated summation process, with 7 digit 

accuracy after 750 increments. 

7.3.2 Analytic Evaluation of Fourier Coefficients 

The load on the structure must be decomposed into its fourier 

components in order to use the method advocated. This step accounts 

for just under one half of the total calculation work in the analysis 

and thus is one of the areas where improvements should be made if at 

all possible. For certain special load cases, the fourier coefficients 

can be determined analytically, rather than numerically , with a conse

quent saving in effort. Examples of such loadings include a point load 

and a uniformly distributed load. These two cases are discussed in 

detail here so as to demonstrate the techniques to be applied. 
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First consider the unit point function at location (s , n) defined 

by 

f (a,B) = l at a ~ s, B = n 

= 0 elsewhere 

To expand f (a,B) into the finite series 

N M 
f (a,B ) = E E aij sin i;a sin j:S 

i•o j =-o 

involves determining the aij coefficients for i = O, 1, ... N and j = o, 

l, •••, M. This has been shown for the general case in Appendix Band ia 

N M 
4 E E [f(a,B) 

NMct=o B=o 
i ina 

s n -
N 

·ns 
s in .l:!!.e.] 

M 

When the values of f(a,S) given above are substituted into this expression, 

the only non zero value is at c,,n> and thus 

"" ..!. sin in~ sin .i!.!l. 
aij NM N M 

for i = o, 1, ••• N and j = o, 1, •••, M 

The calculation work involved here is of the order (N+l) (M+l) rather 

than [(N+l ) (M+1)] 2 as for the general case. 

Next consider a uniform unit load function over the entire struc-

ture as defined by 

f (a,B ) = 1 for all a and 8 

For the series expansion 

N M 
f ( o ) ~ ~ i ina . jnB a,µ • ~ ~ a1 . s n N sin M 

i•o j•o J 

the coefficients aij are given in the general case by 

4 N M i7Tct . .1!§. 
aij • NM E E f (ct,B) sin N sin M 

a • o 8,.o 

and when the above form for f (ct, 8) is substitute,j, for the special case 

are given by 

4 ., -
NM 

N M 
E E 

a•o B•o 

i 'ITct -l7r'-l • in - sin ~ N M 



a =o 

~ i7TO'. ] [ ~ . j7T8 ] 
L, sin -- L, sin --

N 8=o M 

The summation 
N 
~.· i 'll<X 
L sin 

N 
a=o 

can be evaluated by using formulae 417 of reference [so] as then 

Since 

and 

then 

and 

N ' i1ra 
E sin 

N 
a=o 

sin 
i 7T 

= 
2 

= 

= 

i7T 
cos = 

2 

= 

= 

sin 
i 7T 

sin 
2 

sin 
i 7T 
2 cos 

. [l ( l)i7T] . [N i7T] = sin 2 N+ N sin 2 N cosec r½ ~7TJ 

i7T . i7T i7T i7T i7T 
= sin - sin - cot - + sin - cos 

2 2 2N 2 2 

0 if i is even 

+l if i = 4n+l 
n an integer 

- 1 if i = 4n-l 

0 if i is odd 

+l if i = 4n 
n an integer 

-1 if i = 4n+2 

i7T 
0 if i is -= even 

2 

= +l if i is odd 

i 7T 
0 for all i. -= 

2 

And thus 

N 
i7TO'. i7T 

E sin -- = cot 
N 2N 

a =o 

Finally the series coefficients are given by 

4 i7T j7T 
aij = NM cot 2N cot 2M 
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Again the calculation work involved is only of the order of (N+l) (M+l) 

for this case. 

In a similar manner, the expressions for the coefficients for the 

series involving the other combinations of sine and cosine functions can 
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be determined. These are collected together and given for reference in 

Appendix B. 

7.4 COMPUTER PROGRAM 

The series solutions produced in chapters 4, 5 and 6 were evalu

ated by computer programs written in Fortran and executed on the 

Burroughs B6718 digital computer of the University of Canterbury CQmputer 

Centre. 

These programs perform all the necessary computations t~ analyse 

the structures, starting with a description of the structure geometry and 

member properties. The output consists of the displacements at each 

joint, the member actions of each member and the residual forces at each 

joint. The load cases considered are the general load, the poi~t load 

and uniform load. A flow chart of the process is given in figure 7.1. 

The same procedure is used for each of the structure types considered 

with the detailed calculations changed slightly for each. A listing of 

one of the programs - that for a single layer rigid jointed lattice -

is given in Appendix G. 

7.5 NUMERICAL VERIFICATION OF THE ANALYSIS 

In order to verify that the method used in this thesis and the 

resulting computer programs are satisfactory, it is necessary to compare 

the analysis results with those from one or more other analysis methods. 

For this purpose a series of structures was chosen and analysed by the 

finite difference method, the direct stiffness method and the analogous 

continuum method . 

The remainder of this section considers the choice of the test 

structure• and the quantities to be compared. Section 7.6 contains the 

details of the comparisons and a discussion on them, along with a compari

son of th computer resourc I that w re used for the analyses. Finally 
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in sect ion 7.7 there are some conclusions about the relative accuracy 

and cost of the methods. 

7.5.l Choice of Test Structures 

Of the three classes of structures considered, the single layer 

pin jointed structure of chapter 4 can be considered as a special case 

of the single layer rigid jointed structure of chapter S. The two are 

equivalent when the bending and torsional stiffnesses of the members 

are zero and numerical results that were obtained confirm this. For 

this reason there is no need to validate the analysis for the single 

layer pin jointed structure and it is only left to verify results for 

the single layer rigid jointed structure of chapter 5 and the doul,le 

layer pin jointed structure of chapter 6. 

The structures can be described by a series of parameters and 

because it is impractical to consider more than a few of these parameters 

and only a few values of those chosen, it is necessary to choose care

fully so that they are representative. This will give the most confi

dence in determining the validity of the conclusions. For each of the 

structures considered, a preliminary study was carried out, from which 

it was determined that the most sensitive parameters are the rises (or 

· sags) HX and HY. Thus the value of each parameter except HX and ·By was 

allowed to remain the same for all of the test structures of that type, 

while the values of HX and By were varied to give a representative series 

of structures. 

For the single layer rigid jointed structure, there war five 

sets .of values chosen for the parameters HX and HY. These, together 

with the values of all the other parameters are given in table 7.2. 

Struotur:e number 1, with HX and HY both zero, is a flat beam 

grillage with no curvature and so all the load is resisted by bending 

of the members. There is no membrane type action and thus all axial 
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TABLE 7.2 Details of Test Structures for Single Layer Rigid Jointed 
Structure Analyses 

Structure Geometry 

L = 20.00 m 
X 

Ly=- 17.32 m 

Structure 

1 
2 
3 
4 
5 

No 

Member Properties 

E = 211. X 10 9 Pa 

G = 79.2 X 10 9 Pa 

A'"' 1.0 X 10- 3 m2 

N = 24 

M = 12 

H Hy X 

o.o rn 0.0 rn 
1.0 rn 1.0 rn 
o.o m 1.0 rn 

-1.0 rn l.Om 
-2.0 rn 1.0 rn 

I = l.Ox 10-6 mi+ 
X 

I 0.5 X 10-6 m4 for all 
= 

y members 

I = 0.5 X 10-6 mi+ 
z 

Notes This is a steel tube 31.6 mm diam. by 5 .0 mm wall thickness. 

Loading 

Uniform normal load of 2.0 x 10 3 Pa applied as a point load of 4.81 x 10 3N 
at each joint. 
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fores are z ro. This structurti is included to test the bending only 

response when it is uncoupled from curvature effects. 

Structures 2, 3, 4 and 5 all have HY= +1.0 while HX varies from 

+1.0 to -2.0 and thus curvature effects are now important. Structure 2 

with HX = +1.0 is an elliptic paraboloid. This has positive gaussian 

curvature and the major load resistance is by axial forces in the bars 

while bending is minimal. 

When HX is zero (Structure number 3) a translational paraboloid 

is formed which has zero gaussian curvature. The load resistance is 

a mixture of bending and axial forces similar to that observed for a 

cylindrical shell. 

Hyperbolic paraboloids, with negative gaussian curvature, are 

produced when HX and HY have opposite signs. For the case with 

By~ +1.0, this is when HX is negative. Structure 4 with HX m -1.0 

was analysed, and as will be discussed later, rather unsatisfactory 

comparisons were obtained and so a further structure, number 5, with 

Hx = -2.0 was included in the set. 

A uniformly distributed load normal to the surface was applied 

as equivalent point loads on every joint. Cases of a single joint being 

loaded were computed and although the results are not presented here, 

good comparison was obtained between the finite difference and direct 

stiffness analyses. 

The data given in table 7.2 is all that is needed to perform an 

analysis by the finite difference method and from this the data required 

for the direct stiffness analysis and the anftlogous continuum analysis 

must be generated. For the latter, a method similar to that due to 

Wright [92) was used to obtain the properties of the analogous shell. 

These properties are the same for a11 shells as they depend only on the 
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lattice member properties. HavJng determined the anulogous shell proper-

ties, the shells were analysed ,by a method similar to that described by . 

Ansah [1], programed for a computer. Details of the derivation of the 

shell properties and the analysis of the shell are given in Appendix H. 

The direct stiffness analyses were carried out using a library 

program available in the Civil Engineering Department of the University 

of Canterbury. Because it was impossible to use coordinates other than 

rectangular cartesion ones, the structures analysed were not identical 

to those considered by the finite difference and analogous continuum 

methods which both use curvilinear coordinates , aligned with the latticed 

surface. However for shallow shapes, the descrepancies between the 

structures are small, and thus of little consequence. The major diffi

culty arose with the boundary constraints at the edges of the lattice. 

The direct stiffness method used a gable type restraint which was verti 

cal whereas the other two methods assumed that the gable was normal to 

the surface. The effects of this will be discussed along with the results. 

Data for the direct stiffness analyses was prepared for all the 

test structures, for which the basic layout was the same with only the 

z coordinate of the joints being different. There were 175 joints each 

of 6 degrees of freedom and 450 members in the structure. The joint 

numbering pattern was chosen to minimise the bandwidth of the stiffness 

matrix with a .resulting value of 84 . 

For the double layer pin jointed test structures, the value of 

~ach of the parameters except HX and HY was the same for al) cases. The 

values they were given, along with the values given to HX and HY are 

recorded in table 7.3. The values of HX and HY for test structures 

6 to 10 of this series are the same as used for structures 1 to 5 of 

the single layer series. The loading on each structure was a uniformly 

distributed load normal to the surface and applied as an equivalent point 



TABLE 7 .3 Details of Test Structur es for Double Layer Pin Jointed 
Structure Analyses 

Structure Geometry 

LX = 20.00 m 

Ly = 20.00 rn 

D = 1 . 00 rn 

Structure 

6 
7 
8 
9 

10 

Member Properties 

EA= 211 . x 106 N 

Loading 

No 

N = 24 

M = 24 

H 
X 

0.0 rn 
1.0 rn 
0.0 m 

- 1.0 rn 
- 2 . 0 rn 

for all members. 

Hy 

0.0 rn 
1.0 rn 
1.0 rn 
1.0 rn 
1.0 rn 

Uniform norma l load o f 2.0 x 10 3 Pa on the upper layer applied as a 

point load of 5.56 x 10 3 Nat each upper layer joint. 
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load on all of the upper layer joints. 

The analogous continuum for these double layer structures was 

determined by a method similar to that used by Kollar [52] with the shell 

analysis being performed by the same method as used for the single layer 

structures. Details of the derivation and the analysis are given in 

Appendix H. 

The double layer test structures were also analysed by the direct 

stiffness method as pin jointed space trusses using an available program. 

·The same problem regarding coordinates which differ from the other methods 

also arose here. However it will be seen that it is not as important for 

this type of structure and caused little difficulty. For all structures 

there were 313 joints of 3 degress of freedom each and 1152 members. The 

stiffness matrix had a bandwidth of 78. 

7.5.2 Choice of Quantities to be Compared 

As it is impractical to present all of the deformations and 

actions over the structure, representative results sufficient to show 

the adequacy of the analysis method are all that are presented. Maximum 

deformation and actions are of greatest interest to the analyst and 

preliminary studies indicated the regions where these occur. 

It was found that the regions containing these maxima varied from 

structure to structure and as it was desired to quote the same quantities 

for all the test structures of each type, a series of lines in the struc

ture were chosen which included most of the regions of interest. 

For the single layer rigid jointed structure the quantities of 

interest are the normal displacement of the joints, the rotation of the 

member end, the axial force in a member and the bending moment in a member. 

These quantities are given along the lines shown in figure 7.2 and as can 

be seen these include a centreline and a diagonal line. In the case of 
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y 

(0,1 2) (12.12} (24.12) ------··--·-••·-------- ··7·- ··- -------·-·-·-- ·- · -----

(0,6) Centre 

~ 0 . 

<:)'~ 

------------------'-~ )( 
(0,0) · (24,0) 

Fig.7·2 LINES FOR COMPARISON - SINGLE LAYER STRUCTURE. 
y 

(0.24) (24. 24) 

(0,12) Centre Line (12,12) 

(0,0) ( 24,0) 

Fig. 7·3 LINES FOR COMPARISON - DOUBLE LAYER STRUCTURE. 
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the analogous continuum results, only the deformations are presented as 

only these are obtained directly from the analysis method. Member actions 

are not determined explicitly by the method but must be gauged by the 

analyst and as this involves some judgement and hence the possibility 

of bias, it was not considered advantageous to do this here. 

The quantities of interest for the double layer pin jointed 

structure are the normal displacement of the joints and the axial loads 

in the members. These quantities are given along tho centreline and 

diagonal line shown in figure 7.3. As in the case of the single layer 

structure, from the analogous continuum analyses, only the deformations 

are presented . 

7.6 COMPARISON OF RESULTS 

Displacements and actions are compared in section 7.6.l while 

computer times and storage requirements are compared in section 7.6.2. 

7.6.l Displacements and Actions 

The displacements and actions obtained are pre.sented as graphs 

in figures 7.4 to 7.8 for the single layer structures and in figures 

7.9 to 7 .13 for the double layer structures. 

For structure number 1 (HX and HY both zero), the rotations and 

displacements are given in figure 7.4a while the bending moments and 

axial forces are given in figure 7.4b. It can be seen that the results 

of the various methods agree well with the discrepancies being a maximum 

of~%. Such small discrepancies are hardly detectable on these plots. 

It should be noted that because the structure is flat, there are no 

axial forces in the members. 

The results for structure 2, when HX ., +l. O and IIY "" +l. 0, arf! 

given in figures 7.5a and 7.Sb from which it is evident that the methods 

are in close agreement. '!'h,i .Largest differences occur in the normal 
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displacement with a maximum discrepancy of about- 4%. 

Figures 7.6a and 7.6b give the results for structure 3 with 

HX = 0.0 and HY= 1.0. Again the displacements, rotations, bending 

moments and axial forces agree quite well. 
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Structure 4, with HX = 1.0 = -HY, proved to be a "difficult" 

structure and several variations on it were analysed. The results shown 

in figures 7.7a and 7.7b indicate a large discrepancy between the methods. 

For this case it was suspected that the structure is very sensitive to 

the boundary conditi~~s and as the direct stiffness results are based 

on having a vertical gable support whereas the finite difference results 

are based on a gable support which is normal to the surface, a modified 

structure with normal gable supports was also analysed by the direct 

stiffness method. This involved adding members with very large axial 

stiffness so that they prevented any movement normal to the surface. 

This is generally considered an undesirable practice but was the only 

option available with the computer program available. The results of 

this additional analyses are given on the graphs in figures 7.7a and 7.7b. 

It can be seen that this structure is very much stiffer than the previous 

one and so the sensitivity to the boundary conditions is confirmed. It 

is left until chapter 8 to explain the response of this particular 

structure where HX = -HY. 

Figures 7.Ba and 7.Sb give the resuJts for structu~e 5 when 

HX • -2.0 and Hy m +l.O. This structure was included because of the 

discrepancies found for structure 4. The results for this structure 

show reasonable agreement amongst the methods with the largest differ

ences being in the order of 6\. 

An overall view of the results presented, indicates that for 

the Ringle lay~r structures the various methods agree except for the 

critical case where "x ~ -HY. 
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The results for the double layer structures are presented in 

figures 7.9 to 7.13 where for each case, the axial load and normal 

displacement are given along a centre line and a diagonal line. The 

displacements determined by the three methods agree well with the largest 

discrepancy being about 5%. The axial forces are generally consistent 

with the largest difference occurring for the elliptic paraboloid struc

ture 7, where the forces in the diagonal web members differ by about 15%. 

The other structures show better agreement. 

The problem which appeared with the single layer structure number 

4 where HX =-HY= -1.0 did not arise with the double layer type structure. 

The appropriate structure, number 9, gave good agreement between the 

methods (see figure 7.12). It is apparent that this structure is much 

stiffer than the single layer type and, as will be discussed in chapter B, 

is not as sensitive to geometry and boundary constraints as was the single 

layer structure. 

7.6.2 Computer Resources 

To gauge the cost of the analyses, two measures are used. The 

first is the computing time to perform an analysis and the second is the 

computer memory requirements. These were measured for the finite differ

ence and direct stiffness methods and a comparison of the resources was 

made. 

For the single layer rigid jointed st~u~ture, the measured 

computer time and an estimate of the storage requirements for the test 

structure s previous ly considered, are given in table 7.4. The computer 

times quoted are an average of the times required for each of the five 

analyses performed and include all processing an~ input-output operations. 

The storage requirements are estimates based on the known structure 

size and account only for the larger vectors and matrices that are required. 

There has been no allowance for the sundry variables or storage for the 
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TABLE 7.4 Computer Times and Storage Requirements for Single 
Layer Rigid Jointed Structure 

Computer Time Storage Requirement 

Finite Difference method 39.5 sec 3900 words 

Direct Stiffness method 738.1 sec 90300 words 

ratio 738.1 18.7 90300 23.2 = = 39.5 3900 

TABLE 7 . 5 Computer Times and Stor age Requirements for Doubl e 
Layer Pin Jointed Structure 

107 

Computer Time StoragE) Requirement 

Finite Difference method 58.l sec 3750 words 

Direct Stiffness method 551.2 sec 75120 wor ds 

ratio 551.2 
9.5 

75120 
20.0 = = 58 . l 3750 

NOTE 

The times and storage requirements given in tables 7. 4 and 

7.5 above are for the complete analysis of the full structure . If 

the loading is syrnetrical, only a quadrant would need to be analysed . 

In that case the analysis times would be approximately 1/16 

of the values given for both the finite difference and direct 

stiffness methods. 

The storage requirements for the quadrant analysis would be 

\ the value given for the finite difference method and 1/8 of the 

value given for the direct stiffness method. 
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program code and so the actual requirements will be slightly greater than 

those quoted. This extra r~quirement will be larger for the direct 

atiffness method which has more program code and also more sundry vari

ables and minor matrices than has the finite differ~nce method. 

From the results quoted it will be seen that the direct stiffness 

method requires about 19 times the computer time and about 23 times the 

storage requirements of the finite difference method for this particular 

case. In order to estimate the computer time and storage requirements 

for any other sized structure, i.t is necessary to know how these quanti

ties vary with the structure size. For the finite difference method, 

section 7.2 includes this data which is summarised in table 7.1. For 

large values of N and M, the computer time is proportional to the quantity 

(N+1) 2 x (M+1) 2 and the storage times are proportional to (N+l) (M+l). 

For the direct stiffness method a rough estimate of the computer time 

would be proportional to the product of the number of joints and the 

square of the bandwidth. The corresponding storage requirement would 

be proportional to the product of the number of joints and the bandwidth. 

The number of joints and the bandwidth can be taken as approximately 

proportional to the product (N+l) (M+l) and (M+l) respectively and hence 

for the direct stiffness method, an estimate of the computer time would 

be proportional to (N+l) (M+1 ) 3 and the storage requirements proportional 

to (N+l) (M+l) 2 • 

The conclusion is that for a given ratio of N to M, the relative 

computing time ratio of 19 for the two methods will remain about the 

same as the structure size varies whereas the storage requirement ratio 

of 23 will increase as the structure size increases. Both of these are 

in the favour of the finite difference method. 

The requirements and comparisons for the double layer structures 

are given in table 7.5 where again the computer times are averages of the 

five analyses and the storage .requirements arc based on Bstimates neglec-
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ting the program code and minor quantities. The results show that the 

direct stiffness method requires 10 times the computer time and 20 times 

the storage requirements of the finite difference method. As the struc

ture size changes, these ratios will behave in a similar manner to those 

described for the single layer structure. 

In both of these cases, the savings are seen to be very signifi

cantly in favour of the finite difference method. 

7.7 CONCLUSIONS ABOUT VERIFICATION 

The results presented in section 7.6 show that the finite differ

ence method gives substantiall¥ the same results as the other methods as 

far as can be ascertained. At the critical shape when HX = - HY it is 

felt that no (linear) analysis method will give acceptable results as 

very small changes to the structure cause large changes in the response. 

This would cause some doubt that the mathematical models of the structure 

are in fact realistic representations of the real structure. 

When compared with the direct stiffness method, the finite 

difference technique stands out as acceptable in regard to both computing 

times and storage requirements. Data preparation for the direct stiffness 

method is much greater than for the finite difference method. However 

it must be realised that the restrictions on the structure shape and 

layout are an essential part of the finite difference method and are 

necessary to produce these savings. 

When compared to the analogous continuum method, the finite 

difference technique shows that it produces acceptable results for the 

cases studied. This is restricted to deformations as some judgement is 

needed on the part of the analyst to assess the member actions. This 

may lead to different results produced by different analysts. It is 

felt that this, together with the restriction to very simple cases, viz. 
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isotropic homogeneous shells with simple layouts and boundaries, may 

make the analogous continuum method inaccurate and time consuming for 

the analyst when used for the more general cases that the finite differ

ence and direct stiffness methods can handle. 
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CHAPTER EIGHT 

SENSITIVITY ANALYSIS 

The finite difference method as described in chapter 2 and 

applied in chapters 4, 5 and 6 was shown in chapter 7 to be accurate and 

economic to use. Consequently it is a suitable method to study a series 

of structures with varying parameters. Trends in the response of the 

structures as the geometry and structural properties are changed can 

thus be obtained. 

It is important to realise that the response of the structure to 

a change in one parameter is very dependent on the values of the other 

parameters and it is impossible to separate out the effect of a change 

in an individual parameter. However it is possible over a limited range 

of values - hopefully those found in practical structures - to assess the 

general trend when one parameter is varied. Keeping this limitation in 

mind, it is intended to comment on the changes in structural response 

when changes are made to several parameters, one at a time. 

8.1 GENERAL BEHAVIOUR OF THE STRUCTURES 

It is convenient to first consider in general terms how~ doubly 

curved structure would respond to load. For this it is easier to use 

the concept of an analogous continuum shell because at the present time 

such structures are better understood than lattice type structures. 

