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Abstract 

Supplemental energy dissipation devices are increasingly used to protect structures, limiting 

loads transferred to structures and absorbing significant response energy without sacrificial 

structural damage. HF2V, or high force to volume, devices are a successful form of relatively 

low-cost, robust supplemental dissipation devices. The displacement of the HF2V device 

bulged shaft plastically deforms a working material, dissipating significant energy.   

HF2V devices are metallic extrusion dampers, currently designed using limited precision 

models, so there is variability in force prediction, which makes design difficult and time 

consuming. Furthermore, while a device force is predicted, the knowledge of the exact internal 

mechanisms occuring within these devices is lacking, limiting insight and predictive accuracy 

in device design. As a result, there is a need for significant analysis to develop and improve 

means of designing HF2V devices to deliver specific design required dissipation forces. 

This thesis develops a first precision HF2V design model based on the sum of friction and 

extrusion forces modelled as a function of device dimensions. Specifically, the Area Ratio 

(AR), shaft Surface Area (SA), and Bulge Area (AB). Multiplicative coefficients for these 

terms in 14 linear and linear-quadratic models are calculated using regression analysis on data 

from 18 experimental devices with and without bulges. Pearson correlation coefficient values 

(R2) summarise model completeness and the error between experimental and model predicted 

force. Leave k=3 out validation for random and specific groups of devices assesses model 

robustness to the device data used to identify the model. The overall results provide a simple, 

generalisable model capturing all relevant mechanics for precise design of HF2V devices to a 

specific quasi-static force capacity, as well as a good starting point for more specific and 

detailed mechanics models. 
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Upper bound and lower bound analytical models are then derived by matching the HF2V 

device geometric parameters to direct and indirect extrusion design parameters from the metal 

forming industry. Six design based analytical models provide maximum and minimum loads 

produced in HF2V devices based on plasticity theorem, and results are compared to 

experimental device forces. The models exhibit an operational range for the devices within 

which the HF2V devices operate during plastic deformation. All the experimental device forces 

lie under the direct extrusion upper bound values and above the lower bound values. The 

indirect extrusion model forces broadly match the experimental HF2V device forces. A further 

method to achieve approximate HF2V device forces from these analytical boundary equations 

is developed using combinations of UB and LB force models. Device parameters directly 

influencing damper forces are identified through analysis, which is valuable for future HF2V 

design selection, and provide an accurate, and more complex analytical modelling approach 

from this thesis, as well as boundary limits useful in design. 

Finally, a generic finite element model is developed using ABAQUS, to better understand force 

generation and aid in precision device design, thus speeding up the overall design and 

implementation process for uptake and use. The model is applied to experimental HF2V 

devices of various sizes. The highly nonlinear, large-deflection analysis is run using 

ABAQUS/Explicit with automatic increments to balance higher accuracy and computational 

time. The total force output is sum of the friction forces between the lead working material and 

the steel device components, due to the contact pressure forces acting between moving shaft 

and displaced lead. The results are accurate to ±20% for Typical and Large devices, yielding a 

third model, which also provides insight into internal device motion and strain in the working 

material, which has not previously been known. 
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Overall, three modelling approaches developed for lead extrusion dampers are presented in this 

thesis. The generalized and design based models can predict specific force capacities of the 

HF2V devices in the design stage and can serve as an optimization tool for design 

modifications.  Design parameters affecting the device forces in the devices are identified and 

provide a guideline for future design of the devices.  
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Chapter 1: Introduction 

1.1. Seismic Protection 

Earthquakes can occur regularly in seismically active areas. While major events are more rarely 

occurring, they can arise in cycles of 50-100 years, creating significant risk to the built 

environment. However, there is no reliable method for earthquake forecasting the strength or 

occurrence of an earthquake [1-3]. 

Severe earthquakes subject structures to large energy inputs, due to ground motions causing 

significant structural response, leading to any or all of, cracks, dislodgement of non-structural 

elements, major structural damage, and in some cases collapse. However, even more frequent, 

moderately severe earthquakes can cause devastating damage in sites with poorly constructed 

buildings and dense populations. For example, the earthquakes that caused structural collapse 

and a large number of fatalities in Iran (2003), Christchurch (2011) and Italy (2016) were of 

moderate intensities [4-6]. 

The cost associated with the repair, service disruption, and loss of infrastructure causes 

significant economic loss and can cripple economic developments [7-9]. This impact is 

particularly severe in economically poorer countries [10-12]. While, infrastructure may be 

eventually reestablished, damages to cultural heritage [13-15] and loss of life are the 

irreversible and devastating consequences of earthquakes. Overall, the social and economic 

after effects of a seismic event may be severe, leaving lasting socioeconomic [16-18] and 

psychological impact [19-24] on the society.  
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To mitigate social disruption, economic loss, and ensure life safety a structure needs to remain 

largely damage free. Many seismic design methodologies are developed and adapted to 

improve earthquake resistance of structures [25-27]. As these codes modernize and evolve, 

they increasingly favor better design and systems over accepting significant sacrificial damage 

to preserve life safety [28-32]. 

Structural protective systems can be broadly classified into three types: seismic base isolation, 

passive energy dissipation devices and active devices [33-39]. While base isolation systems 

provide both damping capacity and restoring force, they are not necessarily suitable for 

structures on soft soils and high-rise buildings [40-44]. Passive energy dissipation devices 

include viscous fluid dampers and friction-based energy dissipation mechanisms, among many 

others [25, 45-48]. Viscous fluid dampers can reduce seismic response by creating resistive 

forces which are dissipated as heat within the dampers to improve seismic response of 

structures [47, 49, 50]. Likewise, sliding friction connections can be used to absorb seismic 

response energy and provide inelastic displacement capacity at beam-column joints [51-54] 

and at column-base connections [55, 56]. 

Some modern structures also use active or semi- active control systems to control or modify 

structural response motions using external power supply. In addition to being complex, the 

requirement for an external power supply renders this technology expensive and vulnerable to 

power failure in an event of a major earthquake, potentially making them less robust [33, 57]. 

Semi-active systems require minimal power input and are strictly dissipative, but still add 

significant complexity and thus potential lack of robustness [37, 58-62]. Passive damping 

systems improve structural strength and damping capacity without the use of an external power 
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source or complex technology for a wide range of ground velocities s[33, 35, 39, 56, 63, 64], 

providing more robust options in this space using specifically designed devices [65, 66]. 

While several new structures in seismically active regions are designed and built to meet the 

seismic requirements of the zone, older structures are prone to greater earthquake damage. 

These structures may be retrofitted to withstand seismic loads using combinations of suitable 

earthquake protection systems discussed above [67, 68].  

Under this approach, a damaged supplemental device is easier to replace than repairing an 

entire damaged structure [45]. However, an undamaged supplemental dissipation device 

requires no checking or replacement, reducing cost and downtime, and increasing resilience. 

Thus, damage free supplemental dampers offers greater advantages compared to solutions 

shifting sacrificial damage to replaceable elements, such as yielding fuses [69-71]. 

1.2.  Lead Extrusion Devices 

Lead extrusion dampers (LED) are supplemental energy devices utilizing the hysteretic 

properties of lead to reduce response of a structure to earthquake loading. They were developed 

by Robinson and Greenbank at the Physics and Engineering Laboratory, DSIR [72, 73]. Two 

designs were proposed for these lead extrusion dampers based on how the lead is extruded. 

The first design, known as the ‘constricted tube lead extrusion damper’, consists of a concentric 

cylinder with lead filled in between the walls. The outer cylinder has bulged inner walls which 

creates an annular restriction and deforms the lead during relative axial displacement between 

the central shaft and the containing cylinder [72, 74]. The other type of damper is called a 
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‘bulged shaft lead extrusion damper’, where lead is contained in a cylindrical housing and is 

deformed by axial motion of a centrally bulged shaft [72]. Both types of devices designed on 

the principles of extrusion [75-77], where extrusion occurs in these devices when the lead, 

which is a relatively soft metal is forced to pass through constricted area formed by the bulges, 

produces repeatable dissipative forces [72]. 

In comparison to the constricted type extrusion damper, bulged shaft lead extrusion dampers 

are easier and cheaper to manufacture [78, 79] and provide a ‘squarer’ force-displacement 

curve similar to coulomb damping plots [72]. The hysteresis loop, which is an important 

characterizing property of a damping device, depicts the maximum force absorbed at a given 

displacement. A rectangle/square loop represents constant energy dissipation throughout a 

sinusoidal response cycle or displacement. For these reasons, bulged shaft lead extrusion 

dampers have found more applications than the constricted type [80-84]. 

Pure lead (Pb) has low yield strength, low melting point and high ductility, all of which are 

desirable properties for an extrusion damper metal [85, 86]. It also, possesses a unique property 

to recrystallize immediately after deformation at room temperatures by grain growth and 

recovery. The recrystallization property of lead repairs the damage due to the extrusion 

working process by atomic mobility. The recrystallization temperature of lead is as low (10°C) 

due to low melting point (327°C). The other metal with similar mechanical and recrystallization 

properties is tin (Sn) [86]. However, it is very expensive and not as readily available as lead. 

Finally, unlike other metals, the repeated deformation of lead at ambient temperature neither 

increases the mechanical properties of the metal by strain hardening nor decreases the overall 

strength by onset of creep and low cycle fatigue [85, 87]. Hence, lead extrusion offers 

repeatable “damage-free” working material for energy dissipation devices. They have also been 
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used as the damping element in base isolation [88-90], telescopic lead yielding dampers [91], 

compressive/tensile load dampers [92], lead viscoelastic damper [93, 94], combined steel-lead 

damper [95, 96], clapboard type lead dampers [97]  and other damping devices [98, 99]. 

Thus, LEDs have the capacity to retain their original mechanical properties despite undergoing 

large inelastic deformation by rapid recrystallization of lead before the next stroke, making 

them suitable for a wide range of applications [72, 100]. The first application of lead extrusion 

dampers (constricted tube type) were in 1976 at the Aurora Terrace and Bolton Street 

Overbridges in Wellington. Each bridge had 6 dampers installed of ~140kN capacity [72, 73, 

90, 101, 102]. The constricted type LEDs also found application in the Wellington Central 

Police station and the Bannockburn Bridge in South Island of New Zealand in 1988 for seismic 

protection [90, 101-104]. The constricted type design was selected for applications for all these 

structures due to the earlier manufacturing experience by the Auckland Nuclear Accessories 

Company in New Zealand [73, 104].  

In Japan, a high rise building fitted with lead extrusion dampers for seismic protection has 

withstood numerous major earthquakes and has exhibited excellent response during a M9.0 

earthquake, leaving the structure undamaged [105, 106]. Similarly, the devices have found 

satisfactory applications in nuclear power plants for protection of steam generators at NUPEC, 

Tokyo [107, 108]. Finally, other versions have been used in Christchurch rebuild [109]. 

Although invented for the purpose of seismic isolation of structures, these devices may be used 

as micro-isolators for damping structural motions due to strong winds or vibrations of heavy 

machinery and washing machines or cancelling undesirable vibrations [100]. 
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1.3.  High Force to Volume (HF2V) Devices 

The large sizes of the original LEDs, negate their use within typical structural connections [72, 

104, 110, 111]. Also, devices with large stroke length pose a risk of buckling under loading 

and require large shaft sizes to overcome this issue [72]. In recent years, the bulged type LED 

have been optimized to a smaller volumetric size with equal or higher force capacities. These 

devices are referred to as high force to volume (HF2V) devices [112, 113]. 

In the HF2V devices, lead in the cylinder is compressed the by method of pre-stressing. Pre-

stressing improves the overall force produced depending on the size of the damper, and peak 

forces are achieved at smaller displacements [82, 83]. This methodology of prestressing lead 

extrusion dampers has been followed by researchers to obtain improved force capacities in lead 

extrusion dampers [114-120]. 

HF2V devices have the similar force capacity of 100kN-1000kN as their predecessors for a 

much smaller geometry. In addition to pre-stressing, understanding the effect of the shaft bulge 

size in varying force capacities helped in achieving higher forces. A 150kN HF2V device has 

stroke length of 110mm and cylinder diameter of 89mm [112]. While, early lead extrusion 

dampers of 150kN had stroke length of 500mm and cylinder diameter of 150mm [73]. 

Similarly, a 400mm long damper with 200mm cylinder diameter would generate forces of only 

250kN [104]. Thus, HF2V devices can produce the same force for smaller dimensions of 

160mm length and 60mm cylinder diameter [112]. A comparison of the sizes of the lead 

extrusion devices with similar capacity before and after optimization are seen in Figure 1.1. 

The earlier LED of force capacities 700kN (larger device) and 100kN (smaller device) is seen 
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in Figure 1.1.(a) [110], while after optimization a significantly smaller device is capable of 

producing 120kN force as shown in Figure 1.1. (b) [121]. 

 
(a) LEDs before optimization [110]        (b) Optimized HF2V devices [121] 

Figure 1.1. Comparison of pre-optimized and post-optimized lead extrusion dampers 

Devices of similar dimensions in length and cylinder diameter can also produce different forces 

by varying the bulge diameters relative to cylinder diameter. For example, a 110mm long 

device with cylinder diameter of 89 mm can develop force of 170kN for a 40mm bulge diameter 

and 320kN  peak force for 360kN with a 58 mm bulge diameter [83, 112]. This flexibility of 

forces for the same external geometry and the possibility of higher forces for smaller geometry 

makes it a desirable earthquake mitigation device for applications in structures in seismically 

active regions of the world. More importantly, the larger forces for smaller geometries allow 

HF2V devices to be directly fitted into structural connections in new or retrofit designs. 

 

The force-displacements plots obtained from quasi-static loading of the HF2V dampers are 

shown in Figure 1.2. During shaft displacement, stresses rise rapidly in the cylinder due to lead 

deformation by the bulged shaft and frictional forces at the shaft-lead interface. After the 

attaining peak forces, steady forces are reached.  
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Figure 1.2. Force displacement plots for the HF2V devices from testing 

Previous research shows the efficacy of HF2V devices in structural applications by 

computational and experimental methods on large-scale subassembly experiments, device only 

(component) testing, and in full-scale structural analyses [121-128]. HF2V devices can be used 

in combinations with other devices to achieve the benefits of both the devices and for greater 

structural response reductions. The analyses of HF2V devices has been undertaken along with 

semi-active devices [129-131], ring spring dampers [132-134], sliding hinge joints [55, 56, 

135]. Research shows HF2V devices can be incorporated into structural systems like concrete 

frames [126, 136, 137], braced structures [138], steel moment frames [124, 139], steel 

connections[128, 140, 141], beam-column joints [139, 142], wooden frame structures [116, 

143], joints of frames in large structures [117, 124, 144, 145] and slotted beam assemblies [146, 

147] for effective damage resilience.  

The suitability of these devices is primarily due to low velocity dependence [148], making 

them suitable for both near-field and far-field earthquakes and the ability to achieve predictable 
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and repeatable performance [149]. Low maintenance requirements also make them a 

favourable choice for building applications, particularly considering they do not need 

replacement after a major event.  

The HF2V devices have found numerous applications in numerous commercial buildings 

recently. The Forté Health at Kilmore Street in Christchurch have been applied with 96 HF2V 

devices [118, 120, 149].  The predominantly steel structure is provide passive dissipation by 

the HF2V devices, with 32 devices of 120mm stroke and 64 devices with 140mm stroke. 

Similarly, in San Francisco a residential building for the economically vulnerable senior 

citizens has been installed with the HF2V dampers to provide seismic protection to the 9-story 

structure [150]. Most recent application was at the Tūranga Central Library in Christchurch, 

which is five-floor building supplemented by 20 HF2V devices. Each device has a force 

capacity of approximately 700kN [109, 151]. The low damage structural design of the Tūranga 

was recognized globally and presented with Seismic Resilience Award for low damage design 

by New Zealand Society for Earthquake Engineering (NZSEE) and Structures in Extreme 

Conditions by Institution of Structural Engineers (IStructE), among numerous others.  

One drawback of this device and all LED devices is the inability to recentre. It thus requires an 

external force to return to the original position. This issue is resolved by forming hybrid 

devices, in combination with ring spring devices [133, 134, 152-154]. However, the residual 

displacements were not large and can be mitigated by seismic frames [124, 144]. The overall 

structure may have recentering ability from other sources and the device may recentre, even if 

it does not have static recentering capability. 
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Originally, a common problem encountered during HF2V operations was the formation of air 

pockets in the working material due to its shrinking after filling and cooling. This issue led to 

a delay in the development of the peak force in the device during shaft displacement due to the 

formation of trailing voids in the working material. Appropriate pre-stressing can expel air 

voids and forms a compact and fully lead-filled damper, eliminating this problem [82, 83]. 

1.4. Problem Statement   

A great deal of research focuses on seismic design of structures using lead extrusion dampers 

[80, 84, 155-158]. It is evident extensive research has carried out on the application methods 

of HF2V devices to structures. However, research focusing on a design methodology for these 

devices is limited for manufacturing and application. The exact reaction mechanisms 

generating forces beyond extrusion or bulk/shear modulus of lead are not fully known in an 

HF2V device and no accurate predictive models exist. 

As a result, devices are currently designed using very simple models with limited precision 

[82, 83]. They are then manufactured based on previous designs of similar force capacities and 

tested to determine if the exact force capacities match the design goal before application. This 

approach potentially necessitates redesign if initial prototype devices do not provide a good 

match to the design needs [149]. For seismic protection of large structures, a great number of 

HF2V devices of varying sizes and force capacities may be required according to the structural 

design requirement [107, 108, 118, 120].  

Thus, there is a major need for a modelling methodology to better estimate device force 

capacity in the design phase itself, without reliance on prior experimental results and testing to 
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correct design. A better understanding of the device mechanics and the influence of device 

parameters on force generation mechanisms would allow for easier design techniques.  

1.5.  Research Scope 

This research seeks to addresse the design requirements of HF2V devices with the focus on 

understanding and improving the device mechanisms by answering the following questions: 

a) What device design dimensions and factors contribute towards the device resistive 

forces and how are they affected?  

b) How can a specific force be attained from a HF2V device? 

c) Do the experimental results match the analytical predictions of response? 

d) Can a generic modelling method be achieved that is applicable to HF2V devices of 

varying sizes and force capacities? 

The study focuses on several key areas to achieve the answers to the above given questions: 

a) Modelling of HF2V device reaction mechanics to understand the contribution of 

various factors towards resistive reaction mechanics. 

b) Upper bound and lower bound limit analysis by applying plasticity theorems. 

c) Nonlinear, large displacement finite element modelling of the HF2V dampers as a tool 

for force prediction and design optimization. 
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d) Studying device mechanisms and stress distributions by simulating device operations 

and force displacement plots. 

Overall, this research seeks to develop a design or modelling approach for the HF2V damping 

devices through an empirical, analytical and computational study of the devices that can be 

easily taken up by researchers and engineers for design applications. Experimental test data 

and results from previous research are considered for modelling, analysis and comparison in 

this study, thus reducing the reliance on  additional experimental testing and validation.  

1.6. Preface 

Chapter 2 presents the development of a generic design based empirical model relating the 

device geometries to the reaction mechanisms for predicting the device force capacity. The 

empirical model is fitted to experimental results from previous research. Model validation is 

done using a leave k out methodology and external validation. The results are compared to 

experimental results to assess the prediction capacity of the model. 

Chapter 3 relates the conventional extrusion forming process to the HF2V extrusion process 

to develop upper bound and lower bound force limit models. This analytical study predicts the 

maximum and minimum expected forces from the HF2V devices during plastic deformation 

inside the devices based on device geometries and plasticity theorem. It also assesses which 

theoretical approaches provide the closest bounds with the lowest error. 

Chapter 4 presents a finite element computational study of the devices to study the large 

inelastic deformations and stress distributions within the devices during operation. A simple 
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and generic finite element model is developed using ABAQUS for force estimation of the 

HF2V devices. Results are evaluated against previously collected experimental results. 

Chapter 5 presents a comparative study of the results from the empirical, analytical and 

computational modelling from the previous chapters to outline an overall design methodology 

for the HF2V devices.  

Chapter 6 presents the overall conclusions to the research. 

Chapter 7 discusses the possible extensions of the current research and future work. 

