ON BRAUER GROUPS OF DOUBLE COVERS OF RULED SURFACES
BRENDAN CREUTZ AND BIANCA VIRAY

ABSTRACT. Let X be a smooth double cover of a geometrically ruled surface defined over
a separably closed field of characteristic different from 2. The main result of this paper is
a finite presentation of the 2-torsion in the Brauer group of X with generators given by
central simple algebras over the function field of X and relations coming from the Néron-
Severi group of X. In particular, the result gives a central simple algebra representative for
the unique nontrivial Brauer class on any Enriques surface. An example demonstrating the
applications to the study of rational points is given.

1. INTRODUCTION

1.1. Outline of the main results. Let X, be a smooth, projective and geometrically
integral variety over a field k.. Let k be a separable closure of k, and let X denote the base
change of X, to k. The Brauer group of X,, denoted Br X, is a generalization of the usual
notion of the Brauer group of a field. Our results concern the 2-torsion in Br X, for X,
a desingularization of a double cover of a ruled surface. Up to birational equivalence, this
class of varieties contains all surfaces with an elliptic or hyperelliptic fibration, all double
covers of P2, and (at least over a separably closed field) all Enriques surfaces. Under fairly
mild assumptions, we obtain a finite presentation of the Gal(k/k,)-module Br X[2] in terms
of generators given by unramified central simple algebras over the function field k(X) and
relations coming from the Néron-Severi group of X. We prove the following.

Theorem 1. Let S, — W, be a geometrically ruled surface defined over a field ko of charac-
teristic different from 2, and let X, be a desingularization of a double cover of S, branched
over a reduced curve B, that is flat over W, and has at worst simple singularities. Let
L. Ck(B)*/k(W)*k(B)*? denote the finitely generated subgroup defined in §5. The map
v k(B) — Brk(X) defined in §2.3 induces an exact sequence of Gal(k/ks)-modules,

NSX . y
5NS X — L.e — BrX[2] — 0,

where NS X denotes the Néron-Severi group of X.

(See also Theorems 5.2 and 7.2 and Corollaries 5.4 and 5.5 for related results.)

This result enables a study of the Galois action on Br X[2], and, in many cases, computa-
tion of Br X,[2]. Consequently, we expect it to have important arithmetic applications. More
precisely, if k. is a global field, then, as Manin [Man71] observed, elements of the Brauer
group can obstruct the existence of k.-points, even when there is no local obstruction. Com-
putation of such an obstruction requires explicit representations of the elements of Br X,;
knowledge of the group structure alone does not suffice.
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Our method allows us to write down an unramified central simple algebra representing
the nontrivial Brauer class on any Enriques surface, which we then use to give a numerical
example of an Enriques surface with a transcendental Brauer-Manin obstruction to weak
approximation. The example also demonstrates how our method can be used to obtain
Brauer class representatives defined over a global field.

As a further application we show that the presentation can be used to determine the size
of Br X[2] without the aid of the exponential sequence or knowledge of the Betti numbers.
For example, a double cover of a quadric surface branched along a (4, 4) curve is a K3 surface
for which we recover the well known fact that Br X |[2] has Fo-dimension 22 — rank NS X.

1.2. Discussion. The key feature enabling our results is the fibration on X, induced by
the ruled surface, a fibration whose generic fiber is a double cover C, — P'. To understand
the relevance of this, recall that the Brauer group of X, admits a filtration, Brog X, C
Br; X, C BrX,, where Bry X, := im (Brk, — Br X,) is the subgroup of constant Brauer
classes and Bry X, := ker (Br X, — Br X) is the subgroup of algebraic Brauer classes. Using
the Hochschild-Serre spectral sequence, the algebraic classes can be understood in terms
of the Galois action on the Picard group of X. In contrast, computation of transcendental
Brauer classes, i.e. those surviving in the quotient Br X,/ Br; X, is usually much more
difficult, with only a handful of articles addressing the problem [Har96, Wit04,SSD05, HS05,
Ter10,KT11,HVAV11,S712, HVA13, Prel3].

In the context of a fibration as above, the purity theorem [Gro68, Thm. 6.1] gives a
filtration

BrX C BrC C Brk(C) = Brk(X),

identifying Br C' C Brk(X) as the subgroup unramified at all horizontal divisors, and Br X C
Br C' as the subgroup unramified at all vertical divisors. Moreover, the Brauer group of C'is
algebraic (over the function field of the base curve) by Tsen’s theorem, and so may be studied
in terms of the Galois action on the Picard group. In [CV] this fact is utilized to obtain
a presentation of Br C[2], which is induced by the map ' : k(B) — Brk(X) in Theorem
I. The task of the present paper is, thus, to determine which functions in k(B) give rise to
central simple algebras that are unramified at the vertical divisors.

