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ABSTRACT 

This paper analyses the local behaviour of 
the quadratic function approximation to a function 
which has a given power series expansion about the 
origin. 

It is shown that the quadratic Hermite-Pade 
form always defines a quadratic function and that 
this function is analytic in a neighbourhood of the 
origin. This result holds even if the origin is a 
critical point of the function (i.e. the discriminant 
has a zero at the origin). If the discriminant has 
multiple zeros the order of the approximation will be 
degraded but only to a limited extent. 



1. Introduction 

This paper is concerned with the properties of the quadratic Hermite-Pade approxi­

mation. This approximation may be defined as follows (see for example Della Dora [3] 

or Baker & Lubinsky [2]). 

Let f(x) be a function, analytic in some neighbourhood of the origin, whose power 

series expansion about the origin is known. Let Ao, Ai, A2 E z+ and ao( x), a 1 ( x), a2 ( x) 

be polynomials in x with deg(ai(x))::; Ai,i E {O, 1,2}, such that 

a2(x)f(x)2+a1(x)f(x)+ao(x)=O(xAo+Ai+A2+2). (1) 

Note that such ai( x ), not all zero, must exist since (1) represents a homogeneous system 

of Ao + A1 + A2 + 2 linear equations in the Ao + A1 + A2 + 3 unknown coefficients 

of the ai( x ). Then set 

a2(x)y(x)2 + ai(x)y(x) + ao(x) = 0 

and attempt to solve this equation for y( x) in such a way that y( x) approximates f ( x ). 

In the well-known case of Pade approximation (Baker [l]) the same procedure is 

followed for a1(x)f(x) + ao(x) = O(xA1 +A0 +2) which gives y(x) = -ao(x)/a1(x). If 

a1 (0) i- 0 (not a serious restriction) it then follows that y(x) = f(x) + O(xAo+Ai+l ). 

However, in the quadratic case it is not obvious that a2 ( x )y( x )2 + a1 ( x )y( x) + a0 ( x) = 0 

yields even an analytic approximation to f ( x ), still less that it defines a function y( x) 

such that y(x) = f(x) + O(xA0 +Ai+A2+2). The purpose of this paper is to show that 

an analogue of the Pade result is in fact true. 

2. Notation 

It will be assumed that 
2 

2:.,ai(x)f(x)i = O(xN+2) 
i=O 

where N ;:::: I: Aj and that I: laj(O)I =/= 0. Note that if xr is a common factor of the 
j j 

aj(x),j E {0,1,2} (r maximal) then 
2 

"aj(x) f(x)i = O(xN+2-r) 
L..; xr 
j=O 
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so that this second assumption is not a serious restriction. 

The following notation will be used: 

2 
(i) An approximation derived from I: aj(x)f(x)i = O(xN+2) will be referred to as a 

j=O 
(A2,A1,Ao) (quadratic) approximation to f(x). 

(ii) By ~ we mean the principal square root of D( x ). 

(iii) Let D(x) = ai(x)2 - 4a2(x)a0(x). If L:aj(x)y(x)i = 0 then 
j 

y(x) = -a1(x) ± ~ and 
2a2(x) 

±~ = 2a2(x)y(x) + ai(x) = : (L aj(x)y(x)i). 
y . 

J 

3. The Principal Results: 

The problem divides itself into two cases, the case D(O) =/= O and the case D(O) = O. 

3.1 The case D( 0) =!= 0. 

Theorem 1. If D( 0) =I= 0 then there exists a unique function y( x ), analytic in a 

neighbourhood of the origin, satisfying L:aj(x)y(x)i = 0 and y(O) = f(O). 
j 

Proof. The existence of a function y( x ), analytic about the origin, satisfying 

I: aj ( x )y( x )i = 0 follows from standard algebraic function theory (see for example 
j 

Hille [4], Theorem 12.2.1). However in this special case it is easier to argue as follows. 