This is used only to obtain a qualitative response and not a quantitative 

one. It will be seen that the regular lattice does indeed respond in a 

similar manner to a shell and that this qualitative model with numerical 

results supplied by the finite difference method does serve as a good 

indicator of what to expect. 



112 

The traditional explanation of the way a continuum shell sustains 

applied load is to consider two modes of resistance. These are membrane 

action and flexural action, with the combination of the two sustaining 

the total load. Membrane action involves in plane stresses and because 

the corresponding strains are much smaller than those associated with 

the bending stresses of flexural action, the strain energy involved is 

smaller. This results in membrane action generally being the more 

efficient way of resisting load and so the one to "encourage" by proper 

choice of geometry and structural properties if this is at all possible. 

Loading normal to the shell surface is transmitted to membrane 

action in a complex manner but the process is often explained by an arch 

or cable type mechanism and relies on the curvature of the surface. 

Some membrane action also arises from differences of in plane shear 

stresses that are transmitted through the shell. Any load that cannot 

be taken by the arch or shear difference action is assumed to be taken 

by bending of the shell and thus resisted by flexural action. 

This explanation is relatively easy to understand and it does 

give a realistic view of the processes taking place. However for the 

arch type mechanisms to work the appropria te support conditions must be 

present. This requires that the ends of the arch do not move relative to 

each other and if this is not fulfilled, then the arch mechanism breaks 

down and the load is taken by flexural action. In practice there is a 

range of conditions from full support to no support and thus a corres

ponding range of the proportion of the load resisted by membrane action 

to the load resisted by flexural action. 

Other considerations apart from curvature ar,d boundary conditions 

also affect this ratio of load carrying. Perhaps the next most important 

is the relative stiffness of the two modes of action. For the continuum 
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shell this is governed by the shell thickness. Flexural action is more 

prevalent in thicker shells. 

Thus both geometry and structural properties affect the responses 

of the continuum shell. A shell with a given geometry such as the 

second order surface on a rectangular boundary can have a qualitative 

assessment of its response made from these ideas. For an elliptic para

boloid shaped shell with gable supports on all four sides the only fully 

restrained arches are the corner diagonal lines. All others are only 

partially restrained and thus only partly effective. Thus it would be 

expected that there would be some flexural action for all values of the 

rises and thickness but more so for lower rises and thicker shells. 

Hyperbolic paraboloids on rectangular boundaries with gable 

supports also have the only f ully restrained arches as the diagonal lines 

joining the corners. However for the particular case HX = -Hy' when the 

rises in the two directions are equal and opposite, the corner diagonal 

lines have no curvature. Thus there is no arch action at all in them and 

much, if not all, of the load is carried by bending. This results in 

deformations being relatively large, membrane actions being very low and 

bending actions being predominant. 

The continuum shell model also explains the considerable effect 

of boundary conditions on theresponseof the structure with critical 

geometry HX = -HY. When the gable support is vertical no reaction to the 

outward thrust of the arch is provided but when the gable support is 

normal to the surface in plane forces in the gable have a component in 

the horizontal direction and hence allow some membrane action to occur. 

The effect of the gablo is critical with the single layered 

lattices where the efficient structural resistance is as a membrane. 

With the double layered lattice bending action is the principal mode of 
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resistance and the actual angle of the gable is of little significance. 

This is reflected in the responses of the structures studied in chapter 7 

where a pronounced effect is only seen for the single layer structure. 

8.2 CHOICE OF PARAMETER VALUES 

The continuum model presented in the last section may also be 

used to qualitatively assess the response of the structure as the 

parameters describing it are varied. For the type of shell studied 

the geometry parameters are the spans LX,LY and the rises HX, HY. The 

structural parameters are E*, the elastic modulus, v, the Poissons 

ratio and h*, the thickness. For the lattice the geometry parameters 

above must be supplemented by the subdivision factors N, M while the 

parameters analogous to the material properties and thickness can be 

taken as combinations of the axial stiffness EA and the bending stiff

ness GI , EI and EI for the single layer structures and as combina-
x y z 

tions of the axial stiffness EA and layer separation D for the double 

layer structures. 

These are the parameters which will be considered, but it is 

not necessary to consider them all, as ratios of some of them can be 

more relevant. This is true for the ratios of HX to I-IY, of LX to LY 

(with corresponding ratios of N to M) and of the stiffness factors. 

Thus it is considered satisfactory if only one of the quantities from 

each of these groupings is varied and the other retain a fixed value. 

In the case of the rises, the very marked sensitivity at the point 

HX "' - HY as explained previously, dictates that several values of one 

of them be considered as the other varies. 

Thus the scheme adopted for these numerical experiments was to 

choose fixed values for the parameters L, L, N, M, H and the struc-X y y 

tural properties E, A, I , I and I for the single layer structures 
X y Z . 

and E, A and separationD for the double layer structures, along with 
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several values of the rise H. These constituted a surieB of baRo ulruc-
X 

tures from which to vary one parameter at a time, the parameters being 

considered were the other rise HY, the length LX (together with an 

appropriate value of N) and the structural properties I , I and I for 
X y Z 

the single layer structures and the separation D for the double layer 

structures. For each type· of structure there are then three parameters 

which are varied. The values chosen for the base structures and the 

values they are varied to are given in table 8.1 for the single layer 

structures and in table 8 .2 for the double layer structures. It will be 

noted that the base structures include those studied in chapter 7 and 

numbered 2, 3, 4 and 5 in the case of the single layered ones and 

numbered 7, 8, 9 and 10 for the double layered case. 

The loading applied to all these structures is a uniform normal 

load which is the same load as applied to obtain the results quoted .in 

chapter 7. 

8.3 CHOICE OF A MEASURE OF THE RESPONSE 

Having chosen the structures that are to be studied, it is 

necessary to chose quantities to use as a measure of the response of the 

structure. Because a structural analyst is concerned with both defor

mations and stresses, each of these two types of quantity are chosen . 

The single layer rigid jointed structure response is represented 

by the normal deflection of the centre joint, t '.1e axial load in the cen

tral longitudinal member, and the axial load and bending moment in the 

corner diagonal member. The location of these four quantities in the 

structure is shown in figure 8.1. 

For the double layer pin jointed structure, the response is 

represented by the normal deflection of the centre joint, and the axial 

load in the central upper layer longitudinal and the corner diagonal 



TABLE 8 . 1 Parameter Values for Single Layer Structures 

Base Structures 

L = 20 . 00 m 
X 

L = 17.32 m y 

N = 24 

M = 12 
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Hy = 1. 0 m 

HX = 2 . 0, 1.5, 1.0, 0.5, 0.0, - 0.5, - 1.0, - 1.5, - 2.0 m (9 cases) 

E = 211. X 10 9 Pa I = 1.0 X 10- 6 '+ m 
X 

79.2 10 9 Pa I 0.5 10- 6 '+ for all 
G = X = X m y members 

A 1.0 X 10- 3 2 
I = 0 . 5 10- 6 '+ = m X m 

Z . 

HY = 0 . 0, 0.5, 1.0, 2 . 0, m (4 cases) 

All other variables as for base structures. 

Vary LX and N 

LX and N are varied jointly such that the ratio Lx remains 

N 
the same. 

LX = 13.33, 20.00, 26.67, 40.00 m (4 cases) 

N = 16, 24, 32, 48 

All other variables as for base structures. 

Vary I , I and I 
X y Z 

I , I and I are varied jointly such that 
X y z 

I = I (bending) and I = I + I (torsion) y z X y z 

I = 1.0 X 10- 6 1.0 X 10- 5 , 1.0 X 10- 4 mi+ , 
X 

I = 0.5 X 10- 6 , 0.5 X 10- 5 , 0.5 X 10- 4 mi+ (3 cases) y 

I = 0.5 X 10- 6 , 0.5 X 10- 5 , 0.5 X 10- 4 mi+ 
z 

All other variables as for base structures. 



TABLE 8.2 Parameter Values for Double Layer Structures 

Base Structures 

LX = 20.00 m N = 24 

Ly = 20.00 m M = 24 

D = LO m 

Hx = 2.0, L5, LO, 0.5, 0.0, -0. 5, - LO, -L5 , -2. 0 m 

EA= 211. x 10 6 N for all members. 

Hy= 0 . 0, 1.0, 2.0 m (3 cases) 

All other variables as for base structures. 

vary LX and N 

Hy = LOm 

(9 cases) 

LX and N are varied jointly such that the ratio LX remains 

the same. N 

LX = 13.33, 20.00, 26.67, 40.00 m (4 cases) 

N = 16, 24, 32, 48 

All other variables as for base structures. 

Vary D 

D = 0,5, 1.0, 2 . 0 m (3 cases) 

All other variables as for base structures. 
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web members. Figure 8.2 shows the location of th~se three quantitiea in 

the structure. 

8.4 RESULTS OF ANALYSIS 

The results are presented in a graphical form. Figures 8.3 to 

· 8. 6 applying to the single layer structures and figures 8. 7 to 8 .10 

applying to the double layer structures. Each of these will now be 

described in turn. 

8.4.1 Results for Single Layer Structure 

For the series of base structures, the results are given in 

figure 8.3 where the appropriate quantities are shown for the various 

values of the rise HX. As predicted, for elliptic paraboloids where 

HX > 0, the deformations and bending moments are small. AXial forces 

are moderate in size and membrane action appears to be the principal 

mode of resistance. 

For hyperbolic paraboloids, w~th HX < 0, the situation changes. 

Initially, as HX varies from zero, thJ deformations and bending moments 

become larger. This however takes pl~ce only until the critical 

geometry where HX = -1.0 = -HY, when ~hese quantities reach a peak . . 

The axial forces having reached a peak near this critical geometry, 

fall to be close to zero at the critical geometry. It is apparent that 

at the critical geometry the load is sustained almost entirely by bending 

action while membrane action is negligible. 

When the magnitude of HX is increased further the deformations 

and bending moments are reduced and the axial forces change sign. The 

membrane action is again becoming prominent but this time as "cables" 

rather than "arches" or vice versa. 
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The interesting feature about this graph is of course the 

behaviour when HX = -H, which is explained by the model put forward y . 

earlier. In order to verify that it also ~akes place for other values 
) 

of the rise HY than the one presented in figure 8.3, several other 

values were used and the results are plotted as figure 8.4. The same 

trends as before are present for each of the families with a fixed 

value of Hy' the peak of the deformation and bending moment curves being 

shifted to the point where HX = -Hy. 

Another relevant trend shown in figure 8.4 is that, for a 

given value of HX which is far enough from the critical geometry, both 

the bending moments and axial forces become smaller as HY increases. 

This is to be expected as with a more curved structure, two way action 

becomes more prevalent and the axial forces are more uniformly spread 

resulting in their being lower on the average. It must be remembered 

that the method presented here only applies to shallow curved surfaces 

and thus it may not be applicable if HY or HX become too large. 

Figure 8.5 shows the trend of results as the length LX and 

subdivision N are varied from those of the base structure. The trend 

appears to be that the greater the span, the larger are all the quanti

ties presented. The proportion is however not simply related to the 

change in span but is very dependent on the proximity to the critical 

point. 

The results that are obtained when the member bending stiffnesses 

I , I and I are varied are presented in figure 8.6. At the critical 
X y Z 

po.int Hx =- -HY the effect on the deformations is quite significant, 

with a stiffer member giving smaller deformations. However when suffici

ently far from this critical point, there is little effect on the defor

mation level. However the bending moments and axial forces are affect.ad 
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for all values of the rise HX. The bending moments are increased and 

axial forces decreased when the bending stiffness of the member is 

increased. This implies that more load is r ,esisted by bending action as 

would be predicted for a "thicker" structure by the model proposed earlier. 

8.4.2 Results for Double Layer Structure 

The base structures for this type of structure, were analysed 

and the results are shown in figure 8.7. The trends seen here are the 

same as those for the single layer structure which are given in figure 

8.3 . . However the peak at the point HX = -HY is certainly not as . marked 

since this particular set of structures would correspond to a rather 

"thick" shell and bending action is quite significant. 

For these structures, the axial force in the centre longitudinal 

member is in fact dependent on both the bending action and membr.ane 

action present in the corresponding shell and so must be interpreted in 

this light. 

Figures 8.8 and 8.9 present the results when the rise HY and 

the length LX respectively are varied. The trends shown here are simi

lar trends to those exhibited by the single layer structure and so need 

no further comment here. 

The results of varying the inter layer separation Dare given in 

figure 8.10. This parameter is analogous to t~e thickness of a shell 

and the results correspond to such a conclusion. With a small distance 

between the layers, the structure shows larger deformations generally 

and a greater sensitivity as the rises approach the critical condition 

of HX = -HY. A larger separation results in the opposite effect. 

8.5 SUMMARY 

From the nwnerical results presented in fiqur.es 8.3 to 8.10, it 

can be concluded that the qualitative mndel proposed in section 8.1 does 
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in fact give a realistic indication of the response to be expected for 

both the single layer and the double layer type structures. 

The base values for the parameters chosen for the single layer 

structures appear to correspond to a rather thin analogous shell while 

those chosen for the double layer structure lead to a thick analogous 

shell. This is based on the sensitivity that the str_uctur0s 3how at 

the critical point H = -H . 
X y 

The prediction and explanation of the existence of this critical 

point is a strong argument in favour of the use of this qualitative 

model to determine the performance of curved lattices. The trends 

exhibited as t he rises , the length and the thickness are varied do 

correspond with those that are predicted from the use of such a model. 

Again it must be emphasised that the performance of a given 

structure cannot be assessed as the aggregate of the effect of each 

parameter considered separately but it is most important that the inter

dependence of all the parameters be considered. The results quoted here 

will hopefully indicate to the analyst the inter-relationships of the 

parameters. 
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CHAPTER NINE 

' NON LINEAR BEHAVIOUR 

9.1 INTRODUCTION 

The analysis presented in chapter 2 and applied to the classes 

of structures in chapters 4, 5 and 6 was restricted to linear elastic 

behaviour. In this chapter, the types of non linear behaviour that are 

possible are presented and the importance and means of allowing for such 

behaviour is considered. 

The types of non linear behaviour affecting the lattice space 

structures treated in this thesis may be grouped under the three headings 

a ) Non linear material stress strain behaviour 

b ) Non linear elastic member load deformation behaviour (member 

buckling) 

c ) Change in structure geometry through large deformations. 

The first two concern non linear behaviour of the member. Non 

linear material stress strain relationships may be due to the effects of 

material yielding or crushing. By designing the members so _that the 

stress levels are not too high, such behaviour can generally be avoided. 

Thus it is considered that this will not usually be a problem for the 

types of structure considered here. 

The second type of non linear behaviour , member buckling, is 

due to member deformations becoming large compared to the member size. 

Along with this the member material may also have a non linear stress 

strain relationship. It is usually possible to proportion the member 

so that the member actions are restricted to linear behaviour. If 

this is done , this type of non linear behaviour will not be a problem 

for the types of structure considered. 
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This leaves the last type, geometric non linear behaviour of 

the structure, to be considered. This is when the joint displacements 

are large and significant changes of geometry occur in the structure. 

The members may be behaving linearly or non linearly. From the results 

of chapter 8, it will be seen that the response of the structure under 

load depends on many parameters, and for some layouts the displacements 

can be large. This is so even when using member sections and materials 

which remain in the elastic range. It is to be noted that while the 

designer may choose the member sections and materials, he may not have 

such a choice about the structural layout. For those structures with 

large deformations, it is considered that geometric non linear behaviour 

can be relevant. 

In the next section an outline is given of the procedures 

involved in an analysis where non linear behaviour is considered. 

9.2 TREATMENT OF NON LINEAR BEHAVIOUR 

In the general development in chapter 2 the joint equilibrium 

equation 2-13 is derived for a general structure and layout. In this 

equation, the matrix [K(Ea,Ea>J depends on the structure geometry, through 

the transformations [T], and on the member properties, thr ough the stiff

ness [k]. In the subsequent development in chapters 4, 5 and 6, the 

analysis was restricted to cases where the matrix [K(Ea,Ea>J did not 

depend on the joint coordinates a and a. It was noted that for such 

cases the equilibrium equation 2-13 is a system of linear partial differ

ence equations with constant coefficients and for such equations it is 

relatively easy to obtain an analytic solution in terms of the 

eigenfunctions. 

For the more general case where the geometry and/or properties 

var y with the coordinates, the equations are still linear but now have 

non constant coefficients. It may be J ossible to obtain the eigenfunction 
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series solution f or this problem but this is generally di fficult and 

purely numerical methods usually prove to be easier. 

It is also possible that the member stiffnesses depend on the 

member actions (non linear member material properties) and/or the 

geometry depends on the joint deformations to an appreciable extent. 

For these cases the equilibrium equations are now non linear and have 

non constant coefficients . Paralleling the case of differential equa

tions which are non linear and have variable coefficients, the solution 

of such equations is usually very difficult and is often considered 

intractable. There has been some effort devoted to non linear difference 

equations e.g. [74] but only very simple systems are considered. Because 

of the lack of available techniques for solving non linear difference 

equations, it is considered that the extension of the analysis to such 

cases is unwarranted at this stage. 

9.3 NUMERICAL EXAMPLES 

In order to gauge the influence of geometric non linear behav

iour, it was desired to perform some numerical analyses incorporating 

this effect. The test structures used in chapter 7 were considered as 

suitable examples and an extension of the direct stiffness method was 

used to produce the analyses. 

A computer program to perform a geometric non linear analysis 

was not available and thus some other procedur0 was required. A survey 

of the literature [2a, 49, 66] indicated the types of methods available. 

It was decided to use an incremental loading technique which could be 

easily incorporated into the linear analysis program used to obtain the 

results presented in chapter 7. 

The procedure followed is to perform a linear elastic analysis 

using a load increment on the original structure. Under this loading, 

the structure deforms and the joints ar .~ no longer at the original posi-
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tions. The coordinates of the joints are changed to account for this, 

resulting in a new structure geometry, and another linear elastic analy

sis is performed for a further load increment. The joint coordinates 

are updated again and the procedure repeated for as many increments as 

required. 

For each load increment a linear elastic analysis is made and 

this introduces some errors, as no account is taken of the load level 

in the members due to all the previous increments. The effect of aliow

ing for these is to generally stiffen the members subjected to tension 

and soften those subjected to compression. It is felt that these 

effects are small for the structures and load intensities considered 

here. 

Accuracy is improved by using small load increments, particularly 

where the structure is very flexible and the deformations are changing 

rapidly under load. However using many small increments results in 

consuming a large amount of computer time in the analysis and the pro

cedure becomes expensive. Where the structure is stiff larger increments 

can be used. A trade-off is required between expense and acceptable 

accuracy. 

Geometric non linear behaviour is more relevant when large 

deformations occur so particular attention was focussed on structures 

which have large elastic deformations. Of the t.es t structures used in 

chapter 7, those of the single layer type generally had much larger 

displacements than the double layer type. For this reason it was con

sidered unnecessary to perform a geometric non linear analysis on any 

double layer structures. 

Descriptions of the single layer test structures numbered l to 5 

are given in table 7.2 and in th~ text of aeotion 7.5.1. Lin ar elastic 

analyses are presented in section 7 . 6. i . Non lin ar analyses were per-
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formed on each of these structures and figures 9.1 to 9 .5 show the 

loading path for the normal deflection of the centre joint as the load 

is incremented from zero to the service load. The procedure followed 

in each case was to first perform the analysis with five equal increments 

of load and then, depending on the results for each case, to adjust the 

increment sizes when necessary. The increment was reduced where the 

structure was flexible and increased in the regions where it stiffens. 

In this way a better indication of the response is obtained. 

Structure 1 with Hx =HY= 0.0 is a flat grillage. The results 

are shown in figure 9.1 where the linear response is given along with 

results for five equal increments and a variable finer incremental 

loading. It can be seen that the linear response is large (~9.2) and as 

is to be expected the structure stiffens considerably under load so that 

the non linear deflection (-0.72) is only 8% of the linear elastic 

response. The curve shows that structure stiffening takes place at low 

load levels and the load deflection curve soon reaches a steady slope. 

Figure 9.2 shows the response of the elliptic paraboloid test 

structure number 2 with HX =HY= +l.O. The linear and non linear 

responses are very close and in practice could be considered the same. 

This is to be expected when the elastic deflection is small, as it is 

in this case, and no appreciable non linear behaviour takes place. It 

was unnecessary to refine the loading increments here.~ \ 

For the cylindrical paraboloid with HX = 0. 0 and HY= +1.0 the 

results are hown in figure 9.3. As in the last case non liner behav

iour is small with the non linear deflection und r service load being 

95% of the linear deflection. This structure, h~wever , shows a different 

pattern of behaviour in that initially the structure stiffens and then 

at a load ratio P/ Po • 0.70, th tructur~ heooma more flexible. Under 

higher loads .it would be expect ed to reispond in a "anap through" typu modo, 
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Again because of only small changes in the stiffness, refinements of 

the load increments were not necessary. 

Structure 4, as reported in chapter 7, is a very sensitive 

structure and it is to be expected that it will show highly non linear 

behaviour. This can be seen in figure 9 .4 where the linear elastic 

response, the coarse increment response and the refined increment response 

are presented. The non linear behaviour here is similar to that of the 

tiat grillage, structure number 1. 

As the structure changes from the critical shape as represented 

by structure 4 to that of structure 5 with HX = -2.0 and HY = +l. O, the 

response becomes more satisfactory with only a small amount of non linear 

behaviour. It would be expected that a linear analysis would be adequate 

for this case. 

The trend shown here is the very obvious one that those struc

tures which have "large" elastic displacements, also have significant 

geometric non linear behaviour. Those structures which have small 

elastic displacements i.e. stiff structures, have only a small amount of 

non linear behaviour and this can usually be neglected for practical 

purposes. What is "large" or "small" is hard to judge and depends 

mainly on what errors can be tolerated. From the results obtained here, 

a centre deflection in the order of 1/200 of the span could be used as a 

guideline. It is not proposed that this figu:.:e is universal as very few 

cases have been considered. The va lues of parameters describing the 

structure, which lead to deflections of this order can be obtained from 

the results in ch pter 8. 

9.4 CONCLUSIONS REGARDING NON LINEAR BEHAVIOUR 

Of the three types of non linear behaviour considered, that 

associat d with the material nd the member ~s generally insignificant 

as both the material and the member pr0perties can be chosen so that the 
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•relevant non linear behaviour is avoided. However the non linear behav

iour associated with large displacements cannot always be avoided because 

structure shape is then an important factor and this is often dictated 

by other considerations e.g. architectural. Thus 0eometric non linear 

· behaviour can be significant for some structures . 

The extension of the finite difference method to cases involving 

non linear behaviour is possible, but the solution by analytic procedures 

is generally intractable. It is considered that the method used in 

this thesis is not practicable when non linear behaviour becomes signifi

cant. For such structures, an extension of the direct stiffness method 

is possible. Even this approach will generally prove to be expensive. 

The structures for which geometric non linear behaviour is sig

nificant generally have large deformations when analysed by a linear 

elastic method. From the results of chapter 8 it is apparent that large 

deflections tend to be related to the structure geometry - particularly 

the rise or sag in each direction. 