That a fibration can be used in this way to compute Brauer classes on a surface is not
new, but there are few classes of surfaces for which the method has been carried out in
practice. Our work builds on that of Wittenberg [Wit04] and leronymou [ler10] who each
give an example of a nontrivial transcendental 2-torsion Brauer class on a specific elliptic
K3 surface. The surfaces they consider admit a genus one fibration such that the Jacobian
fibration has full rational 2-torsion and such that the generic fiber is a double cover of P.
We apply the results of [C'V] to formalize and generalize the technique to deal with fibrations
of curves of arbitrary genus that are double covers of P! and remove all assumptions on the
Jacobian fibration.

1.3. Outline. The notation used throughout the paper is defined in §2, where the relevant
results from [CV] (including the definition of the maps v and x — « appearing in Theorem I)
are also recalled. Following this in §3, we review the purity theorem and set about computing
the residues of classes in the image of + at the vertical divisors. In §5 we identify a list of
functions in k(B)* whose images under 7’ are unramified, and then prove a more general

version of Theorem I. In §6, we use the aforementioned list of functions to determine the
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Fy-dimension of Br X[2] under some mild hypotheses. Next in §7, we turn our attention to
Enriques surfaces and show how to construct the nontrivial Brauer class on any Enriques
surface. This demonstrates that our method is effective even when S fails to be geometrically
ruled. We demonstrate an arithmetic application in §8 by constructing an explicit Enriques
surfaces with a transcendental Brauer-Manin obstruction to weak approximation

2. NOTATION AND BACKGROUND

2.1. General Notation. Throughout the paper k, denotes a field of characteristic different
from 2 with separable closure k. If Y, is a k.-scheme, we write Y for the base change of Y to k.
In general, if F is any field and Y and S are F-schemes, we set Yg := Y XgpecrS. We also define
Ya = Yspeca, for an F-algebra A. If Y is an integral F-scheme, k(Y') denotes its function
field. More generally, if Y is a finite union of integral F-schemes Y;, then k(Y') := [[k(Y;)
is the ring of global sections of the sheaf of total quotient rings. In particular, if A ~ []F;
is an étale F-algebra, then Y, is a union of integral F-schemes and k(Y4) ~ [[k(YF,). For
r >0 we use Y to denote the set of codimension r points on Y.

For any projective variety Y over IF, we write BrY for the étale cohnomology group BrY :=
HZ(Y,G,,). If A is an étale F-algebra, then we also write Br A for Br(Spec A). Given
invertible elements a and b in an étale F-algebra A, and assuming the characteristic of F is
not 2, we define the quaternion algebra,

(a,b)y == Ali, j]/(i* = a, j> = b, ij = —ji)

which we often conflate with its class in Br A.

We let DivY denote the group of Weil divisors of Y defined over F. If Y is smooth and
geometrically irreducible, we let PicY be the Picard group of Y and Picy for its Picard
scheme. Then PicY = DivY/Princ Y, where PrincY is the group of principal divisors of Y
defined over F. If D € DivY, then [D] denotes its class in Pic Y. If BrF = 0, then in addition
Picy (F) = PicY. However, for general fields, the map PicY — Picy(FF) is not necessarily
surjective. Let Pic)- C Picy denote the connected component of the identity, and use Pic’ Y’
to denote the subgroup of PicY mapping into Pic}.(F). Then NSY := PicY/Pic’Y is the
Néron-Severi group of X. If A € NS Ypser), let Pic){/ denote the corresponding component
of the Picard scheme and use Pic*Y and Div'Y to denote the subsets of PicY and DivY
mapping into Picy(F). When Y is a curve NS Yiser = Z and Jac(Y) := Pic) is called the
Jacobian of Y. It is an abelian variety of dimension g(Y’), where g(Y’) denotes the genus of
Y. If Y is a disjoint finite union of integral curves Y; we define Jac(Y') := [] Jac(Y;) and
g(Y) =3 g(V;) + 1 —h°(Y), where h°(Y) is the number of connected components of Y.

2.2. Double covers of ruled surfaces. Let w: S — W be a smooth projective ruled
surface over k, i.e., a proper fibration over a smooth irreducible projective curve W which is
defined over k and such that the generic fiber of w is isomorphic to P}, where K := k().
We fix an isomorphism Sx — Pk and write & for the flat closure of co € Pi in S. We say
that S is geometrically ruled if every fiber of w is isomorphic to P!