1.7.  Summary 

This chapter has presented the motivation for this research and an introduction to the device 

studied and modelled in this research. Overall, earthquakes are unpredictable natural disasters 

that can cause severe structural damage. Supplemental damping improves structural resilience 

by dissipating energy from structures during ground motions. High force to volume lead 

extrusion dampers offer repeatable and consistent performance by energy dissipation under 

earthquake loading. The development of a simple and generic force prediction and design 

methodology for these lead extrusion dampers would enable ease of manufacture and design 

for structural application. 
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Chapter 2: Design based specific force modelling: An Empirical Model 

2.1.  Introduction 

Chapter 1 discusses the merits, and prior research, and ongoing applications of HF2V devices. 

However, to date, the delineation of force contributions and the exact reaction mechanisms 

generating these forces, beyond estimates based on simple extrusion or linear bulk/shear 

modulus of lead, are not fully known for HF2V devices. This issue makes device design 

difficult for specific applications. 

This chapter discusses research done on modelling HF2V lead extrusion dampers for specific 

force capacities by identifying the key parameters contributing to the resistive forces during 

shaft loading. The key device parameters are related to expected mechanisms of lead extrusion 

damper operations, and thus device force is calculated. The model developed is verified for 

accuracy, consistency, and generalizability using typical validation methods. 

2.2. Methods 

2.2.1. HF2V device modelling 

HF2V devices are low maintenance form of supplemental energy dissipators, which are 

relatively easy to manufacture and assemble. The lack of a design based model to estimate the 

specific force capacities of these devices in the design phase itself makes it difficult to build 

devices to pre-specified, application specific force capacities. The current practice of 

approximating forces based on previous designs prior to building and testing is costly and 
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unreliable, resulting in a build-test approach, that might require iteration. 

In the early development of the lead extrusion dampers, equations used to determine extrusion 

pressures in the metal processing industry were directly used to approximate damper extrusion 

forces [72]. Tsai et al. consider temperature effects during extrusion while modelling lead 

extrusion dampers [159]. However, the impact of manufacturing pre-stress of the lead working 

material and other manufacturing variabilities are also not considered in existing device design 

models [160].  

Existing research relies on the Betzalel’s extrusion formula for modelling lead extrusion 

damper forces [67, 80, 81, 161], which is used to estimate extrusion pressures in the bulk 

forming technology. However, this model has not been tested on lead extrusion devices of 

varying sizes and force capacities to establish its reliability and prediction capacity.  

An overall device-based force-velocity relationship proposed by Pekcan et al [162] was applied 

for the HF2V devices for determining the forces developed in the device [82, 83, 127]. 

However, later studies suggest HF2V devices are more weakly velocity dependent due to 

resistive force contributions from both extrusion and friction [121, 148]. However, these effects 

have not previously been delineated explicitly. Another model of the HF2V device mechanics 

was suggested by Rodgers using Mohr-Coulomb failure criteria [82, 83, 112], but does not 

account for friction along the device shaft, which is seen in the forces generated in devices 

without a bulge [163, 164]. Hence, precision design of devices to achieve a specified quasi-

static force capacity is not yet possible, but is also a necessary first step towards more regular 

design uptake and use of these devices. 
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Better design models are required for increased uptake, as well as increased understanding of 

the force contribution of different mechanical aspects of the device. These force contributions 

need to be linked to device design parameters and dimensions to enable precision design to 

specified force levels for any given application. This study uses existing experimental data 

from a diverse range of existing prototype devices to create a simplified, more precise, general 

design model based on the device dimension inputs, as related to physically reasonable and 

expected reaction mechanisms. 

2.2.2. Relevant mechanics factors 

An HF2V device has a simple design, consisting of a bulged shaft within a cylinder, filled with 

lead, secured within the cylinder using endcaps. Energy is dissipated through a reversible 

extrusion process when lead flows through the annular orifice between the bulged shaft and the 

cylinder walls. The cylinder length (Lcyl) is the length of the cylinder within the endcaps where 

lead flows. Figure 2.1. presents an external image of an HF2V damper. The diameter of the 

bulge on the shaft (Dblg) determines the annular orifice area of a device, where the dimensions 

are shown in detail in Figure 2.2. 

A bulged shaft extrusion damper derives its total resistive force from a combination of two 

basic forces, extrusion and friction forces The key device design parameters associated with 

the extrusion force are the annular orifice area between the bulge and the cylinder wall, the 

projected annular bulge area (AB), and the cylinder diameter  (Dcyl) [160]. Friction forces arise 

due to relative motion between the entrapped lead or working material and the moving shaft. 
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Figure 2.1. External view of an HF2V damper. 

 

 
Figure 2.2. Cross sectional view of an HF2V device and design parameters with areas 

relevant to the forces produced. 
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Some HF2V devices considered in this chapter have a no-bulge shaft with a constant diameter 

along the entire shaft [163, 164]. In no-bulge HF2V devices (Dblg = Dshaft), the annular orifice 

area is considered as the area between the shaft and the cylinder wall. Unlike the typical lead 

extrusion damping devices, the resistive forces produced in these devices are independent of 

the extrusion process. However, they are capable of producing significant resistive forces 

through friction between the shaft and the lead during axial motion of the shaft through the 

lead. Friction force arises from the relative motion between the lead and shaft surface area (SA) 

[112]. Inclusion of no-bulge devices in modelling and analysis enables isolating and 

understanding frictional force contributions better. 

In particular, extrusion force is best related to the area ratio between the projected annular bulge 

area (AB) and the annular lead area around the shaft (AL), which in this study is referred to as 

the area ratio (AR) [160]. An area ratio of 1.0 indicates the limiting case of a bulge, that goes 

all the way to the cylinder wall (no orifice area), and thus AB = AL, and conversely, a shaft 

with no bulge has AR = 0.0. It is also possible to have devices with a negative bulge area, 

where a recess or reduced diameter is machined into the shaft, but such devices are not 

considered here [163, 164]. The associated device design parameter for a no-bulge HF2V 

device relying solely on friction is the shaft surface area (SA). It is used to explain the force 

produced in devices with AR = 0.0 or with a very small bulge [163]. 

Figure 2.2.  illustrates these device parameters for a generic HF2V device, and, in particular, 

relates them to device design dimensions to meet the overall goal of relating device dimensions 

to force capacity. Area Ratio (AR), Surface Area (SA), and Bulge Area (AB), are functions of 

device dimensions: Cylinder Diameter (Dcyl); Bulge Diameter (Dblg); and Cylinder Length 

(Lcyl), yielding: 
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2.2.3. Proposed Models 

Based on the assumption that the total device forces produced in the HF2V devices arise 

primarily from a combination of friction forces and extrusion forces, analytical models are 

proposed utilizing device design parameters to estimate the resistive device force. The goal is 

a model to accurately predict the quasi-static forces produced in the devices based on device 

dimensions using Equations (1)-(3). This model would thus explain the contribution of these 

device design parameters to the type of device and overall forces produced.  

Fourteen general models are proposed, where each assumes frictional forces and extrusion 

forces comprise the total resistive forces produced by the device. Table 2.1. lists the models 

proposed, where the model device force (F) is a linear and/or quadratic function of any of the 

input parameters AR, SA and AB, and αi are weighting coefficients identified by fitting the 

models to a range of experimental device data. Missing terms assume αi = 0 in a given model. 

This broad range of possible models assess all possible linear and quadratic combinations of 

force contributions from which the best model can be selected. 

A common problem associated with modelling is the lack of associated parameters and 

interactions of parameters in prediction [165]. Hence, a broad range of models with possible 
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combinations of parameters contributing to the total resistive forces is considered in.Table 2.1. 

Multivariable models are great tools for making predictions when the terms are chosen 

carefully to represent the relevant (possible) associated mechanics [165].  

Table 2.1. Potential models investigated. 

1 F = α0AR +α1SA _ _ _ 

2 F = α0AR. Dcyl +α1SA _ _ _ 

3 F = α0AR +α1SA +α2AB _ _ 

4 F = α0AR. Dcyl +α1SA +α2AB _ _ 

5 F = α0AR. Dblg +α1SA _ _ _ 

6 F = α0AR. Dcyl
2  +α1SA _ _ _ 

7 F = α0AR. Dcyl
2  +α1SA +α2AB _ _ 

8 F = α0AR +α1SA _ +α3AR2 _ 

9 F = α0AR. Dcyl +α1SA _ +α3AR2 _ 

10 F = α0AR. Dcyl
2  +α1SA _ +α3AR2 _ 

11 F = α0AR. Dcyl
2  +α1SA _ +α3AR2. Dcyl

2  _ 

12 F = α0AR +α1SA +α2AB +α3AR2 _ 

13 F = α0AR +α1SA _ +α3AR2 +α4SA2 

14 F = α0AR +α1SA _ _ +α4SA2 

 

The quadratic AR2 terms in the Models 8-13 allows quadratic extrusion effects as AR increases. 

The SA2 terms in Models 13-14 allow for the possibility of nonlinear friction contributions. 

The AB terms may better capture differences between devices with similar Area Ratio (AR), 

but different absolute device size. AR is multiplied by Dcyl and Dblg in Models 2, 4, 5 and 9 

based on prior work showing their use as a device scale parameter in normalizing results 

between different devices [112]. Finally, multiplying Dcyl
2  to AR in Models 6, 7, 10 and 11 

makes them dimensionally consistent, allowing for scalability. Overall, the models in Table 

2.1. provides a comprehensive set of possible generalized design models. 
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2.2.4. Devices and data 

Significant experimental research work has been done in recent years on HF2V devices. The 

data of HF2V devices manufactured and used in previous research work and structural 

applications have provided a key set of experimental results for this research [112, 116, 118, 

163, 164]. These devices were tested quasi-statically at a constant velocity within a range of 

0.1 - 0.5mm/s. Experimental and design data from 18 HF2V devices of different sizes, 

configurations and forces are considered in the study for modelling, shown in Table 2.2.  

Table 2.2. Experimental HF2V device data with associated design parameters. 

 

 

Device 
Fexp 

(kN) 

AR 

 

SA 

(mm2) 

Dcyl 

(mm) 

Dblg 

(mm) 

Dshaft 

(mm) 

AB 

(mm2) 

S
M

A
L

L
 1 55 0 2260 17 12 12 0 

2 74 0 4020 20 16 16 0 

3 55 0.17 2260 17 13 12 20 

4 85 0.23 4020 20 17 16 26 

T
Y

P
IC

A
L

 

        

5 140 0.10 9896 89 40 30 550 

6 250 0.23 9896 89 50 30 1257 

7 320 0.35 9896 89 58 30 1935 

8 175 0.20 12250 66 40 30 550 

9 310 0.46 12250 66 50 30 1256 

10 130 0.30 3141 50 32 20 490 

11 150 0.30 4400 50 32 24 490 

12 155 0.34 7540 50 35 33 509 

13 260 0.25 16590 60 42 24 497 

14 155 0.34 7536 50 35 30 510 

15 250 0.35 7065 70 48 30 1102 

L
A

R
G

E
         

16 145 0.14 27130 54 35 30 228 

17 165 0.20 27130 54 36 30 310 

18 185 0.27 27130 54 38 30 427 
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In Table 2.2, Fexp is the experimentally measured force. Devices are categorized as Small, 

Typical or Large. Devices 1- 4 have very small or zero bulge sizes (AB, AR= 0 or small) and 

small SA in comparison to the other devices, and are thus categorized as Small, with associated 

lower experimental force, Fexp = 55 - 85kN. Devices 16-18 have relatively large SA, but 

relatively low to average Fexp = 145 - 185kN, and are categorized as Large devices. These two 

groups capture potentially outlying device designs. The remaining devices are grouped as 

‘Typical’ devices with Fexp = 130 - 320kN. 

2.2.5. Model Identification 

Models are identified using linear least squares regression.  For each model in Table 2.1, a 

linear regression problem is created to find all non-zero α0,1,2,3,4 values. For example, this 

problem is defined for Model 1: 

[𝐀𝐑𝐧̅×𝟏 𝐒𝐀𝐧̅×𝟏]𝐧̅×𝟐       [
𝛂𝟎

𝛂𝟏
]

𝟐×𝟏 
=    𝐅𝐧̅×𝟏       2-4 

where, ARn̅×1 is a 𝑛̅ × 1 vector of AR values, SAn̅×1 is a n̅ × 1 vector of SA values and Fn̅×1 

is the 𝑛̅ × 1 vector of the experimental force values in Table 2.2 for n̅ =18 devices. The 2x1 

vector contains α0 and α1, the two unknowns to be identified, with α2−4= 0 assumed by 

definition for this model. Adding other columns and αi values, and following the same pattern, 

creates similar over-determined identification problems for the other models in Table 2.1.  

Importantly, a model identifying a value of αi <0 is considered “invalid” [166]. In particular, 

the models of Table 2.1. implicitly assume positive contributions to device force from each 

term (αi ≥ 0). Thus, negative coefficients are not physically reasonable, and likely reflect a 
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model fitting error relative to the device data available. 

Thus, model identification is an iterative process, requiring modifications to simple models by 

addition or removal of contributing device parameters to obtain a relevant model with “valid” 

αi >0 values. An ideal model has valid relationships between variables (device parameters) and 

a regression equation that not just gives a good fit of data, but can also outline the physics of 

the device operation. 

2.2.6. Analysis and validation 

Model validation is a key step in evaluating the effectiveness in repeatable prediction capability 

of the model for different data set [167]. Modelling techniques applied without subsequent 

analysis for performance can result in imprecise models that are not applicable to future data 

[168]. Thus, the measuring predictive accuracy and efficiency of models is an important step 

in model identification. Thus, models are assessed and validated in this section for the 

following purposes: 

 To assess the goodness of model fit. 

 To identify models with stable predictor terms or coefficients. 

 To check the prediction accuracy. 

 To ensure if the model is capable of repeatable predictions for different data sets. 

 To verify the dependency of model results on any particular device set. 

 To evaluate if the model predicts well for new data set. 
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After identifying the αi values for a given model using MATLAB, the experimental data can 

be plotted against the model device forces. The resulting Pearson correlation coefficient (R2) 

can be calculated. However, the 1:1 line is also shown as it provides a measure of the ideal 

model goal (Fmodel = Fexp), where a y-intercept close to zero and a slope ~ 1.0 is the optimal 

best fit model. The value of R2 indicates model completeness, as (1-R2)×100 is the percent of 

the variance between experimental and model device forces not captured by the model. 

Experimental versus model device force errors can also be calculated and included to quantify 

model validity.  

Correlation coefficients around the 1:1 line of experimental and model force assess accuracy 

(R2) and completeness ((1-R2) × 100). However, very big or small values of device parameters 

can dominate the models in Table 2.1. when including the Large and Small device groups. 

Thus, the analyses are repeated ignoring Small Devices 1-4, and again ignoring Large Devices 

16-18. Finally, both Small and Large devices are excluded in subsequent analyses investigating 

only Typical devices. This overall analysis approach thus assesses robustness and variation 

across specific ranges of device design parameters, including and excluding potential outliers, 

as well as for all devices. From these results, the ‘better’ models are selected from a subset of 

valid models. 

To establish the most robust and accurate model, a series of validation analyses is undertaken. 

Internal and external validation are validation  methods where the former uses data from the 

same population for validation, while the latter uses external or excluded data for validation 

purposes [169]. Internal validation methods verify the model’s robustness and repeatability in 

prediction. While, external validation techniques ensure generalizability of a model by testing 

it on data which was not included in any phase of modelling [170, 171]. The popular methods 
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of internal validation methods are leave k out validation, k-fold-cross-validation, and hold out 

methods [172-175].  

2.2.6.1. Internal Validation 

The ‘better’ models demonstrating higher R2 values, smaller intercepts and valid coefficient 

values are considered for this validation. The leave k out method is used for validation in this 

study [176-178]. In this cross validation technique, from the data available for modelling (d), 

k = 3 devices are excluded and the remaining data (d-3) is used for training/modelling the data. 

It is a method generally used when the data is not particularly very large for splitting, training 

and testing [178, 179].  

Repeated model validation is a well-suited strategy for small data sets to identify models 

extremely dependent on a particular data set [180-182]. By calibrating a prediction model to 

various combinations of device ensures the predictive capacity of the devices is not dependent 

on a particular device data. Thus leave k tests are performed for N times to verify the robustness 

of the model. Thus, from the data available for modelling (d = 18), devices are randomly 

excluded (k = 3) from the analysis and the modelling is performed on the remaining data (d-3) 

for multiple times (N). 

The leave k validation test is performed on 3 instances during the model analysis. It is 

performed each time better predicting models are selected, for identifying stable models, 

overall performance, choosing the best of the better models and to establish the independence 

of model on Small devices. 
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The first leave k validation is done in particular on ‘better models’   (with high R2 values), to 

test model robustness for the best valid models, αi values are compared across 15 sets of models 

created by randomly excluding k=3 of 18 devices, where consistency of αi values in a ‘leave 

k=3 out’ (N= 15) analysis indicates a more robust model. In particular, this consistency 

indicates a lesser reliance of the model on any one or few experimental devices. It also assesses 

the predictive capacity of the models for the k=3 devices not used in creating the model, 

providing an independent cross validation. Overall, models resulting in very similar errors and 

αi values when tested repeatedly by excluding groups of k=3 randomly selected devices are 

more robust and less biased by the specific data used. They are and thus more likely to be 

general. The value of k=3 devices left out are identified randomly using Microsoft excel and 

are different for each validation test conducted. The best performing models are chosen from 

this analysis. 

The second leave k validation is done on the ‘best models’ based on the outcomes of the first 

leave k validation results (N= 15 times), models with stable coefficients and consistent 

predictions are considered for further leave k out validation. The leave k=3 out analysis is 

repeated for N= 22 times for the final ‘best models’. In this validation process, the randomly 

chosen k=3 devices for exclusion from analysis is kept common for final best models 

considered for repeated validation. From the outcomes of leave k= 3 (N=22 times) for the final 

best models, the R2 values, slopes and intercept values evaluated. This detailed validation 

ensures the model adequacy and predictive capacity.  

The third leave k validation is done on the ‘best models’ considered for the second round of 

leave k validation. Here the test is repeated for N= 10 times for best models by excluding Small 

devices. The mechanisms producing resistive forces produced in the Small devices do not 
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exactly match the force generation mechanisms in other devices due to their small to no-bulge 

geometry. Hence, a repeated leave common k= 3 device (N=10) analysis further verifies the 

validity and robustness of the model even after exclusion of sets of devices that may alter the 

overall results of the analysis.  

The model repeatedly predicting with higher R2 values, smaller intercepts and slopes ≃ 1 and 

better performance from the exclusion of Small devices can be considered the final best 

prediction model. 

2.2.6.2. External Validation 

The final model resulting from the internal validation is tested using independent data. This 

ascertains the prediction capacity of the final model for new data. The similarity or difference 

in performance is an indicator of the generalizability or adaptability of the model for future 

predictions [183-185].  

For external data validation, device data was obtained for few HF2V devices manufactured and 

tested for other research [116]  and applications, given in Table 2.3. Devices 19 and 20 can be 

classified as Typical devices due to moderate surface area and average device forces compared 

to devices in Table 2.2. However, Device 21 has small surface area and relatively smaller forces 

from Typical devices seen in Table 2.2, despite having a large AR. Device 22 is a very large 

device with largest surface area and force capacity on comparison to all the devices considered 

in this study. Inclusion of a very large device would enable to understanding of whether the 

model predicts well for devices of larger sizes which are not included in modelling.  
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None of the devices considered for modelling in Table 2.2. have AR>0.35. The testing of the 

model on these devices will show the efficiency of the model to predict forces for Typical and 

any atypical devices. Repeatability and ability to predict for a new data set is a concern while 

prediction modelling using a small data set. The testing of the model on an independent data 

set can negate this concern.  

Table 2.3. Device data parameters used for independent external validation. 

2.2.7. Model proposal to analysis : Sketch 

Figure 2.3. summarizes all the steps undertaken under Section 2.2.  towards identification of a 

achieving a valid, robust, consistent, repeatable and generalizable model for specific force 

capacities. 

 

Device 
Fexp 

(kN) 

AR 

 
SA 

(mm2) 

Dcyl 

(mm) 

Dblg 

(mm) 

Dshaft 
(mm) 

AB 
(mm2) 

 

T
E

S
T

 S
E

T
 19 125 0.27 6280 40 27 20 285 

20 170 0.37 12063 48 35 24 509 

21 107  0.52 2951 40 32 20 489 

22 500 0.38 29390 89 62 36 2548 
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Figure 2.3. Schematic representation of steps undertaken for model identification and 

validation. 