Suppose a2(0) =/= 0. The two possible expressions for y( x) in a neighbourhood of 

the origin are given by 

y(x) -

or 

y (x) 

-a1(x)-~ 
2a2 (x) 

-a1(x)+~ 
2a2(x) 

3 



Since D(O) =f. 0 these are both analytic in a neighbourhood of the origin. Exactly one 

of them satisfies y(O) = f(O) because a2(0)f(0)2 + ai(O)f(O) + ao(O) = 0 

!( ) 
_ -a1(0) ± v1J5(0) 

=? O - 2a2(0) · 

Suppose a2(0) = 0. Then a1(0) =f. 0 (again since D(O) =f. O). Near the origin the two 

possible expressions for y( x) can ·be written as : 

or 

1 - -4a_2-'-(--'x )_a_o-'-( x-'-) -a1 (x) + ai (x) 
ai(x)2 

y ( x) = -----2-a2'--(-x-) ----

4a2 ( x) ao ( x) 
-a1 (x) - ai (x) 1- ----'---'-..;.......;... 

ai (x) 2 

y ( x) = -----2-a2-'-(-x-) ----

(2) 

(3) 

The right hand side of (3) is unbounded as x --t 0 so we can exclude this possibility, 

Since a2(0) = 0, close to the origin we can apply the binomial theorem to get the · 

convergent power series (analytic in a neighbourhood of the origin) expression for y( x) : 

y(x)= (-a1(x)+a1(x) (i+ ~µi ( 4
a2 (x)ao2(x))i)) /2a2 (x) 

i=l ai (x) 

_ ~ . (4a2(x)ao(x))i-
1

2ao(x) 
- L..t µi 2 ( ) • 

i=l ai ( x) ai x 

Noting that µi = -~ it follows that 

y(x) = 

ao(x) 
- ai(x) x=O 

is the only function, analytic in a neighbourhood of the origin, satisfying 

2;:a1(x)y(x)l=O with y(O)=f(O). 
J 
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Theorem 2. If D(O) f. 0 then there exists a unique function y(x ), analytic in a 

neighbourhood of the origin, satisfying L, aj( x )y( x )i = 0 such that 
J 

y(x) = f(x) + O(xN+2
). 

Proof. Note that 

i E {O, ... , N + 1} . 

The case i = 0 gives y(O) = f(O) in Theorem 1. For i = 1 

[:y (Lai(x)y(x)j) ~~ + (L :x (aj(x))y(x)j)] 10 =a 

[ :f ( L aj ( x) f ( x )j) ! + ( L d~ ( aj ( x)) f ( x )j) ] 1 o = 0 . 

Differentiating again ( i = 2) gives 

In a general, more compact form we have 

iE{l, ... ,N+l} 

where, 

5 
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dzj Jiy d (a ) - + -. - ay ~ aj ( x) y (xi , dx dx 1 dx , L..t 

(5) 

Now, taking the unique y( x) from Theorem 1 it is seen that since 

±./D(O) = :y(Lai(x)y(x)i)lo # 0, equation (5) with i = 1 gives :~lo= ~~lo, 
which with i = 2 gives d

2 

{lo = d
2

~ lo . It follows that · 
dx dx 

dif diy 
-·lo =-·lo i E {O, ... , N + 1} 
dx 1 dx 1 

i.e. y(x) = f(x) + O(xN+2) • 

D 

3.2 The case D(O) = 0 

We now investigate the case D(O) = 0. This implies that a2(0) '/:- 0 (since if 

D(O) = ai(0)2 - 4a2(0)ao(O) = 0 and a2(0) = 0 then ai(O) = 0, which with 

a2(0)f(0) 2 + ai(O)f(O) + ao(O) = 0 gives a0(0) = 0. This contradicts the assumption 

that 2;:: laj(O)I # 0). 
J 

Bearing in mind that y( x) = -ai ( x) ~ f<Xl and ~ is not now analytic at 
2a2 a; 

the origin this case does not seem well-behaved, but such is not the case. Certainly if 

D(x) has a root of odd multiplicity at the origin then any y(x) satisfying l;::ai(x)y(x)i 
J 

is not analytic at the origin since 

. dr+l .Jxg(x) r 
hm -d +i ( ) x It--+ oo (g (o) i- o) . t-.o xr a x 

d2 3 
[Take for example xy!X. Then - 2 (xvx) = r: . This generalises easily (using the 

dx 4yx 
Leibnitz rule) to the above]. However, this case never occurs in practice. 
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Firstly, it is necessary to treat two special cases: 

(i) Suppose ao(x):=O. 