Figure 9.6 shows the range of the parameters HX and HY where 

large displacements are encountered and thus where non linear behaviour 

is to be expected. It is noted that for such structures with large 

displacements, the response, when non linear behaviour . is considered, is 

to have a stiffening structure under load. This is a useful property 

as it means the inelastic displacements are l ~ss then the (large) 

elastic displacements. 

In chapter 7 it was pointed out that those structures which 

h ve large d formations also tend to be very sen3itive to the appli d 

boundary conditions. Because of this sensitivity and the low ~tiffness, 

it i · con ider d that if it is tall possible, such structure should be 

void din practice. Generally to obtain uat.i factory porformanc from 

suoh structure would involve u ing mo·.e materials than for other more 

rigid structures. 
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CHAPTER TEN 

SUMMARY AND CONCLUSIONS 

The finite difference calculus method is an analytic technique 

that can be used to produce mathematical models for the response of a 

structure to load. The particular case of a linear elastic structure 

of regular lattice layout on a shallow curved surface is investigated 

in this thesis. The model produced is a set of partial difference 

equations for the unknowns, which in this case, are the joint displace

ments. These equations are solved analytically in much the same manner 

as partial differential equations, giving the joint displacements 

explicitly by formulae. The structural analyst then has the simple 

task of evaluating the formulae for the values of the parameters that 

describe the particular structure concerned. For other structures and 

shapes, even if an analytic solution and the resultant formulae cannot 

be found, then the equations can be solved numerically. Such a solution 

would usually involve a much larger amount of computer time and storage 

than the analytic method. 

The method is described in general terms and is then used to 

produce analyses for three classes of structures. Two of these are 

single layer structures with one having pin joints and so being a 

special case of the other with rigid joints. The third structure i s 

double layered with pin joints. All of these s ~ructures lie on a shallow 

second order surface which can take the form of an elliptic paraboloid, 

parabolic cylinder, flat surface or hyperbolic paraboloid by varying the 

parameters describing it. The structures have gable supports on the 

four sides of a rectangular boundary. Whil G these are the specific 

structural layouts, shapes andboundaryconstraints that were considered 

here , it i po • iblv Lha t oth&r hape and boundary cons traints could be 
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treated by the technique described. In particular structures with fully 

fixed supports were analysed although the results are not presented here. 

The solutions produced for the joint deformations take the form 

of double trigonometric series with a finite number of terms. Thus 

there is no question of convergence as there is for an infinite series. 

Computer programs were used to perform all the required operations to 

produce numerical results for many structures. From these numerical 

experiments several conclusions were obtained. 

The first conclusion is that the method as described and used 

is in fact a viable one. When compared with results from other methods 

and in particular the direct stiffness method, the results of the finite 

difference method are accurate and obtained at much less expense as 

measured by computer time and storage requirements. Typically the 

results quoted in chapter 7 indicate that the methods agree with the 

largest differences being of the order of 6%. However for the single 

layer rigid jointed structures, the direct stiffness method requires 

19 times the computer time and 23 times the memory requirements of the 

finite difference method. For the double layer pin jointed structures 

these ratios are 10 and 20 respectively. It was also shown that as 

the structures become larger, these ratios rernainadvantageous to the 

finite difference method. It must be pointed out that these savings are 

very dependent on obtaining an analytic solution for the structure type. 

Thi s in turn depends on several factors with perhaps the chief one 

being the regularity of the structure. 

A study of the structure response as the parameters describing 

the structure geometry and member properties are ~ari.ed, results in the 

conclusion that the geometry a nd member properties are very interdepen

dent in determining the overall response of the structures studied. The 

effect of a ingle parameter cannot be isolated from the effect of al l 
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others. Of particular interest is the interaction of the rise (or sag) 

of the surface in the two directions. When these two parameters are 

equal in magnitude but opposite in sign, the resulting structure shows 

a very marked tendency to carry load by bending action with low axial 

loads and large bending moments in the members. For this structure, 

the stiffness normal to the surface is very low and large deformations 

occur. While this happens for both the single and double layer struc

tures, it is much more marked for the single layer type. To explain 

the behaviour of these structures a qualitative model based on the 

analogous continuum method was proposed. In this way the gross behav

iour of the lattice is described by the behaviour of a shell with the 

same shape and supports. It is shown in chapter 8 that such a model is 

realistic and does indeed explain satisfactorily the observed behaviour. 

A further conclusion is that non linear behaviour may be sig

nificant and especially so for those structures where the parameters 

describing the geometry and properties combine to produce large elastic 

deformations. The particular case of the hyperbolic paraboloid with the 

critical geometry HX = -HY is one such structure. For such structures 

the geometry changes significantly as load is applied and it is expected 

that non linear behaviour would be exhibi ted . 

From these last two conclusions, it is recommended that such 

combinations of par~meters should be avoided if at all possible. The 

geometrical condition on the rise and sag of a hyperbolic paraboloid is 

the main criterion to avoid if a designer wishes to have an efficient 

structure. If it is not possible to avoid thie particular geometry, 

eay for architectural reasons, then a double layer structure is r$com

mended as this i generally much stiffer than a single layer structure 

and would general ly be a mor serviceable str ucture. 
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APPENDIX A 

ACTION OF FINITE DIFFERENCE OPERATIONS ON TRIGONOMETIC FUNCTIONS 

The trignorunetric functions used in chapters 4, 5 and 6 for the 

displacements are of the form 

N M 
E E a . . {sin} (iN7Ta ) {sin} ( jnS ) 

i =o j =o 1J cos cos M 

where there are the four possible combinations of the sine and cosine 

functions . 

The finite difference opera tors used are of the form 

where again there are four possible combinations. 

In order to show the effect of all these it is only necessary 

to consider the two functions 

t nx 
sin 

L 
and cos 

t nx 
L 

. +k - k . . and the two operations E and E in the combinations 
X X 

From the four combinations of these functions and operators, 

it is possible to obtain the effect of all the oper ator s on all the 

functions required. 

Consider the function sin t 1rx d the oper at~r E+k. The corn--- an 
L X 

bination of these gives [s4] 

E+k sin 
t1rx 

sin 
~n (x+k) 

= 
X L L 

sin 
tnx tnk t nx tnk 

= -- cos -- + cos -- sin 
L L L L 

In a similar the operator -k • . ~7TX . manner E acts on sin L to give 
X 

- k sin ~7TX sin 
t nx bk R.7Tx sin R.7Tk 

E = -- cos cos 
X L L L L L 



Combining these operators to give (E+k+E-k ) acting sin 
£7Tx 

on as 
X X L 

(E +k+E-k) sin 
£7Tx 

sin 
£7Tx £7Tk £7Tx sin 

Q.nk 
= r:;- cos --+ cos 

X X L L L L 

£7Tx + sin cos £7Tk 
L 

hx £7Tk 
sin 

L 
cos 

L L 

( 2 bk) . £7Tx 
= + cos L sin L 

Similarly the combination (E+k_E-k) acting on sin £7Tx gives 
X X L 

£7Tx sin 
L 

== (+2 sin hk) 
L 

cos 
i7Tx 

L 

In a similar manner the combined operators (E+k+E-k) and 
X X 

+k - k i7Tx 
(E -E ) acting on cos - L give 

X X 

(E+k+E- k) bx (+2 £7Tk) £7Tx 
cos = cos cos 

X X L L L 

(E+k_E-k) £7Tx 
(- 2 sin £7Tk) sin hx cos = 

X X L L L 

A-2 

The results for all functions and operators used in chapters 

4, 5 and 6 are surranarised in table A.l. 



TABLE A.l Results of Operations on Trigonometric Functions 

I~ ilTO. . jnB ilTO. . j1T8 . iTIO. cos jnB iTICl cos jTIS sin -- sin -- cos -- s in - - sin -- cos --
N M N M N M N M 

. operator 

+g -g +h -h 
(Ee +Ea) (EB +EB> +4 cg ch sa s 8 +4 cg ch ca sB +4 cg ch s o. cB +4 cg ch co. c8 

+g - g +h - h +4 s g ch ca sB - 4 s g ch so. s8 +4 s g ch co. cB - 4 sg ch s o. c8 l {E0 -Eo.) (EB +EB) I 
I 
' 
: 

i 
I +g -g +h - h 

+4 cg sh so. cB +4 cg sh ca c8 - 4 cg sh so: sB - 4 cg s h co. s 8 ! (~ +E )(B~ - E6 ) 
Cl (). ,._ 

i 
I 

l 
i 

~2+g-E-g ) (E+h_E- h) ; +4 s g sh ca c S - 4 sg sh s o. c8 - 4 s g s h co. sB +4 sg s h s o. s B 
I a a 8 8 
l 
j 

where 
. iTig ~ ina i1TO. 

s g = s in cg= cos S(l = S in -- co. = cos --
N N N N :i::, 

. jTih . h B • jnB j;rl< I 
s h = sin -- ch= cos~ S = sin cB = cos w 

M M M M 



APPENDIX B 

EXPANSION OF LOAD FUNCTIONS IN TRIGONOMETRIC SERIES 

The load functions used in chapters 4, 5 and 6 must be 

expanded into finite trigonometric series of the form 

N M 
1: 1: 

i=o j =o 
a,. 

1J 
{sin} (iTia) {sin} ( jTIS) 
cos N cos M 

B- 1: 

where the fourier coefficients a must be determined from the known 
ij 

loading function. 

The de ter mination of t he a . . "s depends on the orthogonality 
1J 

and normalization relations which are 

L .R.Tii .R,7r. L 
1: sin L sin ~= - if i = 

.R.=o 
L 2 

= 0 if i f 

and L .R.1Ti .R.1Tj 
1: r.R, cos -- cos = L if i = 

.R.=o 
L L 

= L 
if i = 

2 

= 0 if i f 

where r .R,, the weight function, is defined as 

r .R, = ~ at end points (.R.= O or L here) 

= 1 otherwise 

B.l GENERAL FUNCTIONS 

As an example, consider the series expansion 

j 

j 

j 

j 

j 

N M 
i1TCI. jTIS 

f(a,S) 1: 1: a .. sin cos = 
i =o j =o 1J N M 

f 0 or L 

or i = j = 0 or L 

= 0 or L 

f O or L 

kTia .R.1rS and Multiplying both sides by r8 sin N cos M summing from a =O 

to N and from S=O toM gives 



N M 
r r [f(a,8) rs 

a=o B=o 

B- 2 

k7m tTTMf3 ] sin N cos 

= 

N M N M ma ~ ~a t1Tf3 
I. I. r. " [ai, rs sin N cos M sin N cos M 

a=of3=oi=oj=o J 

On the right hanq i:;ide the order of summations can be chaI?,ged to give 

N N 
i7Ta kTTa M M 

r r [sin sin { r a,' ( r ~s '7rf3 t~f3)}] RHS = cos _) _ cos 
N N ' 1J M i=oCFo J=O B=o 

The innermost term can be evaluated from the orthogonality 

relations . The right hand side then becomes 

RHS 
N N . k .., .., [ . 11Ta . 1Ta { } ] 

= .~ ~ sin N sin N aitM 
i=oa=o 

N N 
= E E [sin i:a sin k:a {aH~}] 
i =o a=o 

These can be rearranged to become 

and 

N N 
[ { iTTa kN7Ta}] RHS = M _r ait E sin N sin 

1=0 a=o 

M 
N 

= r 
2 

i =o 

again using 

RHS = 

= 

N iTTa k7Ta}] [aH{ r sin sin 
N N a=o 

the orthogonality relations gives 

N } 
2 

N } 
2 

if t = 0 or M 

if t ,' 0 or M 

if t = 0 or M 

if t ;. 0 or :-1 

if t = 0 or M 

if t ,t. 0 or M 

Combining this with the left hand side gives for the fourier coefficients 

N M 
k7Ta cos t 7Tf3 J 2 r r [f (a., 8) r · sin 

akt =- "$ N M 
NM 

8=o a=o 

if t = 0 or M 

4 
N M 

k7Ta. t~f3J = - r r [f (a., f3) re sin -- cos 
NM 

f3 =o 
N a=o 

if t t- O or M 

These coefficients could also be determined using the procedure 



f (a, 8) 

aki 

= f 

= f 

= 4 
NM 

= ¾.t 
2 

(a, /3 ) 

(a, 13 ) 
2 

N M 
I: I: 

a=o S=o 

B- 3 

13 "f O or M 

13 = 0 or M 

k7TCI. R-n/3] [f (a, 13 ) sin Ncos M 

R,-:/ 0 or M 

R, = 0 or M 

This procedure takes account of the weight function for the 

orthogonality and normalization of the cosine series. 

The expressions for the fourier coefficients of expansion in 

the other combinations of trigonometric functions are obtained in a 

similar manner. They are given in table Bl. 

B.2 SPECIAL FUNCTIONS 

The special load cases considered are the unit point load 

and the unit uniformly distributed load. 

B.2.1 Unit Point Load 

This is defined as 

f(a,13 ) = 1 

= 0 

at a = I:.:, 13 = Tl 

elsewhere 

When this is substituted into the summation formulae of table Bl only 

one term is non zero and thus this case is particularly simple. Results 

for the expressions for the series coefficients of all combinations of 

trigonometric functions needed are given in table B2. 



B.2.2. Unit Uniformly Distributed Load 

This is de f ined as 

f (a,8 ) = 1 for all a= O, 1, N 

and all 8 = O, 1, M 

B- 4 

This is substituted into the formulae in table Bl and use is made of 

the summations 

L .l!.Tik 
E sin -- = 

.l!. =o L 
cot 

= 0 

L 
E r hk 

L cos -- = .l!.=o .R, L 

= 0 

kTI 
2L k 0 or L and 

k = 0 o r L or 

k = 0 

k "'I 0 

k odd 

k even 

The resulting expressions for the series coefficients are 

given in table B3 for all combinations of the trigonometric functions . 
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TABLE B.l General Load Function Coefficients 

f (a, 8) a,, 
1] 

N ~ [ ' i TIO. ' j TIS] 4 
N M 'TIO. 'TIS E E E [ f ( a, S) sin-¾--sin7] i =O,l, ... a. , s1n--s1n M - ,N 

i =o , 1] N NM J=o 
0.=o S=o j =O,l, ... ,M 

N M 
'7TO. 'TIS 4 

N M 
8 i1ra . ~ E E [aij cos-\-sin7J - E E [ f ( a, ) rcxcos~in M J ... 

NM i=l,2, , (N- 1) 
i=o j=o a =o 8=o 

j =O,l, ... , M 

N M 
r . iTia . j 1rS 2 E E i =O or N - [f (a, S) aC06N""51n~] 

NM 
j =O,l, ... a=o s=o ,M 

N M , ill N M ' 7TO. ' 7T8 
' 1TIO. 7T 4 [f(a,Sfa sin~os~J i =O,l, 

... 
,N E ~ [ai,s1n~os M] - E E 

i =o J=O J NM . N M 
j =l,2, 

... 
, (M- 1) 

CFO S=o 

N M 
. i1ra ill] 2 E [ f ( a. S>re i =o, 1, 

... 
,N - E s1n~o3 M 

NM 
j =O or M a=o S=o 

N M 
N M 

i 7TO. 'TIS 4 
( f (a,S) r(ll'ecosi~acosj~B] i=l,2, ..• , (N- 1) E E [aijco~osJ M ] - E E NM 

i=o j=o a =o S =o j =l,2, ••• , (M- 1) 

N M 
[f ( a., (3)r0 l' 8cosi:acosj~S] 2 E E i =O or N -

NM 
j=l,2, 

... 
, (M- 1) 

°'=o S=o 

i=l,2, 
... 

, (N- 1) or 

j =O or M 

N M 
S ina j1r8 

1 E E [f (°', )r cxr8cos~o57] i =O or N -
NM j =O or M 

ero S=o 
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TABLE B.2 Unit Point Load Function Coefficients 

f ~ ,8 ) a .. 
iJ 

N M 
[ . i:rra . jTTS] i:rrr;; . ~ E E 

4 sin i=O, 1, 
... 

,N aijsinN5in M - N sin 
NM M 

i=o j=o j=O,l, 
... 

,M 

N M . . 
E [ i :rra . .i!W.. J 4 iTTI',; · ':rr 

E a, .cosN5in - .r cos -- sin 2-!l i=l,2, 
... 

, (N- 1) 
i=o j=o iJ M NM I'; N M 

j =O,l, 
... 

M , 

2 iTTl;_ 
sin 

jTTT) 
i=O NM r I'; cos N M 

or N 

j=O,l, 
... 

,M 

N M 
. i:rra 'TIS j_ iTTI',; jTTT) i=O,l, 

... 
,N E E [ a ij sin~os7] sin 

NM rn Neas M ... 
i =o j=o j=l,2, , (M-1 ) 

2 r . iTTI',; jTTT) 
i=O,l, 

... sin -- cos ,N - n N M 
NM 

j=O or M 

N M 
4 [a .. cosi~acosjTTpj iTTI',; jTTT) i=l,2, 

... 
, (N- 1) E E NM r l',;rT) .cos Nees iJ M M 

j =l ,2, 
... 

, (M-1 ) i =o j =o 

2 iTTI',; :trrn i=O or N -r r .cos Nees NM I'; n M ... 
j =l,2, , (M-1) 

or i=l,2, 
... 

, (N-1) 

j =O or M 
1 ·:rrr,; . 

NM r r,;rn- cos _J.:_ cos .E!l 
i=O N N M or 

j =O or M 



TABLE B. 3 Unit Uniform Load Function Coefficients B-7 

f(a,S) a .. 
l.J 

!'! M 
. iTia . jTIS] 4 . i TI i:!!. i 'f' 0 or N and i odd .1: ,1: [a .. - cot 2N cot 1.=o J=o J.J SJ.n~in M NM 2M 

j t- 0 or M and j odd 

0 otherwise 

N M i TIC/, . j TIS 2 . TI i = 0 
,1: ~ [ai. co~inM] - cot ll 

M 2M 1.=o J=o J 
j r 0 or Mand j odd 

0 otherwise 

N M . TIC/, . TIS 
i , 0 or N and i odd 1: 1: [a, . sin~o~J 2 t :i:rr - co -. J.J N M N 2N .1.=o j=o 
j = 0 

0 otherwise 

N M 
iTICI. jTIS J 1 i = j = 0 . 1: 1:(a .. 

i=o j =o J.J 
cos~os M 

0 otherwise 



APPENDIX C 

MATRICES K. . FOR MEMBERS 
l.J 

C-1 

The matrices K .. for the members are defined by (see expression 
l.J 

4-11) 

[K .. ] = [T.)[k .. ] [T:] 
l.J l. l.J J 

for i = 1, 2 and j = 1, 2 

where the element stiffness matrices [k .. ] are defined in expression 4-2 
l. J 

for a rod member a nd in expression 5-1 for a beam member. The transfor-

mation matrices [T1] and (T2] are defined in e~pressicns 4-4 and 5- 2 for 

rod and beam members respectively. The relevant matrix products that are 

needed are 

(b) [K1 i) and [K12] to give stiffness relations. 

C.l ROD MEMBER 

where S = EA/L 

and [T.] = +cosljJ,cos¢. +sinljJ, - cosljJ,sin¢, 
l. l. l. l. l. l. 

-sinljJ.cos¢. +costµ. +sinljJ.sin¢. 
l. l. l. l. l. 

+sin¢. 0 +cos¢. 
l. l. 

hence the required products are 

- Ssintµ1cos¢1 
+ss~n$ 1 ] 

-Ss~n$ 2 J 



column 1 = { 

column 2 • l 
column 3 = { 

+Scos 21/J 1cos 2¢ 1 } 

-Scosl/J1sinl/J 1cos 2¢ 1 

} 

} 

column 1 = { -Scosl/J1cosl/J2cos¢1cos¢2 } 

+Ssinl/J1cosl/)2cos¢1cos¢ 2 

column 2 

column 3 

c. 2 

- Scosl/J2sin¢1cos¢2 

= l +Scosl/J1sinl/J2cos¢1cos¢2 } 

-ssinl/J1sinl/J2cos¢1cos¢2 . 

+Ssinl/J1sin¢ 1cos¢2 

-I } 

BEAM MEMBER 

For this type of member 

[k 1 i) EA • 0 = 
L 

12EI 
z 

L3 

12EI 
• 

L3 

• 

-6EI 

l 

. _..:f_ 
L2 

6EI 
z . 

rT 

C- 2 

6EI 
z 

--v--
-f>EI 
~ 

L2 

GI 
X . 

L 

4EI 
__y 

L 

4EI 
z 

L 



[kl 2] - EA 
= 

L 

-12EI . 
L3 

-6EI 

L2 

and 

[ T.] = +coslJl1cos¢1 +sin\JI. 
l. l. 

- sin\J).cos¢ . 
l. l. 

+cos\J). 
l. 

+sin¢. 0 
l. 

- --
0 

The required products a r e 

column 1 = 
EA 

~os\Jl1cos¢1 

+12EI 
z . ,I, 

- L- 3,---~s i.n,n 

- 12EI 
_ __..:i....,cos\JI 1 sin¢ 1 

L3 

0 

+6EI 
~os\Jl 1sin</i1 

+6EI 
T in\Jl1 

. 
z 

-12EI 
:i 

L3 

-GI 

L 

6EI 
__y . 

L2 

z • • 

-cos\J).sin</> . 
. l. l. 

+sinljJ .sin¢. 
l. l. 

+cos¢. 
l. 

X 

I 
I 
I 

6EI 
z 

IT 
-6EI 
__y 

L2 

2EI 
__y 

L 

2EI 
• 

L 

0 

as in 
quadr ant 

one 

z 

C-3 



Column 2 == 

Column 3 = 

Column 4 = 

Column 5 • 

-EA L sinl/J1cos<P1 

+12EI 
z 

-L~3- cosl/11 

+12EI 
L3 Y sinl/11 sin<P1 

0 

- 6EI 
V sinl/1 1sin<P1 . 