2.3. Results and Discussion 

Table 2.4. gives R2 values for all 14 models of Table 2.1. Only 7 of 14 proposed models are 

valid for all groups. Model 1 is essentially the same as Model 2, but the normalization of AR 

with Dcyl in Model 2 makes a measurable improvement in R2 (from 0.56 to 0.89), particularly 

for the group without the Small devices with AR = 0 or small, where R2 increased to 0.82 from 

0.32. Similarly, normalization of AR by Dblg in Model 5 gives better R2 values compared to 

Model 1. Normalisation by Dcyl
2  makes the results of Model 6 better that Models1, 2 and 4. The 

addition of AB to Models 1 and 2 yields Models 3 and 4, respectively, which deliver better R2 

values. The role of AB in modeling experimentally measured device forces thus appears 

significant. 
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Table 2.4. R2 values for the models, best values are in bold for each case. Invalid indicates 

that negative coefficients were found for that model. 

 

Model 

No. 

 

Model 

 

R2  

All 

devices 

 

R2  

w/o Large 

devices 

 

R2  

w/o Small 

devices 

 

R2  

w/o Small 

&Large 

devices 

1 F = α0AR + α1 SA 0.56 0.79 0.32 0.62 

2 F = α0AR. Dcyl+α1SA 0.89 0.95 0.82 0.84 

3 F = α0AR + α1 SA +α2AB 0.89 0.96 0.85 0.95 

4 F = α0AR. Dcyl + α1 SA +α2AB   0.91 0.96 0.91 0.95 

5 F = α0AR. Dblg + α1 SA 0.86 0.93 0.73 0.86 

6 F = α0AR. Dcyl
2 +α1SA 0.90 0.91 0.83 0.91 

7 F = α0AR. Dcyl
2 + α1 SA +α2AB Invalid Invalid Invalid Invalid 

8 F = α0AR + α1 SA +α3AR2 0.59 0.81 Invalid 0.62 

9 F = α0AR. Dcyl + α1 SA+α3AR2 Invalid Invalid Invalid Invalid 

10 F = α0AR. Dcyl
2 + α1 SA+α3AR2 0.91 0.96 0.85 0.94 

11 F = α0AR. Dcyl
2 + α1 SA+α3AR2. Dcyl

2  Invalid 0.96 Invalid 0.93 

12 F = α0AR + α1 SA+α2AB + α3AR2 Invalid 0.96 Invalid 0.95 

13 F = α0AR + α1 SA + α3AR2+α4SA2 Invalid Invalid Invalid Invalid 

14 F = α0AR + α1 SA+α4SA2 Invalid Invalid Invalid Invalid 

 

Table 2.5. presents the leave k=3 out validation (N=15 combinations) analysis assessing 

predictive accuracy of Models 2-4 and 10 (the ‘better’ models). The range of αi values in Table 

4 are most consistent for Models 2 and 4 with relatively small differences between maximum 

and minimum αi values across all combinations. Model 2 is a highly robust model, yielding 

the same αi values for all 15 leave k=3 out validations, even while modelling with or without 

any Large or Small atypical devices. Model 4 on the other hand gives very high R2 values for 

all leave k=3 out validations in Table 4 with relatively low variation in the α0  and α1 values. 

In contrast, Models 3 and 10 are valid for all leave 3 out validations. However, values of α2min= 

2.5 and α2max = 604 for Model 10, shows very large variability in this identified model 

parameter, and thus a less general and robust model too dependent upon the the specific device 
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data used. Similarly, α0min= 194 and α0max = 345 indicate a similar inconsistency in coefficient 

values and issue for Model 3. 

Table 2.5. Leave k=3 out (N=15 repetitions) validation results for Models 2, 3 and 4. R2 is 

about the best fit line in Figure 2.4. 

Model 

No. 

Model 
αi min αi max 

R2 for all 

devices 

2 
F = α0AR. Dcyl+α1SA α0= 9.0 

α1= 0.003 

α0= 9.5 

α1= 0.0036 
0.89 

3 

F = α0AR + α1 SA +α2AB α0= 345 

α1= 0.0025 

α2= 0.10 

α0= 194 

α1= 0.004 

α2= 0.14 

0.89 

4 

F = α0AR. Dcyl + α1 SA +α2AB   α0= 5.8 

α1= 0.003 

α2= 0.02 

α0= 8.3 

α1= 0.004 

α2= 0.08 

0.91 

10 

F = α0AR. Dcyl
2 + α1 SA+α3AR2 α0= 0.08 

α1= 0.003 

α2= 2.5 

α0= 0.13 

α1= 0.006 

α2= 604 

0.91 

 

The overall outcomes of this validation analysis indicate the stability, robustness and validity 

of both Models 2 and 4, as well as their good predictive capability for devices not used in 

creating the model. However, Models 3 and 10 can be excluded from further analysis due to 

large variations found in the coefficient values especially for α0 in Model 3 and α3 in Model 10. 

Overall, Model 2 is more robust in comparison to Model 4, while Model 4 has higher R2 values 

and relatively smaller model force errors, especially for Large devices.  

In Table 2.6., the results from the leave k = same 3 devices for both Models 2 and 4 shows 

Model 4 gives better R2 values for 21 of 22 analyses and one case of equal values of R2 for 

leave k validation. Model 4 intercepts are lesser than Model 2 equations only for 6 cases and 

equal for 4 others. The slope is almost equal to 1 for both the models in all cases except two.  
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Table 2.6. Model 2 and 4 comparison for leave k = 3 (same set) out (N = 22 repetitions). 

Device Model 4 

F = α0AR. Dcyl + α1 SA +α2AB 

Model 2 

F = α0AR. Dcyl+α1SA 

1.  y = 1.0952x - 24.08 

R² = 0.89 

y = 1.0677x - 21.05 

R² = 0.82 

2.  y = 1.2283x - 48.61 

R² = 0.97 

y = 1.173x - 39.79 

R² = 0.87 

3.  y = 1.1075x - 27.53 

R² = 0.91 

y = 1.0588x - 26.30 

R² = 0.86 

4.  y = 1.1266x - 33.11 

R² = 0.90 

y = 0.9918x - 20.19 

R² = 0.84 

5.  y = 1.0789x - 27.61 

R² = 0.91 

y = 1.0503x - 22.63 

R² = 0.87 

6.  y = 1.107x - 26.65 

R² = 0.90 

y = 1.055x - 25.95 

R² = 0.84 

7.  y = 1.1018x - 30.82 

R² = 0.90 

y = 1.1171x - 34.29 

R² = 0.88 

8.  y = 1.0956x - 29.31 

R² = 0.92 

y = 1.0584x - 30.92 

R² = 0.88 

9.  y = 1.1631x - 32.16 

R² = 0.90 

y = 1.0805x - 32.36 

R² = 0.85 

10.  y = 1.0839x - 14.49 

R² = 0.86 

y = 1.0344x - 18.21 

R² = 0.79 

11.  y = 1.2121x - 40.51 

R² = 0.96 

y = 1.1825x - 38.81 

R² = 0.92 

12.  y = 1.0383x - 18.27 

R² = 0.88 

y = 1.0296x - 20.76 

R² = 0.82 

13.  y = 1.1161x - 26.90 

R² = 0.89 

y = 0.9873x - 17.07 

R² = 0.83 

14.  y = 1.1002x - 28.34 

R² = 0.92 

y = 1.0592x - 28.82 

R² = 0.88 

15.  y = 1.1837x - 42.25 

R² = 0.96 

y = 1.123x - 33.69 

R² = 0.87 

16.  y = 1.1185x - 28.97 

R² = 0.88 

y = 1.0628x - 20.64 

R² = 0.86 

17.  y = 0.8238x + 33.53 

R² = 0.92 

y = 1.0388x - 19.17 

R² = 0.91 

18.  y = 1.0809x - 22.98 

R² = 0.90 

y = 1.0447x - 16.71 

R² = 0.89 

19.  y = 1.125x - 31.76 

R² = 0.91 

y = 1.1165x - 31.65 

R² = 0.91 

20.  y = 1.1127x - 26.69 

R² = 0.88 

y = 1.1009x - 20.19 

R² = 0.86 

21.  y = 1.1181x - 26.77 

R² = 0.91 

y = 1.0907x - 25.96 

R² = 0.91 

22.  y = 1.1716x - 40.32 

R² = 0.96 

y = 1.1821x - 30.4 

R² = 0.93 
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Similar results are observed for leave k= 3 out (same set of devices) validation after excluding 

small devices in Table 2.7. Model 4 gives better R2 and intercept values compared to Model 2 

in all the cases. This result excluding small devices show the validation results from Model 4 

are independent of Small devices and display better correlation compared to Model 2. 

Table 2.7. Comparison of Model 4 and Model 2 leave k= 3 (same set) validation results 

excluding Small devices. 

Device Model 4 

 F = α0AR. Dcyl + α1 SA +α2AB 

Model 2 

F = α0AR. Dcyl+α1SA  

1.  y = 1.0537x - 14.08 

R² = 0.97 

y = 0.9276x + 13.27 

R² = 0.92 

2.  

 

y = 0.9253x + 9.26 

R² = 0.84 

y = 0.9183x + 15.78 

R² = 0.82 

3.  y = 0.924x + 10.82 

R² = 0.84 

y = 0.8949x + 20.48 

R² = 0.83 

4.  y = 1.0544x - 24.86 

R² = 0.82 

y = 0.8055x + 38.18 

R² = 0.81 

5.  y = 0.8994x + 16.68 

R² = 0.80 

y = 0.8121x + 40.26 

R² = 0.76 

6.  y = 1.0419x - 9.93 

R² = 0.96 

y = 0.97x + 10.38 

R² = 0.91 

7.  y = 0.8949x + 18.65 

R² = 0.82 

y = 0.8385x + 28.72 

R² = 0.77 

8.  y = 0.9276x + 12.58 

R² = 0.85 

y = 0.879x + 28.07 

R² = 0.83 

9.  y = 0.8588x + 25.12 

R² = 0.82 

y = 0.7697x + 37.59 

R² = 0.75 

10.  y = 1.0622x - 12.57 

R² = 0.98 

y = 0.9133x + 19.68 

R² = 0.84 

 

Figure 2.4 shows correlation plots for Models 2 and 4 for all cases (All, w/o small, w/o Large 

and w/o Small and Large devices). Model 4 has a higher R2 value in all four cases. The y-

intercept and slope values for the best fit of both models are comparable, and very close to the 

ideal slope of 1.0 and low intercept (ideally equal to 0), indicating good models. Both models 

have 10% experimental error bars [160] overlapping the 1:1 line, although the Small devices 

are not as well captured as they rely primarily on a single model term (SA). Error bars 
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overlapping the 1:1 slope line indicate the model captures the point when one standard 

deviation of experimental error is considered. 

Even though, the plots for both Models 2 and 4 show similar arrangement along the 1:1 line in 

all cases, Model 4 without the Large and Small devices is a nearly perfect model for Typical 

devices, as the error bars of these 11 devices cross the 1:1 line. In contrast, Model 2 error bars 

for 3 of 11 ‘Typical’ devices miss the 1:1 line for the perfect device model, thus capturing only 

70% of these devices.  

Based on the following observations from the analyses, Model 4 is considered the best device 

design model based on the device data available: 

 Model 4 provides higher values of R2 values compared to Model 2 of leave k validation 

for different sets of devices as shown in Table 2.5. 

 The leave k= 3 (same set of devices) out validation, showed that Model 4 had smaller 

values of intercept in most cases and higher R2 in almost all cases, compared to Model 

2, given in Table 2.6. 

 Leave k = 3 (same set of devices) out validation excluding Small devices showed better 

R2 and intercept values in all the cases of validation, shown in Table 2.7. 

 Model 4 captures device forces better than Model 2 without atypical devices as shown 

in Figure 2.4. 
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Model 4 Model 2 

  

  

 
 

  
Figure 2.4. Plots for Fexp vs Fcal for Model 2 and 4, where a dashed blue line indicates the 

actual fit of the model, and a dotted red line is the 1:1 line for the perfect model. 
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The αi values are obtained from repeated leave k validation. The coefficient values α0 =

~7.4, α1= ~0.003 and α2= ~0.037 were achieved consistently during repeated leave k 

validation for Model 4. The forces produced by each device are estimated using Model 4 in 

Table 2.8. The percentage contribution of parameters α0AR. Dcyl, α1SA and α2AB to the total 

force in each case are also given. The percentage error for the predicted total device force is 

also presented. 

Table 2.8. Force calculation and contributions for Model 4: 𝐅 = 𝛂𝟎𝐀𝐑. 𝐃𝐜𝐲𝐥 +

𝛂𝟏 𝐒𝐀 +𝛂𝟐𝐀𝐁 with 𝛂𝟎 = 7.4, 𝛂𝟏= 0.003 and 𝛂𝟐= 0.037. 

 

 

Device α0AR. Dcyl 
% Force 

from 

AR.Dcyl 
α1SA 

%  

Force 

from 

SA 

α2AB 

% 

Force 

from 

AB 

Fcal 

(kN) 
 Fexp 

(kN) 
Error 

1 0 0% 7.7 100% 0 0% 7.6 55 82% 

2 0 0% 13.7 100% 0 0% 13.7 74 82% 

3 21.5 72% 7.7 26% 0.7 2% 29.9 55 46% 

4 34.2 70% 13.7 28% 0.9 2% 48.8 85 43% 

5 66.2 55% 33.7 28% 20.3 17% 120.2 140 24% 

6 150.3 65% 33.7 15% 46.5 20% 230.4 250 15% 

7 232.4 69% 33.7 10% 71.6 21% 337.6 320 0% 

8 98.2 61% 41.6 26% 20.3 13% 160.2 175 10% 

9 226.9 72% 41.6 13% 46.4 15% 314.9 310 3% 

10 111.6 79% 10.7 8% 18.1 13% 140.4 130 13% 

11 111.6 77% 14.9 10% 18.1 13% 144.6 150 2% 

12 126.5 74% 25.6 15% 18.8 11% 170.9 155 14% 

13 112.5 60% 56.4 30% 18.4 10% 187.3 260 37% 

14 126.5 74% 25.6 15% 18.8 11% 171.0 155 14% 

15 182.3 74% 24.0 10% 40.7 17% 247.1 250 0% 

16 56.2 36% 92.2 59% 8.4 5% 157.0 145 4% 

17 80.3 44% 92.2 50% 11.4 6% 184.0 165 9% 

18 108.6 50% 92.2 43% 15.8 7% 216.7 185 15% 
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The model prediction is precise for both Large and Typical devices with larger errors (>15%) 

for only two cases. Device 13 is a clear outlier, generating prediction errors of 37%. Errors for 

Devices 1-4 are due to the large difference in the scale of the size of the devices from the rest 

of the 14 devices, and the relatively very small (or no) bulges that make them unique and limit 

the model terms that can model this behaviour. The model is thus less accurate for Small 

devices, as it has to rely almost entirely or solely upon the single SA term, which while effective 

in general, is not effective as the only term in this case.  

 

Errors from the model can be attributed to variations in the applied pre-stress and imperfectly 

controlled quasi-static test velocity on older manually controlled testing machines [112], as 

well as to potential inconsistency over devices in assembly and/or manufacture. The error for 

Small devices shows SA is a valuable, but imperfect parameter. Relying entirely or almost 

entirely on this parameter for devices with very small bulges, or no bulge, contributes to the 

greater error seen in these Small devices where a single, simple, linear SA parameter cannot 

capture the device forces for all such cases, as well as the smaller SA contribution of the other 

devices. Finally, the results may vary for devices with large AR (AR>0.5), which were not 

available for this analysis and would be relatively very large force devices. 

The percentage contribution of the α0AR. Dcyl term in Table 2.8indicates AR, as normalized, 

contributes a significant part of the forces produced in the device. The Typical devices and the 

Small devices with a very small bulge show this term contributes ~70% of device force based 

on extrusion of lead over the bulge. The no bulge Devices 1-2 have zero force from extrusion, 

as expected, and the Large devices have a greater contribution from SA and friction, also as 

expected based on their dimensions. The considerable forces produced in devices with no-bulge 
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are thus explained by the role of SA in capturing the friction based mechanics for these Small 

devices with no bulge. 

The percentage contribution of α0 AR.Dcyl decreases with the addition of the AB term 

compared to Model 2 (results not shown). The contribution of α2.AB is almost equal to the 

percentage contribution of SA for some devices in Table 2.8., which shows the AB term is a 

significant contributor to modelling experimental device forces. The AB term captures bulge 

size directly as a part of the overall extrusion forces exerted. The contributions of AB and AR 

are thus primarily about extrusion force, where large bulges will deliver more force for the 

same AR across devices, thus explaining the need for this added term.  

The results of the application of Model 4 to an independent set of data of Table 2.3. is tabulated 

in Table 2.9. The model predicts forces for Devices 19 and 20 very well with only 10% and 

12% errors respectively. However, a large error of 70% is observed for Device 21, which has 

a small surface area. Device 21 has large AR (>0.5), but small a surface area. This outcome 

shows this model depends heavily on the SA of a device for force prediction and predicts less 

well for devices with relatively small SA. The model error is only 11% for very large device 

22, indicating the suitability of the application for very large device force prediction. 

Table 2.9. Force prediction using Model 4 for independent device data from Table 2.3. 

 

Device α0AR. Dcyl 

% 

Force 

from 

AR.D

cyl 

α1SA 

%  

Force 

from 

SA 

α2AB 

% 

Force 

from 

AB 

Fcal 

(kN) 
 Fexp 

(kN) 
Error 

19 79.9 72% 18.8 19% 10.6 9% 109.3 125 10% 

20 131.4 68% 36.2 21% 18.8 10% 186.4 170 12% 

21 153.9 85% 8.9 5% 18.1 10% 182.8 107 70% 

22 251 56% 99 22% 94 21% 445.8 500 11% 
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The force contribution percentages for Device 19 and 20 are as observed in Table 2.9., with 

majority of force contributed by α0AR. Dcyl term (~70%) in both devices. The output from 

α1.SA   and α2.AB terms are ~20% and 10% respectively for both device 19 and 20. The results 

are similar to the results for Typical devices in Table 2.8. From earlier analyses of the 18 

devices, for Small devices, maximum forces were attained due to SA contributions due to their 

small bulge or no-bulge geometry. However, the maximum force contribution from Device 21 

is from the term α0 AR.Dcyl like the Typical or Large devices. This result can be attributed to 

the large area ratio of the device. From the force contribution evaluation, it is understood Model 

4 does not capture the SA force contributions of the Device 21 completely, producing larger 

error (~70%) in predicting device force. The percentage contribution of forces by each 

parameter for Device 22 matches the results from other devices shown in Table 2.8. 

These outcomes suggest that Model 4 requires calibration of the α1.SA term to be able to fully 

capture the SA force contributions of Small devices. The model needs to be used with caution 

for predicting forces for devices with relatively small surface areas. However, the validation 

results predict consistently well with small errors for Typical and Large devices. It thus also 

shows the overall model obtained is relatively general and independent of the device data used 

to create it, and thus provides a useful guideline for a wide range of devices.  

Limitations include the fact the experimental results from large AR devices (AR> 0.5) were 

not available in creating the model. The Small devices used here are atypical, particularly those 

with no bulge, and thus a model excluding them might give better results, as seen in Models 3 

and 4. The reliance on a single parameter, SA, for Devices 1-2 with AR = 0 and largely so for 

Devices 3-4, is limiting when considering the other 14 devices. Hence, the Small devices used 

here could skew the model, but the models chosen were robust to this effect, as seen in Tables 
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2.3-2.6. and Figure 2.4. 

The overall model (Model 4) remains to be prospectively tested on wide range and large 

number of devices. However, the external validation shows the prediction is good for 

independent test results not used to create the device force model. Equally, it shows the overall 

model obtained is relatively general and independent of the device data used to create it, and 

thus provides a useful guideline for a wide range of devices.  

2.4. Summary 

This chapter has presented a simple precision design model using device and experimental data 

from 18 HF2V devices with and without bulges. From 14 proposed models, identification and 

analysis assessing independent prediction accuracy, model completeness and robustness 

resulted in two very good models, from which one was slightly better. Model 4: F =

α0AR. Dcyl + α1 SA+α2AB, was identified as the best model as it produced the highest R2 = 

0.91, and its addition of the annular bulge area (AB) term indicates the necessity of this term. 

Delineation of the force in this model indicates that extrusion terms deliver 78% of the total 

force on average across all devices, with 22% due to friction.  