Then 

a2 (x) f (x)2 + ai (x) f (x) = 0 ( xN+2) 

=? ( a2 ( x) f ( x) + ai ( x)) f ( x) = 0 ( xN +2
) 

so that 

Choosing 

-
a1 (x) ( R) 

=f(x)+.Ox} a2 (x) 
0 = f (x) + 0 (x8 ) 

{ 

y (x) 

y(x) -

ai(x) 
---

a2(x) 
0 

gives y( x) such that 

where R + S = N + 2 . 

if R > S 

otherwise 

l:ai(x)y(x)i = 0 
I 

and y(x) = f(x) + O(xmax{R,S}). 
N 

(Clearly max{R, S} ~ 2 + 1). 

(ii) Suppose D( x) = 0 . Then 

az (x) f (x) 2 + ai (x) f (x) + ao (x) = 0 (xN+2
) 

=? (2a2 (x) f (x) + ai (x)) 2 = 4a2 (x) 0 (xN+2) = 0 ( xN+z) 

=?y ( x) = - 2a:
2 
([J) = f ( x) + 0 ~ xT) , T = min { t EN : t ~ ~ + 1} 

and ~ai(x)y(x)i = 0. 
i 

It will be assumed for the remainder of this section that neither D( x) = 0 nor 

ao(x) = 0. 

Theorem 3. Let Ci = deg( ai ( x) ). Then D( x) never has a root of multiplicity greater 

than I:: Ci at the origin. 
I 
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Proof. Let 2.:::Ci = lvl and suppose D(x) = xM+lPr(x), Pr(x) a polynomial of 
I 

degree r . Since a2 ( x), ao ( x) ¢ 0 then 

(6) 

where q8 ( x) is a (nonzero) polynomial of degree s . We must have lvl + 1 +r = 2C1 (since 

C2 +Cos; lvl < lvl + 1) so that qs(x) = 4ao(x)a2(x). Also s + C1 =Co+ C2 + C1 < 
JV!+ 1 = 2C1 - r ::::?- s + r < C1 . 

Differentiating ( 6) 

where 

2a1(x)ai(x) = xM ((lvl + l)pr(x) + xp~(x)) + q~(x) 

::::?- 2xa1 ( x) ai ( x) = xM +l ( ( M + 1) Pr ( x) + xp~ ( x)) + xq~ ( x) 

= xM+lPr (x) + Cis (x) 

Pr ( X) = ( M + 1) Pr ( x) + xp~ ( X) 

Cis(x) = xq~(x) 

(degree r) 

(degrees) . 

From (6) and (7) (eliminating the term in xM+l) 

qs (x) Pr (x) 
ai (x) (Pr (x) ai (x) - 2pr (x) xa~ (x)) = 

Cis ( X) Pr ( X) 

(7) 

(8) 

The left-hand side of (8) has degree ~ C1, while the right-hand side has degree s; 

s + r < C1 . It follows that 

Pr (x) ai (x) - 2pr (x) xai (x) = 0 = qs (x)pr (x) - Pr (x) Cis (x). 

Hence 

and integrating gives 

Pr (x) 
2xpr(x) 

Cis (x) 
2xq8 (x) 

q~ (x) 
2q8 ( X) 

, k ER. 

But deg~= s/2 < C1 so the result is proved by contradiction. 

Theorem 4. D( x) never has a root of odd multiplicity at the origin. 

8 
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Proof. Suppose D(x) = x28+1g(x),g(O) =f. 0. By Theorem 3 it can be assumed 

that 2s + 1 < N + 1 . Then 

d2s+l 
dx2s+l D (x) lo =/:- 0 
di 

-.D(x)lo=O iE{0, ... ,2s}. 
dx 1 

• 

Let G(x) = (2a2(x)f(x) + ai(x)). 

Then 

a2 ( x) f ( x )2 + ai ( x) f ( x) + ao ( x) = 0 (xN +2
) 

==>G (x) 2 - D (x) = 4a2 (x) 0 (xN+2) = 0 (xN+2) . 

From (10) and (11) 

di 
-. G(x)2 lo = 0 
dx 1 

i E {O, ... , 2s} 

i (i) dJ di-j 
==>"""' . -d .G(x)-d .. G(x)lo=O ~ J xJ x 1-J 

j=O 

i E {O, ... , 2s} 

di 
==> -d . G ( x) lo = 0 x' 

i E {O, ... ,s}. 