+6EI . 
z -V-- cosl/11 

+EA . ,1, L s1n'+'1 

0 -

+12EI 
-...-¥- cos<P 1 L3 

0 

- 6EI V cos¢1 

0 

0 

-6EI 
L2 z cosl/1 1sin¢ 1 

-6EI 
V sinl/11 

+GI 
X L costµ 1cos¢1 

+4EI 
Tsinl/11 

-4EI T costµ1sin<j) 1 

0 

+6EI r:+ sinw1 sin¢1 

-6EI 
7co sl/11 

-GI 
X L sint/11 cos¢1 

+4EI T cosl/11 

+4Eiz . 
-L-sint/11 sin¢ 1 

C-4 



Column 6 = 

Colwnn 1 = 

Colwnn 2 "" 

Column 3 = 

0 

+6EI 
z r::r- COS <p I 

0 

+GI 
X , tf. L s1n"'1 

0 

+4EI 
z 

- L- cos<p 1 

- EA L coslJ!2cos</>2 

-12EI 
L 3 z siniµ 2 

+12EI 
L 3 Y cosl/J 2sin</>2 

0 

-12EI z 
-L..-3- cosiµ 2 

+12EI 
L 3 Y sin\JJ2 sin</>2 

0 

+6EI V sin\JJ2sin¢2 

- 6EI z L2 co sl/J 2 

-EA L s in¢2 

0 
-12EI 

y 
L 9 cos¢2 

0 
+6EI V co s¢ 2 

0 

C- 5 
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Column 4 = 0 

- 6EI 
L 2 z cos\jl2 sin<h 

- 6EI 
_J_ sin\jl 2 t2 

- GI 
X L cos\jl2cos¢2 

+2EI r:-1 sin\jl2 

- 2EI T c os\jl2sin¢2 

Coltunn 5 = 0 

+6EI 
z . tµ . ¢ r:r- sin 2s1.n_ 2 

- 6EI "V cos\jl2 

+GI 
Lx sintµ2cos¢2 

+2EI T costµ 2 

+2EI 
z . \jJ • ¢ -L- sin 2s1.n 2 

Column 6 = 0 

+6EI 
z r:r- cos¢2 

0 

- GI 
X 

sin¢ 2 
L 

0 

+2EI 
z 

-L- cos¢2 



Column 1 

+EA 2 2 
~OS W1COS <P1 

Column 2 

-EA 2 
r:-cost)J1 sint)J1 cos <P1 

+EA 2 2 
r:-9in ijJ l COS cpl 

Column 3 

+EA i 2n. r:'3 n '+'l 

+12EI 
--r--"y-<"'COS 2 ''' sin2 n. L 3 '+' l '+' l 

-12EI 
L3 Ycost)J1sinijJ 1sin2 <P 1 

-12EI 
L 3 Ycost)J1cos<P1sin¢ 1 

+6EI 
~osijJ1sint)J1sin<P1 

- 12EI 
L 3 Ycos ijJ1 si~ijJ1s in 2 <P1 

+12EI 
_,._Y'"f'isin 2 ''' sin 2 n. L3 '+' l '+' l 

+12EI 
-L~3-Y~sint)J1cos¢1sin¢ 1 

- 6EI 
~osw1sint)J1sin<P1 

-12EI 
L3 YcosijJ1cos<P1sin¢ 1 

+12EI 
3 YsinljJ1cos<P1sin<P1 

L . 

+12EI 
__ Y..,..cos 2n-

L3 '+' l 

-6EI 
~inl/J1cos¢1 

- 6EI 
~osljJ1cos¢1 

0 

+12EI 
Z , 2,,, 

-L--.-3 --,c:5 J. h '+' 1 

- 6EI 

C-7 

+o'sl/J1 sint)J1 sin<P1 

+6EI 
Tin2 1/J1 sin¢1 

+6EI 
Tin1/J1cos<P1 

+l2EI 
Z 2 

L 3 cos I/J1 

-6EI 
Z 2 ' ~os 1/J1sin¢1 

+6EI 
+ost)J1sinl/J1sincf>1 

+6EI 
z 

~ostJJ1cos<P1 



Column 4 · 

+GI 
-~os 2 •1• cos 2"' . L 'l'l 'l'l 

-GI 
+os\/J1sin\/J1cos 2¢ 1 

+GI 
LxcostJJ1cos¢1sin¢ 1 

Column 5 

-GI 
+os\/J1sintJJ1cos 2 ¢ 1 

+GI 
-t,sin2 \/J1cos 2 ¢1 

- GI . 
-t,s1nt)J1cos¢1sin¢1 

Cr,lurnn 6 

+GI 
+ os\jJjcos¢1sin¢1 

-GI 
X 

--i;-9in\/J1cos¢1s i n¢1 

+GI 
X 2 

r:-sin ¢1 

+6EI 
~ os\/J1sin\/J1sin¢1 

' 
-6EI 
~in2\/J1sin¢1 

-6EI 
~in\/J1cos¢1 

+4EI 
~in 2 \/J1 

+6EI 
~os 2 \/J1sin<P1 

-6EI 
~os\/J1sin\/J1sin¢1 

- 6EI 
~os\/J1cos¢1 

+4EI 
~os\/J1sin\/J1 

+4EI 
~os 2 \/J1 

0 

·c-a 

-6EI 
~osl/J1sintJJ1sin¢1 

- 6EI 
Z 2 · 

-~os \/J1sin¢1 

+4EI 
z 2,11 . 2,+. 

~OS 'l'ISl.n 'f'l 

-4EI 
ros\/J1sin\/J1sin2 ¢1 

.:.., 4EI z . 
~ostJJ1cos¢1sin¢1 

+6EI 
Z , 2,,, , "-~l.n "'1sin'f'1 

+6EI 
~oslJJ1sin\/J1sin¢1 

-4EI 
ros\/J1sintJJ1sin 2¢1 

+4EI 
~in2 \/J1sin 2 ¢1 

+4EI 
~in\/J1cos¢1sin¢1 

+6EI 
~in\/J1cos¢1 

+6EI 
z ---:;--1::os\/J1cos¢1 

L'· 

-4EI z ' . 
~ ost)J 1 cos¢1sin¢1 

+4EI 
z 

-r:-5int)J 1cos¢1sin¢1 

+4EI 
Z 2 

~OS ¢1 



Column 1 

Column 2 

+EA 
~osl/J1 sinl/J2cos¢1 cos¢2 

-EA 
r:1in1Ji1 sin1Ji 2cos¢1cos¢2 

+EA 
r:-5inl/J2cos¢1cos¢2 

Column 3 

-EA 
~OBlµiCO B$1 sin¢2 

-EA 
r:-9in¢1 sin¢2 

- 12EI 
L 3 ycosl/J1cosiµ 2sin¢ 1sin¢2 

+12EI 
L 3 Ysinl/J1cosiµ2sin¢1sin¢2 

+12EI 
L 3 Ycosl/J2cos¢1sin¢2 

- 6EI 
~inw1cosw2si~¢2 

-6EI 
~0s1Ji1cosw2sin¢2 

- 12EI 
L3 Ycosw1 sinW2sin¢1sin¢2 

+l2EI 
L 3 Ysin1Ji1sinw2sin¢1sin¢2 

+12EI 
-L-=-3-Y-l'lsiniJi2cos¢ 1sin¢2 

+6EI 
~in1Ji1sinw2sin¢2 

+6EI 
~osw1sinw2sin¢2 

+12EI 
L 3 Ycosl/J1sin¢1cos¢2 

-12EI 
L 3 Ysin1Ji1 sin¢ 1cos¢2 

-l2EI 
L 3 ¥cos¢1cos¢2 

0 

C- 9 

- 12EI 
L 3 zsinl/J1siriljJ2 

- 12EI 
L~osl/J1 sin1Ji2 

+6EI 
70s1/J1sinw2sin¢1 

- 6EI . z 
--v-sinl/J1sinw2sin¢1 

- 6EI 
V5initJ2cos¢1 

-12EI 
L 3 zsinlJi1cosljJ2 

- 12EI 
z 

L 3 COSlµ1COSlµ2 

+6EI 
70s1Ji1cos\jJ2sin¢ 1 

-6EI 
V5in1µ 1cosl/J2sin¢1 

- 6EI · z 
~ osl/J2cos¢1 



Column 4 

-GI 
X 

r:;-cosw1cosw2cos¢1cos¢2 

+GI 
X 

~inw1cosw2cos¢1cos¢2 

Column 5 

+GI 
+osw1sinw2cos¢1cos¢2 

- GI 
+inw1sinw2cos¢1cos¢2 

+GI 
X 

r.:-s inw2sin¢1cos¢2 

Column 6 

-GI 
X . · 

r:;-cosw1cos¢1sin¢2 

+GI 
+ 1nw1cos~1sin¢2 

- GI 
>( 

--i:-9 in¢ 1ain¢2 

+6EI 
7osw1sinw2sin¢1 

-6EI 
~inw1sinw2sin¢1 

-6EI 
~inw2cos¢1 

+2EI 
~inw1sinw2 

/ 

+2EI 
~osw1sinw2 

+6EI 
70s~1COS~2sin¢1 

- 6EI 
V5inw1cosw2sin¢1 

+2EI 
~in~1cosw2 

+2EI 
~osw1cosw2 

0 

C-10 

-6EI 
~inw1cosw2sin¢2 

- 6EI 
L 2~osw1cosw2sin¢2 

+2EI 
~os~1cosw2sin¢1sin¢2 

-2EI 
rin~Jl COSW2 Sih<fl l Sin<fl2 

-2EI 
~osw2cos¢1sin<P2 

+6EI 
~inw1sinw2sin<P2 

+6EI 
7 osw1sin~2sin<P2 

- 2EI 
~osw1sinw2sin¢1sin<P2 

+2EI 
rinw1sinw2sin¢1sin¢2 

+2EI 
rinw2cos¢1sin<P2 

+6EI 
~inw1cos¢2 

+6EI z 
~osw1cos¢2 

- 2EI 
z 

~osw1sin¢1cos¢2 

T2EI 
rinwisin¢1cos¢2 

+2EI 
z ---coslf,1cos¢2 

. L . 
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APPENDIX D 

GOVERNING PARTIAL DIFFERENCE EQUATIONS 

D.l SINGLE LAYER PIN JOINTED LATTICE 

For the layout and member properties given in figure 4.2 and table 

4.1, the resulting equations are 

w Vt l Vt 2 V13 6 
Cl, Cl, 

WB = V21 V22 V23 6S 

WY V3 l V32 V3 3 6 
y 

where the elements are 

2 +l -1 +l -1 }. 
= S2cos0sin0cos 02{-(ECI. -ECI. ) (ES - ES) 

V13 = -V31 = S1cosa1sina1 {-(E+2-E- 2) }+S 2cos0cosa2sina2{- (E+l_E-l) (E:1+E~1)} 
. Cl, Cl, . Cl, Cl, µ µ 

2 2 { +l -1 +l -1 } V22 = S2sin 0cos 02 4- (ECI. +ECI. ) (ES +ES) 

+l -1 +l -1} 
V23 = - V32 = S2sin6cosa2sina2{-(Ea +ECI. ) (ES -ES ) 

= S1sin2a1 {2+ (E+2+E- 2) }+S2sin2a2{4+ (E+1+E-l ) (E!1+E ~1)} 
a a a a µ µ 

where S = (EA/L) with the subscript denoting the property type 1 ·or 2. 

The other symbols are as defined in chapter 4. 

D.2 SINGLE LAYER RIGID JOINTED LATTICE 

The governing equation for this structure is defined by equation 

5.3 and can be expressed as a 6 x 6 matrix equat~on which may be written 

w V l l V1 2 V13 • Vt 6 6 
a CX 

ws V21 V2 2 6 f3 

WY V31 • 6 
C: y 

m . etc 0 
ct Cl, 

ms es 
11\ V61 VEiG 0 y 

where 
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V1 l = 

· 12EI 
EA 2 { + 2 - 2 } y . 2 + 2 - 2 } (-L )1 cos 01 2- (E +E ) + ( 3 )1s1n 01{2+(E +E ) a a L · a a 

EA 2 2 +l -1 +l - 1 
+ (- )2 COS 0cos 02{4-(E +E ) (Ea +Ea )} 

L a a µ µ 

12Eiz +l ~l +l · -1 
+ ( 3 ) 2sin 2 0{'4-(E +E ) (Ea +Ea ) } 
. L a a µ µ 

EA , 2 { +l -1 +l -1 } 
(L )2cos6s1n0cos 02 - (Ea -Ea) (Es -Es ) 

12iI . +l - 1 +l -1 
+( L§ y )2cos0sin8sin202{ + (Ea -Ea ) (ES -ES)} 

12Eiz . +l -1 +l -1 } 
+ ( L 3 )2 cos0sin8{+ (Ea - Ea) (ES ~ES ) 

12EI · 
(EA) 1coso 1sino1{ - (E+2- E-2) }+ ( L 3 Y)1coso1s i no 1{ - (E+2- E- 2)} 

L a a · a a 

EA +l - 1 +l - 1 
+ (L )2 cos6cos02sin02 {- (Ea -Ea ) (ES +ES)} 

12EI +l -1 +l -1 
+( L 3 y )2cos6cos02sin02{ - (Ea -Ea) (ES +ES)} 

6EI 
__:t.. +l -1 +l - 1 

( L 2 ) 2cos6sin8sino2{+ (Ea -Ea ) (ES - ES)} 

6Eiz +l -1 +l - 1 
+ (~ ) 2cos6sin8sino2 {+ (Ea - Ea) (ES - ES )} 

6EI +2 _2 
vis = vs1 = <V ) 1sino 1{- 2- (Ea +Ea)} 

6Ei z . +l - 1 +l - 1 
+ (- 2- ) 2sin28sino2 {-4+ (E +E ) (Ea +Ea )} 

L a a µ µ · 

12EI 2· 2 z { + - } ( LJ ) 1 2- (E +E } a a 

EA 2 2 { +l - 1 +l ~l , 
+ (- ) 2 sin 0cos 02 4- (E +E )EB +Ea ) J 

L a a ~, 

12EI +l -1 +l -1 
+ <--r) 2 sin 2 0sin 2 o 2 {4+ (E +E ) ( Ea +E 8 ) } 

L 0. Ct µ 

12EI . 
z 2 +l -1 +l -1 

+ ( 3 )2cos 0{ 4- (E +E ) (E 0 +Ea )} 
L a a µ µ 



V'}. 3 = - V3 2 = 

V24 = V42 = 

V25 = V52 = 

V34 =-V43 = 

V35 =-V53= 

v., .. ... 

EA . . +l -1 + 1 -1 
(- )2 s1n0cos02s1na2 {- (E - E ) (Ea +Ea)} 

L a. a. µ µ 

6EI 2 2 z + -
(L2)1sino1{2- (Ea. +Ea.)} 

6EI · 
_J_ 2 +l · -1 +l -1 

+( L2 )2sin 8sino2{4+(Ea. +Ea.) (ES +ES)} 

6EI · z 2 +l -1 +l -1 
+(r:-r-)2cos 8sin02{4- (Ea. +Ea.) (ES +ES)} 

6EI · +l -1 +l · -1 (°7)2cos8sin8sino2{ - (Ea. -Ea. ) (ES -ES)} 

EA . 2 +l -1 +l -1 
+ (- )2s1n 02{4+(E +E ) (Ea +Ea)} 

L . a. a. µ µ 

12EI +l -1 +l - 1 
+( L 3 y )2cos 202{4- (Ea. +Ea.) (ES +ES)} 

GEI +l - 1 +l -1 (°7)2sin6cos02{+(Ea. +Ea. ) (ES - ES)} 

6EI +2 _2 
(_J_L2 )1COS01sino1 {- (E -E )} a. a. 

0 

GI , 2EI 
X 2 { +2 -2 } Z . 2 { +2 -2 } (--)1 cos 01 2- (E +E ) +(--)1 sin 01 4- (E +E ) 

L a. a. L a a 

GI 
X 2 2 { +l -1 +l -1} 

+ (L )2 cos 8cos 02 4- (Ea. +Ea.) (EB +Es) 

2EI 
+ (_J_)2sin28{B+(E+l+E- l) (E!1+E~1 )} 

L a. a. µ µ 

2EI 
+ (-_;,)2cos 2 8sin202 {B- (E+l+E-l) (E!1+E~l)} 

L a a .., .., 

D-3 
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GI 

x , 2 { +l -1 +l -1 } 
V4 5 = V54 = (L ) 2cos8s1n8cos 02 - (Ea -Ea ) (EB -Es ) 

2EI 
_J +l -1 +l -1 

+ ( ) 2cos8sin8 {- (E -E ) (ES -EB )} 
L a a 

2EI z 2 +l -1 +l _, 
+ (-L-) 2cos8sin8sin 0 2{- (Ea -Ea ) (ES -E8- )} 

GI 
X , { +2 -2 } 

V 4 6 = V6 4 = (--)1 coso1s1no 1 - (E - E ) 
L a a 

2EI 2 2 z { + - } + (-L-)1 c os0 1sin01 + (E -E ) ex a 

GI 
x { +l -1 +l -1 } + (--) 2cos8cos0 2sin0 2 - (E -E ) (ES +ES) L a a · 

2EI 
z +l -1 +l -1 

+ (--) 2cos8coso2sino2 {+ (E - E ) (EB +Es )} L - ex a 

2EI +2 _2 
V5 5 = (_J) 1{4+(E +E ) } 

L a a 

GI 
x 2 2 { +l -1 +l -1 

+ (L ) 2sin 8cos 02 4- (Ea +Ea ) (EB +Es )} 

2EI 
_J 2 +l - 1 +l -1 

+ ( ) 2cos 8{ 8+ (E +E ) (ES +ES )} 
L a a 

2EI 
z 2 2 +l -1 +l -1 

+ (--) 2sin 8sin 02 {8+ (E +E ) (EB +ES )} 
L ex a 

GI 
x { +l -1 +l -1 

vs6 = -V&s = (L ) 2sin8cos0 2sin02 - (Ea +Ea) (EB -Es )} 

2EI · z +l -1 +l -1 
+ (- ) 2sin0coso2sino2{ + (E +E ) (EB -ES )} 

L a ex 

GI 2EI 
X , 2 { +2 - 2 } Z 2 { +2 -2 } (-L ) 1s1n 01 2+ (E +E ) + (--) 1COS 0 1 4+ (E +E ) a a L a ex 

GI 
+ (~ ) 2sin 20 2{4+ (E+l+E- l ) (E!1+E~1) } 

L a a µ µ 

2EI 
z 2 { +l -1 +l -1 

+ (-L-) 2cos 02 B+ (Ecx +Ea ) (EB +E B ) } 

where the symbols are as defined in chapter 5. 

D.3 DOUBLE LAYER PIN JOINTED LATTICE 

The governing partial difference equation for t his structure can 

be written in the form 



w V1 l V12 V13 V1r, 0 
a a 

WB V21 V22 oS 
w V31 0 

y y 
= 

wa etc 6 a 

:s . 6B 

WY V61 V66 6 y 

where 

+2 · 2 
= S cos 2 a {2- (E +E- )}+Sdcos 2 8cos 2¢{4} a a a a 

V12 = V21 = 0 

Vl 3 =-v31 = s a 
, { +2 ... 2 } coso sino - (E - E ) a a 

V1 It = V4 l = 
2 2 +l -1 +l - 1 

sdcos 8cos ¢{ - (Ea +Ea ) (EB +EB )} 

2 +l -1 +l -1 
v1 s = Vs l = sdcos0sin0cos ¢{ - (Ea -Ea) (EB - EB)} 

+l - 1 +l -1 
V1 6 =-Vsl = sdsin0cos¢sin¢{+(Ea +Ea ) (EB -EB )} 

V22 = SBcos2oB{2- (E~2+Es2) }+Sdsin 2 8cos 2 ¢{4 } 

V23 ""-V 32 = { +2 -2 } s 6cosOBsinoB - (EB - EB ) 

V24 = V42 "' 
. 2 +l -1 +l -1 

sdcos0sin0cos ¢{-(Ea -Ea) (EB ~EB)} 

V25 = Vs2 = 
2 2 +l -1 +l -1 

Sdsin 0cos ¢{ - (Ea +Ea) (EB +ES )} 

+l -1 +l -1 
V2G = -vs2 = sdsin0sin¢cos¢{ + (Ea +Ea ) (EB -EB )} 

2 { +2 -2 } 2 { +2 -2 } 2 { } v 33 = Sasin oa 2+(Ea +Ea ) +SBsin oB 2+(EB +EB ) +Sdsin ¢ 4 

+l -1 +l - 1 
v 3 4 = - v 4 3 = S dcos0sin¢cos¢{ + (Ea -Ea ) (EB +EB ) } 

{ +l -1 +l -1} 
v 3 s = -vs 3 = S dsin8sin¢cos¢ + (Ea +Ea ) (EB -EB ) 

V36 = VG3 = Sdsin2¢{- (E:1+E~l ) (E;1+E81 )} 

m S cos 2 o {2-(E+2+E-2)} +sdcos 2 8cos2 ¢{4} 
a a a a 

V4 6 '"'-VG 4 = S coso sino {- (E +2 -E-2)} a a a a a 

- 2 { +2 -2 } 2 2 } 
V55 a Sscos Os 2- (EB +EB) +Sasin 8cos ¢{4 

- +2 - 2 
V55 •-VG5 SscosOBsinos {- (EB - Es)} 

l) ... 5 
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VGG 

where the symbols are defined in chapter 6 . 
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APPENDIX E 

FORCE BOUNDARY CONDITIONS 

The boundary conditions on the structure can be classified as 

either direct conditions on the displacements or as conditions on the 

boundary forces. Because the solution process is carried out directly 

for the displacements and only involves the forces indirectly through 

the member force/displacement relations , it is necessary to express the 

force boundary conditions in terins of the displacements. This procedure 

was explained in section 4.3 and the detailed results are quoted here 

. for the structure types treated in chapters 4, 5 and 6. 

E.l SINGLE LAYER PIN JOINTED LATTICE 

The force boundary conditions for this structure are 

(a) Zero edge force in a direction at edges a= 0 and a= N 

(b) Zero edge force in S direction at edges S = 0 and S = M. 