The model tested on independent data, predicts very well for Typical and Large devices. The 

overall model is very general and provides a far more precise design tool linking device 

dimensions and quasi-static device force. It thus enables easier uptake by practitioners, as well 

as first indications on more specific and precise mechanics modelling of these devices. 

Overall, this chapter has presented an empirical fit of models using key device parameters to 
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experimental results. The next step will be to consider other models using first principles, rather 

than empirical fits.  
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Chapter 3: Upper bound and Lower bound: Analytical Modelling 

3.1. Introduction 

The specific design force and displacement capacity requirements for a damper for a given 

structure will depend upon a number of structural design parameters. Therefore, there is a need 

to be able to reliably predict damping device forces for any given required force capacity. 

Having methods able to predict upper and lower bounds of the final device performance will 

eliminate the need for iterative design and experimental testing to achieve a final desired device 

performance. 

While Chapter 2 presented empirical models, this chapter will investigate the application of 

conventional extrusion models to predict HF2V device forces. This chapter presents equations 

to provide upper bound and lower bound force limits for a device design. It is based on 

analogies with bulk extrusion methods, which is a comparable mechanism to the HF2V 

devices. Existing extrusion force models are classified as direct and indirect. They are modified 

in derivation to match geometric parameters of the HF2V device designs. The upper and lower 

bound load estimations are then calculated. Performance and limitations of the models 

individually or in combinations are assessed.  

3.1.1. Direct and Indirect Extrusion Analogy 

Extrusion is a forming process in which the working material is forced between dies by an 

external load. Generally, in direct extrusion processes, the ram moves forward to push the metal 

billet through the die orifice at room temperature, extruding the metal in the same direction as 
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the ram. The metal is sheared and compressed between the dies to create plastic deformation 

to produce metal parts. Typical direct extrusion examples are shown in Figure 3.1. (a).  

In indirect metal forming processes, the stamp head is forced through the working material by 

application of force on the stamp, useful for forming hollow tubes. Unlike direct extrusion, the 

entire work piece is not displaced by the ram to pass through an orifice. The stamp pushes 

through the work piece, so the working material compresses and shears passing in the opposite 

direction to the direction of displacement of the stamp, as shown in Figure 3.1 .(b).  

The extrusion process in a HF2V device, as shown in Figure 3.1. (c), is a closed container 

operation, in which the working material can be repeatedly extruded by shaft displacement. In 

a prestressed HF2V device, lead is plastically deformed during extrusion and regains its 

mechanical properties through recrystallization behind the bulge [87]. The working material is 

forced to flow against the shaft behind the bulge [112]. The working material remains within 

the containing cylinder after extrusion and does not cause changes in overall configuration of 

the working material in the HF2V devices, unlike metal forming extrusion processes.  

Despite the fact the reversible extrusion process used within these devices does not strictly 

match conventional extrusion processes, close analogies exist between them. The bulges in the 

HF2V devices are analogous to the stamp head in indirect extrusion processes and to the die in 

direct extrusion. The functions of the bulge, stamp head and die are to deform the metal during 

the extrusion process. Compression and shear forces are produced from deformation of metal 

and friction between the metal and moving parts in both the processes. Thus, there are strong 

analogies. 
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(a) 

 

(b) 

 

(c) 

Figure 3.1. (a) Direct extrusion (b) Indirect Extrusion (c) HF2V device. 

 

The exact interaction of working material (lead) with the cylinder walls of the HF2V devices 

is uncertain. In particular, there is no simple methodology to observe the actual flow of lead 
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during shaft displacement in the devices, limiting information. Due to the ambiguity regarding 

the forces due to wall friction as lead flows, two assumptions are considered in this study: 

Assumption 1: Intermetallic shear occurs in lead during the shaft displacement, shearing lead 

only along the shaft during displacement and the lead along the wall is not displaced [186]. 

Thus, there are no frictional forces from the cylinder walls, and all force is due to internal shear 

within the lead.  

Assumption 2:  Friction forces are produced from the flow of lead along the cylinder walls 

during shaft displacement, thus contributing to overall HF2V device forces.  

3.1.2. Limit Loads 

Due to the inherent complexity of the extrusion process, exact prediction of extrusion forces 

can be difficult. Instead, most methods seek to approximate upper and lower limits on the 

extrusion forces [187-189]. Upper bound (UB) theorems estimate maximum forces based on 

yield criteria and geometric self-consistency. Lower bound (LB) theorems determine the 

minimum forces produced, neglecting geometric self-consistency [189, 190].  

Plain strain theory can be applied to metal forming processes with axisymmetric geometry for 

predicting approximate extrusion forces [76, 191-193]. The upper bound forces can also be 

estimated using the slip line field theory, which is a graphical method of determining the 

working load during metal deformation by assuming polycrystalline metals always slip in the 

direction of maximum shear stress. Thus, the slip-line field theory shows a graphical 

representation of directions of maximum shear at every point in the deforming body [188]. 
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However, the construction of slip-line field and hodographs for force estimation is complex, 

and unreliable if the slip-line fields are inaccurate or not to scale [76, 192, 194, 195].  

Overall, there are several generalized models available for upper limit approximations of 

axisymmetric direct and indirect extrusion forces [196-202]. However, only a few models are 

based on geometric parameters influenced by the frictional conditions involved in extrusion 

[203]. As HF2V device operation is based on extrusion, the device parameters are matched to 

equations for direct and indirect metal extrusion processes to obtain upper and lower bound 

force capacities for these devices. The goal is to provide insight into their operating mechanics 

and design.  

Thus, the limit analysis of the HF2V devices can provide an estimate of the maximum or 

minimum forces that can be produced by the metal extrusion damper. The UB model predicts 

the upper force limit or capacity of an HF2V device by considering all types of deformation 

occurring in the device during operation, including friction forces. The LB model of an HF2V 

device computes only the force produced due to extrusion of lead between the bulge and the 

wall, without considering other forces produced during lead deformation.  

3.2. Methods 

3.2.1. Direct extrusion based HF2V UB Modelling 

Upper bound models are proposed based on existing upper bound models for extrusion upper 

bound force calculations. A simplified, efficient upper bound (UB) extrusion solution for lead 

and aluminium alloys is considered in this analysis due to the simplified, direct analogy 
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between the extrusion model and HF2V device operation [196-198]. It is a generalized upper 

bound model independent of velocity fields and slip line fields [76], defined:  

𝐅𝐝 = 𝟐𝐤 [𝟒𝛍 (
𝐇

𝐃
+

𝐡

𝐝
) + (

𝛍

𝐬𝐢𝐧𝛂
+ 𝟏) 𝐥𝐧

𝐃𝟐

𝐝𝟐
]

𝛑𝐃𝟐

𝟒
      (3-1) 

Where, k is the maximum stress, D is the billet container diameter, H is the length of billet in 

the container, d is the diameter of the extruded metal, h is the length of the die land, μ is the 

friction coefficient and α is the die angle [198, 204] as shown in Figure 3.2.(a). For the direct 

extrusion comparison to the HF2V device, geometric device parameters are mapped on to the 

HF2V devices for UB modelling as shown in Figure 3.2.(b).  

      

(a)                                                         (b) 

Figure 3.2. (a) Direct extrusion parameters from equation (b) Direct extrusion geometry 

mapping to HF2V devices. 

The following initial assumptions are made for modelling: 

a. The bulges of the HF2V damper are assumed to be on the walls of the devices as shown 

in Figure 3.2. (b), similar to the constricted tube extrusion damper [72, 74, 100, 110], 

or that this equivalent analogy would provide the same forces.  
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b. Additionally, friction from a no-bulge shaft is considered in modelling. 

c. The ram moves and lead is extruded between the two bulges on the walls creating 

extrusion and friction forces. 

d. Friction between the endplates is neglected. 

Based on Figure 3.2. (b), Equation (3-1) can be modified to match the geometric parameters 

defining HF2V devices. The additional friction force (Ff) from the shaft is added to the 

modified UB equation, which is then defined: 

𝐹𝑈𝐵,𝑑𝑖𝑟𝑒𝑐𝑡 = 2𝑌𝑜
𝜋(𝐷𝑐𝑦𝑙−𝐷𝑠ℎ)

2

4
[4𝜇 (

𝐿𝑐𝑦𝑙−𝐿𝑏𝑙𝑔

𝐷𝑐𝑦𝑙−𝐷𝑠ℎ
+  

𝐿𝑓𝑙𝑎𝑡 𝑏𝑙𝑔

𝐷𝑐𝑦𝑙−𝐷𝑏𝑙𝑔
) + (

𝜇

𝑠𝑖𝑛𝛼
+ 1) ln (

𝐷𝑐𝑦𝑙−𝐷𝑠ℎ

𝐷𝑐𝑦𝑙−𝐷𝑏𝑙𝑔
 )

2

] + 𝐹𝐹  

(3-2) 

where, Yo is the yield strength of lead, μ is the coefficient of friction between the lead and the 

steel shaft surface, Lcyl is the length of the cylinder, Lblg is the length of the bulge, Lflat blg is the 

length of the flat surface of the bulge similar to the die land of direct extrusion, Dcyl is the 

cylinder diameter, Dblg is the bulge diameter, Dsh is the shaft diameter, α is the bulge angle. All 

HF2V device geometric parameters in Equation (3-2) are shown in Figure 3.3 
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Figure 3.3. HF2V lead extrusion damper parameters. 

 

 

During shaft displacement, large deformations occur in the lead working material due to 

shearing by the bulge as it passes through the lead. To attain the maximum possible HF2V 

device force to calculate an upper bound, the yield strength (Yo) of the material is considered 

instead of the maximum stress (k). The value of Ff  and the friction coefficient considered for 

modelling are discussed in detail in Section 3.2.4. 

3.2.1.1.UB Model 1 (FUB,1) 

The friction forces produced in the HF2V devices between the cylinder walls and the lead are 

neglected in this model following Assumption 1. However, the friction forces attained from 

friction between the lead and the shaft (Ff) are captured in this model, defined:  
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𝑭𝑼𝑩,𝟏 = 𝟐𝒀𝒐
𝝅(𝑫𝒄𝒚𝒍−𝑫𝒔𝒉)

𝟐

𝟒
[𝟒𝝁 (

𝑳𝒄𝒚𝒍−𝑳𝒃𝒍𝒈

𝑫𝒄𝒚𝒍−𝑫𝒔𝒉
+  

𝑳𝒇𝒍𝒂𝒕 𝒃𝒍𝒈

𝑫𝒄𝒚𝒍−𝑫𝒃𝒍𝒈
) 𝐥𝐧 (

𝑫𝒄𝒚𝒍−𝑫𝒔𝒉

𝑫𝒄𝒚𝒍−𝑫𝒃𝒍𝒈
 )

𝟐

] + 𝑭𝒇            

(3-3) 

Where, Ff is the friction of lead along the entire shaft, defined in Section 3.2.4. As the friction 

forces produced at the cylinder walls are neglected in this equation, the minimum friction 

coefficient can be considered 0.05 between lead and walls for calculation [205, 206] of FUB,1. 

The friction coefficient (μ) is μ = 0.25, and assumed constant at all points of interaction between 

the lead and shaft surface [207, 208]. 

3.2.1.2. UB Model 2 (FUB,2) 

Following Assumption 2, the FUB,2  model accounts for the friction forces from lead-wall 

interaction [209, 210]. The friction coefficient at the lead-wall and lead-shaft interaction are 

considered as μ = 0.25 in Equation (3-1) for FUB,2 modelling [207, 208]. The modified UB 

equation under Assumption 1 is defined: 

𝑭𝑼𝑩,𝟐 = 𝟐𝒀𝒐
𝝅(𝑫𝒄𝒚𝒍−𝑫𝒔𝒉)

𝟐

𝟒
[𝟒𝝁 (

𝑳𝒄𝒚𝒍−𝑳𝒃𝒍𝒈

𝑫𝒄𝒚𝒍−𝑫𝒔𝒉
+  

𝑳𝒇𝒍𝒂𝒕 𝒃𝒍𝒈

𝑫𝒄𝒚𝒍−𝑫𝒃𝒍𝒈
) 𝐥𝐧 (

𝑫𝒄𝒚𝒍−𝑫𝒔𝒉

𝑫𝒄𝒚𝒍−𝑫𝒃𝒍𝒈
 )

𝟐

] + 𝑭𝒇_𝒔𝒉           (3-4) 

Where, Ff_sh is the friction forces from the non-bulged shaft, which is explicitly defined in 

Section 3.2.4. The friction forces along the bulged shaft have already been captured in the 

model. 

3.2.2. Indirect Extrusion based HF2V UB modelling 

The overall geometry in the indirect extrusion case is similar to the geometry of the HF2V 

devices seen in Figure 4. The stamp head compresses and shears the metal, and passes through 
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the working piece, similar to the bulged shaft in the HF2V devices. The shaft bulge is analogous 

to the stamp and the container wall and work piece are compared to the cylinder walls and 

working material (lead), respectively. However, the extruded work piece does not flow over to 

the shaft behind the stamp head. In typical indirect extrusion, the extruded work piece retains 

the die geometry. 

A constitutive approach is considered for indirect extrusion force modelling, where the sum of 

forces dissipated in the extrusion process is considered [195, 199, 211-213]. The forces 

produced by indirect extrusion are from friction between the work piece-stamp (Fp), 

workpiece- cylinder wall (Fm), compression of the work piece (Fr) and deformation of work 

piece (Fdef) [199], defined: 

𝐹𝑖  = (8𝜇𝑘 .
ℎ𝑝

𝑑
 

𝐷2

𝐷2− 𝑑2 .
𝜋𝑑2

4
)

𝐹𝑝
+ (8𝜇𝑘 𝐷.

ℎ𝑚+
ℎ

2

𝐷2−𝑑2 .
𝐷2

𝑑2  .
𝜋𝑑2

4
)

𝐹𝑚

+ [2𝑘.
𝜋𝑑2

4
. (1 +

𝜇𝑑

𝐻
 ) ]

𝐹𝑟
+

(2𝑘 .
𝐷2

𝑑2  .
𝜋𝑑2

4
 ln

𝐷2

𝐷2− 𝑑2)
𝐹𝑑𝑒𝑓

                    (3-5) 

Where, k is the maximum stress, D is the diameter of container, d is diameter of stamp head, 

hp is the height of the stamp, hm is length of extruded work piece behind the stamp, H is the 

height of non-deformed work piece [199] and h is defined: 

h = 
𝑫+𝒅

𝟐

√𝑫𝟐−𝒅𝟐

𝒅
                    (3-6) 

These geometric parameters for indirect extrusion can be mapped to the HF2V devices for 

modelling the UB forces, as shown in Figure 3.4. 
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(a)                                             (b) 

Figure 3.4. (a) Indirect extrusion parts (b) Geometric mapping of parameters onto the HF2V 

devices. 

 

Using the indirect extrusion modelling methodology, the upper bound limits of the total HF2V 

device forces can be calculated from the sum of upper limits of friction forces from lead-bulge 

(Ff_blg), lead-shaft (Ff_sh) and lead-wall (Ff_wall) interactions, compression forces (Fcomp), 

deformation forces (Fdef) and extrusion force (Fext) from area reduction. Equations (3-3)-(3-5) 

is adapted and modified to match the geometric parameters of the HF2V devices and the UB 

forces from the HF2V devices can be calculated using:  

𝑭𝑼𝑩,𝒊𝒏𝒅𝒊𝒓𝒆𝒄𝒕 =  𝑭𝒄𝒐𝒎𝒑 + 𝑭𝒅𝒆𝒇 + 𝑭𝒇_𝒃𝒍𝒈 + 𝑭𝒇_𝒔𝒉 + 𝑭𝒇_𝒘𝒂𝒍𝒍 + 𝑭𝒆𝒙𝒕              (3-7) 

The expression for compressive forces for HF2V devices is defined: 
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𝐹𝑐𝑜𝑚𝑝 = 2𝑌𝑜 (1 + 𝜇
𝐷𝑏𝑙𝑔−𝐷𝑠ℎ

𝐿𝑐𝑦𝑙−𝐿𝑏𝑙𝑔
)

𝜋 (𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)2

4
                (3-8) 

The deformation forces are defined:     

𝐹𝑑𝑒𝑓 = 2𝑌𝑜  
𝐷𝑐𝑦𝑙

2

(𝑑)2
 
𝜋 𝑑2

4
 ln

𝐷𝑐𝑦𝑙
2

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)2

                       (3-9) 

The force produced from the friction between the bulged shaft and the working material is 

calculated:  

𝐹𝑓_𝑏𝑙𝑔 = 8𝜇𝑌𝑜  
(𝐿𝑏𝑙𝑔)

𝐷𝑏𝑙𝑔−𝐷𝑠ℎ
 
𝜋 (𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2

4
  

𝐷𝑐𝑦𝑙
2

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2                       (3-10) 

The working material flows against the wall creating friction forces between the wall and 

working material, which are defined: 

𝐹𝑓_𝑤𝑎𝑙𝑙 = 8𝜇𝑌𝑜  
𝐿𝑏𝑙𝑔+ℎ

2⁄

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2  
𝜋 (𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2

4
  

𝐷𝑐𝑦𝑙
2

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2            (3-11) 

Where, h is defined: 

𝒉 =  
𝑫𝒄𝒚𝒍+(𝑫𝒃𝒍𝒈−𝑫𝒔𝒉)

𝟐
+

√𝑫𝒄𝒚𝒍
𝟐−𝑫𝒔𝒉

𝟐

𝟐
                 (3-12) 

in accordance to the indirect extrusion force calculation from Equation (3-6) [199]. 

The extrusion forces (Fext) can be estimated using equations given in Section 3.2.3. The shaft 

friction force (Ff_sh) can be calculated as derived in Section 3.2.4. 
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3.2.1.1. UB Model 3 (FUB,3) 

The UB force calculation using the indirect extrusion process with the assumption of no friction 

between at lead-wall boundary (Assumption 1) yields FUB,3, which considers the friction forces  

generated from the interaction of lead and shaft, defined: 

𝐹𝑈𝐵,3 =  𝐹𝑐𝑜𝑚𝑝 + 𝐹𝑑𝑒𝑓 + 𝐹𝑓_𝑏𝑙𝑔 +  𝐹𝑒𝑥𝑡 + 𝐹𝑓_𝑠ℎ             (3-13) 

3.2.2.2. UB Model 3 (FUB,4) 

Following Assumption 2, the working material flows against the direction of motion against 

the wall, creating friction forces between the wall and lead, which are calculated using Equation 

(3-5). The modified UB force model FUB,4 considering wall friction forces in HF2V devices is 

defined: 

𝐹𝑈𝐵,4 =  𝐹𝑐𝑜𝑚𝑝 + 𝐹𝑑𝑒𝑓 + 𝐹𝑓_𝑏𝑙𝑔 + 𝐹𝑓_𝑠ℎ +  𝐹𝑒𝑥𝑡 + 𝐹𝑓_𝑤𝑎𝑙𝑙                        (3-14) 

3.2.3. Lower bound equation (FLB) 

Lower bound extrusion forces can be estimated based on work models used to obtain 

metalworking loads, which assumes homogenous deformation and zero friction [76, 211, 214]:  

𝐹𝐿𝐵 = 𝐴𝑜𝑌𝑜
′  ln

𝐴𝑜

𝐴𝑓
                  (3-15) 

Where, Y’o is the yield stress is from power law, Ao is the area of lead before extrusion, Af is 

the lead area after extrusion, defined for HF2V devices using Figure 3.3: 
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D D
A 


               (3-16) 

Power law calculates yield strength under low stresses, which is ideal for lower bound force 

calculations. This model assumes  pure extrusion with ideal deformation, no friction and no 

redundant work [214, 215]. Based on this reasoning, this model can be used to estimate 

extrusion forces from the device when the friction between the steel parts and lead is negligible. 

This condition can occur, for example, when surfaces are lubricated. Neglecting these terms is 

an appropriate simplifying assumption when calculating a lower bound. Thus, FLB = Fext. 

3.2.1.3. Modified Lower Bound Equation (FLB,1) 

From previous research, actual HF2V forces are obtained from extrusion forces and friction 

forces [209, 210]. Hence, the force required to overcome friction for shaft displacement needs 

to be considered for LB modelling. The overall lower bound force developed in the HF2V 

damper can be obtained by adding Ff to Equation (3-15), yielding: 

𝐹𝐿𝐵,1 = 𝐴𝑜𝑌𝑜
′  ln

𝐴𝑜

𝐴𝑓
+ 𝐹𝑓                (3-17) 

3.2.4. Friction force (Ff) modelling 

Accounting frictional effects at the contact surface is complex and several studies have been 

undertaken to understand the mechanics involved at the contact boundary [216-220]. The 

Coulomb friction model is the earliest and most frequently used friction model in extrusion. It 
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is only dependent on load and direction of velocity, and estimates the dynamic friction forces 

from sliding [221].  