[Expanding the first few equations: 

G(x)2 lo = 0 ==> G(x) lo = 0 

d~ G ( x) 2 I 0 = 0 ==> [ G ( x) G' ( x) + G' ( x) G ( x)] I 0 = 0 

d2 2 
dx 2G(x) lo - 0==> [c(x)G"(x)'+2G'(x) 2+G"(x)G(x)] lo= 0 

==> G' ( x) = O ] 

d2s+l 
2 

==> dx2s+I G(x) lo = 0 
d2s+l 

==> dx2s+I D (x) lo = 0. 

Hence the result is shown by contradiction. 
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(11) 
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Theorem 5. If D(x) = x28g(x),g(O)-# 0,2s < N + 1 then either 

-a1(x)+x8~ 
y(x) = 2a2(x) 

or 

y(x) -
-a1 (x)-x8~ 

2a2 (x) 

satisfies 

~aj(x)y(x)i = 0 and y(x) = f(x) + O(xN+2-s). 

Proof. Let h( x) = x8 ~· 

Then G(x)2 - h(x)2 = O(xN+2) 

i 2 di 2 
-d .G(x) lo= -d .h(x) lo, xi xi 

iE{O, ... ,N+l}. 

J 2 i 2 . 
Also -. G(x) lo= 0 = -. h(x) lo i E {0, ... ,2s -1} 

dx 1 dx' 

di d 
so -. G( x) I 0 = 0 = -. h( x) I 0 i E { 0' ... ' s - 1} 

dx 1 dx 1 

(using ideas in the proof of Theorem 4). 

But 
d2s d2s 

- 2 G(x)2lo = - 2 h(x)2lo -# 0 
dx 8 dx 8 

( 
ds )2 ( d )2 

=} dxs G ( x) lo = dxs h ( x) lo =J 0. 

ds ds 
Now choose t(x) = h(x) or t(x) = -h(x) so that dxs G(x)lo = dxs t(x)lo . 

Then equation (13) with i = 2r + 1 gives. 
d2s+l d2s+l 

dx2s+l G ( x) lo = dx2s+l lo 

=* (d~s G(x) dd:::1 G(x)) lo= (d~s t(x) d~::l t(x)) lo· 

(13) 

We progress in this way up to i = N + 1 (Note that if 2s = N + 1 this procedure is 

not required). 
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It follows that 

di di 
-d .G(x)lo -d .t(x)lo, iE{O, ... ,N+l-s} 

xi xi 

i.e. 2a2(x)f(x) + al(x) = t(x) + O(xN+2-s). 

Since a2(0) -f= 0, defining 

y(x) = _ al(x)-t(x) 
2a2(x) 

gives y(x) = J(x) + O(xN+2-s). 

4. Illustrative Examples 

D 

This paper is an attempt to answer many of the practical questions which arise 

when one actually tries to compute the quadratic approximation to some function. The 

seemingly exceptional cases covered by the previous theorems do frequently occur as is 

shown below. 

Example 1. Let f(x) = log(l + x). 

Then xf(x)2 + (-6x - 12)f(x) + 12x = O(x5). 

Also 

6x + 12 - V(6x + 12)2 
- 48x2 

y (x) = 2x 

x 2 x 3 x4 29x5 

= x - 2 + 3 - 4 + 144 + ... 

i.e. y(x) = f(x) + O(x5) (cf. the case a 2(0) = 0 in the proof of Theorem 1). 

Example 2. Let f(x) = log(l + x). 

Then (x2 - 6x - 6)f(x)2 + (-9x 2 - l8x)f(x) + 24x2 = O(x 8). 

Note that D(x) = -15x4 + 900x3 + 900x2 • 

Also 

( ) 
9x2 + l8x - xJ-l5x2 + 900x + 900 

y x = 
2 (x 2 - 6x - 6) 

x2 x3 x4 x5 x6 1543x7 

= x - 2 + 3 - 4 + 5 - 6 + 10800 + ... 