Following the procedure outlined in section 4.3 produces 

+[ 

at a = 0 and a = N 

and 

r 2 +l -1 +l -1 ] 
(b) LS 2 cos8sin0cos Oi(Ea -Ea) (Ea +Ea) 

[ 2 i +l - 1 +l -1 ] 
+ S 2sin 8cos 02(Ea +Ea) (Ea -E8) 

[ +l - 1 +l - 1 ] 
+ S 2 sin0cosa2sina2{4+ (Ea +Ea ) (ES +EB)} 

at 6 = 0 and 8 = M 

8 (a, 8) 
a 

8 (a,8) = o y 
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E.2 SINGLE LAYER RIGID JOINTED LATTICE 

The conditions on the boundary of this structure involve forces 

arid m0ments. The requirements are 

(a) 

(b) 

(c) 

(d) 

(e) 

( f ) 

Zero 

Zero 

Zero 

Zero 

Zero 

Zero 

edge force 

edge force 

edge moment 

edge moment 

edge moment 

edge moment 

in a direction at edges a 

in s direction at edges s 
about S axis at edges a = 

about a axis at edges 8 = 

about y axis at edges a == 

about y axis at edges s ::: 

= C and a = N 

= 0 and s = M 

0 and a = N 

0 and 8 = M 

0 and a ::: N 

0 and s = M 

These are expressed in terms of the displacements to give the conditions 

(a ) 

EA 12EI 
+[{(L) 1coscr1sincr1-( L 3 Y)1 coscr 1sincr1}{2} 

EA 12EI 2 -2 
+{(-)1coscr1sincr1+( L 3 ¥ )1coscr1sincr1} (E+ +E ) 

L a a 
EA 12EI 

+{(L)2cos8coscr2sincr2-( L3 Y)2cos8coscr2sincr2}{4} 

EA 12EI 
+{(L)2cos8coscr2sin02+ ( L 3 Y)2cos8coscr2sina2} 

6EI 6EI 
+1 {<V)2cos8sin8sina2+( L 2 z)2cos8sin8sina2} 

(E+2_E-2 ) 
a a 

6EI 6EI 
{ (__.x..) 20 i ( z ) i 20 i } (E+l_E-l ) (E+l+E-l )] e· + L2 2cos s no 2- r:;r- 2s n s ncr2 a a 8 S 8 

6Eiz +l - 1 +l -1 
+[ (~)2sin8cosa2 (Ea -Ea ) (ES -E6 )]Sy 

s O at a= 0 and a= N 



(b) 
E l~EI 12EI 

({( LA) 2cos0sin0cos 707- ( L3 Y) 2cos 0sin0sln 2 0 7 - ( L3 z)2cos0sin0 ) 

+l - 1 +l - 1] 
(Ea +Ea) (EB -EB) oB 

EA 12EI 
+({(L )2 sin0coscr2sincr2 - ( L3 Y)2 sin0cos cr2 sincr2}{4} 

EA 12EI 
+{ (L ) 2sin0coscr2sino2+ ( L3 Y)2sin0coscr2sina2 } 

6EI 6EI 

+l -1 +l -1 ] (E +E ) (Ea +Ea ) O a a µ µ y 

+[{ (V )2 sin20sind2- ( L2z ) 2cos 20sincr 2} 

{- (E:l+E~l) (E;l-E$1 )}]0a 

6EI 6EI 
+ ({(V )2 cos8sin8sina2 +{ L2~)2cos0sin0sina2} 

= 0 at B = 0 and B = M 

6EI 
(c ) [ (V ) 1_sincr1 (E~2 -E~2 ) 

6EI 6EI 
+{{V )2 cos 20sincr2- ( L2z )2 sin20sincr 2} 

6EI 6EI 
+[{ (V ) 2cos8sin8sincr2 + ( L2z ) 2cos0sin0sincr2 } 

E-3 



2EI 
+[ (_J) l {-(E+2-E- 2)} 

L a a 
GI 2EI 2EI 

{ ( X) i 29 2 (_1) 29 ( Z) . 2 8 i 2 } + L 2s n cos 02 - L 2cos + - L- 2s1n s n 02 

GI 2EI 
+[{( Lx)2sin0coso 2sino2-(T)2sin8coso2sino2} 

+l -1 +l -1 ·] (E -E ) (Ea -Ea ) 0 a a µ µ y 

= 0 at a = o and a= N 

6EI 6EI 
(d) [{(T,)2cos0sin8s_ino2+( L2z)2cos8sin8sino2} 

(e) 

6EI 6EI 
+[{(T,)2sin28sino2 - ( L2z)2cos 28sino2} 

+l -1 +l -1 ] 
{-(Ea +Ea) (ES -ES )} 08 

6EI 6EI +l -l +l -1 
+( (T,)2 sin6coso2{ -4 } + (T,)2sin8cos02(Ea +Ea) (ES +ES )]oy 

GI 2EI 2EI 
+[ {( Lx)2cos 20cos 202-(T)2sin28+(T)2cos2 0sin2o 2} 

(E +l +E-l) (E!1-E:1)] 6 
a a µ µ o 

GI 2EI 2EI 
+[{( Lx)2cos8sin8cos 2o 2+(T) 2cos0sin8+(T) 2 cos0sin0sin2o 2 } 

+l -1 +l -1] 
(Ea -Ea ) (ES +ES) 08 

GI 2EI 
+[{( Lx)2cos8coso2sino2-(T)2cos0coso2 sino 2} 

= 0 at 8 = 0 and 8 ~ M 

6EI 
z 

(r:-r)2 sin6coso2 

6EI 
+[ (~ ) 1COS01 {2} + 

+ 

+ [ 0 

E-4 

] 6 y 



( f ) 

GI 4EI 
+ [{ (~ ) 1 cos01 sino 1 - (--z) 1 coso I sina1 }{ -2 } 

L L 
GI 2EI 

+{( Lx) 1cos01 sina1 - (T )1 coso 1sina 1} (E:2+E;2) 

GI X 4EIZ . 1 

+{ (L ) 2cos8coso2sino/- (-L-) 2cos0coso 2sino2} { --1 } 

GI 2EI 
+{( Lx)2cos8cosa2sin02- (T ) 2cos8coso2sino2} 

(E+l+E-1 ) (E+8l+E;l )]8 
a a P a 

GI 2EI . 
+[{( Lx)2sin8cos02sin02- (--z)2 sin0coso 2sino 2} 

L· 

= 0 at a = O and a= N 

6EI 6EI +l -l +l -1 ] 
[( L2z )2 sin8coso 2{-4 } + ( L2z ) 2sin8cos02 (Ea +Ea ) (EB +EB ) ca 

6Eiz +l -1 +l - 1 
+ [(~ )2 coe8coso2{ - (Ea - Ea) (Ee -Ee)} 

+[ 0 

GI 2EI 
+ [{( Lx)2cos 8cos02sin02 - (T )2 cos8cos02sino2 } 

+l -1 +l - 1 ] (E -E ) (E -E ) 8 
a a e 8 a 

GI 4EI 
+[{ ( Lx)2sin8cos02sino2-(T>2sin8cos02sino2 }{ -4 } 

GI 2EI 
+{( Lx ) 2sin8coso 2s ind 2- (T >2 sin8cos o2 sino2} 

GI 2EI 

· +l -1 +l -1 ] 
(Ea +Ea) (Ee +E6) 08 

[{ X 2 Z 2 } + (--)isin 02 + (-L-) 2COS 02 
L . 

s O at 6 = 0 and 8 = M 

E-5 
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E.3 DOUBLE LAYER PIN JOINTED LATTICE 

The force boundary conditions involve forces in the members of 

both layers and in the diagonal web members. The force boundary conditions 

are 

(a ) zero edge force in a direction at edges a= O and a = N for . 

top layer. 

(b) Zero edge force in a direction at edges a= 0 and a= N for 

bottom layer. 

(c) Zero edge force in S direction at edges S = 0 and S = M for 

top layer. 

(d) Zero edge force in S direction at edges S = 0 and 8 = M for 

bottom layer. 

The resulting conditions on the displacements are 

(a ) [ 2 +2 -2 
sacos cra(Ea -Ea) ]o a 

+[ 0 ] oB 

+[s coscr sincr {2+(E+2+E-2)}+sdcos0cos¢sin¢{4} 
a a a a a Jo y 

[ 2 2 +1 -1 +l -1 
+ Sdcos 0cos ¢(Ea -Ea) (EB +ES) ]6 a 

[ 2 +1 -1 +l -1 + sdcos6sin0cos ¢(Ea +Ea ) (EB -E6 ) ]68 

[ +l -1 +l -1 } ]6 + sdcos0cos¢sin¢{-(Ea +Ea ) (EB +E6 ) = 0 y 

at a = 0 and a = N 

(b) [ 2 2 +l -1 +l -1 
Sdcos 0cos ¢(Ea -Ea) (ES +ES ) Jo a 

[ 2 +l -1 +l -1 
+ Sdcos0sin0cos ¢(Ea +Ea) (ES -ES) ] oB 

[ · +l -1 +1 -1 
+ sdcos0cos¢sin¢ (Ea +Ea ) (EB +E6 ) Jo y 

[ - 2 . +2 -2 
+ sacos oa(Ea -Ea) ]! a 

+[ 0 ]86 
[- +2 -2 ]6 + s coso sincr {2+(E +E )} +Sdcos0cos¢sin¢{-4 } = 0 a a a a a y 

at a • o and a s N 
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( c) [ O 

[ 2 +2 -2 
+ s8cos 0 8(E8 -E8 ) 

+[s 8coso8sino8{2+(E;2+ES2)}+Sdsin0cos¢sin¢{4} Joy 

. [ 2 +l -1 +l -1 ]T 
+ Sdcos0sin0cos ¢(Ea -Ea) (EB +E8 ) ua 

. [ 2 2 +l -1 +1 -1 ] -
+ Sdsin 0cos ¢(Ea +Ea) (ES -E8 ) 08 

[ +1 -1 +l -1 } ] ..... 
+ Sdsin0cos¢sin¢{-(Ea +E~) (ES +ES) Oy = 0 

at 8 = 0 and 8 = M 

[ 2 +l -1 +l -1 
(d) Sdcos0sin0cos ¢(Ea -Ea) (ES +E 8 ) ] 0 

a 

[ 2 2 +l -1 -+1 -1 
+ Sdsin 0cos ¢(Ea +Ea ) (ES -E8 ) 

[ +l - 1 +1 - 1 
+ Sdsin0cos¢sin¢(Ea +Ea) (ES +E8 ) 

+[ 0 

[ - 2 +2 -2 
+ s8cos o8(ES - ES) 

at 8 = 0 and 8 = M 
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APPENDIX F 

MATRIX EQUATIONS FOR DISPLACEMENT COEFFICIENTS 

In the solution method used, the displacement seTies coefficients 

must be determined by solving a set of simultaneous linear equations for each 

fourier term in the series. A convenient form to present these equations is 
. 

as a matrix equation with the general form 

V1 l vii a,. pij 1] 

V21 V22 b , . = q,' . ¼J ¼J 

• • • •• (F-1) 
ij 

where the terms of the matrix [v] .. are dependent on the values of indices i 
1] 

and j. The load series coefficients p, ., q , ., •• are found from the known 
1] 1] 

load pattern and then the displacement series coefficients a,,, b, ,, •• are 
1 ] 1] 

found by solving the set of equations F-1. 

The matrix [v] . . is square and symmetric with its size being the number 
1] 

of unknown coefficients in each set. This is 3 for the single layer pin 

jointed lattice of chapter 4,and 6 for the single layer rigid jointed structure 

of chapter 5 and for the double layer pin jointed structure of chapter 6. 

F.l SINGLE LAYER PIN JOINTED LATTICE 

For this structure the elements of matrix [v] .. in the equation are 
1] 

2 { i 'IT2} 2 2 { i 'IT 2'.!.} v11 = +2S1cos a1 1-cos N +4S 2cos 0cos a 2 1-~os N cos M 

0 2 { i'IT i!!.l +4S 2cos sin8cos 0,1 sin N sin M 

i 'IT 2 i 11 1!.} V13 s V31 = -2S1cosa1sina1{sin N} - 4S2cos0cosa 2sina2{sin N cos M 

V22 = +4S2sin20cos 2a 2{1-cos ~'IT cos*} 

V23 • V32 = -4S2sin0cosa 2 sina2 {cos ~TT sin*} 
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F.2 SINGLE LAYER RIGID JOINTED LATTICE 

The elements o+ the six by six matrix [v) .. for this structure are 
i J 

VJ 3 = V3 l 

V15 = V51 

EA 2 { i 1T 2} EA 2 2 { i 1T j 1T +2 (- )icos o 1 1-cos -- +4 (-) 2cos 8cos 02 1-cos - cos--} 
L N L N M 

EI EI 
_:t.. 2 { i1T2}+ 48 _y 28 2 { i'JT +24 (L 3 ) 1 sin 01 l+cos N (L 3 ) 2 cos sin 02 l+cos N 

jT 
cos 

M 

EI i'1T . 
Z 2 J1T 

+ 48 (0 ) 2 sin 8{1- cos N cos M} . 

(EA) S . G 2 { . i 1T . j 1T} = +4 - 2cos sin cos 02 sin - sin 
L N M 

EI 
-48 (~) 2cos8sin8sin 202{sin ~1T sin t1T} 

EI 
z . { i'JT j1T' 

-48 (~ ) 2cos8sin8 sin N sin MJ 

4 (EA) . { . i1T2} 4 (EA) S . { . i1T j1T} - - 1cos01sino 1 sin-- - - 2cos coso,sino 2 sin--cos-
L N L L N M 

EI . 2 EI _i • 

-48(--f-) 1cos01sino1{sini1T_ }- 48(--f-) 2cos8coso 2 sino 2 {sin~osl2!.} 
L N L · N M 

EI . . 
-24(-~) 2cos8sin8sino 2 {sin11Tsinl2!.} 

L N M 

EI . . 
2 4 ( Z ) S . 0 . { . l 1T . J TT} - 0 2 cos sin srn02 s1n71n11-

EI . . 
4 ( z) . 2 S . { l i ,r J 1T} -2 --2- 2sin sino 2 -cos·~os-

L N M 

EI . . 
v15 = v51 = +24(L22 hsin8coso 2{cos~1TsinJ:} 

V2 2 
EA . 2 ·2 { i1T j1T} = +4(-) 2 sin 8cos 00 1 - cos-cos-
L - N M 

EI . . 
+48 (----1.3 ) 2sinz8sin2o 2{l+cos~osl2!.} 

L N M 

EI . 2 EI . . 
Z { l 1T } Z 2 , 1.'JT J 1T · 

+24 (--) 1 1-cos·- .- +48 (- - ) 2cos S t 1-c o~--cos-} 
L 3 N L 3 N M 

V23 = V32 (EA) . S . { in . 71T} - -4 - sin coso 2sin0 2 cos--sin---
L 2 N M 



EI . . 
V24 = V42 = +24(~)2sin20sino 2{l+cos~os*} 

EI . . 
v2s = vs2 = +24(~)2cos0sin0sino2{sin~sin*} 

EI , . 
+24(L2z)2cos0sin0sino2{sin~in*} 

EI . 2 EI . . 
( z) { 17T } ( z) 0 { .l7T 1!.} V2G c VG2 = -12 V-- 1cos01 sinN -24 V-- 2cos coso2 sin~os M 

V33 = +2(ELA)1sin 201{l+cos1~2}+4(ELA)2sin2 02{l+cos~7Tcos1f} 

EI . 2 EI . . 
+24 (r:-f> 1 cos 2~{i-cos 1 : }+48 (r:-f> 2cos202 h-cos¥cos*} 

EI . . 
V34 = V43 = -24(~) 2sin8coso2{cos~7Tsin*} 

EI . 2 EI i , 
= +12(--YL2 ) coso1{sin1 N7T }+24(~) 2cos0coso2{sin....!cos.l!} 

l L N M 

EI i iTI 
+8 (-i'-> 2sin20{2+co~o7} 

EI i 2 EI . , 
Z , 2 { 7T } Z 2 , 2 { l.'IT 1!.} +4 (L } 1 sin 01 2-co9N"" +8 (L ) 2 cos 0sin 02 2-cos~os M 

GI . . 
V45 = V54 = +4 ( Lx)2cos0sin0cos 202{sin~in~} 

EI . . 
+8(-i'-)2cos8sin8{sin~in*} 

EI . . 
+8( Lz)2cos0sin0sin202{sin~7Tsin*} 

GI GI . 
V46 = VG4 = +2 ( Lx)1cos01sino1{sin1~2}+4( Lx)2cos8coso2sino2{sin~oa~7T} 

EI EI . 
-4 ( Lz)1cos01sino1{sin1~2}-8( Lz)2cos0coscr2sino 2{sin~os*} 

GI . . 
v~s = +4( Lxhsin20cos 2ol{l-cos~o7} 
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GI . . 

Vss = v65 = +4 ( Lx) 2sin8cos02sin02 {cos¥sinJ:} 

EI . . 
- 8 (--z) 2sin6cos02sin02{c0Ain~ } 

L N M 

GI . 2 GI . . 
VGG = +2 (~ ) 1sin20 1{l+cos~}+4 (~ ) 2sin202 {l+cos!-~os12!-} 

L N L N M 

EI . 2 EI . . 
Z 2 { l.7T } Z 2 { l.7T 17T} +4 ( L ) 1 cos a 1 2+co5T +8 ( L ) 2 cos a 2 2+co7 07 

where t he symbols are defined in chapter 5 . 

F.3 DOUBLE LAYER PIN JOINTED LATTICE 

The matrix elements for this structure are 

'7T2 
v11 = +2S cos 2a {l- cos-!:.--}+4Sdcos 20cos 2¢ a a N 

V12 = V21 = 0 

iTI i'TT 
V26 '"' VG 2 = +4S dsin0cos ¢sin¢{cos~i~} 

-4S ds in0cos ¢s in¢{cos~7Ts in*} 
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V45 c: V511 -= 0 

- 2S { i 1r2} 
V4E, = V&4 = cosa sino sinN a a a 

- '7T2 
V55 = +2s6cos 2 0S{l-cos7}+4Sdsin 2 0cos 2 ~ 

Vs 6 . = VGS = - 2SScosOSsinaS{sinj~2} . 

= +25 sin2a {l+co~}+2s 8sin2 0 8{1+co~}+4Sdsin2 ~ a a N M 

. where the symbols are as defined in chapter 6. 



APPENDIX G 

DETAILS AND LISTING OF COMPUTER PROGRAM 

The program to analyse a single layer rigid jointed lattice 

structure is presented here. The relevant theory is contained in 

chapter 5, 

INPUT DATA 

Input is in the form of a card deck consisting of 

G-1 

i) Heading (80Hl), one card containing a short description of the 
structure. This heading is printed on the output. 

ii) Structure Geometry Data (2110, 4Fl0.0), one card containing the 
geometry parameters N, M, LX, HX, LY and HY of the structure. 

iii) Member Property Data (6Fl0.0), two cards, containing the member 
properties E, G, A, I , I and I for the two types o f members. 

X y Z 

iv) Loading Data There are three types, viz. the general, uniform 
or point loading cases. In each case the data consists of two 
or more cards, the first specifying the type of load and a 
heading. The second and subsequent cards specify the joint loads. 
The first card contains in columns 1 to 6 the characters 

GENERA 

UNIFOR 

POINT b 

for a general load case 

for a uniform load case 

for a point load case 

Columns 7 to 80 of this card can contain a heading which is prin
ted on the output. 

The second and subsequent 'cards depend on the type of load. 

a) General Load (2Il0, 6Fl0.0), one card for each loaded joint, con
taining the joint coordinates (integers i and the loads and 
moments on the joint. Terminate with a ca rd containing a 9 in 
column 1. 

b) Uniform Load (20X, 6Fl0.0), one card specifying the loads and 
moments on all joints. 

c) Point Load (2Il0, 6Fl0.0), one card specifying the coordinates 
of the loaded joint and the loads and moments thereon. 

The total data deck can be repeated as many times as required for one 

run of the program. It is only necessary to place them together i n 

sequence. 
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OUTPUT DATA 

The output data consists of 

i) Echo of all input data 

ii ) Displacements and rotations at all joints 

iii) Member actions for all members 

iv) Joint residuals at all joints. At boundary joints these are 
the reactions. 

The program could be modified to reduce the quantity of results obtained. 



C THIS IS THE PRO{;RAN FOR A S INGLE LAYER RIGID JOIJHEO STRUCTURE · 
C ,.. ... 
C P ~ OAVE•1PORT •UNIVERSITY OF CANTERBURY• 1975 
C 
C 
C 

C 

f"AI:~ LrnE PRDGRA~1 - CALLS SUBROUTitlES 

cc~~o~ /AP.RAY/?(2000),0(2000) 
01 :1 £:,SIO'' l!iPUT(14) 
?E:.L SE!lE:RA/6HGE tlERA/, UllIFOR/6HUNt FOR/, POI NT /6HPOI NT / 

10 c:11~1::UE 
"E.:0S(5 12000,E'ID =999) (rnPUT(I),I =l,14) 

20cc: F:,· '.:., .. 13:..s,:.2) 
i -~!:E(S,1000) (!:;:ivT(I} I=l 14) 

12- GJ ;:-;:;:;,H(lll1, 5c'IA'U ... LYSIS OF sfriGLE LAYER RIGID JOINTED LATTICE STRUC 
<,Tt '.~E I /1 X, 1 Jt.6 A2/ /) 

C.!.:...L D.:.Tt-16{:;?f ,tlPl) 
~E!J(S,2000) (!~PUT(I) I =l,14) 
•~~.i TE(6, 1010) { ItlPUT( I), I =l, 14) 

1010 F::~~AT(1~1,13A6,t-2) 
IF cr· :P u,(1).EQ.GE:JERA) GO TO 42 
Ir (!•!PUT( l)>EQ.Ulllr'C?.} GO TO 44 
IF (I'.lPUT(l) .EQ.POllH ) GO TO 46 
GS iJ 999 

r, 2 cc:n rnu E 
C.'..LL LQ.l.'.JGS(:::>1 ,r1P1 ,P,O) 
;~ 'i:J LO 

!.L c:;·;Ty•~:,.:£ 
C;'.,i.. 1_ LCAOU6 ( 11? 1 ,!IP 1, P, D} 
G~ TS 40 

4 5 COIH I IIUE 
C~LL LOADP6(NP1,HP1,P,O) 
GJ TO 40 

40 CC'ff l ~;!JE 
o:Ll SOL'✓ E (!iP1 ,r1Pl , D,P) 
c.:.LL :.ISPT ( 1lPl ,rtP1 ,P,!J) 
C!LL ,i:c: 1 E:6 :;Pt ,MPl, '.)) 
CALL £ ~:::>.Y6 i:Pt ,MPl ,D) 
GJ iO 10 

999 c:·:T!'.1UE 
sro:> 
Et;J 

C 
C 
C 
C 

C 
C 
C 
C 

SUBROIJTINE DATAI6(NP1 ~HPl) 

THI S ROUTINE WPUTS CATA ABOUT THE STRUCTURE ANO DOES 
TH E PRELIMAtlARY CALCULATIONS FROM IT 

COM.'10tl /DATA1/CN, StJ,CM,S!1 
C~~ON/DATA2/SC(36),SV1(36), SV2( 36 ) 
COM.'10?1/DIITA3/ SR ( 12, 12, 3) 
CQi1!10N/DATA4/SS ( 12, 12, 3) 
DIMENSIOtl NN(2), S(6) 
DIME~SIO~ PRO P1( 6)~PROP2(6) 
DATA P[/3.1415926535897932/ 

INPUT STRucruqE DATA A:10 DETERMINE GEOMETRY 
\ 

READ(S,2000) t1N(1),NH( 2) ,( S(I),l=1,4) 
2000 FORHAT(2l10 4FIO.O) 

\./RI TE ( 6, 1026) tlN ( 1 ) , NN ( 2) , ( S ( l) , I = 1 , 4) 
N=NN(l) • 
M=lm{2) 
READ(S,2010) (PROPl(I),l=l,6) 
READ(S,2010) ( PROP2(1),l=l,6) 