A Coulomb friction based model is used to calculate friction forces from lead-shaft interface 

[222-225]: 

𝐹𝐹 = 𝑚𝜋𝐷𝐿
𝑌𝑜

√3
                 (3-18) 

The friction model considered in Equation (3-18), assumes shear stresses are proportional to 

the normal flow stress [218, 222-226] according to Von Mises friction law. The true estimation 

of the shear forces in the devices can be determined only if the actual area of contact between 

the lead and the shaft/container is known [227]. Industrial extrusion processes assume constant 

friction exists at all points of contact between working material and die/container [161, 218]. 

The length of the shaft in contact with lead is equal to the length of the cylinder (Lcyl), the 

frictional force component for the entire shaft is thus defined:  

𝐹𝑓 = 𝑚𝜋𝐷𝑠ℎ
𝑌𝑜

√3
𝐿𝑐𝑦𝑙                  (3-19) 

The length of the bulge, Lblg is excluded in Equation (4) as the friction contribution by the bulge 

is already captured. The frictional force component is defined: 

𝐹𝑓_𝑠ℎ = 𝑚𝜋𝐷𝑠ℎ
𝑌𝑜

√3
(𝐿𝑐𝑦𝑙 − 𝐿𝑏𝑙𝑔)               (3-20) 
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3.2.5. Summary of UB and LB Equations 

Equations (3-1) to (3-20) present and revise several equations for UB and LB forces under a 

variety of conditions. To avoid confusion, they are summarised in   
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Table 3.1.  

  



59 

 

Table 3.1. The HF2V UB and LB equations used for analysis. 

UB without 

wall friction 

from Direct 

extrusion 

𝐹𝑈𝐵,1 = 2𝑌𝑜
𝜋(𝐷𝑐𝑦𝑙−𝐷𝑠ℎ)

2

4
[4𝜇 (

𝐿𝑐𝑦𝑙−𝐿𝑏𝑙𝑔

𝐷𝑐𝑦𝑙−𝐷𝑠ℎ
+  

𝐿𝑓𝑙𝑎𝑡 𝑏𝑙𝑔

𝐷𝑐𝑦𝑙−𝐷𝑏𝑙𝑔
) ln (

𝐷𝑐𝑦𝑙−𝐷𝑠ℎ

𝐷𝑐𝑦𝑙−𝐷𝑏𝑙𝑔
 )

2

] + 𝑚𝜋𝐷𝑠ℎ
𝑌𝑜

√3
𝐿𝑐𝑦𝑙  

UB with wall 

friction from 

Direct 

extrusion 

𝐹𝑈𝐵,2 = 2𝑌𝑜

𝜋(𝐷𝑐𝑦𝑙 − 𝐷𝑠ℎ)
2

4
[4𝜇 (

𝐿𝑐𝑦𝑙−𝐿𝑏𝑙𝑔

𝐷𝑐𝑦𝑙 − 𝐷𝑠ℎ
+  

𝐿𝑓𝑙𝑎𝑡 𝑏𝑙𝑔

𝐷𝑐𝑦𝑙 − 𝐷𝑏𝑙𝑔
) ln (

𝐷𝑐𝑦𝑙 − 𝐷𝑠ℎ

𝐷𝑐𝑦𝑙 − 𝐷𝑏𝑙𝑔
 )

2

] + 

𝑚𝜋𝐷𝑠ℎ
𝑌𝑜

√3
(𝐿𝑐𝑦𝑙 − 𝐿𝑏𝑙𝑔)  

UB without 

wall friction 

from Indirect 

extrusion 

𝐹𝑈𝐵,3 = 𝑌𝑜 [2 (1 + 𝜇
𝐷𝑏𝑙𝑔−𝐷𝑠ℎ

𝐿𝑐𝑦𝑙−𝐿𝑏𝑙𝑔
)

𝜋 (𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)2

4
+ 2 

𝐷𝑐𝑦𝑙
2

(𝑑)2  
𝜋 𝑑2

4
 ln

𝐷𝑐𝑦𝑙
2

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)2 +

 8𝜇 
(𝐿𝑏𝑙𝑔)

𝐷𝑏𝑙𝑔−𝐷𝑠ℎ
 
𝜋 (𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2

4
  

𝐷𝑐𝑦𝑙
2

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2 + 𝐴𝑜 ln
𝐴𝑜

𝐴𝑓
+  𝑚𝜋𝐷𝑠ℎ

𝐿𝑐𝑦𝑙

√3
]  

 

UB with wall 

friction from 

Indirect 

extrusion 

𝐹𝑈𝐵,4 = 𝑌𝑜 [2 (1 + 𝜇
𝐷𝑏𝑙𝑔−𝐷𝑠ℎ

𝐿𝑐𝑦𝑙−𝐿𝑏𝑙𝑔
)

𝜋 (𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)2

4
+ 2 

𝐷𝑐𝑦𝑙
2

(𝑑)2  
𝜋 𝑑2

4
 ln

𝐷𝑐𝑦𝑙
2

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)2 +

 8𝜇 
(𝐿𝑏𝑙𝑔)

𝐷𝑏𝑙𝑔−𝐷𝑠ℎ
 
𝜋 (𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2

4
  

𝐷𝑐𝑦𝑙
2

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2 + 𝐴𝑜 ln
𝐴𝑜

𝐴𝑓
+  𝑚𝜋𝐷𝑠ℎ

𝐿𝑐𝑦𝑙

√3
+

 8𝜇 
𝐿𝑏𝑙𝑔+ℎ

2⁄

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2  
𝜋 (𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2

4
  

𝐷𝑐𝑦𝑙
2

𝐷𝑐𝑦𝑙
2−(𝐷𝑏𝑙𝑔−𝐷𝑠ℎ)

2]   

LB without 

friction from 

shaft and wall 

𝐹𝐿𝐵 = 𝐴𝑜𝑌𝑜
′  ln

𝐴𝑜

𝐴𝑓
 

LB with 

friction from 

shaft 

𝐹𝐿𝐵,1 = 𝐴𝑜𝑌𝑜
′  ln

𝐴𝑜

𝐴𝑓
+ 𝑚𝜋𝐷𝑠ℎ

𝑌𝑜
′

√3
𝐿𝑐𝑦𝑙 

 

3.3. Analysis  

The UB and LB models in Table 3.1. are applied to 15 HF2V lead extrusion dampers whose 

experimental test data are available from previous research [125, 160, 228]. Some devices from 

Chapter 2 are considered in this study, whose relevant geometric values are known. The 15 

devices considered are defined in Table 3.2. The following assumptions are made for the UB 

analysis: 
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i. The friction coefficient (μ) is μ = 0.25, and assumed constant at all points of interaction 

between the lead and shaft surfaces .  

ii. The forces of compression behind the bulge slope after extrusion are neglected. 

iii. The velocity of the shaft relative to the outer casing is assumed 0.5mm /s for all the 

devices. 

iv. The effect of temperature is not considered in this analysis. 

Table 3.2. HF2V device parameters. 

Devices Lcyl 

(mm) 

Lblg 

(mm) 

Dcyl 

(mm) 

Dblg 

(mm) 

Dshaft 

(mm) 

α 

(degrees) 

5. 110 30 89 40 30 68.2 

6. 110 30 89 50 30 51.3 

7. 110 30 89 58 30 41.8 

8. 130 30 66 40 30 68.2 

9. 130 30 66 50 30 51.3 

10. 50 23.3 50 32 20 56.8 

11. 70 20 50 32 20 56.3 

12. 100 30 50 35 24 66.3 

13. 160 20 60 42 33 62.1 

14. 100 23 50 35 24 59.9 

15. 75 30 70 48 30 54.2 

16. 160 20 54 35 30 73.6 

17. 160 20 54 36 30 70.6 

18. 160 20 54 38 30 64.8 

19. 100 17.2 40 27 20 65.3 

 

For the UB analysis, the following expression is considered for calculating the yield stress (Yo):  

𝑌𝑜 = 2𝑌̅                   (3-21) 

The average or flow stress (𝒀̅) is the mean value of stresses from the beginning to end of 

deformation, defined [215]: 
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  𝒀̅ =  
𝑲𝜺𝒏

𝟏+𝒏
                  (3-22) 

Where, K is the strength coefficient, ε is the strain during the deformation process, and n is the 

strain-hardening component. K = 26.4 and n = 0.28 for commercially pure lead [229]. The 

corresponding Yo values calculated are given in Table 3.3.  

Table 3.3. The yield strength values of pure lead form Equation (3-22). 

Devices ε Yo 

(N/mm2) 

5. 0.17 25.09 

6. 0.34 30.47 

7. 0.47 33.48 

8. 0.28 28.82 

9. 0.56 34.99 

10. 0.40 31.92 

11. 0.40 31.92 

12. 0.42 32.42 

13. 0.33 30.33 

14. 0.42 32.42 

15. 0.45 32.99 

16. 0.21 26.59 

17. 0.25 27.98 

18. 0.33 30.33 

19. 0.35 30.74 

 

The strain hardening component in Equation (3-22) allows for estimation of forces developed 

in HF2V devices during strain hardening of lead, capturing peak forces produced during plastic 

deformation [215]. The Yo values calculated Equation (3-22) for all the devices are comparable 

to experimental yield stress values of pure lead at 20 °C [230].  
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For the LB analysis, the yield stress for lead under shear and compression respectively can be 

estimated based on power law of stress strain relationship, which is used to calculate flow 

stresses under low stresses [229, 231-233]. Using the stress-stain relationship based on power 

law for commercially pure lead at room temperature [229, 232], flow stress at low stresses is 

defined: 

𝒀̅′ = 𝒌′𝜺̅ 𝒏𝜺̅̇𝒎                   (3-23) 

Where, k’ is the stress constants (MPa), ε is the strain during the deformation process, n is the 

strain-hardening component and 𝜀̇ ̅is the strain rate. The yield stress values can be calculated 

using the respective parameter values from previous research [229, 232], given as k’= 33 MPa, 

n =0.30 and m = 0.091. Thus, corresponding yield stress is calculated using: 

𝒀𝒐
′ = 𝟐𝒀′̅                   (3-24) 

The yield stresses for LB force calculations calculated using equation (3-24) is tabulated in 

Table 3.4. The device forces calculated using low stresses from power law would provide a 

rough estimate of the lowest forces produced in the devices before recrystallization after initial 

work hardening [215]. 
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Table 3.4. Yield strength values for LB calculations using Equation (3-24). 

Devices ε Yo’ 

(N/mm2) 

5. 0.17 20.63 

6. 0.34 27.03 

7. 0.47 30.83 

8. 0.28 25.01 

9. 0.56 32.78 

10. 0.40 28.84 

11. 0.40 28.84 

12. 0.42 29.47 

13. 0.33 26.86 

14. 0.42 29.47 

15. 0.45 30.19 

16. 0.21 22.36 

17. 0.25 24.01 

18. 0.33 26.86 

19. 0.35 27.37 

 

The friction factor, m, also known as the interface friction shear factor is a quantitative index 

for determining friction stresses at interface [224]. The friction factor, m = 0.866 and is 

calculated using the following relationship [222, 234]: 

𝒎 =  𝟐 𝝁√𝟑                      

(3-25) 

 

A total of 15 HF2V experimental device forces (Fexp) are compared against the estimated upper 

bound and lower bound forces. The resulting UB and LB forces are compared to the peak forces 

from experimental tests. The experimental forces are expected to lie between the UB and LB 

forces [195].  
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To better understand the dependency of the HF2V device forces and the estimated UB and LB 

forces on the device parameters, the devices are plotted on basis of increasing values of key 

HF2V geometric parameters of the empirical model (Model 4) from Chapter 2. In addition, 

based on existing research parameters influencing the extrusion forces in bulk forming 

industry, geometric parameters crucial in producing HF2V device forces are identified by 

comparison.  

The UB models are analyzed to identify the reliable model giving closest predictions. UB and 

LB models provide a rough estimation of a broad range of maximum and minimum expected 

forces from HF2V devices. For practical applications, it will be helpful in determining device 

design forces.  

To attain a closer approximation to actual device forces the following three methods are applied 

i. Average UB and LB model forces are calculated based on the models presented and 

error based on experimental forces are calculated. The model combination showing the 

smallest error can be used for device force calculation. 

ii. The model forces are plotted against experimental forces, with UB model force on the 

X-axis and experimental force on the Y axis. The model correlation coefficient is 

determined. The models showing excellent correlation, R2 ( > 0.85) with experimental 

values are assumed best, based on a trend line drawn for the plot and equation:  
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Y = AX + B                (3-26) 

where, Y is the experimental force and X is the model force. A is the gradient of the line and 

B is the intercept. The equation is used to calculate expected HF2V device forces. The results 

are compared with experimental forces for corresponding devices. 

𝐹𝑈𝐵,1precision
= 2

𝑌𝑜

2

𝜋(𝐷𝑐𝑦𝑙 − 𝐷𝑠ℎ)
2

4
[4𝜇 (

𝐿𝑐𝑦𝑙−𝐿𝑏𝑙𝑔

𝐷𝑐𝑦𝑙 − 𝐷𝑠ℎ
+ 

𝐿𝑓𝑙𝑎𝑡 𝑏𝑙𝑔

𝐷𝑐𝑦𝑙 − 𝐷𝑏𝑙𝑔
) ln (

𝐷𝑐𝑦𝑙 − 𝐷𝑠ℎ

𝐷𝑐𝑦𝑙 − 𝐷𝑏𝑙𝑔
 )

2

] 

 +𝑚𝜋𝐷𝑠ℎ
𝑌𝑜

2
𝐿𝑐𝑦𝑙                   (3-27) 

The HF2V device geometric parameters are applied to this model to attain precise device 

forces. 

3.4. Results 

3.4.1. UB and LB forces and plots 

Experimental HF2V device forces are compared to UB and LB estimates of HF2V devices 

using the equations from   
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Table 3.1. The results are compared in Table 3.5 and  

Figure 3.5. The experimental forces (Fexp) are smaller than the direct extrusion UB force values 

(FUB,1 and FUB,2) as expected, shown in Figure 3.5 (a). FUB,1  predictions are closer to 

experimental test forces. The addition of wall friction makes the predictions of  UB forces from 

FUB,2  larger than FUB,1  as expected. 

The results from the indirect extrusion model shows the upper bound forces without wall 

friction (FUB,3) are lower than the experimental forces except for device 16, where the UB force 

is greater than the experimental peak force. However, on considering the wall friction between 

lead and cylinder, the upper bound forces (FUB,4) are greater than the experimental forces for 

all 15 devices. The devices forces from experiments are plotted with UB forces from indirect 

extrusion (FUB,3, FUB,4)  

Figure 3.5.(b). 

Table 3.5. Comparison of HF2V LB and UB forces to experimental forces. 

Devices FLB 

(kN) 

FLB,1 

(kN) 

Fexp 

(kN) 

FUB,3 

(kN) 

FUB,4 

(kN) 

FUB,1 

(kN) 

FUB,2 

(kN) 

5. 20.94 127.08 160 134.8 319.8 273.6 444.3 

6. 61.16 200.25 285 245.4 477.1 486.5 702.4 

7. 108.42 267.01 390 370.9 636.3 704.2 947.8 

8. 16.56 168.66 200 174.5 316.0 288.6 436.6 

9. 54.09 253.39 346 300.2 482.7 492.4 687.1 

10. 20.81 65.77 130 77.7 172.0 155.3 208.8 

11. 20.81 83.76 150 98.4 183.9 178.5 245.3 

12. 17.21 127.49 155 132.5 245.3 219.9 311.4 

13. 12.46 233.55 260 247.5 349.3 344.2 497.2 

14. 17.21 127.49 155 136.8 231.0 220.8 315.9 

15. 45.34 151.26 250 180.5 362.7 339.8 443.6 

16. 4.72 172.05 170 185.2 261.2 251.0 369.2 

17. 6.25 185.91 200 198.0 278.2 269.7 394.7 

18. 9.85 210.84 260 222.4 310.1 305.6 442.0 

19. 7.41 92.76 125 97.6 151.4 146.3 215.2 
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The lower bound forces from FLB and FLB,1 are lower than all the experimental forces except 

Device 16, which is almost equal to the experimental force shown in  

Figure 3.5(c). However, the values from FLB are very low, as it neglects the forces from friction. 

This result shows the significance of friction force in HF2V devices. It also matches results in 

Chapter 2 of friction forces contributing between 10-60% total device forces in the Typical and 

Large devices. 

 

Figure 3.5.(d) shows the UB and LB force ranges for all the HF2V devices plotted along with 

the peak experimental device forces.  Based on the results, as expected all the UB model force 

ranges lie above the experimental forces, except FUB,3. The UB force values from the direct 

extrusion analogy are much larger than the UB forces calculated from indirect extrusion 

models, as the estimated forces required to overcome friction are higher due to the assumption 

entire billet moves through the cylinder with ram displacement [76, 215, 235]. The FUB,1 model 

over estimates the device forces by 38- 60%. 

However, results from the direct extrusion model without the wall friction (FUB,1) and indirect 

extrusion model considering wall friction (FUB,4) are very close, with UB ranges seeming to 

overlap each other. Although FUB,4 considers wall friction forces, only the friction between the 

lead displaced by the bulge and the wall is captured by the Ff_wall term in the model. Thus, the 

wall friction forces are not over estimated similar to FUB,1.  

From the results shown in Table 3.5and  
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Figure 3.5(d) the UB force range from FUB,3 lies very close to the experimental forces. All the 

forces from this model are smaller than the peak experimental forces as the model does not 

account for the HF2V device forces produced form prestressing, friction between shaft and 

endcaps. However the forces predicted are greater than FLB,1 model forces for all the devices. 

Thus, FUB,3 and FLB,1 forces could be used for approximate prediction of average forces and the 

minimum HF2V device forces, respectively. 

 
(a) UB force (FUB1, FUB 2) range from direct extrusion modelling for the HF2V devices. 
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(b) UB force range (FUB,2 ,FUB,3) from indirect extrusion modelling for the HF2V devices. 

 

 

 
(c) LB force (FLB, FLB,1) range from indirect extrusion modelling for the HF2V devices. 
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(d) Fexp plotted along with all UB and LB force ranges for HF2V devices. 

Figure 3.5. Plots for HF2V device UB and LB force ranges from results in Table 3.5. 

3.4.2. Key Design Parameters 

In Chapter 2, modelling parameters capturing extrusion and friction forces from HF2V devices 

in the empirical model (Model 4) were:  Dcyl, AB and SA. In Figure 3.6. (a-c) the force 

outcomes from the UB, LB models and experimental forces are  plotted in ascending values of 

these device parameters. The numbers above the data points indicate the device identification 

numbers and the numbers labelled below the plots along horizontal axis indicate the values of 

the corresponding device parameter considered for sorting. The values along the horizontal 

axis are only representative of increasing values of the respective  parameters and are plotted 

at fixed intervals representing rank. The horizontal spacing of the data points is not related to 

the values of the parameters. . However, the vertical position of the data points against the 

vertical axis values represents the device forces, which increase relative to the magnitude of 
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the force prediction. This plot shows the UB and LB model forces and device experimental 

forces for corresponding devices indicated above the plots, given previously in Table 3.5. 

 

In Figure 3.6. (a), when the results are ranked by the value of Dcyl, UB and LB values for all 

the models are observed to monotonically increase, except for devices 5, 8 and 15. This result 

strongly indicates Dcyl has a large influence on overall extrusion force. In particular, Dcyl 

broadly determines the volume of lead available for deformation. Thus, cylinder internal 

diameter can be used as a rough indicator of device scale, where larger devices typically 

produce more resistive force. 

Devices sorted on increasing order of bulge area AB, as shown in Figure 3.6 (b), also indicate 

larger AB values result in larger resistive forces, as expected. A larger bulge area, AB, means 

more lead can be displaced and sheared by the shaft bulge, thus producing larger deformation, 

and larger compressive and shearing forces. The forces from Devices 10, 11, 12 and 14 do not 

fit the overall linear trend of increasing device force with increasing values of AB. The SA of 

these devices are relatively small as seen in  Figure 3.6 (c), which is significant because friction 

force also contributes to HF2V device force, as discussed previously in Chapter 2. Thus, there 

is a trade-off between increases in some values and reductions in others in this case. 
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(a) Devices sorted by increasing values of cylinder diameter (Dcyl). 