11 



i.e. y( x) = f( x) + 0( x 7) as predicted by Theorem 5. 

x 6 x7 x 8 5x9 7x10 2lx 11 33x12 
Example3. Let f(x) = 2x 5+---+---+----+--+0(x13) 

2 8 16 128 256 1024 2048 . 

Then J(x)2 - 2x5 f(x) - x11 = O(x18). 

Note that D(x) = 4x11 + 4x1o . 

Also 

x6 x7 xB 5x9 7xlO 
= 2x

5 
+ 2 - S + 16 - 128 + 256 

21x11 33x12 429x13 

- 1024 + 2048 - 32768 + ... 

i.e. y(x) = f(x) + O(x13) as predicted by Theorem 5. 

5. Conclusion 

These results show that given 
2 

a2(x)f(x)2 + ai(x)J(x) + ao(x) = O(xN+2) , I: lai(O)I -=f. 0 then we can always find 
i=O 

2 
y(x) such that I: ai(x)y(x)i = 0 and y(x) = f(x) + O(xK) where K is, at worst 

i=O 
~ + 1 . It is hoped that this work will be useful in attempting to extend convergence 

results such as that given by Baker and Lubinsky [2] to the so-called "non-normal" case 

in quadratic approximation. 

Acknowledgement 

The authors wish to thank Prof. R.P. Kerr for the proof of Theorem 3. 

12 



References 

1. G.A. Baker, (1975) : Essentials of Pade Approximants. New York: Academic 

Press. 

2. G.A. Baker, D.S. Lubinsky (1987) : Convergence theorems for rows of differential 

and algebraic Hermite-Pade approximations. J. Comput. Appl. Math., 18 : 29-52. 

3. J. Della Dora, C. di Crescenzo (1984) : Approximants de Pade-Hermite. 

Numer. Math., 43 : 23-57. 

4. E. Hille (1962) : Analytic Function Theory, vol II. Boston : Ginn and Company. 

13 



 
 
    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -2.91, 821.55 Width 622.71 Height 21.34 points
     Mask co-ordinates: Horizontal, vertical offset 548.02, -0.00 Width 53.35 Height 827.37 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     -2.9099 821.5509 622.7113 21.339 548.0247 -0.0012 53.3475 827.3718 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     0
     14
     0
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 2 to page 2
     Mask co-ordinates: Left bottom (-21.69 19.40) Right top (49.12 841.92) points
      

        
     0
     -21.6915 19.3991 49.1152 841.9211 
            
                
         2
         SubDoc
         2
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     14
     1
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 2 to page 2
     Mask co-ordinates: Left bottom (-21.69 -0.97) Right top (597.14 23.28) points
      

        
     0
     -21.6915 -0.97 597.1399 23.2789 
            
                
         2
         SubDoc
         2
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     14
     1
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 1 to page 1
     Mask co-ordinates: Left bottom (63.66 522.81) Right top (64.63 522.81) points
      

        
     0
     63.6645 522.8059 64.6345 522.8059 
            
                
         1
         SubDoc
         1
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     14
     0
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: all pages
     Mask co-ordinates: Horizontal, vertical offset -2.91, 821.55 Width 619.80 Height 23.28 points
     Mask co-ordinates: Horizontal, vertical offset 546.08, -2.91 Width 86.33 Height 829.31 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         AllDoc
         10
              

       CurrentAVDoc
          

     -2.9099 821.5509 619.8014 23.2789 546.0848 -2.9111 86.326 829.3118 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     14
     13
     14
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -4.85, 573.24 Width 622.71 Height 269.65 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     -4.8498 573.2424 622.7113 269.6476 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     0
     14
     0
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 0.00, 731.35 Width 599.43 Height 109.60 points
     Mask co-ordinates: Horizontal, vertical offset 382.16, 673.15 Width 228.91 Height 61.11 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     0 731.3451 599.4324 109.6049 382.1624 673.1478 228.9095 61.1072 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     14
     2
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 326.87, 747.83 Width 318.15 Height 92.15 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     326.8749 747.8343 318.1453 92.1458 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     3
     14
     3
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 98.94, 726.50 Width 540.27 Height 109.60 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     98.9354 726.4953 540.2651 109.6049 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     4
     14
     4
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 355.97, 684.79 Width 241.52 Height 135.79 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     355.9736 684.7872 241.5189 135.7937 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     5
     14
     5
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 39.77, 724.56 Width 582.94 Height 112.51 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     39.7682 724.5554 582.9431 112.5148 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     6
     14
     6
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 101.85, 704.19 Width 5.82 Height 5.82 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     101.8453 704.1863 5.8197 5.8197 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     6
     14
     6
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 8 to page 8
     Mask co-ordinates: Left bottom (164.54 69.84) Right top (220.80 119.30) points
      