2010 FCR~AT(6 E10.0) 
WR!TE(6, 1030) (PROP! (I) ,PROP2 ( I), I=l ,6) 
NPt=N+l 
MPl=M+l 
CN =FLOAT UIP l - 1) 
Ci·l=PI /W 
S?l=SIN(CN) 
Ctl=COS(CN) 
Cl1=FLOAT( MP1-1) 
CM=P i/CM 
SM:SJN(Cr1) 
CH=COS( CM) 
ALl =S (l)/FLCAT(N/2) 
AL2 =S ( 3 )/FLOAT(M) 
THETA =A TM:2( (AL2+AL2) ,All) 
CT=C::JS(THETA) 
ST=SitJ(THETA ) 
AL2 =AL1/(CT+CT) 
PHl1 =4,0*S{?)/( S (l)*FLOAT(~/2)) 
CI=C0S \PHI1) 
Si=Sltl(PH[ 1) 
PH[2=?HI1*CT/2.0+4.0*S(4)*ST/(S(3)*FLOAT(M)) 
CJ =COS (PHI2) 
SJ:Slfl(PH I 2) 
Etll=PROP1( 1) *PROP1(3)/AL1 
EAL2=PRGP2(1 )*PROP2(3)/AL2 
GJL1=PROPl(2)*PROP1(4)/AL1 
GJL 2=P RCP2(2)*PROP2(4)/AL2 
~YL1 =P ROP1(1)*PROPl( 5 )/AL1 

Cl 
I 

w 



C 
'-

C 

EYL 2=DROP2( l) *PRCP2( 5 )/AL2 
EYll t =E Yll/.\Lt 
EYLL2=EYL2/AL2 
EVLLL i =E YLll /ALT 
EYLLL2:EVLL2/AL2 
EZLl=?QCP1 (1)*?~8P1(6)/ALI 
EZL 2=?~J?2(1)*P KCP2(6 )/AL2 
Ei:Lll =EZ Ll /:,_L 1 
EZLL2=EZ L2/~L2 
EZLLLl=L!'.LU/ALt 
EZLLL2=EZLL2/AL2 

F'.:R:1 t'l. n IX "V" OF THEORY HERE 

DO 10 J=l , .36 
SC( I ) =Q.O 
S'✓ l (I}=C . O 

SV2(!)=J.O 
10 cc~~:r ·: ;_: s 

SC (1 )=2 . 0*GJL 1*C I*C I+4.0*GJL2*CT*CT*CJ*CJ 
1~ 1 5.:*EYL7*ST*ST+3.0*EZL1*SI*SI+l6.0*EZL2*CT*CT*SJ*SJ 
S1'.(1) =-G JL1*Ct*C!-2.0*EZL1*SI*SI 
S'✓ 2(l)=-GJL2*CT*CT*CJ*CJ+2 . 0*EYL2*ST*ST-2.0*E ZL2*CT*CT*SJ*SJ 
SC ( 2l=4.0*GJL 2*ST*ST*CJ*CJ+8 .0*EYL 1+16.0*EY L2*CT*CT 

1+!o,G*EZL2*ST*ST*SJ*SJ 
s·n (2)=2.'J.::EYLl 
SV2( 2)=-SJL2*ST*ST*:J*CJ•2.0*EYL2*CT*CT-2.0*EZ L2 *ST*ST*SJ*SJ 
SC(3)=2.: *~~Ll~S;*S I•4.0*GJL2*SJ*SJ+B.O*EZL 1*C I*C I+1 6.0*EZL2*C J*CJ 
SV1 (~)=3JL1*Si*S!+2 . 0*EZL1*C t*CI 
SV2(~)=:JL2*SJ*SJ• 2. 0*EZL2*CJ*CJ 
SC(4):2,C*Et.Ll*C I*C I+4.0*EAL2*CT*C T*CJ*CJ 

1•2~.C~EYLLll*S!*S1•48.C*EYLLL2*CT*CT*SJ*SJ+48.0*EZLLL2*ST*ST 
SJJ[4)=-EAL1~C I*Cl•12.0*EYLLll*SI*SI 
SV2(4)=-E~L2*CT*C T*CJ*CJ+ l 2.C *E YLLL2*CT*CT*SJ*SJ-1 2.0*EZLLL2*ST*ST 
SC( 5 } =4. o,, :::.t2*ST*ST*CJ-.::CJ+4D . o·::E YLLL2*SP ST·-"SJ,',SJ 

1•2~ .~~E!LLL 1•48.C*EZLLL2*CT*:T 
SV1( 5)=- i 2. i *~ZLLLI 
SV2 ( 5)=- ~AL2*ST*ST*CJ*CJ•12.0*EYLLL2*ST*ST*S J*S J-1 2.0*EZLLL2*CT*CT 
SC(S)=2.~ ' ~A L1~ S!*S!+4.0*EAL2*SJ*SJ 

1•2~~EYLLL 1*C l*Cl•~3.0*EYLLL2*CJ*CJ 
SVi(5} =E ~Ll*SI*Sl-12,0*EYLLLl*Cl*Cl 
SV2{6)=E~L2*SJ*SJ -12.0*EYLLL2*CJ*CJ 
SV2(7)=GJL2*CT*S T* CJ*CJ•2.0*EYL2*CT*ST+2 ,0*EZL2*CT*ST*S J*SJ 
SV2 (3)=•G:L2*ST*CJ*SJ-2.0*EZL2*ST*CJ*SJ 
S~2(9)=6.0*E:LL2*ST· ,cJ 
SV2( 1J)=E~L2*CT*ST*CJ*CJ- 12,0*EYLL L2*CT*ST*SJ*SJ•12.0*EZLLL 2*CT*ST 
SV2(1~ )=-E!L2*ST*CJ*SJ- 12. 0*EYLLl2*ST*CJ*SJ . 
SV1(1 3l=•GJL 1*C1*S I-2.0*EZLl*C I*SI 
s·n ( 13) =+GJL2*Cf~,cJ*SJ-2. O*EZL2*Ci*CJ*SJ 
SC {t 4} =- 12.0*EYLL1*?!-24.0*EYLL2*CT*C T*SJ-24. 0*EZLL2*ST*ST*S J 
SV f(1 ~)=-5.0~EYLL 1*~ ! 
SV2( 14)=-S.~*EYLL2 ~CT*C T*SJ•5.D*EZLL2*ST*ST*SJ 

C 
C 
C 

SV1(1S)=-6.0*EZLL1*CI 
SV2(15) =-6.0*EZLL2*CT*CJ 
SV1(1 6) =-E AL1 *C I*S I =12.0*EYLLL1 *C I*S I 
SV2 ( 16) =-EAL2°'=CT*CJ*SJ.-12 .O*EYLLL2*CT*CJ*SJ 
SV2(19) =-6 .0*EYLL 2*CT*ST*SJ -6 .0*EZLL2*CT*ST*SJ 
SV2(20 )=+6.0* EYLL2*CT*ST*SJ+6 .0*EZLL2*CT*ST*SJ 
SC(25 )=•24.0*E YL L2*ST*ST*SJ+1 2.0*EZLL1*S I+24.0*EZLL2*CT*CT*SJ 
SV 1( 25 ) =-6.0*EZLll*St 
SV2(25) =+6,0*EYLL2*ST*ST*SJ-6. 0*EZLL 2*CT*CT*SJ 
SV1( 26 ) =+6.0*EYLLl *C I 
SV2(26) =+6.0*EYLL 2*C T*CJ 
SV2(31) =~6.0*EYLL2*ST*CJ 
DO 15 1=1. 36 
SV1(1 )=2 .0*SV1(1) 
SV2 ( I ) =4 . o,, SV2 ( I ) 

15 CONT lllUE 

' FOR:111Ell!3ER ACTION HATRICIES HERE 

CALL ·s TIFM6(SR, ss , 1.1.0.0.0, cr , SI ,EAll ,GJlt ,EYLl ,EYLL1 ,EYLLL1 • 
1EZL 1,E ZLL 1.EZLLL1J . 

CALL STIFM6(SR, ss . 2.cT, s T.CJ, SJ, EAL2,GJl2 , EYL2, EYLL2, EYL LL2, EZL2. 
1 EZLL2, EZLLL2) 

CALL STIFM6(SR, SS ,3, -CT, ST,CJ, SJ,EAL2,GJL2 ,EYL2,EYLL 2, EYLLL2,EZL2, 
1EZLL2,EZLLL2) 

RETURN 
999 CO!ffWUE 

RETURN 
1020 FORMAT(7H N · ,I14,SX,7H H ,I14/7H A 

*7H HX · ,1P E14. S/7 H B ,1PE14. 5,5X,7H HY 
1030 FORMAT ( / /8X, 17HMEHBER PRQPERT I ES/ /6X, 8Ht1EHBER 

* / SHE ,1PE10.3,5X,1PEt0.3, 
* / SH G · ,1PE10.3,SX,1PE10.3, 
*/SH AR· ,1PE10.3, SX, 1PE10.3 , 
*/SH IX · ,1PE10.3~sx,1PE10.3, 
*/ SH IY · ,1PE10.3,5X,1PE10,3, 
*/SH 12 · ,1 PE 10.3,5X,1PE10,3) 

ENO 

,1P E14. 5 , SX, 
,1PE14.S) 

t ·, 7X, 8Hl1EHSER 2, 

G") 
I 
~ 



SUBROUT I '.lE STI Ft\6 (SR, SS • N ,CT, ST, CP, SP, EA• GJ, EY I, EY2 , .EY3, EZI; EZ2, 
IEZ3) 

C 
C TnIS ROUTlllE FORttS MEMBER ACTION NATRICIES 
C 

DIMENSION SR(12,12,3),SS(12,12,3),T(12,12) 
DO 10 1=1,12 
00 10J=1,12 
T(I,J) =O.0 
SS ( I ,J,t:) =0.0 
SR( I ,J,tl) =C .0 

10 C0NT itlUE 
SS ( 1.1 ,!l) =GJ 
SS( l, 7,U) =-GJ 
SS (2,2,U) =4.0*EY1 
SS (2 0 6,ll) =-6.0*EY2 
SS (2,8,ll} =2.0*EY1 
SS (2 ,1 2,11} =6.0*EY2 
SS (3, 3, 11) =4.0*EZ I 
SS(3,5,~) =6.0*EZ2 
SS(J,9,U) =2 .0*EZ1 
SS{3, 11,tl) =-6.0*EZ2 
SS(4,4,rO =EA 
SS (4, 10,tl) =-EA 
SS (5,3,N) =6 .0* EZ2 
SS ( S ,5,ll) =12 .0*EZ3 
SS( 5 , 9 ,H) =6. 0*EZ2 
SS( S , 11,rlJ =- 12.0·-" EZ3 
SS(6,2,ll) =-6. 0*EY2 
SS (6,6, rl) =12.0*EY3 
SS(6,8,ll) =-6.0* EY2 
SS (6, 12,fl) : - 12.0*EY3 
S5(7, 1, ti) =-GJ 
SS (7,7,N) =GJ 
SS(8,2,11) =2 .0*EY1 
SS (B,6,ll) =-~.0*EY2 
SS(8,8 tl) =4.0*EYI 
ssc a, d. rl) =6 . Q*EY2 
SS (9,3,N) =2.0* EZI 
SS ( 9, 5 , 11) =6 .0*EZ2 
SS ( 9, 9 ,rl) : 4.0* EZ 1 
SS (9, 11,!l) =-6.0*EZ2 
SS (10,4 11) =-EA 
SS(l0,16,t1) =EA 
SS(11,3,tl) =-6.0*EZ2 
SS (l1,5,tll =- 12.0*EZ3 
SS(11,9 tl) =-6 . o·::- EZ 2 
s s c11,1f,NJ =12.o*EZJ 
SS(l2, 2 ,ll) =6.0*EY2 
SS (12,6,ll) =- 12.0*EY3 
S5 (12,8 U) =6.0*EY2 
ss c12,1i,11> =12.o•EYJ 

TC!, 1) =CT*CP 
T(2, 1) =- ST 
T(3,1) =CT*SP 
T(1,2) =ST* CP 
T(2,2) =CT 
T(3,2) =ST* SP 
T(l,3) =- SP 
T(3,J)=CP 
T(7,7) =CT*CP 
T(B, 7) =-ST 
T(9, 7) =-CT*SP 
T ( 7, 8) =S T·-"CP 
T(8,8) =CT 
T( 9, A) =-ST* SP 
T(7 ,9) =SP 
T(9,9) =CP 
00201 =1,3 
DO 20 J = l ,3 
T(I+3,J+3) =T(I,J) 
T( I+9,J+9) =T(1+6,J+6) 

20 COtffitlUE 
00 30 I =1, 12 
DO 30 J =l,12 
TE t1P =0.0 
DO 40 K=l,12 
TE!tP =T EIIP+ SS ( I ,K, tl) * T(K,J) 

40 C0NTltlU E 
SR( I ,J,!l) =TEHP 

JO corn ItlUE 
DO 50 I = I , 12 
DO 50 J =l,12 
TEt1P =0.0 

·oo 60 K=t, 12 
TEt1P =TEt1P+T(K, 1 )*SR(K.,J,N) 

60 C0NTiflUE 
SS(l,J,N)=TENP 

so corn rnuE 
RETURtl 
END 

~ 
I 

u, 



C 
C 
C 
C 

SVCROUTI HE LOAOG6(t:Pt ,tfl>l 0P,PB) 

THIS ~CUTI•::: 11/?UTS A GE NE~Al LOAD CASE ANO 
DECG.'1?0SES IT rnro ITS FCURIER cor1Pmmns 

COi"!:I0:1/!>AU 1 /W, S~. CH, SIi 
DI ~ms I 011 P { 6 MP 1 IIP 1 ) 
!>Ir:£:1s1::m PBCl, MPf .r~o 
OI:~E::SIQ'.l S(6).i.NH(2),PN(6),PH(6) 
t.:::~= (::?1-1 )·.:(!tt'l- 1 ) 
~~::1=4.C/t.'iM 
DO 1 0 ! = 1 , ! ;p 1 
DO 20 J=1,MP1 
ra _5 1(:1 ,6 
P(K,J,I)=O.O 

25 CC'.lTir:UE 
20 
1C 

CC?~T I'~~E 
cs ~~T r !!~£ 

:o cc •:T I ,~u:: 
RE:~{ 5,2000) I,J,(S(K),~=1,6) 

2000 FCR~AT(2l10,6Ft0.0 ) 
IF(( I .GT .1,Pt) .OR.{J.GT .MP1) )GO TO 40 
IF((l.LT.O).OR.(J.LT.O))GO TO 30 
IP = I+ 1 
J?=J+ 1 
SC 35 l( : J, 6 
" ( '~, j?, IP) =S ( K) 

35 co: ,T r:;'JE 
~~IT ~(6,10 10)I,J,(S(K},~=1,6) 
G:J TO 30 

40 c~:lTJ!IUE 
D:J 50 J =t,HPl 
P(2,J,t) : P(2,J,1}/2.0 
P(3,J, 1 ) =?(3 ,.l, 1 )/2.0 
Pt~,J,lJ=PC~,J ,1 )/2.0 
Pl2 ,J ,:;?1 ) : r'\ 2 ,J ,N?l )/2.0 
P (3, J, '.iPl )=?(3, J,HP i) /2.0 
?(4,J ,HP1 ) =P(4,J,NPl)/2.C 

50 c:·n rnuE 
Du EO r=1,:1P 1 
P(l,1,I)=P(l, 1,l)/2 ,0 
P ( 3 , 1 , i ) =P ( 3, 1 , I ) / 2 • 0 
? ( 5 ,1 0I) =P( 5 11,I)/2.0 
? (1 ,!~. 1, 1' =? t 1,t'.?1, I)/2.0 
PO .:~:i ,, I ) :P(3 ,Y.P!, I )/2 .0 
P ( 5, f-;:i 1 , I ) :P ( 5, r~? 1 , I) /2. 0 

60 co:lT I r:uE 
Cl 1=1.0 
S1 ! =J .O 
SG 70 I =1,SP1 
C1J=1.'.) 
S!J=C.O 

00 80 J= l ,HPI 
CUN=I .O 
SI IN=O.O 
DO 65 K=l ,6 
PN(K) =O.O 

65 cor-n niuE 
00 90 N=1,NP1 
C 1 Jt1=1 .O 
SlJM=O.O 
DO 75 -K =l ,6 
PM(K) =O .O 

75 CONTIIJUE 
00 100 H=l HP1 
Pt1( 1) =PM( 1 J+P ( 1 ,M, N)*C1 JH 
PM( 2) =Pt1( 2 )+P( 2 ;M, N)*S 1 JH 
PH( 3) =Pr \( 3) +P(3 ,11, N) *C l JH 
PM(4) =PM(4)+P(4,H,N) *S 1JH 
PM( 5) =P f1(5)+P( 5 ,M,N)*C1JM 
P11(6) =Pr1(6 )+P( 6 ;M, N) c,5 1 JH 
TEMP =C I Jw,ct J-S1 JW'S ] J 
S 1 Jt1=S I JM"' C 1 J+C 1 JM*S 1 J 
C 1 Jl1 =TEt1P 

100 CONTitlUE 
PN{1) =P N(1)+PM(1)*S1[N 
Ptl(2)=P!:(2 )+PM( 2)*C1 IN 
PH(3)=PN(3 )+PM(3)*C1IN 
PN(4)=PN(4 )+PM(4)*CII~ 
Ptl(5)=P:!(5 )+Pt1(5)'''S1 Pl 
PN(6) =P N( 6 )+PM(6)*S1IN 
TE:tP=Cl w ,·,c1I-S11w,s1 I 
S1 Itl=S 1 Itl"'Cl I+ C1 IN* S1 I 
Cl rn =TE tlP 

90 COtH ItJUE 
OD 95 K=1,6 , 
PB(~lJ,I) =PN( K)*ANM 

95 CONT tlUE 
TErW=C1J*CM-S1J*SM 
s 1 J=S 1 J,·,cr1+c 1 J*SM 
ClJ=TEMP 

80 COIHHlUE 
TEMP =C 1I*CN-S1I* SN 
SII=Sl!*CN+Ct l*SN 
Cl I=TEtlP 

70 COtff It!UE 
DO 110 J=1 MPI 
P0(2,J,1) =~8( 2 ,J,1)/2.0 
P9(3,J,1) =PB( 3,J,1)/2.0 
PB(4,J,1) =PB(4,J,1)/2.0 
P0( 2 ,J,HP1) =PB (2,J,NP1)/2.0 

· PC(3,J,NPl) =PC (3 ,J,NP1)/2.0 
PB(4,J,IJP1 ) =P8(4lJ,tlPI )/2.C 
P( 2,J,1) =P (2 ,J, 11~2.o 

G) 
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110 

120 

9:79 

?(3 ,J,1~ :?(3,J,1)*2.0 
0 c~. ~,1,=r! 4, J,t)~2 . o 
P(2 , J,~Pl) =P( 2,J .NP1) *2.0 
?(3,J,IIPl ) =P(3,J, '.,?1 ) *2 .0 
P(~&J,~Pl) =P(4,J ,NP1)*2.0 
C: \ I !fH.::: 

~?. 12 ~ ! =~6~0 1 ' 
? .:, \ 1 , 1 , I ) - . ., { 1 , 1 , I . / 2. 0 
?5{3 ,1,I) =~5 (3,1,!)/2~0 
PS ( 5 ,1,1) =0 3( 5 ,t,1)/2 .0 
PS ( 1 , "P 1 , ! l : 0 3 ( 1 , r~P 1 , I ) / 2. 0 
PS ( 3 ,r•? l , I i =Pll(3, r:P 1 • I) /2 . o 
PE(5,nPl~!) =Po{5 ~?1 ,I}/2.0 
P( t ,l,I) -P , 1,1,! .-2.Q 
?(3 ,1,!) =~ (3 ,l, !) ~2 . 0 
P ( 5 , i , ! ) =0 ( 5 , t , I ) ·.:2 0 . 
P{ 1,~? 1, I) =?( ,''.P l ,! )*2.C 
? ( 3, ~'.P 1 , I ; =P ( , '.~P 1 , I ) *2 . 0 
P ( 5 , :,-'.P 1 , i ) =P ! , i~? 1 , I ) *2. C 
C,J':T I '. ,L' E 
RnuR:, 
c:~~TI!!U:: 
~:::-c:,.~! 