 

 

 
(b) Devices sorted by increasing values of bulge area (AB). 
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(c) Devices sorted by increasing values of surface area. (SA) 

 

 
(d) Devices sorted based on increasing values of bulge diameter. 

 



74 

 

 
(e) Devices sorted based on increasing values of bulge angle. 

Figure 3.6. Devices ranked on values of key device parameters. 

However, correlation between resistive force and SA is less clear. Two devices with the same 

cross sectional properties, one designed to accommodate more stroke length, and with a larger 

Lcyl, may increase the SA and frictional force due to addition of contact area, but not the 

extrusion force. Thus, devices with design constraints in length, could attain higher force 

capacities by increasing Dcyl or AB. Similarly, large devices requiring lower design force 

capacities for larger surface area could adjust Dcyl and AB values for desired force capacities.  

The UB models can thus also be used as a reference in safely designing HF2V devices within 

a desired force range. 

Device forces, when sorted by increasing values of Dblg, shows almost a linear relationship 

between Dblg and HF2V device forces in Figure 3.6 (d). Hence, based on this plot, it can be 

deduced that Dblg values directly influence HF2V device forces. A large bulge diameter induces 
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larger strain or reduction percentage and deformation during loading, leading to production of 

large resistive forces [161]. However, the direct correlation between force and strain can only 

be expected upto 40-50% strain of the lead working material, beyond which the values may be 

constant or decrease, depending on strain rate [87, 230, 236, 237].  

Another bulge related attribute is bulge angle (α), which is one of the parameters in direct 

extrusion UB force models (FUB,1 and FUB,2). From Figure 3.6 (e), decreasing device force is 

seen with increasing values of α for devices except for Devices 10-12 and 14. Similar trends 

are observed in the metal forming industry, where bulge angle is a key parameter in designing 

extrusion dies [238-240]. From previous research on metal extrusion processes, it is noted the 

extrusion forces increase for increasing small die angle until approximately  35 - 45 degrees 

and decreases with further increase in bulge angle [240].  

According to research in the field of metal extrusion processes, the other parameters related to 

bulge size, which are important,  are the die fillet [239], die length [241], die flat length. These 

values correspond to bulge arc, bulge length and bulge flat length respectively in the HF2V 

devices. The bulge angle value is dependent on the bulge flat length (die flat length) [240].  

An increasing value of bulge flat length means the metal in contact with the die has to overcome 

larger values of friction for motion along the die. For bulges of the same length and size, the 

bulge angle can be reduced by increasing the bulge flat length. This change results in increase 

in area of contact between the lead and the shaft bugle. Thus, the force required to overcome 

friction becomes higher and the resulting overall peak extrusion forces are higher. 
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The bulge arc in HF2V devices can be considered the bulge arc or curve from the shaft to the 

bulge flat length at the top of the bulge. The effect of the bulge arc radius is particularly 

prominent in smaller bulge devices, as it allows larger contact area for small bulged devices. 

The bulge arc factor along with large bulge length of the Small devices, Devices 2 and 4, can 

be attributed to their higher than expected device forces, despite the small size in Chapter 2.  

The importance of bulge size is also evident from Device 21 which is a small device with SA 

smaller than Devices 2 and 4. However, the device produces considerably larger forces from 

extrusion due to a relatively large value of AB. Overall, bulge related parameters are most 

crucial in determining the HF2V device forces in addition Precise force calculation method 

from UB and LB models 

3.4.3. Method 1 : Average of forces 

The average forces obtained from the analytical models (UB and LB) are given in Table 3.6. 

The error is calculated for the average forces and the experimental forces from the devices. The 

overall results from this calculation shows errors ranging from ~1% to ~30% for all the model 

average forces. The experimental forces considered in Table 3.6 is the mean of peak forces of 

the HF2V devices from multiple experimental tests.  

The UB forces are generally indicative of the maximum achievable force by a device due to 

the consideration of yield stress for calculation. The large errors could be due to consideration 

of average peak force. On considering the maximum value of force produced during cyclic 

testing of device, the errors are reduced by a large percentage, shown in Table 3.7. The cyclic 
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test data for Devices 10 to 14 were not available. Hence, the known peak force is considered 

in Table 3.7. Therefore, there is no change in overall errors for Devices 10-14. 

Table 3.6. Average model forces and corresponding errors for HF2V devices with respect to 

mean HF2V peak force. 

Devices 
Fexp 

(kN) 

FUB,1 & FLB,1 FUB,2 & FLB FUB,4 & FLB,1 FUB,3 & FUB,4 

Favg (kN) 
Error 

(%) 
Favg (kN) 

Error 

(%) 

Favg 

(kN) 

Error 

(%) 

Favg 

(kN) 

Error 

(%) 

5. 160 200.3 20% 232.6 31% 223.4 28% 28% 30% 

6. 285 343.4 17% 381.8 25% 338.7 16% 16% 21% 

7. 390 485.6 20% 528.1 26% 451.7 14% 14% 23% 

8. 200 228.6 13% 226.6 12% 242.3 17% 17% 18% 

9. 346 372.9 7% 370.6 7% 368.0 6% 6% 12% 

10. 130 110.5 18% 114.8 13% 118.9 9% 9% 4% 

11. 150 131.1 14% 133.1 13% 133.8 12% 12% 6% 

12. 155 173.7 11% 164.3 6% 186.4 17% 17% 18% 

13. 260 288.9 10% 254.8 2% 291.4 11% 11% 13% 

14. 155 174.1 11% 166.6 7% 179.2 14% 14% 16% 

15. 250 245.5 2% 244.5 2% 257.0 3% 3% 8% 

16. 170 211.5 20% 187.0 9% 216.6 22% 22% 24% 

17. 200 227.8 12% 200.5 0% 232.1 14% 14% 16% 

18. 260 258.2 1% 225.9 15% 260.5 0% 0% 2% 

19. 125 119.5 5% 111.3 12% 122.1 2% 2% 0% 

 

From the results of average forces in Table 3.7, the average of forces from FUB,1 & FLB,1 and 

FUB,4 & FLB,1 show smaller errors compared to average model forces from FUB,3 & FUB,4 and 

FUB,2 & FLB,1. Average model forces from FUB,4 & FLB,1 have the smallest errors when compared 

to all other average model forces. The maximum force error is 17% and the minimum force 

error is 2%. Similar errors are observed for average forces of FUB,4 & FLB,1 with all errors under 

23%. In both the cases, the average force values are still over the experimental peak force 

values. However, they vary by only small percentages and provide a more precise prediction 

of the maximum attainable device force value. 
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Table 3.7. Comparison of maximum achieved experimental device force to average 

analytical model forces and corresponding errors for HF2V devices. 

Device 
Fexp 

(kN) 

FUB,1 & FLB,1 FUB,2 & FLB FUB,4 & FLB,1 FUB,3 & FUB,4 

Favg (kN) 
Error 

(%) 

Favg 

(kN) 

Error 

(%) 

Favg 

(kN) 

Error 

(%) 

Favg 

(kN) 

Error 

(%) 

5. 205 200.3 2% 223.4 12% 223.4 8% 227.3 10% 

6. 305 343.4 11% 338.7 20% 338.7 10% 361.3 16% 

7. 395 485.6 19% 451.7 25% 451.7 17% 503.6 26% 

8. 210 228.6 8% 242.3 7% 242.3 13% 245.3 14% 

9. 350 372.9 6% 368.0 6% 368.0 5% 391.5 12% 

10. 130 110.5 18% 118.9 13% 118.9 9% 124.9 4% 

11. 150 131.1 14% 133.8 13% 133.8 12% 141.2 6% 

12. 155 173.7 11% 186.4 6% 186.4 17% 188.9 18% 

13. 260 288.9 10% 291.4 2% 291.4 11% 298.4 13% 

14. 155 174.1 11% 179.2 7% 179.2 14% 183.9 16% 

15. 265 245.5 8% 257.0 8% 257.0 -3% 271.6 2% 

16. 185 211.5 13% 216.6 1% 216.6 15% 223.2 17% 

17. 200 227.8 12% 232.1 0% 232.1 14% 238.1 16% 

18. 270 258.2 5% 260.5 20% 260.5 4% 266.3 1% 

19. 125 119.5 5% 122.1 12% 122.1 2% 124.5 0% 

 

Hence, for an approximation of HF2V force device, the average of forces from Models FUB,1 

& FLB,1 or Models FUB,3 & FUB,4 may be chosen. As expected, the forces from the UB models 

are indicative of the maximum achievable force by a HF2V device for the given conditions/ 

assumptions.  

3.4.4. Method 2: Linear equation from plots 

As the UB models closely predict the maximum device forces, the maximum experimental 

forces from the devices are plotted against the models forces in Figure 3.7, where the horizontal 

axis represents UB or LB model forces and and the vertical axis represents experimental forces. 
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Each plot identifies an equation based on the trendline given in Figure 3.7, drawn for the plots 

and shows the correlation between the data. All four plots indicate very good R2 values with 

R2 ≥ 0.81. The best R2 ≥ 0.90 values are observed for plots (b) and (d) in Figure 3.7. Thus, the 

equations relating experimental forces and model forces for FUB,2 vs Fexp and FUB,4 vs Fexp are 

considered for application of predicting approximate HF2V device forces. The forces 

calculated form the equation is given in Table 3.8. 

The overall errors from both the equations are similar, except for Devices 15 and 19, which 

have and errors of -7% and 2% from the equation for FUB,4 and -19% and 10% for the FUB,2 

equations, respectively.  Both the models consider the wall friction effects and predict well 

above the experimmental force levels. Although equation from FUB,4 equations predict more 

precisely than FUB,2 equation, FUB,2 model may be chosen for simplicity and ease of calculation.  

 
(a) Plot for FLB,1 vs Fexp 
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 (b) Plot for FUB,2 vs Fexp 

 

 

 
(c) Plot for FUB,3 vs Fexp 
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 (d) Plot for FUB,4 vs Fexp 

Figure 3.7. Plots for UB and LB model forces vs Fexp. 

 

Table 3.8. HF2V force approximation based on linear equations from plots. 

Devices 
Fexp 

(kN) 

FUB,2 vs Fexp FUB,4 vs Fexp 

y = 0.37x + 59.31 

(kN) 

Error 

(%) 

y = 0.57x + 40.61 

(kN) 

Error 

(%) 

5. 205 223.4 8% 223.1 8% 

6. 305 318.9 4% 312.8 3% 

7. 395 409.7 3% 403.7 2% 

8. 210 220.5 5% 220.9 5% 

9. 350 313.2 -11% 316.0 -11% 

10. 130 136.3 5% 138.8 6% 

11. 150 149.8 0% 145.5 -3% 

12. 155 174.2 11% 180.6 14% 

13. 260 243.0 -7% 239.9 -8% 

14. 155 175.9 12% 172.4 10% 

15. 265 223.1 -19% 247.6 -7% 

16. 185 195.6 5% 189.7 2% 

17. 200 205.0 2% 199.4 0% 

18. 270 222.5 -21% 217.6 -24% 

19. 125 138.6 10% 127.0 2% 
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3.4.5. Method 3: Specific force from direct extrusion UB model (FUB,1) 

The UB model predictions using the direct extrusion model varied largely from the 

experimental force predictions, as seen in previous sections. The results obtained using the 

modified Equation (3-3) for HF2V devices are given in Table 3.9. In Figure 3.8, the model 

forces are compared to the average HF2V device forces recorded in Table 3.9 for comparison. 

 

The modified direct extrusion based specific model predicts devices force errors ranging from 

-42% to +17% when compared to the average experimental forces of the devices. As seen in 

Figure 3.8, the force range of the specific FUB,1 model lies very close to the experimental device 

forces when compared to the FUB,1 force range seen in  

Figure 3.5(a) and (d).  

 

Table 3.9. Comparison of precise force from FUB,1 and average Fexp 

Devices 
FUB,1_precise 

(kN) 

Fexp_average 

(kN) 
Error 

5. 153.6 140 10% 

6. 263.6 250 5% 

7. 374.5 320 17% 

8. 173.4 175 -1% 

9. 281.5 310 -9% 

10. 75.8 130 -42% 

11. 97.5 150 -35% 

12. 122.8 155 -21% 

13. 236.5 260 -9% 

14. 130.6 155 -16% 

15. 172.2 250 -31% 

16. 176.8 145 22% 

17. 188.8 165 14% 

18. 211.3 185 14% 

19. 94.0 125 -25% 
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Figure 3.8. Comparison of model (FUB,1_specific) outcome to experimental device forces. 

 

3.5. UB Model Improvement 

From  

Figure 3.5, similar trends in plots are observed for UB forces from direct and indirect extrusion. 

The UB (FUB, 1,2,4) estimates are largest with biggest variation from the experimental forces for 

Devices 6, 7 and 9 that have the largest bulge and cylinder sizes in comparison to other devices 

considered in this analysis. Devices 6, 7 and 9 have large bulge diameters. Therefore, they 

shear larger areas of lead and consequently producing more heat.  

During repeated cycles, heat is produced in the HF2V devices [148, 155]. The yield stress 

values for the same reduction percentages vary with temperature [230] and the lead extrusion 

pressure has been observed to decrease with increase in temperature [148, 161, 207]. However, 
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there is no record of the testing temperatures during the experimental HF2V tests or the heat 

produced during these device experiments, as none were measured. Measuring true lead 

temperature inside the HF2V device would be a challenge as a thermocouple placed against 

the cylinder wall during tests will measure the temperature of the cylinder wall, not the actual 

temperature of lead. Despite good thermal conductivity through lead and steel, a temperature 

gradient will exist and mean that an external thermocouple is likely to provide an inaccurate 

indication of internal lead temperature. 

However, as explained, the model does not account for the thermal effects due to high amount 

of shearing occurring in the larger devices that may cause decrease in flow stress and friction 

factor [161, 218, 242-244]. The modelling of friction forces is of measurable importance, as 

they play a major role in producing the overall extrusion forces. Friction forces during an 

extrusion process are influenced by flow stress, area of contact, relative velocity, temperature 

and material properties [218, 243, 245]. The friction coefficient varies with area of contact, 

velocity and increasing load [208, 224, 245, 246]. In this study, because of the simplified 

assumptions made for mathematical reasons and lack of data, friction force modelling cannot 

be considered fully accurate. For greater accuracy, empirical models or advanced friction 

models based on dependent parameters [218, 244, 247, 248] or extrusion specific friction 

models may be used [222, 227, 243, 249-251], but add more complexity for bounds which 

already work well.  In addition, theoretical values from Equations (3-11) and (3-13) show the 

average flow stress values increase with increasing strain [87, 215, 252]. However, it is 

experimentally observed the flow stress and yield strength may remain constant or decrease 

after 40-50% strain of lead [87, 230, 236]. Thus, there is also uncertainty on the exact level of 

need for such modification to the model. 
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Another phenomenon associated with strain and temperature is softening, causing a decrease 

in stress with increasing strain or loading due to adiabatic heating of working material [87, 

253]. While strain hardening effects causing increase in forces during lead deformation is 

captured by the Holloman Equation (3-22) for flow stress, the strain softening parameters are 

excluded. Thus, the over prediction of  forces for Devices 6, 7 and 9  by UB models (FUB, 1,2,4) 

can be explained by negligence of strain and temperature related parameters. 

Thus, it is advisable to consider the strain related effects and strain softening in lead occurring 

during the HF2V extrusion for UB and LB force estimations [186]. More accurate flow stress 

estimations could be obtained from equations capturing softening effects [213, 229, 242, 254-

256] or from reliable data from experimental tests on lead properties under various strain and 

temperatures [230, 236, 257] under all forms of deformation. In addition, the HF2V UB forces 

could thus be better estimated with knowledge of strain rates, velocity and temperature and 

heating effects during HF2V operations. 

3.6.  Summary 

This chapter has presented upper bound (UB) and lower bound (LB) limit force modelling 

methods by relating direct and indirect extrusion parameters to HF2V lead extrusion devices. 

Four analytical UB models and two LB models were proposed by modifying existing direct 

extrusion and indirect extrusion force models to match the mechanisms in HF2V devices. The 

models predicted forces well with all the models predicting UB forces above the experimental 

forces, except FUB,3. UB and LB model forces provide limits of operational range of HF2V 

devices based on devices design parameters and deformation of lead in the devices. The FUB,2 

and FLB,1 create tight bounds along the experimental forces. Furthermore, three methodologies 
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to obtain precise forces for the HF2V devices were suggested for easy application during device 

design of which Method 2 : Linear equation from plots, provides precise Hf2V device forces. 

The UB- LB models predict very well for Typical and Large devices and need to be tested and 

refined for Small devices. 
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Chapter 4: Nonlinear finite element modelling for HF2V device force 

prediction: A Computational Model 

4.1.  Introduction 

Chapters 2 and 3 presented empirical and analytical modelling methods more precisely predict 

HF2V device forces by design. While the single number representing the nominal yield force 

is predicted, the knowledge of the exact internal mechanisms resulting in these device forces 

is lacking, limiting insight and predictive accuracy in device design. Finite element modelling 

would allow visualization of stress distributions inside the devices and provide a method of 

computationally determining HF2V device forces, which could be more accurate at relatively 

low added cost. This method is also capable of producing a full hysteresis loop, rather  than 

just a single number that represents the yield plateau force. 

This study develops a generic finite element modelling approach using ABAQUS, to better 

understand force generation and aid in precision device design.  The goal is to create a tool to 

increase the speed of the overall design and implementation process for uptake and use. A 

general approach without any human tuning or oversight enables a transferrable design 

approach, removing any subjectivity or bias that can hinder repeatable use and uptake. The 

model is applied to 19 experimental HF2V devices of various sizes and force capacities. The 

overall predictability of the model is assessed with comparison to experimental results.  



88 

 

4.2. Methods 

4.2.1. Finite element modelling 

Finite element (FE) analysis is an effective method for simulating complex nonlinear 

mechanics of device operations and computing resulting force capacities [258, 259]. There are 

numerous FE software packages available for simulating metal forming, such as MARC [260], 

LS-DYNA [261], PAM-STAMP [260], ADINA [262], ANSYS [263], along with specialist 

tools like DEFORM [264], HyperXtrude [265], MSC/SuperForge [266] and FORGE [267] . 

However, ABAQUS is popular for simulating complex contact problems with large 

deformation, as well as similar highly nonlinear problems [268] like cutting, machining and 

extrusion [269-274]. ABAQUS is also widely used to estimate forces produced during cutting, 

machining, milling, forming and extrusion [259, 275-280]. It is highly efficient in simulating 

quasi-static, complex contact, non-linear and dynamic problems [280]. Using device-specific 

material properties and the design dimensions of a device, it can be expected to realistically 

simulate HF2V internal lead deformation mechanics within a device, and thus estimate device 

capacity in the device and building design phases. 

Thus, computer simulations could be used to predict device forces to optimize HF2V device 

design and performance, which has not been done before. Furthermore, such parametric design 

studies can be undertaken on broader range of devices without the time and cost involved with 

experimentally testing every configuration. This goal thus adds precision to the device design 

process itself, where a detailed device design can be produced to match desired overall response 

behaviour. 
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HF2V device operation involves large strain inelastic deformations due to displacement of the 

shaft during an earthquake. Large deformation analysis is challenging and requires advanced 

FE coding or use of other FE packages to describe material behaviour models and parameters. 

This study aims to create a generalizable and repeatable FE modelling technique for the HF2V 

devices which does not require advanced FEA or input to apply the model. This approach thus 

enables easy uptake by engineers or researchers. 

This research uses ABAQUS to model and validate a general modelling nonlinear FE approach 

to predict HF2V device forces, where a validated general approach allows any user to apply it 

with confidence and without specialized operator inputs to the modelling, eliminating error due 

to subjectivity or bias. 

4.2.2. FE model description 

4.2.2.1. Modelling 

A 2D axisymmetric model of an HF2V device is created using ABAQUS/CAE [281], where 

the lead extrusion damper is symmetric along the vertical (Y) axis. The model is comprised of 

three parts: 1) an analytical rigid shaft; 2) an analytical rigid wall; and 3) a deformable volume 

of lead. These elements are illustrated in Figure 4.1. 

A 2D model leveraging axial symmetry ensures faster computation than using a full 3D model. 