        
     0
     164.5399 69.8368 220.7973 119.3045 
            
                
         8
         SubDoc
         8
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     7
     14
     7
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 8 to page 8
     Mask co-ordinates: Left bottom (298.39 7.76) Right top (358.53 62.08) points
      

        
     0
     298.3937 7.7596 358.5309 62.0771 
            
                
         8
         SubDoc
         8
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     7
     14
     7
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: From page 7 to page 7
     Mask co-ordinates: Left bottom (39.42 269.65) Right top (40.39 271.59) points
      

        
     0
     39.4156 269.6476 40.3856 271.5875 
            
                
         7
         SubDoc
         7
              

       CurrentAVDoc
          

      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     7
     14
     6
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -1.94, 699.34 Width 57.23 Height 142.58 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     -1.9399 699.3366 57.2274 142.5834 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     8
     14
     8
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 47.53, 724.56 Width 244.43 Height 114.45 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     47.5278 724.5554 244.4287 114.4547 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     9
     14
     9
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 391.86, 712.92 Width 128.03 Height 109.60 points
     Mask co-ordinates: Horizontal, vertical offset 443.27, 688.67 Width 24.25 Height 35.89 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     391.8619 712.9159 128.0341 109.6049 443.2696 688.6671 24.2489 35.8883 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     10
     14
     10
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 283.23, 242.49 Width 28.13 Height 27.16 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     283.2269 242.4876 28.1287 27.1588 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     14
     11
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 47.53, 724.56 Width 44.62 Height 55.29 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     47.5278 724.5554 44.6179 55.2875 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     14
     11
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 354.03, 571.30 Width 58.20 Height 42.68 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     354.0337 571.3025 58.1973 42.678 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     14
     11
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 248.31, 607.19 Width 8.73 Height 10.67 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     248.3085 607.1908 8.7296 10.6695 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     14
     11
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 281.29, 742.98 Width 325.90 Height 90.21 points
     Mask co-ordinates: Horizontal, vertical offset 319.12, 701.28 Width 18.43 Height 12.61 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     281.287 742.9845 325.905 90.2058 319.1153 701.2765 18.4291 12.6094 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     13
     14
     13
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 219.21, 607.19 Width 24.25 Height 18.43 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     219.2099 607.1908 24.2489 18.4292 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     4
     14
     4
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 227.94, 605.25 Width 9.70 Height 11.64 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     227.9395 605.2509 9.6996 11.6395 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     6
     14
     6
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 248.31, 607.19 Width 18.43 Height 13.58 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     248.3085 607.1908 18.4292 13.5794 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     9
     14
     9
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 285.17, 241.52 Width 48.50 Height 46.56 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         1
         CurrentPage
         10
              

       CurrentAVDoc
          

     285.1668 241.5177 48.4978 46.5578 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     12
     13
     12
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move up by 56.69 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Up
     56.6929
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     0
     13
     0
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move right by 14.17 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Right
     14.1732
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     13
     1
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move right by 14.17 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Right
     14.1732
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     13
     2
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move right by 2.83 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Right
     2.8346
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     13
     2
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move right by 17.01 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Right
     17.0079
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     4
     13
     4
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move right by 17.01 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Right
     17.0079
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     6
     13
     6
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move right by 17.01 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Right
     17.0079
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     8
     13
     8
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move right by 28.35 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Right
     28.3465
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     10
     13
     10
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move down by 28.35 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
     Fixed
     Down
     28.3465
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     12
     13
     12
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: current page
     Trim: none
     Shift: move down by 14.17 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1284
     316
    
     Fixed
     Down
     14.1732
     0.0000
            
                
         Both
         6
         CurrentPage
         28
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     12
     13
     12
     1
      

   1
  

 HistoryList_V1
 qi2base