1:,2J F2~ ·~T( 21H1LO~J C~SE -GENERAL- ,1 0X,1 3A6 ,A2) 
,:i 1c :2::: ;1~T(2!8 , 1?6E 15.5 ) 

:. " D 

C 
C 
C 
C 

SUBROUTINE L0A0P6 (t1 P l .MP1 ,P,P3) 

THI S ROUTINE INPUTS A POINT LOAD CASE AND 
DECOMPOSES IT INTO IT S FOURIER CO MPotmn s 

COl1MOIU DATA 1 /rn, SN. en . s r1 
DIMENS I ON P ( 6 ,MP1,NP1) 
Dll1HISIO r, PB(6,MP1 ,tJP l) 
DHIEriSIOII S ( 6) ,Ntl(2) , Pi.(6 ),P/1( 6 ) 
AIJH=( fl P 1-1) ·~( flP 1- 1) 
AIH1=4. 0/AW1 
00 10 1=1,NP1 
DO 20 J : 1 ,MP1 
DO 25 K= l,6 
P(KfJ,I) =O.O 

25 car~ li, UE 
20 CmlTINUE 
10 co:nrnuE 

READ( 5, 2000 ) NN(1)tNN(2),{ S(K),K=1, 6 ) 
2000 FORIIAT(2 11 0 , 6F10.0J 

WRITE(6, 101 0) NN(t),NN( 2).(S(K) ,K=1, 6 ) 
I =WHt )+1 
J=mH2 )+ 1 
DO 35 K=l •6 
P{ KfJ,I) =S (K) 35 co:J Ir:U E 
Cl Itl=I .O 
SI Ill=0 .0 
N=l 

30 CONT I flUE 
I F ( N. GE .I) GO TO 40 
TEMP =c 1rn,·,c1i- s 1 Irl*SN 
SIIN=S1 IN*CN+C1 IN*S N 
C 1 IIJ=TE f1P 
N=N+l 
GO TO 30 

· 40 corn rnuE 
CIJf1= 1.0 
SlJH=0.0 
M=l 

50 cornt NU E 
I F(M.GE.J)GO TO 60 
TEMP=C lJM*CM-SlJM*SM 
S 1 Jt1=S 1 JH*Cl1+C 1 JH*SH 
Cl J f1 =TE MP 
M=M+1 
GO TO 50 

60 CONTINUE 
t'O 65 K=1 6 
Pr I ( K) = S ( K ~ * Alll1 

65 Cotff lNU E 
l F((I .flE.1).AIJD.(I.NE. NP t)) GO TO 67 

G) 
I 
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P1:p }: P!:( 2 )/2.0 
P:,,3) =P:H3)/2.0 
P:: ( t,) =P~ ( 4} /2. 0 

67 cc~~r1::uE 
IF( (J. •:E . l) .A:::J.(J.NE.HPt)) GO TO 69 
P;:( 1 ) ="' ':( 1) 12.':J 
P!;t3):P\(3)/2.0 
P: ; (5):?1;( 5)/2.0 

69 cc~•r ! ~~'...iE 
Ctl =l.O 
StI=0.0 
C :J 7 0 ! = 1 , '. :P 1 
?:•( 1) :P ::( 1 PSl I 
i>:1(2) =? :;( 2)·.::c 1 I 
F:'. (3) =P:, (3 )*C 1 I 
P;•( !,.) =P'.,(4 )·.::c1 I 
Pi~{S) =P ;j( 5p-s 1 I 
Pr:{6) =P:;(6 )*S1 I 
CIJ =l.O 
S1J=0.0 
:;: 2) J=! ,;:?t 
?C::: '. , .;, :) ::> tH 1 )'"' Cl J 
~-:i,~ J I J-o ,,5~)~SlJ 
;; iHtJ: o ; h,3>*c1J 
?8(4,J, I ) : 0 ;~(4)*S1 J 
0 o{5,J, I ) =? t,C 5 )*C1J 
P3{6,J,I)=P~( 6 ) "'SIJ 
T~:-·P=: 1 r : 1 J:' -$ 1 J ·.::s 1 JM 
S1 ~=S~J ~: 1J~•C1J~ S1JM 
': ~ J=T:: ::P 

20 : ~';1:,: 1J:: 
Tc: · :? =: 1 !*Cl 1::-s 1 F S l It• 
SJ ! =S l PC1 rn+ Cl 1·.::s1 n: 
CJ I =H: r:P 

70 CC!H I ~;UE 
c: 110 J : 1 ,r~Pl 
P5(2,J,l}=PB{2,J ,1)/2.0 
P3(3,J, 1) =~B(3,J ,l)/2.0 
PS{4,J,1)=PS(4,J,1}/2.0 
F2(2,J,•;? 1) :Pa (2,J,t/Pl)?2.0 
P3(3,J,~?1) : P£(3,J,~P~)/2 0 0 
P3(4,J,!IP1 l =PS( 4,J,!;?J )/2.0 

11 0 CO•JTI': ·JE 
~J 120 I =t,•;?J 
:, S ( 1 , I , I) :P :! ( I , 1 , I )/ 2 • 0 
P2(3, 1,I) =PS(3 ,1,I)/2.0 
P5(5 ,1,11 =P~ ( 5 ,1,!)/2.0 
oac 1,r1P1 , I) =Pi: (1,:~PI, I )/2.0 
P3(3,~P1,!) =PB(3,MP1,I)/2.0 
PB(5,tlP1, 1) =?!3 ( 5 ,H? l, I)/2.0 

120 Cr"Tf"'J;:
;;~1\.:S;j -

999 CONTINUE 
RETURN 

1000 FORr-'.AT ( 21H1LOAO CASE -POINT- , I OX 13.A6,A2) 
1010 FORt1AT (1 6HOPOINT LOAD AT (,I4,1H.,I4,SH) OF ,1P6 !c 15.5 ) 

rnD 
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C 
r ... 
C 
C 

2C:)0 

Si.!3R:JUTI::E LOADU6(::Pt .MPt , ? .• PB) 

T!-ilS ~Q;.JTit.:E INPUTS A U:HFCRM LOAD CA SE AND 
DECC".POSES IT INTO IT S FOURIER COHPONE!ffS 

cs:·~J~;/~:.TAl IC:: S'.:, c~i SH 
"'L.· l"'. =-· •o:; ! ...,•; P'6 t'z.l ' /Pl t l _ , - .. _ ,. \ t tr' I 1 ) 

or•,r ~, 5- ,...,, t>3'' "?! "Pl) ,.... ·.,;: ,'. ';:; ;) . q•\·,. ,..). i.1 , ,:.. ., S I .., ,. S (~,,.J., L 

l.'. , : 1 .Q/FL~~T(•:? T- 1) 
t.~.=1 .C/FLC~T(, ;? t-1) 
~E l.S( 5 12COO) ( S(K ),K=1,6) 
FCi::l'..U l 20X, 6F10 .0) 
h~!TE(6,1C ?J)(S(K ),K=1,6) 
:J 1J ! =1,'JOT 
:: 2: J: 1 .~~P1 
:: 25 !-'. =1 , 6 
P ( '-, J, I ) ='.l. O 
PS ( t: , J , ! ) =O • 0 

25 CG ~:T H:'J E 
l =!+J 
!F ((~/2)~2.NE.L) GO TO 40 
:''.: 35 ,=i ,c 
? ('-:,J, I) =S (K) 

3c ,...-. ,- ,,.,, r 
.,, _,._ • • I ' •·- -

l~ r--11-,.,. ,:-
- - - I I .. ·· -'-

20 c:: :T: •i 'JE 
10 C2 '.IT I •: 'JE 

Cll=T.O 
S1 ! =:).~ 
D: S: ! = 1 , ~tP 1 
F( ( I/2)"2 . :~E. I) GO TO 60 
CT= (l.~•C 11) / S11 
TC=l .0/CT 
;,3 ( 1, 1 • n =A::-.::cT 
Pa ( l, HP I • i) :.-Ati"'TC 

60 coiirrnu:: 
T:: !-;?:C1 FC•:- S 1 i"'-'Stl 
S J I =S l !'°'Cli+CI PSll 
C: ! =TE('.? 

so c:·:r:·:·;:: 
C1J =1 .G 
Si;=O.O 
:::::: 70 J= l ,f{i' 1 
IF((J/2)~2.NE.J) GO TO 80 · 
CT= (l.O•CtJ)/S lJ 
TC= t .O /CT 
P :! r 2 , J , l ) =A~~·CT 
PS ( 2 , J , :;? 1) =-A:~TC 

8'J C : · :T ! '::_; ~ 
,~" ?:,: 1.! '' C~-Sl J °""S'.'i 
Si J:S 1.;--'(:11+C 1 J~Si-: 

Ct J =TE:1P 
70 CONTINUE 

DO 90 I =1.NP1 
I F((I/2)*2.NE.I)GO TO 90 
DO 100 J=t ,11P1 
I F ( {J/2)·~2 .NE.-J) GO TO 100 
PB(6,J,I ) :fPB (1,1,l) *PB(2 .J,1)+PB(1,NPt.I)* PB( 2. 

100 COIIT I NUE 
90 CotlTINUE 

P8(3; J 1) =S (3)/2.0 
P8(3,H~1 ,NP1)=S(3) / 2.0 
DO 11 0 I =1 NP 1 
PB(5, 1,I) =~B( 1;1 ,I)*S{5) 
PB( l,1 I)=PB(l · 1,I)*S( 1) 
PB(S,H~l ,I ) =PDl1,HPl,I)*S(S) 
PB ( 1 f !1P 1 , I) =PB ( 1 , MP 1 , I ) *S { 1 ) 

11 o corn rl UE 
DO 120 J = I ,MP 1 
PB(4,J,1)=PB{2iJ,1)~S(4) 
PB(2,J,1)=PB(2 J,l)*S(2) 
PB(4,J.NP 1 ) =PB{2~J.NP1)*S(4) 
PB(2,J,UP 1 ) =P B(2.J,t,Pt )*S(2) 

120 CO NT I :lUE 
RETURtl 

999 COIHIIIUE 
RETURtl 

1000 FORl1AT(2 1H1 LOAD CASE -UtlIFORM-, 10 X, l 3A6 ,A2) 
10 10 FORl1AT(t7HOUIHFORH LOAD CF .1 P6E .15 . 5 ) mo 

,J,NP1)9*2.0*S (6) 

C: 
I 

I.D 



C 
C 
C 
C 

S~3"JUT!•;:: SOLV::6(:;PI ,M?I ,PB,OS) 

TH!S P.OUT!'.IE TR..'l. •1SF0'<1-1S THE LOA9 FOURIER COEFFICI~ NT S INTO 
"'.:!SPLACEi:E:H FGUR.!ER CC:EFFICIE!JTS US!tlG 11ATRIX "C' 

c:;.-~·'.c ~~ /:):..iAl /C~J, s:~ . cn,sn 
c:·'.:;: :J:Ar:.21sco6) ,sv1 (36) , sv2(36) 
:::·:: ::Si:•: PG(f ,/i DJ ,!,Pl) 
::· ·:: ::S,C'I D3(6 191,'!Pl) 
-. , .. =, ·-1c; , S(~6 1 T(') 
- • ' '- -~ · ~ ..,, } , !) 

Cl I =I .O 
S 1 i :'.) .o 
'.::; I O I = 1 , NP I 
ClJ=t.O 
SlJ=C.O 
: J 2 0 J: 1 , l~P ! 
:-,- ::o ;:-1 6 
:fr~, J: !)~O.O 
T'.'():?S(K,J, I) 

50 C: ;TI ::u:: 
IF(((l.E1.1).GR.(I.EQ.NP!)) .• AND.((J,EQ.1),0R.(J.EQ.MP1))) GO TO 25 
~J 55 K=l,36 
S('<)=G.O 

55 CG ~iilr: u:: 
Cl2=2.0*Cl!*C 1I - 1.0 
5!2=2.0"=51 !*Cl I 
C iCJ=Cl 1·.::c1 J 
:iSJ=Cl!*SlJ 
SICJ=SlFCIJ 
Si S J=S ! J ·.,s l J 
S(l) =SC( l) +SVl(l) *Cl2+SV2(1) *C!CJ 
5(2) =SC(2) +S11(2) *C l 2+SV2(2} *CICJ 
SI?) =S_Cf3) +SV1(3) *CI2+SV2<3) *C I CJ 
S'.-) =~C(4) +SV1(4) *CI2+SV2l4) *CICJ 
5(5) =SC(S) +S'1 1( 5) *CI2+SV2!5) *C!CJ 
S{S) -SC(6) +SV1(6) *C!2+SV2( 6) *CICJ 
S(?) = SV2(7) *SISJ 
S(21 = SV2(8) *CISJ 
SI?) = SV2(9) *CISJ 
S(l O): SV2( 10)*SISJ 
s'.11>= sv2c11)·:, c1s J 
5( 13) = SV1( 13)*S12+SV2( 13)*SICJ 
S(1~)=SC(14)+SJ 1(14)*C!2-SV2(!4)*CICJ 
5(15)= SV 1(15)*S12+SV2(15)*SICJ 
5(16)= SV !(16)*SI2•SV2(16)* S!CJ 
S'.15)= SV2(19)*SISJ 
5(20)= . SV2(20) *SISJ 
S(25)=SC(25)+SV1(2 5)*C I2+SV2(25) *CICJ 
S1 251 SV 1( 26)*S 12+SV2(26)*S!CJ 
5(31 ~ SV2(3 l)*CI SJ 
:~~L YNSQL(6,6,1,S,T) 
C.:.'..:.. Y1::;'.)L(6,6,2,S,T) 

00 60 K=l ,6 
OB(K,J, I ) =T(K) 

60 C01Hlt1UE 
25 co:~T ltlUE 

C2J=C1J*CM-S1J*SM 
SZJ=S 1 J·::cr1+C 1 J*St1 
C1J=C2J 
S1J=S2 J 

20 COIIT rnu :: 
C2I=Cll*CN-S1I*SN 
S2I=S 1l*CN+C1I *SN 
CII =C2 I 
St! =S21 

10 CmJTINUE 
RETURN 
Er:D 

Cl 
I 

1-:' 
0 



C 

;. 

C 
C 

SUSROUTitl:: SYHSOL (l·<N;~, !iJ<K,A, B) 

-~~:.:-.::~'Z"'~~~-.:.-~~~-*~Z-~**~-Z-::.-~"-:~~~**~~**Z-~~~*******~~*********~* 

5!..~iC E9 SY11KEBI C MATrl.!X EQU.HlO'.~ SOLVER CROUT METHOD 

C ... -·- ... _._ ----·- ..,.._,__,_..,. __ ._J __ • ____ -·--·--·--·-..,..,_._. __ ... __ ._._._ .. _._ .. _. __ ._ .......... ...__,._. __ . __ ._ .............. -·· -·- ··--·- -·- -·- -·· ...... ~ ...... -··**..,. __ ._ *·'• ..... .,...,._ -:c-:.r 

C 

C 

C 

Drt~:: '.:S181, A( 100) ,B( 100) 

LS(:(! ,J) = !+(J-1 )·:"!,!'l 
GO iJ (1000,2000),KKK 

RESt 1.: :E r'.AiRIX 

100G :: 2so :i= 1,1m 
; = L~C{:i, 1) 
: ::.;o L = 2, :t'"i 

~;;_ = l':'.:(::,l) 
C=:-: ·:L)/;.C:I) 
l=':+!.. - 1 
! "( !!:i.LT.l)GO TO 260 
~=J 
CO 250 K=L,r1M 
J=J+ l 
!~=LC:(I,J) 
•·:t-, ace·· K) 
i{iJ)=,{ijJ-C*A(~K) 
• ! .. , , _,. 

: hr1 ~uE 
S'.: TO 500 

C ~ED~CE VEC TOR 
C 

::;.~o 

23~ 
2 ~~ ,~ 

::o 2 :1 =1,,m 
~ll =L (tl , I) 
DC 2 L=2 \ r--t:1 
~: ~=L { fl I!... 

=: ;+L-1 
, (::•i.LT . I)GO TO 290 
( l ) =2( I )-A(!J!..):.:e(tl) 
(::) =B( fl)/A(!n) 

C 3~:~ S~£STJTUTIO:: 
C 

3CO 
~•=• ill 

N=~i-1 
!F"('.:,EQ.O)GO TO 500 
C:: 400 K=2,t4..' 1 
•;>'. =LC:'.: (';,K) 

L=' +':-1 
I:-C·:•;. LT .!..)G~ 72 400 

C 

B(N) : B(N)-A(NK)*B(L) . 
400 CONTINUE 

GO TO 300 

500 RETUP.t: 
mo 

G) 
I 
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C 
C 
C 
C 

SUSROUTWE DISPT6rnPt .MPt .oB,O) 

TiiIS ROUTINE EVALUATES THE DISPLACEMENT FOURIER SERIES 
A:;D CUT!>UTS THE DIS?LACE11WTS 

COM.'10tUOA TA 1 /Ctl, S!~, CN, S~ 
OWEt~SIO'I D{6-,t1Pl ,t:Pl) 
::it:~E::S[Oii 03(6,nPt .rw1) 
omrns1_N ou(6),0N(6) 
\.JRITE(6, 1000) 
Cll=l.O 
Sll =O.O 
ca 10 I =1,UPl 
Cl J = l.O 
SlJ=O.0 . 
DO 20 J = l ,MP 1 
DO 5 K=1,6 
Nl(K)=O.O 

5 CtJ'ff PlUE 
K=l+J 
!~ ((K/2)~2.NE.K) GO TO 25 
C1Il:= l.O 
Sl !11=0.0 
00 30 N=1 ,NP1 
DO 15 K=l .6 
Ot1(K )=O .O 

l 5 CS'.:T HJUE 
C1Jt1=1.0 
S 1 J'.~=O .O 
C::J 40 t-1=1,MPl 
o::c 1 >=c11< 1 )+na(l ,:-1, 1n-:::c1 JM 
£::< ( 2 ) =!it1 ( 2 ) +DB (2 ,M, tn *S 1 Jtt 
Dt1{ 3 } =011( J )+:J3(3 ,H,tO*Ct J:1 
1:,1c 4 > =011c1s >•::ioc 4 ,H , ,o~s 1 Jtt 
Ct'.( 5 ) =O'.I( 5) +~B ( 5 ,M, tn*:: , JH 
or: ( 6) =D11{ 6 )+'10 ( 5 ,M. ll) *S 1 JM 
-::2 J:1=C 1 J(l"'C 1 J- S 1 Jtr::s 1 J 
52 J:1:S 1 J; 1*C ! J +C 1.1:l*S 1 J 
Cl J'.'.=C2J:1 
:; 1 J! l=S2J!1 

40 ,;c;: •TI~:UE 
Dr/{ I) =D1:( 1 )+Or1( 1 )*S1 I :J 
DHC2)=!:>::c2>+0:~c2>-::c1 rn 
or;O)=i)::(3)+i.ir:{3)*Ct rn 
or:(4) =D:!(4)+D'1(4)*C1 HI 
C!l{ 5 ) =Dil(S )+CII( 5 J*S 1 l:f 
Qt/(5}=0r:(5)+!)r1(6)''51 ! N 
c2 11:=c 1 !!~*Ct I-St m*Sl I 
S2 Hl=S1 I !l*C t I +Ct t:r-S 1 I 
Cl I:::c21r1 
Sl l'.!=S2 I'.i 

30 cc·;TI'.:!JE 

IM l = I-1 
JMt :J-1 
\JRITE(6,1010) IH1,JM1,(DN(K),K=1,6) 

25 CONTIUUE . 
DO 35 K=1 6 
D(K,J,1)=6~(K) 

35 CCtlTINUE 
C2J=C 1 J*Ct1-S t J*SM 
S2J=S1J*CM+C1J*SM 
CtJ=C2J 
S1J=S2J 

20 corn I rruE 
C2I=C1I*CN-S11*SN 
S2I=S1I*Ctt+C1 I *SN 
C1I=C2I 
Stl=S21 

10 CONTHlllE 
RETURN 

1000 FOR~1AT( lHI, 13HOISPLACEHEnTS//5X, 1HI ,4X, tHJ,4X, 10HX ROTATION,SX, 
* 10HY ROTATIOU,5X, lOlfZ ROTATICll,6X,81iX DISPLT ,7X,8HY OISPLT, 7X, 
* 8HZ DISPLT) 

1010 FOR~~T(IX,2IS,1P6E15. 5 ) 
mo 

G) 
I ,__. 

rv 



C 
C 
~ c 

SUBRCUT HJE ~MB6 ( NP 1 • t:P 1 • l)) . 

Tl-!I S ROUT I:lE CALCULATES THE r1ENBEJt ACTI!UIS FROH THE JOIIH 
0 I S?U.CE11Et1TS A:JO OIJTPtJTS THEM 

ca ... .:-:1;:1 IG..\ TJ\3 I S~ 12. 1 2 f .3 > 
QP~C: ;:S ICr! D( 5 , , 1,:~Pl J . 

01~1:: 1:S!Otl T{12,3),S(8,3) 
\R!TE(6,1000 ) 
00 10 1=1,f:?1 
DO 20 J =l, 1-!Pl 
00. 5 K=l,3 
00 5 M=l,1 2 
re~.~> =o.o 

5 C'.JTi irll.! E 
L= !+J 
IF( [L/2)*2.HE.L)GO TO 30 
IF (i .EQ.tl? 1) GO TO 40 
IF { (J .EQ. 1).0R.(J .EQ.HP1)) GO TO 43 
I F (I. EQ. C:,?1 - 1)) GO TO ~6 . 
D~ 41 N=l,12 _ 
'.::'J 42 M=t,6 
T ( tl, 1 ) =T (II, 1)-( SR (N.M, 1 ) *D (M.J • l) +SR( N,M+6 • 1 ) *D(M. J, I +2 )) 

42 cm:r r ·:uE 
41 co::i!r,u:: 

G8 TO 40 
43 COIHHiUE 

D: 44 !i=l, 12 
CO l,5 '1 =1 ,6 
7('.I, 1 )=i(t~, 1 ) -(SR (N,H, l)*D(M.J, I )+SR( N,M+6, 1 ) *D( M; J , 1+2) )/2.0 

~s cc::-:-1~,uc: 
44 C:'.:"iPlUE 

GO TO 40 
46 CONTI :lUE 

DO 47 t~=l, 12 
T(r,, 1 ) =T {IJ, i ) - {SR(N, 1 • 1)-SR(Nt 7, 1 )}*0 (1,J , I) 

* - ( SR (U,2, 1 )+SR(ll, 8, 1 )) *D (2, J, I) 
* - ~SP. (N, 3 , 1 )+S?.t!:, 9 , 1 ))*Dp,J, I ) 
J. -.SR (N,4, 1 )+ SRh, 10, l) )*0\4,J, 1) 

47 CO!ITI NUE 
GO TO 40 

- [SR~~,5,1)-SR(N,11,1))*0(5,J,I)_ 
- (SR\::, 6, l ) -ST{ (t~ • 1 2 • t) ) *O ( 6 , J, I) · 

40 ccr.rrnut 
IF(J.EQ.r1P1.0R.l.EQ.NP1)GO TO 50 
DO St ll =l • 12 
DO 52 H=1,6 
T(!I~ 2 ) =T(N,2)-(SR(U, P1,2 ) * O(M, J, I )+SR(H,H-+6, 2 ) *O (M, J• 1, 1+1)) 

52 CC'.lT!!!UE 
51 C~•IT ! ' i!JE 
5'J C':' lTI: !UE 

IF(J.EQ.rl?1.CR.I . EQ.1)G!J TO 60 

DO 61 N~t,12 
00 62 H=t ,6 
T(N,3):T{U,3 ) -(SR{N.M,3):0(11,J,l)+SR(N,H+6,3)*0(M,J+t,I-t)) 

62 CONTINUE 
61 CONTWUE 
60 CONTINUE 

00 70 K=l,3 
S(t ,K) ::;I (~K) 
S(2,K) =T{2,K ) 
S(3 ,K) =TO ;K~ 
S(l+,K) :T(t ,K) 
S(S,K) =T( 8 ,K) 
S(6,K) =T(9,K) 
S(7,K) =TCS,K ) 
S (8,K) =T(6 ,K) 

70 CONTINUE 
IM1 =1-1 
JHl=J-1 
WRIT E( 6, 10 10 ) IM1,JH1,((S(H,K),H=1,8),K=t, 3 ) 

30 CONTINUE 
20 CONTWUE 
10 CONTINUE 

RETUR f~ 
1000 FORMAT{ 1 H1 • 14HHEHBER ACTIOHS//SX, tHI ,l+X, t HJ ,l+X, t OHAXIAL LOAD, 7X, 

* 6HY BM 1,9X,6HZ BM · 1 .ax, 7HTORSIOf~, 9X,6HY BM 2,9X,6HZ BM 2 ,ax. 
* 7HY SHEAR, 8X,7HZ SHEAR) 

1010 FORflAT(/1X,215,tP8E15.S,2(/t1X,1P8E1 S.5 )) 
END 
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I 
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C 
C 
C 
C 

SUBROUTlt-:E BORY6(NP1,HP1.D) 

THIS RO:JTWE . CALCULATES THE JOWT RESIDUALS FROM THE JOI MT 
DI SPLACEt•rnTS ANO OUTPUTS THEM 

gt:l:~:il£~T~4/SS(t2, 12 13) 
~L ,::. ,Sb.I .,(6,M?l ,HPl J 
!JI ::E:,S I Oll S{ 6) 
\.IRITE:(6, 1000) 
DO tO !=1,tlPl 
DO 20 J:1,11P1 
DO 30 K=l ,6 
S(K) =1'.loO 

30 co,;n i{UE 
L=l+ I 
IF( (L/2)*2.m:.u GO TO 40 
IF ( I .EQ.:W1) GO TO 50 
IF ({J.EQ.1).0R.(J.EQ.t1Pt)) GO TO 55 
IF (I.EQ.(:/Pl-1)) GO TO 54 
:,c 5 1 K=l ,6 
CD 52 L=l,6 
S{ 1t;.} :S{'<)-( SS(K,L,l) =D(L,J,I)+SS (K,L+6,1)*0 (L,J,1+2)) 