The parts are modelled to experimental device dimensions, based upon the CAD models used 

to manufacture the physical prototypes. The shaft and cylinder are non-deforming and 

modelled as analytical rigid parts. Analytically rigid surfaces provide better convergence for 
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curved line segments in complex contact problems [282, 283] and are computationally less 

expensive than analysis with discrete rigid parts [283, 284]. 

 
Figure 4.1. Axisymmetric 2D model of HF2V damper 

 

4.2.2.2. Material properties 

Material properties are assigned only to the lead, as the endcaps and thick cylinder walls are 

effectively rigid to ensure all energy is dissipated by moving lead, as with real devices [127]. 

The material properties of pure lead used are recorded in Table 4.1. The mechanical properties 

of lead are very sensitive to temperature, chemical composition, strain rate and loading 

conditions, among other factors [237, 285-287]. From previous research, the plastic data for 

pure lead during compression at quasi-static velocities are those shown in Table 4.2. [230, 285], 

where the experimental tests were also performed at very slow, quasi-static velocities similar 
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to the experimental data used in this work. Use of experimental data for analysis accounts for 

strain hardening and temperature effects. 

Table 4.1. Elastic properties of lead used for modelling [288] 

Density 

 (kg/m3) 

Young’s 

Modulus 

(GPa) 

Poisson’s 

Ratio 

 

11,340 16 0.44 

 

Table 4.2. Plastic data of lead used for models [285] 

Plastic Strain 
Yield Stress 

(Pa) 

0 689,476 

0.01 5,810,000 

0.02 89,63,184 

0.04 1,24,00,000 

0.08 15,100,000 

0.12 17,000,000 

0.16 18,000,000 

0.2 19,000,000 

0.24 21,000,000 

0.28 22,000,000 

0.32 22,750,000 

0.36 22,854,426 

4.2.2.3. Loads and Boundary Conditions 

The boundary conditions on analytical rigid parts in ABAQUS can be applied only at reference 

points. Hence, reference points are attached at the shaft (RP-1) and wall (RP-2). The shaft is 

fixed for rotation (UR1, UR2, UR3), and displacement along X (U1) and Z (U3) directions. 
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Then, a fixed condition is applied at RP-2 on the wall allowing zero degrees of freedom. The 

lead ends are fixed for any displacements to signify the endcaps. The assembly of parts and the 

boundary conditions applied are shown in Figure 4.2. 

 
Figure 4.2. Boundary conditions applied on HF2V model 

 

For quasi-static simulations, a velocity of 0.5 mm/s is applied to the reference node attached to 

the rigid shaft. This input velocity matches the typical loading rate applied during experimental 

tests. The shaft has degrees of freedom only in the longitudinal (Y) direction, as shown in 

Figure 4.2. It thus pushes the bulged shaft through the working material. 
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4.2.2.4.  Interaction 

Contact simulations calculate contact pressures and related friction forces at the area of contact 

[280]. Shear forces are created between the lead working material and shaft surfaces during 

tangential motion. ABAQUS employs several friction models to estimate friction forces at 

contact surfaces such as coulomb, rough and user defined subroutines [289-293]. Two types of 

formulations are available in ABAQUS to define contact between parts under Coulomb friction 

law: penalty and kinematic formulations [281]. The Coulomb friction law assumes shear 

stresses are proportional to contact pressures [294].  

A penalty or kinematic algorithm may be chosen for computing shear forces produced at the 

lead-shaft and lead-wall interface. A kinematic algorithm provides more accurate results [280] 

and avoids large fluctuations, which may be observed in the resulting plots [272]. For a surface-

to-surface contact between the lead surface and the shaft, ‘master-slave’ formulations are 

defined for the interactions between the rigid shaft and the lead, and between the rigid wall and 

lead. A default master-slave interaction is applied for shat-lead and wall- lead interactions. The 

analytically rigid parts are assigned as ‘master’ as they cannot be deformed or penetrated [281, 

295].  

The friction coefficient (μ) is the ratio between the friction force and normal force. The static 

friction coefficient between the lead and steel surface is given as 0.5 without lubrication [296]. 

The transition from a static friction coefficient to lower values at quasi-static velocities is 

measured as 0.3 for  pure lead [208]. Taking into account the pre-stressing of lead and the 

resulting increase in normal forces, the decreased coefficient of friction is taken as 0.25, with 

no lubrication [207, 297, 298].  
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4.2.2.5.  Meshing 

A ‘free’ axisymmetric quad dominated CAX4R reduced integration 4 node quadrilateral and 

CAX3 linear triangular node mesh is applied on the lead working material in 

ABAQUS/Explicit. The mesh is shown in Figure 4.3. This mesh type is automatically chosen 

for an axisymmetric explicit analysis. No element deletion is chosen in the mesh controls to 

avoid mesh deletion. 

 
Figure 4.3. Mesh applied on deformable lead part. 

A fine mesh is applied on lead along the shaft, where large deformations are expected, for 

higher accuracy in force outputs, and a coarse mesh is used along the walls. Though 

computationally expensive, this choice assures no severe mesh distortion which might cause 

analysis failure. The overall mesh is verified for good quality and modified if required. No 

meshing is required for analytic rigid as they do not undergo any deformations [281]. This 

choice saves computational cost and problems from mesh interactions.  
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4.2.2.6. Moving Mesh 

HF2V devices continuously generate a relatively constant force while moving by virtue of the 

fact lead recrystallizes quickly at room temperature. A great deal of research has focused on 

simulating this unique property of lead to retain its original mechanical properties by dynamic 

recovery [299-301]. The forces developed in the HF2V devices can accurately be computed 

only if the model can replicate the flow and interaction of lead with the shaft behind the bulge. 

This behaviour of lead in the device is difficult to simulate due to severe mesh distortions 

during plastic deformations occurring during extrusion. 

The Arbitrary Lagrangian–Eulerian (ALE) method, combining the Lagrangian and Eulerian 

formulations traditionally used for finite element simulations, is applied on the lead region  

[302-304]. It is an efficient formulation used in highly non-linear, quasi-static, large 

deformation and contact problems [305-309]. An unstructured/free mesh is applied to the lead 

surface to allow better remeshing of elements under deformation [310]. The ALE finite element 

method is used to simulate large deformation problems, allowing a moving mesh along the 

moving part without distortion [311-314]. The motion of the mesh is only constrained at the 

boundaries, and is allowed to move under high strain within these fixed boundaries. This re-

meshing allows the simulation of lead flow within the cylinder and around the shaft, providing 

visual guide to the evolution of stress distributions with changing strain/strain rates in the 

devices, as the shaft moves and dissipative device forces are generated.  

In the ALE adaptive mesh domain, the value for the frequency of mesh updates and number of 

iterations per each adaptive mesh  increment, referred to as remeshing sweep per increment, 

are chosen as 10 and 1, respectively, as a best trade off [314, 315]. The nodal positions are 
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remapped based on the defined value of frequency of mesh for each time step [259]. An 

‘improved aspect ratio’ is chosen for the mesh controls where the smoothing algorithm is based 

on ‘enhanced algorithm based on evolving geometry [281]. The meshing prediction is obtained 

based on position from the previous ALE adaptive mesh increment. However, there are trade-

offs with this choice, device test velocity, and device capacity or lead strain.  

4.2.2.7.  Steps 

The analysis is run using ABAQUS/Explicit, in multiple small step times of 1 second with 

automatic increments, to balance higher accuracy and computational time. In explicit analysis, 

with large strain and inelastic deformation, it is important to keep step times small to maintain 

equilibrium and simulation accuracy [316-318].  

4.2.2.8.  Output  

The force-time response is obtained from the history output of the contact pressure forces 

including the normal and friction forces on the lead along the shaft. The contact pressure and 

frictional shear at the lead-shaft interface integrated over the lead area of contact to the shaft 

are resolved to give the total forces generated at the interface [281, 295]. These values are used 

to calculate the resistive force on the shaft as it moves through the lead, and thus the device 

force. Analytical methods are available for calculating contact pressure forces and friction 

forces [319]. The overall result is a force-displacement profile, representing the force-

deflection results for a single monotonic displacement input 
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A short moving average filter is used to eliminate small computational errors and 

computational noise which arise due to remeshing each time step. Hence, a filter with 

exponential moving average, using smooth2 function in ABAQUS is applied. This filter does 

not alter results, but eliminates small computational errors and noise due to remeshing during 

each time step. 

4.2.3. Device information 

The data for 19 experimental devices used in this study is recorded in Table 4.3.  

Table 4.3. Device data used for modelling and analysis. Device design parameters are 

defined and illustrated in Chapters 2-3. 

 

 

 

 

 

 

 

 

DeviceNo. Dcyl 

 

(mm) 

Dblg 

 

(mm) 

Dshaft 

 

(mm) 

Lcyl 

 

(mm) 

Lblg  

 

(mm) 

Lblg flat 

 

(mm) 

3 17 13 12 56 10 3 

4 20 17 16 68 20 6 

5 89 40 30 110 30 5 

6 89 50 30 110 30 5 

7 89 58 30 110 30 5 

8 66 40 30 130 30 6 

9 66 50 30 130 30 5 

10 50 32 20 50 23 5 

11 50 32 20 70 20 2 

13 60 42 33 160 30 3 

14 50 35 24 100 23 5 

15 70 48 30 75 30 5 

16 54 35 30 160 20 3 

17 54 36 30 160 20 3 

18 54 38 30 160 20 3 

19 40 27 20 100 17 3 

20 62 45 30 155 23 5 

21 40 32 20 47 15 0.5 

22 89 62.5 36 250 35 3.5 
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.In Table 4.3., a total of  3 Small, 12 Typical and 4 Large devices are modelled in this study. 

Device 22 included in this study is a very large device with large surface and force of ~500kN. 

The HF2V device design parameters are previously illustrated in Chapters 2 and 3.  

4.2.4. Analysis 

The model approach is applied the same way to all devices without any changes, a generalized 

easily repeatable modelling approach. The use of device-specific geometry is the only variation 

between the analyses. Results are analysed for accuracy in prediction of experimental peak 

device forces, and their capacity to replicate the experimental hysteretic force-displacement 

behaviour of the given HF2V dampers. Specifically: 

a) Qualitative Validation: 

The model’s capacity to accurately simulate the lead flow in the device is assessed as a 

qualitative assessment based on expected behaviour. An ideal model should be able to simulate 

the lead flow around the bulge with the shaft displacement in the HF2V damper in accordance 

with existing research and provide a visual representation of stress distribution inside the 

devices. Capturing stresses from the flow of lead behind the bulge is a challenge and is difficult 

to model without the knowledge of actual lead area of contact to the shaft at all stages of 

operation. FEM is expected to accurately simulate this behaviour of lead for precise force 

determination for the HF2V device.  
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b) Quantitative Validation: 

Contact forces (tangential and normal) can be contoured for slave surfaces in contact modelling 

using analytic rigid shafts. Plots are automatically generated in ABAQUS for the force 

produced during simulations with each time steps [281]. The hysteretic force-displacement 

plots of the devices obtained from previous experiments are compared to simulated plots for 

each device. The FEM plots are expected to be similar to the experimental plots from the 

corresponding device. However, strain hardening or softening effect is not expected in the FEM 

plots as no strain hardening or softening parameters were included in the material properties of 

lead in the FE modelling method presented. 

In addition, the force capacity of the device is determined by summing the contact pressure 

forces (extrusion forces) and frictional forces output by the model. The resulting device force 

is compared to average peak forces from specific HF2V devices. This comparison is made 

relative to +/-14% standard error seen in testing 96 HF2V devices of 250kN force capacity, 

which is thus used as manufacturing variability to assess the results in context [149]. 

4.3. Results and Discussion 

4.3.1. HF2V Simulations and Qualitative Validation 

(a) During simulations, the shaft is displaced upwards in small steps of 1s. The flow of lead in a 

device is shown in  
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Figure 4.4. A swept mesh is shown in the figures for ease of visualization of node reattachment 

to the shaft with bulge displacement. The colours in the images indicate maxima or minima of 

stresses in the devices with displacement of shaft from initial position. The red colour on the 

spectrum indicates the highest stresses and blue represents the lowest stresses.  

(b) In the first steps, the lead is strained under compression by the bulge, causing a rise of stress on 

the top surface of the bulge and along the shaft above the bulge. As the shaft moves further 

through the lead, the mesh is observed to move opposite to the direction of shaft. The mesh/nodes 

move around the shaft and attach to the shaft behind the bulge as the shaft moves further up 

through the lead. As seen in  

(c) Figure 4.4., the stresses developed in the devices are due to lead displacement by the 

bulged shaft. In the first image in  

Figure 4.4(a), small displacement of the bulged shaft develops stresses on the upper ends of the 

shaft. This behaviour could be due to stresses developed from compression of lead in the direction 

of shaft motion. With increased displacement, higher stresses are observed at the upper fixed 

ends, which signify the endcaps.  
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(d) At 0.5 mm displacement of shaft 

 

 
(e) At 1 mm displacement of shaft 
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(f) At 2mm displacement of shaft 

 

 
(g) At 4mm displacement of shaft 
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(h) At 7mm displacement of lead 

Figure 4.4. Stress distribution in lead with shaft displacement (upwards) at the input 

displacements noted for Device 10. 

(i) The elements move opposite to the direction of shaft motion and reattach to the shaft behind the 

bulge, as desired and as seen in  

Figure 4.4. (c)-(e). This result captures the expected shearing and displacement of lead by the 

bulge, and the flow of lead around the bulge onto the shaft. Stresses build behind the shaft as 

more lead is pushed behind the bulge through the annular orifice between the bulge and the wall. 

As expected, maximum stress is observed around the bulge during all stages of HF2V operations. 

The maximum stress areas move along with the bulge.  

The simulations replicate the expected actual behaviour of lead in the lead extrusion damper under 

loading. With no element deletion, the mesh is not distorted to failure and the number of elements 

before and after the analysis is the same. Thus, the overall qualitative validation matched expected 
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plastic flow mechanics, and, similarly, was good for this device and all others simulated (not 

shown). The overall modelling approach thus appears credible with no specific means to measure 

internal stresses in the HF2V devices from experiments for direct qualitative comparison. 

4.3.2. Force Deflection Plot comparisons: Quantitative Validation 

Force - displacement hysteresis plots are made for each device with eight shown in Figure 4.5. 

The experimental plots are compared to the plots from FEM results. The FEM plots for Devices 

6 and 19 show a very good match with the experimental plots with overall similarity in the plot 

shapes and average forces achieved.  

The plots for Devices 7 and 18 show an experimental plot similar to the FEM plots, but the 

peak forces do not closely match. In this case, the cause is less certain, but likely due to 

relatively small differences between real and assumed material properties. In addition, the 

potential friction force coming from shaft to endcap friction is not captured in the FEM model. 
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Figure 4.5. Comparisons of plots between experimental results and finite element models for 

few HF2V devices. 
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The overall peak forces from the experimental and FEM plots for Devices 8, 9 and 16 are close. 

The FEM plots for these devices are similar to FEM plots from other devices in Figure 4.5. 

However, they do not match well with their respective experimental plots. The experimental 

plots for Devices 8, 9 and 16 show a delay in achieving peak forces due to lack of prestressing 

forces for the devices. As discussed in Chapter 1, inadequate prestressing can cause a delay in 

attaining peak experimental forces. This problem is specific to experimental tests results only 

as FE models assume perfectly filled lead dampers. This mismatch is therefore attributed to 

experimental errors rather than modelling issues. In the case of Device 20, a square shaped plot 

is obtained from experimental and FE modelling results. However, the overall forces vary 

largely. These results thus show a full range of model prediction quality. 

(j) Oscillations or fluctuations in result plots is a common problem in simulations involving 

master-slave interactions and penalty friction formulations at interface [272, 320]. The FEM 

plots for Device 17 is shown in Figure 4.6., resulting from various modelling choices. 

The computational noise observed in Figure 4.6. (a) is as a result of penalty friction 

formulation at interface along with a swept mesh (shown in  

Figure 4.4.) for the lead surface. This computational noise in the plots for time based force 

output plots can be reduced by improved modelling choices, such as using a kinematic friction 

formulation, which produces less chatter due to its friction force computation methods. 
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(a)  

Penalty 

friction + 

Swept 

mesh  

 

 

(b)  

Kinematic 

friction + 

Fine mesh 

along 

shaft + No 

filter on 

results 

 
 

(c)  

Kinematic 

friction + 

Fine mesh 

along 

shaft + 

Filter on 

results 

 
Figure 4.6. Plots of the FEM results for Device 17 for different modelling choices 
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The very small ‘noise’ at regular inetrvals in the FEM plots are due to the stiction or stick- slip 

mechanism of lead at the cylinder walls or due to “snagging” along the analytical rigid shaft 

surfaces [281]. Spikes observed at the end of each time step signifying the end of computation 

in Figure 4.6 (b). However, with each progressing step, the computation begins where the time 

step ended. This issue can be resolved by adding filters to the history output after identifying 

the correct cut off frequencies required for the analysis, such that the peak forces are not 

modified. Smooth2(X,Y) filter is applied on the total force output at the shaft-lead interface. 

The modified plot with the filter are shown in Figure 4.6 (c) to illustrate the small 

computational noise and impact of filtering. 

4.3.3. FEM: Force prediction: Quantitative Validation 

The force prediction results from the FE model and experimental data are in Table 4.4.  The 

total device forces are calculated by summing the contact pressure forces and friction forces 

formed during interaction between the rigid shaft and deformable lead. For context, the 

standard error (SE) of manufacturing for HF2V devices is based on other unrelated 

experimental data for 64 identical devices [149]. 

The forces obtained from the FEM have forces within ±10% for 14 of 19 devices (74%), which 

is within  1 SD of manufacturing variability of ±14%. Between ±14-28% or  2 SEs there 

are 3 of 19 devices (21%).  Finally, 1 of 19 devices has -39% error, which is within  3 SE = 

 42%. This outcome and each  SD variation is visually represented in Figure 4.7., where 

experimental forces are plotted against the forces obtained from the FEM analyses. The black 

line in the centre signifies a perfect case 1:1 line, where experimental forces and FEM results 

would exactly match. Each grey line away from the 1:1 line represents  1 SE. The red dots 
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represent the experimental device forces plotted against the FEM model forces of the HF2V 

devices. Thus, all 19 devices are within  3 SE (99.4%) of possible experimental variation in 

manufacture. These outcomes match reasonable statistical expectations of being within the 

expected variability due to manufacture for this smaller sample number, providing a further 

quantitative validation.  

Table 4.4. Comparison of forces from experiments and finite element modelling 

 

 

 

 

 

 

 

 

In particular, this SE can be attributed to assembly and manufacturing variance. The model 

does not have manufacturing or assembly variability. Therefore, the errors in experiments 

compared to the (perfect) model should be within the same distribution. Hence, a perfect 1:1 

Device Fexp 

(kN) 

Fmodel 

(kN) 

Fcontact pr 

(kN) 

Ffriction 

(kN) 

Error 

% 

3 55 46 12 34 16 

4 85 52 8 44 39 

5 160 167 54 106 -4 

6 285 310 130 170 -8 

7 390 400 135 265 -3 

8 200 185 60 125 8 

9 346 345 145 190 0 

10 130 125 67 58 4 

11 150 152 78 74 -1 

13 260 245 68 177 6 

14 155 155 45 110 0 

15 250 200 115 85 20 

16 170 175 27 148 3 

17 200 220 65 155 10 

18 260 245 45 140 6 

19 125 130 59 71 -4 

20 190 213 70 150 -12 

21 107 107 62 45 0 

22 520 650 265 385 20 
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match would not be expected, but the spread shown in Figure 4.7. meets expected statistical 

variation given this previously mentioned manufacturing variability. It thus validates the 

model’s accuracy since each  SE variability captures expected numbers of devices. 

Specifically, if the model had a notable bias error, this result would not have occurred. 

 
Figure 4.7. Plot of the experimental device forces against FEM analysis results. Standard 

Deviation representation of the devices. R2=0.96 for the linear 1:1 line. The spread accounts 

for variability in device force due to manufacturing variability by  1, 2, 3 SEs. 

 

Some of the errors in the results can be attributed to insufficient device design data and testing 

data available for finite element modelling, such as the specific device testing velocity, exact 

bulge profile data, bulge curvature radius, bulge angles, and bulge length. Previous studies 

suggest these parameters can potentially influence the extrusion forces outcomes [163, 164, 

321, 322]. The understrength of the experimental results in comparison to the FEM results can 
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be explained by irregularity in pre-stress and can be addressed by further pre-stressing in 

manufacture. 