Let m: X° — S be a double cover defined over k, and let X be the desingularization of X°
that is obtained by a canonical resolution (see [BHPVdV04, §II1.7] for the definition). The
composition X — S — W endows X with a fibration whose generic fiber C'is a double cover
of PL..
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Let B°C S denote the union of the connected components of the branch locus of X? — S
that map dominantly to W. We will assume that B° is nonempty, which is equivalent to
assuming that the ramification locus of ' — P! is nonempty, which in particular implies
that X is geometrically irreducible. (If the ramification locus of C' — P! is empty, then any
irreducible component of X is a ruled surface and so has trivial Brauer group.)

The restriction of the map w: S — W to B® may not be flat as B® may have vertical
irreducible components. Let B%f C BY be the maximal subvariety such that the map
BoY — W is flat, i.e., B%" is the union of all irreducible components of B® that map
dominantly to W. We write B for the normalization of B° in X, and write B for the
normalization of B in X. We set L := k(B") and note that k(B) = L x k(x)", where n
equals the number of vertical irreducible components of B°. We denote the normalization
map B — B° by v and sometimes conflate v with v|ga.

Since X was obtained by a canonical resolution, the curves B and B are smooth [BH-
PVdAV04, §111.7]. In particular, B and BY are each a disjoint union of integral curves.

If b € B%" is a point lying over w € W and ¢ € L, we define

w(l) = Y wll), elbfw)= > el w),

Y eBA psb b eBA bsb

where e(b'/w) denotes the ramification index of the map BY — W at &' and vy (¢) is the
valuation of ¢ at b'.

We will consider the dual graph I' of B® defined as follows. For every singular point b € B,
fix an ordering of the preimages bj,...,b, € B of b. We define the vertices of I' to be in
one-to-one correspondence with the irreducible components of B, and define the edges of I'
by the following rule: for every singular point b € B° and every 1 < i < s, there is an edge
ey, joining the vertices corresponding to the irreducible components containing b;_; and b;.

Remark 2.1. Strictly speaking it is not correct to refer to the dual graph of B, since I'
depends on the ordering chosen above. However, its homology with coefficients in Z/27Z
does not; as this is all we are really concerned with below, we will allow ourselves this abuse
of language.

We will work with the simplicial homology with coefficients in Z/27Z of the dual graph T'.
We use C;(I"), Z;(I") and H;(I") to denote, respectively, the groups of i-chains, i-cycles and
1-homology classes for ¢ =0, 1.

Since the branch locus of 7 is generically smooth and S is smooth, X° is regular in
codimension 1. Let £ be the set of curves on X that are either contracted to a point in X©,
or lie over some w € W such that S, is singular. Since XV is regular in codimension 1, the
morphism X — X? is an isomorphism away from £. We say that an irreducible curve F on
X is exceptional if I € £ and non-exceptional otherwise. If F is a curve on X°, we will often
abuse notation and let 0r denote the residue map at the strict transform of ' on X.

Remark 2.2. There are some curves in £ which are not “exceptional” in the usual sense,
i.e., are not the exceptional divisor of some blow-up. Such curves are all components of X°
for some w € W such that S, is not smooth. In particular, if S is geometrically ruled, then
every curve in £ is the exceptional divisor of some blow-up.

Remark 2.3. Many of the arguments are simpler and more intuitive when B? = B%f

and even more so under the additional assumption that B° is smooth and irreducible. As
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many of the results are of equal interest in these cases, the reader may wish to make these
assumptions on a first reading.

Remark 2.4. Any double cover of a ruled surface is in fact birational to a double cover of a
geometrically ruled surface of the form P! x W. However, allowing for a more general ruled
surface enables us to choose a model where the branch locus has milder singularities. This
will be used when we consider the Brauer group of an Enriques surface in §7.

2.3. The 2-torsion Brauer classes on a double cover of the projective line. Recall
that the generic fiber of the composition X — S — W is a double cover C' — PJ.. As
mentioned in the introduction, we rely on the explicit presentation for Br C'[2] given in [CV].
For the reader’s convenience, the relevant results and notation are recalled here.

Let Q C C denote the ramification locus of C' — PL. We shall assume that  does
not contain any point above oo € P}.. Since K is infinite, this can always be arranged by
changing coordinates on PL.. Thus, we may fix a model for C' of the form y? = cf(x), where
c € K* and f is squarefree and monic of degree 2¢(C') + 2.

Note that L := k(B") can be identified with K[f]/f(#). Let x — o denote the image
of x — 0 in k(Cp) := L @k k(C). As shown in [PS97] the map sending a closed point
P e C\(QUr (o)) with P(K) = {(z1,11),. - ., (xa,y4)} to 2(P)—a =[], (x;—a) € L*
induces a homomorphism

r—a: PicC — L*/K*L**.