52 cc:i,r::uE 
51 ra•·r·,,,,~ 

i;::"Tc '55 
54 Ctr.IT I !-IUE 

00 53 K=l ,6 
_s( K) =S(K)- , ss c~.1,t _)-SS~K,_ 7, 1))!0(1;J,I) 
- -lSS{K,2,l)+SS,K, 8,1))-0(2,J,I) 

53 f.~IT!NUE 
G-0 TO 50 

55 C~l!It:'JE 

- ~SS (~,1 .1>:ss ~K, 9,1)) 7.0 (3;J,!) 
-, SS(r,.;" , 1). SS,K , 10, 1 }) -0 (4,J, I) 
-(SS(K,5,1)-SS(K,11,1))~0(5;J,I) 
-(SS(K,6,1)-SS(K,12,1))~0(6,J,I) 

DO 55 ~ =1,6 
DO 57 L=l,6 
S(f} =S (K) - c~s(K;L,l) *O{L;J,I)+SS (K,L+6,1) *D(L;J,I+2))/2.0 

57 C~;Tj'.;UE 
56 C~T[I/UE 

G9 TD 50 
50 co:rrrnuE 

lF ((I.EQ.!IP1).0R.{J.EQ.M?1)) GO TO 60 
00 61 K=l ,6 
CO 62 l =l ,6 
S {K) =S (K)-(SS(K;L,2)!>0{L,J,l)+SS(K,L+6,2)*D(L,J+t,1+1)) 

52 CGHTil:!JE 
6 1 CD!:TJtlUE 
60 CDtlT!'f'JE 

IF {~I. EQ.l).OR.(J.EQ.HPl)) GO TO 70 
~::; 71 Y.=t .6 

00 72 L=1,6 
S(K):S(K)-(SS(K,L.3)*0(L,J,l)+SS(K,L+6,3)*0(L,J+1,1-1)) 

72 CONtlNUE 
71 CONTINUE 
10 corrr I m.tE 

IF (I.EQ.1) GO TO 80 
IF ((J.EQ.1).0R.(J.EQ.MPI)) GO TO 85 
IF (I.EQ.2) GO TO 84 
00 81 K=l ,6 
00 82 L=l,6 
S(K)=S(K)-(SS(K+6;L,1)*0(L,J,I-2)+SS(K+6,L+6,1)*0(L,J,t)) 

82 CONTINUE 
81 COtlTI tlUE 

GO TO 80 
84 CONTWUE 

00 83 K=1 ,6 
S (K) :S(K) -(-SS (K+6 , 1 • 1)+SS(K+6, 7, 1 ))-ZO(l ,J, I) 

* -( +SS(K+6,2 ,t)+SS(K+6,·B,1 ))*0(2,J,I) 
* -(+SS(K+6,3,1)+SS(K+6, 9,1 ))*0(3,J,I ) 
* -(+SS{K+6,4 ,1)+SS(K+6,I0,1 )) *D(4,J, I) 
* -(-SS(K+6;5,1)+SS(K+6,11,1))*D(5,J,I) 
* -(-SS(K+6;6,1)+SS(K+6,12,1))*0(6,J,I) 

83 CONTINUE . 
GD TO 80 

85 CONTWUE 
00 86 K=l,6 
DO 87 L=l,6 
S(K) =S(K)-(SS(K+6;L ,1)*0(L;J,I-2)+SS(K+6,L+6 ,1)*0 (L,J,1))/2.0 

87 CONtltlUE 
86 CONTitlUE 

GO TO CO 
80 CONTINUE 

IF ((I.EQ.1).0R.(J.EQ.I)) GO TO 90 
00 91 K=l,6 
DO 92 L=t,6 
S(K)=S(K)-(SS(K+6;L,2)*D(L,J-1,t-1)+SS(K+6,L+6,2)*0(L,J,I)) 

92 corn 1 tlUE 
91 CQlff I tlUE 
90 CONTitlUE 

IF ((I.EQ.tlPt)>OR.(J.EQ.t)) GO TO 100 
DO 101 K=l ,6 
DO 102 L::1 6 
S( K) =S(K)-{SS (K+6, L-, 3) *O ( L,J•t, I+l )+SS (K+6, L+6, 3 )*D( L, J, I)) 

102 CONTl!IUE 
101 CONTitlUE 
100 COHTIUUE 

1111=1-1 
JMl =J- 1 
\-IRITE(6,1010)IH1,JM1,(S(K),K=l,6) 

40 CONTINUE 
20 COtff I IIUE 
IO COiiTI NUE 

Ci) 
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APPENDIX H 

ANALOGOUS CONTINUUM METHOD 

The analogous continuum method as outlined in chapter 3 and used 

in chapter 7 to obtain numerical results is presented in more detail here. 

The assumptions made are that both the lattice and continuum are linear 

elastic, the stress resultants in the shell continuum are statically 

equivalent to the member actions in the lattice and .that specific defor

mations of the continuum and the lattice are the same . By this latter 

requirement on the deformations,it is intended that the displacements of 

the joints in the lattice are the same as the displacements at the corres

ponding position in the continuum. 

These assumptions lead to the continuum stress/ member action and 

continuum strain/member deformation relationships which can be combined 

with the member deformation/member action relationship to yield the con

tinuum stress/strain relationship. This stress/strain relationship is the 

constitutive relationship for the analogous continuum and can be used in 

a shell theory to obtain a solution. 

The derivation of the analogous continuum properties for the 

single layer rigid jointed lattice and the double layer pin jointed 

lattice will be described and they will be used in a shell theory to 

illus trate the numerical propedures. 

H.l CONTINUUM ANALOGY FOR A SINGLE LAYER LAT~I CE 

Although the method can be applied to more general ca es , the 

special case of a lattice layout consisting of equilateral triangles of 

identical members will be considered to demonstrato the method. Such 

a layout is s hown in figure H.l. In order to derive the constitutive 

relationship, a small flat portion of the structure is considered and 

curvature effect are introduced in the analysis of the continuum. 
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Fig. H.1 LATTICE LAYOUT 

Fig. H. 2 LATTICE MEMBER ACTIONS AND DISPLACEMENTS 
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For the lattice member, the actions and deformations shown in 

figure H. 2 are considered while for the continuum, the stress resultants 

and displacements shown in figure H.3 are considered. The shears and 

bending moments neglected in the lattice member co1.respond to the trans

verse shears and the moment about the normal axis which are usually 

neglected in the theory of thin shells. 

The analogy requires that the . lattice member actions are stati

cally equivalent to the continuum stresses. In order to derive the form 

of this relation, it is convenient to first consider a single member that 

is arbitrarily orientated, and cut by faces parallel to the x and y axes 

as shown in figures H.4a and H.4b. Consider the x face where, for 

equilibrium, the requirements are 

N JI, = +P cos0 -v sine 
X y 

N JI, ,.. +P sin8 +V cos0 xy y 
••• (H-1) 

M JI, C +M cos0 +T sine 
X y 

M JI, = +M sin8 -T case 
xy Y 

Here JI, is the repeating length measured in they direction and is the 
y 

distance between members, with similar properties and orientation, cros-

sing the x face. 

In a similar manner, for they face and repeating length JI, 
X 

measured along the x axis, the equilibrium requirements are 

N JI, m +P sin8 +V cos8 
y X 

N JI, a +P coa0 -V sin8 
yX X 

M ~ = +M sin0 -T cose 
y X 

M JI, C +M case +T sine 
yx X 

••• (H- 2) 

When the complete lattice is considered, all members crossing 

each face must be accounted for, and from the lattice shown in figure 
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Mx 

Nx~j 
Mxy N><y 

~yxkt' 
~ Ny 

Fig. H. 3 CONTINUUM ACTIONS AND DISPLACEMENTS 

!/ 
T: 

fi ~ . >-:v - I l_, 
I 

(a ) 'x'face 

(b ) 'y' face 

Fig. H. 4 MEMBER CROSSING - (a) 'x ' FACE , (b)'y' FACE 
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TABLE H.l Member s Crossing x and y Faces 

x face 

Repeating length: £ = v'3 L 
y 

Member No. 
Number of Members 

Crossing Face 

1 

2 

3 

2 

1 

1 

y face 

Repeating length: ~ = L 
X 

Member No. 
Number of Members 

crossing Face 

1 0 

2 1 

3 1 

H-5 

Angle 0 

00 

60° 

-60 
0 

Angle 0 

-
60° 

-60° 

H- 1, a small portion that represents the repeating module is selected 

and shown in figure H-5. From this, the members which cross each face 

and the orientation of the members is given in table H.l. This a llows 

the relations for static equivalence of the continuum stresse s and the 

lattice actions to be determined for this geometry. For the x f ace 

these are 

1 1 1 
2 1 1 

N ., - [0P1 + - P2 - P3 +13V1 + 213V2 + 213v3] xy L 2 2 
• •• (H-3 ) 

1 
2 1 1 

1 .!. T3] M .. - [fi M1 + U3 M2 + 213 M3 + OT1 + . - T~ -
X L 2 • 2 

1 1 1 
2 1 l 

M 1:1 - [OM1 + - M2 - M3 - fi T1 - U3T2 - 213 T3] x y L 2 2 



0 

Fig.HS REPEATING LATTICE MODULE 

\ 
\ 

Fig. H. 6 DEFORMATION UNDER STRAIN E:x 
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On a y face they are 

1 
[OP1 v'3 P2 v'3 1 - ½ V3] N = - + + -- P3 + OV1 + - V2 y L 2 2 2 

1 
[OP1 

1 1 /3 V2 
fi 

N = + - P2 - - P3 + OV 1 - - -t V3] yx L 2 2 2 

1 
[OM1 

13 . fi 1 1 . ] M oc: - + - M2 "' - M3 + OT 1 - - T2 + 2 T3 y L 2 2 2 
••• (H-4 ) 

1 
[OM1 

1 1 + OT1 l3 T2 + l3 T3] M = - + - M2 - M3 + 
yx L 2 2 2 · 2 

In relations H-3 and H-4, the subscripts 1, 2 and 3 refer to the orien

tation of the member in the lattice, as shown in figures H.l and H.5. 

The analogy requires that the gross deformations of the lattice 

and the continuum are the same. This can be achieved if the three linear 

deformations of the lattice joints are identical to the continuum dis

placements at the same points. 

To use this, the continuum strains E , E and y and the curva-
. X y XY 

tures X, X andX are applied one at a time and the continuum X y Xy 

deformations are determined. Because the lattice deformations at the 

joints are assumed to be identical to the continuum deformations at these 

points, the resulting lattice actions can be determined from the member 

deformation/action relationship. For convenience these two steps are 

combineq into a single operation and the member actions are obtained 

directly from the strain pattern. 

As an example consider the in-plane strain E • When this is 
. X 

applied , the member deformations are those shown in figure H.6 and the 

member actions are then determined as 

P1 "" + EA E V1 c:, 0 
X 

P2 - + 1, EA E V2 = - 3/f Eiz E ••• (H-5 ) 
4 X r7 X 

Ps "" + .!_ EA E V3 "" + 3/3 EI z E 
4 X i7 X 
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where E, A, I and L are the member elastic modulus, cross sectional z 

area, second moment of area about an axis normal to the surface and length 

respectively. For later reference it is noted that G, I and I are the 
y X 

shear modulus, second moment of area about an axis :n the surface and t he 

polar moment of inertia of the member. 

The expressions H- 5 are substituted into the relations H-3 and 

H-4 to give the continuum actions due to this one continuum strain 

component 

N = [l 13 EA + 313 EI2 ] e: 
X 4 L •L 3 X 

EA 
L 

N = N = M = M - M = M = 0 
xy yx x y xy yx 

••• (H- 6 ) 

Similarly applying the other strains and the curvatures one at a 

time results in expressions for the actions in terms o f each strain. 

These can be expressed in a matrix notation, and for the case considered, 

this takes the form 

N V 1 l V12 0 E 
X X 

N V 21 V 22 0 0 E y y 

N 0 0 V 33 yxy xy 
::c • • • (H-7 ) 

M V 1+4 V i+ s 0 xx X 

M . 0 V 54 V s s 0 xY y 

M 0 0 V s r, xxy xy 

where 

13 EA+ 3/3 EI z V 3 3 IC 

4 L L3 _ 

V 4 11 = V 5 5 = -3 /3~ - 13 91.x 
4 L 4 L 
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v'3 E¾, 13 21c V4 5 = V54 = - +-
4 L 4 L 

- 13 ~ 13 2-Ix V5 6 = 
4 L 2 L 

where the symbols are t he same as defined previously. It should be noted 

that the shears N and N are equal as are the twisting moments M and 
xy yx xy 

M yx 

The appropriate relationship f or a conventional isotropic shell 

material takes a similar matrix form but with the terms given by 

V1 l = 

V12 = 

V44 = 

V2 2 

V21 

V3 3 

V5 5 

E*h* = l-v 2 

E*h*V = l-v2 

E*h* = 2 (l+V) 

-E*h* 3 
= 12 (1-v 2) 

-E*h* 3V 
= 12 (1-v 2) 

-E*h* 3 

V5 5 = 12 ( 1+V) 

• •• (H-8) 

where E*, v and h* are the shell material elastic modulus, Poissons ratio 

and t hickness respectively. 

The form of the matrices in equations H-7 and H-8 are si~ilar. 

However if they are equated term by term it is not generally possible to 

determine uniquely the three continuum variables E*, v and h* from the 

four independent lattice variables EA/L, EI / L3 , EI / Land GI / L. Hence 
. Z y X 

in general the lattice does not have a conventi~na l isotropic shell 

material as an analogous continuum. This does not mean that the lattice 

does not have an analogous continuum, but only that it does not take the 

form of the conventional isotropic shell for which there are some analysJs 

solutions available. The analysis of a she:l with the more complex con

stitutive relationship in equation H- 7 is considered in section H.3 of 

this appendix. 
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As an example, the properties of the analogous continuum that 

correspond to the single layer lattice layout used in chapter 7 are 

determined. The properties are the same for all the structures as they 

depend only on the layout in the surface and not on the geometry of 

the surface. Using the details given in chapter 7, the constitutive 

relations H-7 can be evaluated to produce 

N 
X 

N 
y 

N xy 

M 
X 

M 
y 

M xy 

= 

16.45 X 10 6 

5.47 X 10 6 

0 

0 

5.47 x 10° 

16.45 X 10 6 

0 

0 

I 
I 
I 

0 5.49 X 10 6 _.J ---------r-- -
-10280. 

I 
I 
I 

-683. 

·o 

-683 .-

- 10280. 

0 

0 

0 

0 

-9600. 

E 
X 

••• (H-9) 

For this simple layout with realistic members, it is seen that 

the relationship does not correspond to that for a conventional isotropic 

shell material. In particular the apparent Poissons ratio for the in

plane components of 0.332 (ratio of 5.47 x 106 to 16.45 x 106 ) differs 

from that for the bending components of 0.066 (ratio of -683. to -10280.). 

It will also be noted that the magnitude of the bending components 

(e.g . -10280.) are very much smaller than those of the in-plane components 

(e.g. 16.45 x 10 6 ). This would indicate that the corresponding shell 

was "thin". 

H. 2 CONTINUUM ANALOGY FOR DOUBLE LAYER LA•.i.'TICE 

The layout of the members in the two layers and of the inter

connecting members is identical to that used in chapter 6 and is shown 

in figure H.7. 

For this lattice type, the procedure used to derive the. continuum 

properties is similar to that described in section H.1 for the s ingle 

layer structure. The actions and deformations of the continuum are 

identical to those considered in secti on H.1 (see figure H. 3). The 
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members of the double layer l att ice, however, are considered to be pin 

jointed and thus they only sustain axial loads. 

Following the detailed procedure described previously results 

in the constitutive relation for the double layer lattice being 

N 2 
EA 0 0 E: 

X L X 

N 0 
2EA 

0 0 € y L y 

N 0 0 ✓2 3 Etl xy 
.2 cos <P Yxy 

= ... (H-10) 1-D EA M 0 0 xx X 2 L 

M 0 0 
-DEA 

0 -- xY y 2 L 

M 0 0 0 Xxy xy 

where E, A are the member elastic modulus and cross sectional area and 

L, D and¢ are defined in the figure H.7. The angle¢ is obtained from 

v'2D 
tan <P = 

L 

As discussed in section H.l, the form of this constitutive 

relation differs from that for a conventional isotropic shell material 

and thus will lead to the same problems. 

As an example, the double layer lattice used in chapter 7 has 

an analogous continuum with the constitutive relations 

N 25 .32 X 10 6 0 0 e: 
X X 

N 0 25.32 X 10 6 0 0 £ y y 

N 0 0 3.97 X lQfi 
yxy xy -- - - _J 

• . . 01-11 .. r -- - -
M 6.33 X 10 6 0 0 xx X 

M 0 0 6.33 X 10 6 0 xY y 

M 0 0 0 xxy xy 

For this double layer structure, the magnitude of the bending components 

(e. g. 6.33 X 10 6 ) is similar to the magnitude of the in- plane components 

(e.g. 25.32 X 10 3 ) . This would indicat l..! that in the analogous shell, 



bend:l.ng w.ill be a significant mode of roRiRtance 11 11d lhus the shell 

would be considered "thick". 

H.3 ANALYSIS OF THE CONTINUUM SHELL 

I-I-13 

An analysis of a continuum shell with cons ti tuti ve relations 

similar to that given in equations H-9 and H-11 ~ould not be located in 

the literature. For the specific case of a t hin shell on a shallow 

second order surface, and with the constitutive relations needed, the 

analysis was formulated and a solution obtained. This is presented in 

this section. 

For the shell element shown in figure H.8 the equilibrium . 

equations are [1] 

= 0 

= 0 

c3Qa oQB Na NS 
::c 0 --+ -- + -+-+ Py a a as Rc:t Re 

••• (H-12 ) 
c3M c3M6a Ct . 

Qa 0 ad + ar- = 

dMB c3Ma@ 
0 as+ a a - Qs = 

N -Sa Na6 •(::a -MSa) 
RB 

= 0 

where a,S are the curvilinear coordinates on the middle surface and y is 

the direction orthogonal to c:t,6 . (Na, N6), (Nc:tB'NSc:t), (Mcx'MS), (MaB'MBc:t) 

and (Qa,QB ) are respectively the norma l forces, the normal shears , the 

bending moments, the twisting moments and the tran~verse s hears per unit 

length. (pa,PS ,py) are the load components per unit area para lle l to the 

(a,S,y) axes and (Ra,RB) are the radii of cu~vature of the surface in the 
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+ 

(a) Geometry, Co-ordinates and Displacements 

(c) Moments 

( b) Force System 

Fig. H.8 CONTINUUM SHELL 
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(a,B) directions. The surface twist 1/R~B is zero for this choice of 

surface and axes. 

Experience has shown that the terms in brackets in equation H-12 

are insignificant and for convenience they are neglected . 

To use the analysis for the continuum considered in sections 

H.l and H.2, the constitutive relations for the shell are chosen in the 

general form 

Na a1 I a1 2 0 £ 
Cl, 

NB a21 a22 0 0 i::B 

NaB 0 0 a3 3 \ xs 
== ... (H-13 ) 

Ma b1 I b1 2 0 Xa, 

MB 0 b21 b22 0 XB 

MaB 0 0 b33 \xs 

The strain/ displacement or compatibility relations for t his . shallow 

surface and axes are 

au 
W/ R £ aa -a Cl, 

av 
W/ RB i::B as -

av au 
Ya6 -+ as aa 

== ... (H- 14 ) 
a2w 

Xa aa2 

a 2 w 
XB as 2 

a 2 w . 
\xB aaas 

where (u,v,w) are the displacements of the middle surface in the (a,B,y ) 

directions. 

The const itutive relations, H-13, and the compatibility relations, 

H-14, are substituted into the equilibrium equations H- 12 to produce 

d 2 U d 2 U d 2 V ( a I l a p ) aw 
a 11~aa2 + a 3 3a]T + (a12+a3 3) aaas - R(Y + RB aa + Pa 0 



H-16 

cl 2u cl 2v a2v ( a2 1 a22 ) dW 
(a21+a33 ) aaas+ a22 as2 + a33aa.2 - Ra + RS as+ PS = 0 ••. (H-15 ) 

( al l 
• 21 ) au ( ai 2 • 22 ) av ( "" 

a12+a2 1 a2 2 ) -- + -- -- + -- +-- -- -- + + - 2- w 
Ra RS cla. Ra RS cl S R~ R RS RB Cl. 

3 4w 
(b12+b21+2b33 ) 

cl 4 w 84 w 
0 + b1 lF + aa 2 a 82 + b2 2cl$'> + Py = a. . 

as the governing partial differential equations for the deformations 

u, v and w of the shell. 

When the shell is bounded by gable supports on a rectangle, a 

suitable form for the displacements u, v and w is the double trigonometric 

series 

i TTCI. . ' 7r/3 
u aij cos -- sin~ 

a b 
00 00 

E E b .. 
iTTCI. j7rf3 

V = sin -- cos 
i =o j=o 1) a b 

sin iTTCI. jTTS w C , . -- sin 
1) a b 

The loads pa., pB and Py are also expanded into a similar double series 

viz. 

i TT CI. sin jTT/3 
Pa r .. cos 

l.J a b 
00 00 

E E i7rCI. j1rf3 
PB = s . . sin -- cos 

i=o j=o 1) a b 

t .. i i7ra sin jTT/3 
Py s n --

1) a b 

where the series coefficients r . . , s . . and t 1J. are obtained by the usual 
1) . 1) 

procedures. In passing it is noted that for the special case of a 

uniform normal load Pa= Pa a O and Py= p, a constant, the coefficients 

become r ij • si j "" 0 and tij = 16p/ ij'Tr 2 • 

The expansions given above for the displacements and for the 

loads are substituted into the governing partial differential equation 

H-15 to produce the equations 



I-i-17 

V1 I V12 V1 3 a,. rij l.J 

V21 V22 V23 b .. + S,, = 0 
l.J l.J 

••• (H-16 ) 

V3 l V3 2 V3 3 C,, t, ' 
l.J 1. J 

for i = O, 1, 2, • • • and j = O, 1, 2, • • • 

where 

= -

i'TT ''TT 
V12 = V21 =.,. (a12 + 833 ) (7) (?) 

V 3 I = + !.il. + ,!u_) ( i 'TT) 
Ra RS a 

·-17r 2 i'TT 2 
a2 2 <"t;") - a 3 3 (a ) = ·-

(~ + ~) ,~ , 
Ra RS b 

iTT 4 i'TT 2 ;'TT 2 ;7r 4 
V33 = b11 (7) + 2(b12+ b33) <-;-> (b) + b22(b) 

_ (~+~+a22) 
R2 R R R~ a a 6 µ 

These equations (H-16) can be solved for the displacement series 

coefficients and hence the displacements can be determined. Once the 

displacement functions are known, the strains, curvatures and actions 

can be determined to complete the solution. 

Numerical solutions using this method were obtained and are 

presented as part of the results in chapter 7 on figures 7.4 to 7.13. 
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