4.3.4. Overall assessment 

The material property values and boundary conditions were the same for all devices modelled, 

with only the specific device geometry changing. No calibrations or user inputs were made for 

simulating any devices for fitting or excluded due to large errors. The results from the FEM 

model are comparable to the forces from the design based force prediction model for the same 

HF2V devices modelled in this study, and the statistical distribution of results around the 1:1 

line in Figure 4.7. indicates no specific error or bias. Hence, the approach is entirely general, 

objective, and replicable.  

The most important aspect of precise device design is the input material parameters help in 

replicating the actual device operations. Identifying the exact material properties helps 

accurately simulate device operations. Several models and parameters are proposed for FE 

modelling of lead were applied for developing this HF2V model [279, 323, 324]. However, 

these models could not replicate HF2V device operations and predict forces accurately without 

this information.  

HF2V damper behaviour can possibly be more accurately modelled by considering temperature 

dependent Young’s Modulus [325], stress-strain rate-temperature-load dependent yield 

stresses [229], an experimentally derived coefficient of friction value [217, 243] or friction 

factor [218], and strain softening and hardening models [212, 213, 326]. However, the built-in 

models in many Finite Element (FE) packages are incapable of capturing many of these 
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phenomena. Given such values, user-defined materials can be implemented through user 

subroutines inside VUMAT and FE coding [281] to improve model performance. VUMAT is 

a user subroutine allowing implementation of user defined constitutive material behaviour laws 

for large deformation processes which are complex to model [327]. However, this approach 

and addition requires considerable expertise for effective implementation [281, 327], and may 

not add significant model accuracy. 

A last limitation is computational time. Each simulation required about 8-10 hours using a 3.60 

GHz Intel Core i7-470 computer with 32GB of RAM for shaft displacement of 10-12 mm. 

Highly nonlinear models are computationally expensive. However, more powerful computers 

or faster algorithms would improve this issue significantly. 

Overall, the resulting finite element modelling approach yields a generic model, which can 

predict device forces well within the range for all types of HF2V lead extrusion dampers. 

Therefore, it can be used as a design tool along with the design-based model to obtain the 

precise force capacity range of the desired device, limiting the need for extensive prototype 

validation and possible device redesign. However, due to the safety-critical nature of the 

implementation of these devices, some level of final experimental testing to prove the design 

is likely to remain a necessary step before installation in the field. 

4.4.  Summary 

Finite element modelling and analysis of the internal reaction mechanisms of HF2V lead 

extrusion dampers is done for the first time. This chapter presents a generalizable and objective 

finite element modelling methodology for HF2V lead extrusion dampers to accurately predict 
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device force capacities within the ±14% standard error derived from experimental testing. This 

chapter details all the finite element modelling parameters and methodology used in modelling 

the HF2V lead extrusion dampers, so the work is replicable. 

 

The model is generic and modelling parameters are kept consistent. The same modelling 

approach is applied to all devices and only device geometry is changed. The model predicts 

device forces most precisely for Typical and Large devices. The model can be used as a design 

tool and can be used as a reference of expected HF2V device behaviour and force capacities 

before manufacturing. The device parameters can be modified to observe corresponding force 

changes and a design can be generated to yield optimum force outputs required for a particular 

application. 
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Chapter 5: Summary of HF2V models proposed 

5.1. Introduction 

HF2V devices have been modelled using empirical, analytical and computational methods in 

Chapters 2-3. While the techniques identified for modelling the devices were different, the 

objective of precise HF2V device force was estimation common. As seen in previous chapters, 

the models deliver approximate measures of expected device force for design consideration 

and provide expected force ranges. This chapter compares outcomes from the three key models 

identified in Chapters 2-4 to ascertain if the calculated model forces from empirical and FE 

models lie within the UB and LB models. This comparison of different models is intended to  

confirm whether there is generalizability of the UB and LB models for other device design 

methodologies. Furthermore, the main characteristics, advantages and disadvantages of each 

modelling method is briefly discussed. Finally, this chapter also provides a concise summary 

of all the device force models in this thesis. 

5.2. Model comparison 

5.2.1. Force estimation 

In this chapter, 22 HF2V lead extrusion dampers from Chapters 2-4 are modelled using the 

three modelling techniques. The empirical (Model 4) and analytical models are simple and 

easily applicable for a HF2V device if all the device parameters are known. The forces from 

all the models of Chapters 2-4 are calculated and recorded for direct comparison in Table 5.1. 
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Table 5.1. HF2V device forces from all the proposed models 

 Chapter 3 Chapter 2  Chapter 4 Chapter 3 

Device FLB 

(kN) 

FLB,1 

(kN) 

FEmpirical  

(Model 4) 

(kN) 

Fexp  

(kN) 

FFEM 

(kN) 

FUB,3 

(kN) 

FUB,1 

(kN) 

FUB,4 

(kN) 

FUB,2 

(kN) 

1 - - 8 55 - - - - - 

2 - - 14 74 - - - - - 

3 - - 30 55 46 - - - - 

4 - - 49 85 52 - - - - 

5 21 127 120 160 167 135 274 320 444 

6 61 200 230 285 310 245 487 477 702 

7 108 267 338 390 400 371 704 636 948 

8 17 169 160 200 185 175 289 316 437 

9 54 253 315 346 345 300 492 483 687 

10 21 66 140 130 125 78 155 172 209 

11 21 84 145 150 152 98 179 184 245 

12 17 127 171 155 160 133 220 245 311 

13 12 234 187 260 245 248 344 349 497 

14 17 127 171 155 155 137 221 231 316 

15 45 151 247 250 200 181 340 363 444 

16 5 172 157 170 175 185 251 261 369 

17 6 186 184 200 220 198 270 278 395 

18 10 211 217 260 245 222 306 310 442 

19 7 93 112 125 130 98 146 151 215 

20 17 141 192 190 213 229 283 329 436 

21 19 93 183 107 107 78 143 147 160 

22 88 403 446 520 650 526 1315 970 1859 

 

Figure 5.1. visually represents the device force from models in a plot. The plot consists of 

device forces from all the models given in Table 5.1. The UB and LB force ranges are not 

calculated for devices 1-4 due to a lack of accurate device geometry values for calculations. 

All the device forces lie between the FLB and FUB,4 models, as seen in Chapter 3, except for the 

empirical model force value of Device 22. However, as discussed in Chapter 2, the empirical 

model predicts the forces for Small devices less well in this case.  
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Figure 5.1. Empirical, FEM, UB and LB forces for Devices 1-22. 

 

For better understanding of the correlation between the model forces and experimental forces, 

the force predictions from the empirical and finite element models are plotted against the 

experimental forces, along with the UB and LB forces in Figure 5.2. A linear fit line is drawn 

for the UB and LB model forces. The line of linear fit, broadly indicates the UB and LB force 

ranges. The correlation coefficient (R2) values of the linear fit lines for the FUB,1,2,3,4 models 

and FLB,1 range between 0.81-0.96, as seen in Figure 5.2. This indicates strong correlation 
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between the model forces and experimental forces. While the FLB has relatively lower R2 = 

0.63, as the FLB model does not capture the device friction forces. 

A 1:1 line is drawn for the plots, which indicate the theoretically perfect model predictions 

where model forces and experimental forces exactly match. The better model with more precise 

predicted values will lie closer to the 1:1 line.  

 
(a) Fexp vs Fempirical 
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(b) Fexp vs FFEM 

Figure 5.2. Plots of Fempirical and FFEM plotted against Fexp along with UB and LB model 

forces 

 

In Figure 5.2.(a), the empirical model force predictions lie close to FLB,2, FUB,3 model linear fit 

lines and the 1:1 line. The correlation coefficient value for the Fexp vs Fempirical values along the 

1:1 line is R2 = 0.92 indicating very good correlation between the peak experimental forces and 

the empirical model forces. Overall, the empirical model predicts poorly for Small devices, 

those with no bulge, small bulges or large bulges. However, it performs well for very Large 

and Typical devices, as defined in Chapter 2.. 

The computational FE model predicts the forces for Small bulged devices better than the 

empirical model. Figure 5.2.(b) shows the Fexp values plotted aginst the FFEM values. The 
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overall force prediction of device forces in Figure 5.2.(b) from the FEM model shows strong 

correlation R2 = 0.96, lying tightly around the 1:1 line, except for Device 22. 

Figure 5.3. shows the Typical device forces from the FE model, empirical model and 

experimental results of Table 5.1. against the LB and UB force ranges. The devices are 

presented on the plots in order of increasing values of experimental forces for better 

visualization. As seen in Chapters 2 and 4, and Figure 5.2, both the empirical model and the 

FEM predict device design force relatively precisely.  

The empirical force predictions lie very close to the FUB,3 and FLB,1 ranges. The empirical model 

is more indicative of the steady forces achieved during HF2V device operations as shown in 

Figure 1.2 in Chapter 1. FEM predicted forces are greater than the empirical model forces for 

Typical devices with exceptions of Devices 10, 12 and 14.   
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Figure 5.3.  HF2V device forces for Typical HF2V devices from empirical, FEM, 

experimental, UB and LB models 

 

Thus, the UB and LB ranges can be used for comparison and, critically for design, prediction 

of upper and lower force limits of Typical and Large device forces from other HF2V modelling 

techniques. In Figure 5.4, the model forces for Devices 9 and 18 are plotted in the hysteresis 

loop for the HF2V device to better understand where the model forces are estimating device 

force. This plot shows that although the forces predicted from the different models differ, the 

experimental results do not show a single force for the device. The experimental device 

behaviour does not follow an elastic-perfectly-plastic (EPP) response and there is some 

variation in the experimental force within the nominal yield plateau region. Therefore, the goal 

of an exact match of model and experimental results need to be considered in this context. 
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(a) Model forces plotted for Device 9 

 

 
(b) Model forces plotted for Device 18 

 

Figure 5.4. Model forces (FEM, Fempirical, FUB,3 and FLB,1 ) plotted over the hysteresis plots 

from experimental test data. 
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5.2.2. Advantages and Disadvantages 

The empirical model is a linear design based prediction tool with very few parameters involved 

in determining the average forces from the HF2V dampers. The model is simple and 

encompasses key device design parameters identified in Chapter 3, applicable to a wide range 

of devices except, Small devices. However, the model lacks in ability to capture the velocity 

dependence of HF2V devices. 

In contrast, the analytical modelling method calculates device force using yield stress 

corresponding to the strain-rate of deformation of lead in the HF2V devices. The UB and LB 

models are dependent on almost all key device design parameters to determine device forces 

directly. The models can be used to approximate the precise device forces produced from HF2V 

devices during plastic deformation using the FUB,1,2,4 models and pure extrusion forces from 

the FLB model in Chapter 3. The steady forces after the initial strain hardening of lead in the 

devices can be broadly estimated by FLB,1 and FUB,3 model forces. Although comprising of 

many parts, the indirect extrusion UB modelling technique not only provides an overall 

measure of the force capacity of the devices, but also encapsulates the individual contributions 

from all relevant HF2V device geometric parameters.  

While the LB, UB and empirical models provide an estimation of specific forces achievable 

from the HF2V devices, the FE model produces an estimation of peak expected device force 

and a hysteresis plot showing increments in force due to induced strain during shaft 

displacement. The force-displacement plots from the FE method provide an insight to the 

mechanisms involved during the nonlinear behaviour of  dampers during operations. 

Additionally, it is an excellent tool for visualizing the changing flow patterns, stress 
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concentration and distributions of load within the lead with varying geometric device 

parameters. This FE method can also be applied as an optimization tool where the key damper 

parameters identified in Chapter 3 can be modified to understand the changes in force outputs 

and ease of achieving peak force. Although the model serves as a design and a precision force 

forecasting tool, the modelling method is expensive compared to other models in terms of 

computation time, software requirement and technology. 

Overall, the choice of model for HF2V device modelling application can be done for model 

simplicity, prediction accuracy, ease of uptake, size of the device, target force capacity, 

visualization of device operations and optimization. All approaches offer benefits and provide 

relatively accurate prediction. Thus, it is a choice of need and desired use or speed to govern 

this choice in design process. 

5.3. Summary 

This chapter has compared the empirical, analytical and computational models proposed for 

the HF2V devices by highlighting distinct characteristic of each modelling method and their 

suitability depending on HF2V damper size and force capacity. The limitations of each 

modelling process are briefly described to provide a guideline for HF2V model uptake 

depending complexity, expertise, accuracy, time and modelling objective.  
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Chapter 6: Conclusion 

The research within this thesis explores the development of design and modelling 

methodologies for the lead extrusion dampers. The outcomes of this study are HF2V lead 

extrusion damper empirical design, upper and lower force range and finite element models, 

which can all precisely estimate the force capacities of devices. The modelling process has 

provided an insight into the factors contributing the overall resistive force response from the 

HF2V devices. 

The empirical equation modelled on associated device parameters predicts device forces 

predicts device design forces with ± 80% (average) precision for Small and Large devices. This 

model provides an insight into the force contributions of overall extrusion forces and friction 

forces. Friction forces contribute to the overall HF2V device forces significantly with an 

average of 22% in Typical devices and 50% in Large devices. In Small HF2V devices, the size 

of the bulge or area ratio is pivotal in determining the overall device forces generated.  The key 

design parameters identified for a HF2V lead extrusion device design are cylinder diameter, 

surface area and bulge area. 

The HF2V device design and operation principles were then matched to industrial bulk forming 

extrusion parameters and processes. Based on existing extrusion models, a methodology to 

obtain an operational ranges for the bulged shaft HF2V devices was derived. Four models 

provided upper bound force range models for the devices based on direct and indirect extrusion 

processes. Two models give lower bound forces of the HF2V devices, one of which shows pure 

extrusion force developed in devices. The experimental, empirical and computational model 

forces are within the UB and LB ranges for all but one device signifying generalizability of 



125 

 

models. The overall analytical modelling encompasses almost all design parameters in an 

HF2V device to predict the likely bounding forces for a given design. Several additional key 

design aspects of the extrusion damper were identified from analytical modelling which 

matched the parameters identified through empirical modelling. 

The finite element model developed is a promising tool that is capable of predicting device 

forces based on input parameters and provides a new insight into the internal reactions and 

plastic deformations within  a lead extrusion damper, which otherwise is not possible to observe 

experimentally. All the modelling methods followed are accurately described and can be taken 

up to design device forces for Typical and Large devices for precise calculations. This method 

computes the device force automatically using finite element methods and is a reliable tool for 

design optimization. 

The three proposed models have distinct characteristics and can be used individually or as an 

integrated design tool to achieve the best of every model. The devices can be applied through 

all stages of device modelling as follows: 

 The empirical model is simple design tool which can be used for initial approximation 

of device forces using only few key geometric device parameters to achieve precise 

average force capacity of the device. 

 The analytical models are more complex design tools consisting of more HF2V design 

parameters and is effective to determine the maximum and minimum force capacity of 

the HF2V device. This provides a better overview of how the device behaves. 



126 

 

 The computational model can be used achieve a better understanding of the device 

operation mechanics and estimate the force produced by the HF2V device model at 

every stage of operation. 

Overall, this thesis has developed design and modelling technique for the HF2V lead extrusion 

dampers that are generic and offers different models for uptake and application for designers, 

engineers and researchers depending on complexity, aim and availability of design data. New 

insight has been obtained regarding specific contributions to the overall device response 

behaviour. 
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Chapter 7: Future Work 

The research within this thesis has provided significant insight into development of design 

models for application to high force-to-volume lead extrusion devices. Contributions to the 

overall response behaviour have been delineated within the models presented. However, there 

remain areas requiring further research to address limitations and refine recommendations. 

Several areas of further interest to expand HF2V device design knowledge have been identified 

as a result of this work. Some areas of particular interest for future work are detailed within 

this chapter. 

7.1. Experimental testing and validation 

Due to the limited availability of the SATEC machine during laboratory refurbishment, 

prospective experimental tests were not conducted to validate the models created. The design 

and building of new HF2V devices for specific force capacities for a wide range of devices 

with varying force capacities and sizes can better establish the limitations of each modelling 

technique beyond the cross validations done in this thesis. The most reliable model can be 

determined by extensive testing of devices and comparison to the force predictions from the 

models. Based on the test outcomes and comparisons, models can be modified and calibrated 

to suit devices of varying sizes and capacities.  

This research relied largely on devices with AR< 0.5 for analysis and understanding device 

mechanisms. Testing devices with large area ratio (AR > 0.5) for all sizes of devices would be 

beneficial in providing an insight into discrete behaviour of Device 21, not captured well by 

the empirical and analytical models. 
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7.2.  Study of frictional effects 

Friction during extrusion is the main concern in the metal extrusion industry, as it adds to the 

overall force required for extruding the material.  In all 3 types of HF2V device modelling in 

Chapters 2, 3 and 4, friction is seen to be the essential in HF2V device force contributions. An 

extensive investigation of devices forces for various friction coefficients and the effect on 

overall device forces is an area of interest.  

Friction coefficients and resulting friction forces during extrusion largely depends on the 

interacting metals. Varying the steel type, surface finish and sliding speed has shown 

improvements in friction forces in several studies [298, 328]. Experimental studies to observe 

improvements or loss in friction forces for various steel type shafts and cylinders will be of 

particular interest. Furthermore, testing HF2V devices with lubrication of the shaft and/or 

cylinder to determine how reducing friction at these interfaces influences both the model and 

experimental results, would add value. 

7.3. Velocity Dependence 

The rate dependence of mechanical properties of lead has been established in previous research 

[87, 252]. Existing research suggests the HF2V lead extrusion dampers are weakly velocity 

dependant and Rodgers et al suggest a velocity dependant model for the HF2V devices with 

velocity exponent ~α = 0.1 [112, 121]. Further, assessing the velocity dependence of 

experimental devices and calibrating the models to attain device forces at high speed would 

allow the models for applications at higher velocities. Analysis of experimental observations 



129 

 

to modify the empirical, analytical and finite element models will help match the models to 

high velocity performance.  

7.4. Design of Experiments and Optimization 

A parametric study to understand the sensitivity of HF2V devices to specify key geometric 

changes would allow better prediction of device forces. Taguchi proposed an optimization 

method for determining and analysing optimal manufacturing parameters [329-332]. Design of 

experiments is a widely used method in the manufacturing industry to maximize the 

understanding effect of parametric variation and corresponding changes in results. To attain 

functional relationships between response of HF2V operations to independent parameters an 

orthogonal array can be designed on basis of which experiments can be conducted. Taguchi 

optimization methods can then be used to find the degree of variation in force with variation of 

specific parameters of HF2V devices. 

The variation of bulge shape on force outputs is of particular interest as the bulge causes 

maximum deformation. The various features of the shaft bulge need to be investigated 

separately to completely understand the lead-bulge interaction. The bulge parameters are bulge 

flat length, bulge radius, bulge angle and bulge length. It is expected that changes to these 

variables will alter device performance, but the level of sensitivity to such changes is not 

currently known. 



130 

 

7.5.  Automated HF2V modelling  

The finite element model developed in Chapter 4 using ABAQUS can act as an effective design 

tool for understanding changes in HF2V forces with changing device design parameters. Key 

parameters that effect the device forces are identified in Chapter 5. Varying the key parameters, 

the devices can be modified for achieving specific forces. However, this approach is a trial and 

error methodology. An optimization model automatically generating a HF2V device design for 

a target device force would be desirable.  

Based on existing design knowledge of HF2V devices and experimental test results an input 

file can be generated for HF2V design values for target force capacities. The analysis results 

can be used to generate an optimization algorithm to resize HF2V device geometry by 

automatic optimization cycles to achieve specific device forces. By applying required 

constraints on maximum and minimum allowable geometric change based on design 

requirements, a parametric design model can be automatically generate using commercial finite 

element packages and scripting tools like the ABAQUS CAE Python interface [281]. This 

method has been widely applied for automated parametric shape optimizations [333-336].  

To perform this modelling, the models developed in Chapters 2 and 3 can be used as reference 

input model for the material properties identified for FE model in Chapter 4. The FE model 

developed in Chapter 4 cannot be used for this automated parametric modelling as all the 

involved parts need to be meshed for this analysis. Additionally, there is a need to assess the 

strength and stiffness of all steel components during analysis to prevent buckling during 

loading. It should be noted that methodology requires advanced scripting and FE analysis skills 

and wide range of experimental data for accuracy. 
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