Set £ = L*/K*L*% For a € K* and ¢ € L*, we denote their corresponding classes in

K*/K*? and £ by a, ¢ respectively. We define

£,:={le £:Normy,k(()e(@)} .
Consider the map
7' L* = Brk(C), €+ Coryc,)xc) (6,2 —a)s).

Theorem 2.5 ([CV, Theorems 1.1-4 and Proposition 4.7]). Let ¢ € L*. Suppose k is a
separable closure of a field ko over which 7, @, c and f(z) are all defined. Then +'(f) € BrC
if and only if £ € £.. Moreover, v induces an exact sequence of Gal(k/k,)-modules,

PicC .4 y
5Pl — £.— BrC[2] — 0,

where the kernel of x — « is generated by divisors lying over co € Pl

3. RESIDUES AND PURITY

By the purity theorem we have that for any smooth projective variety Y over a field of
characteristic different from a prime p,

BrY[p]:= (] ker (Brk(Y)[p]%Hl(k(y),Z/pZ)), (3.1)
yey (1)

where 0, denotes the residue map associated to y € Y, (For the case dimY < 2, which is
the case used below, see [Gro68, Thm. 6.1]; for the general case see [Fuj02].) For quaternion
algebras, the residue map 0, can be described explicitly (see [GS06, Example 7.1.5]). For
any a,b € k(Y)*, we have

9y ((a, b)) = (=1)*( gy € k(y)* /k(y)** = H' (k(y), 2/2),
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where v, denotes the valuation corresponding to y.
Identifying k(C') ~ k(X) we have
Brof2l = () ker <Brk(X)[2] 2y k(o) /k(a)“) ,

oeXx®
o horizontal

and

Brx[2)= () ker(BrC[z}ik(F)X/k(F)“).

Fex@
F vertical

In light of this we may obtain a presentation of Br X[2] from Theorem 2.5 as soon as we can
determine the subgroups ker(dp o v) for F € X a vertical divisor. To do so, we will often
use that

6F (Cork(CL)/k(C) ((f, r — OZ)Q)) = H NOI‘IIlk(F/)/k(F) (aF/ ((f, Tr — (1/)2)) (32)
F'|F

for all F € X and all £ € L*; here F” runs over all discrete valuations of k(C}) that extend
the discrete valuation corresponding to F' on k(C') = k(X) (see [CV, Lemma 2.1]).

3.1. The non-exceptional vertical curves.

Proposition 3.1. Fiz w € W such that Sy, is smooth and fix { € L*.
(1) If X is reduced and irreducible, then dxo (v(€)) € k(X0)*? if and only if
e(t/ Jw)vp(f) = e(b/w)vy () mod 2,  for all b,y € B2\ (B2 N&). (3.3)
(2) If X0 is reduced and reducible, then Op(y(f)) € k(F)*? for all irreducible components
F C X2 if and only if
v(f) =0mod 2, forallbe BY\ (B°NG). (3.4)
(3) If S,y € BY, then Oxo),.,(v(0)) € K((XO)rea)*? for all £ € L*.

Corollary 3.2. Let £ € £,. Then v({) € Br(X \ &) if and only if some (equivalently every)
representative of { satisfies (3.3) at every w € W such that X0 is reduced and irreducible
and Sy, is smooth and satisfies (3.4) at every w € W such that X0 is reduced and reducible
and S,, 18 smooth.

Proof. Every non-exceptional vertical curve maps dominantly to a smooth and irreducible
S, for some w € W. If S, is smooth and irreducible, then X? is non-reduced if and only if
S, C B°. Therefore, for every F € XM \ £, Proposition 3.1 gives necessary and sufficient
conditions for Or(¢) € k(F)*2. This is exactly the content of the Corollary. O

Proof of Proposition 3.1. Fix ¢ € L* such that ¢ € £,, w € W such that S,, is smooth, and
let FF C X? be a reduced and irreducible curve. By (3.2), we have

Or(1(0)) = 11 Normyg(pr pe(ey (€5 (. — a)™'®). (3.5)
F’G(X;BH)“)
F’—F dominantly



Here X7 denotes a desingularization of Xpn 1= X Xy B and w' denotes the valuation
associated to F’. The surface X xy B is regular at all codimension 1 points lying over
w € W such that X? is reduced.

Assume that X0 is not reduced, or, equivalently, that S,, C B°. Then the map on
residues H'(k(S,),Q/Z) — H'(k(X?),Q/Z) is identically zero on 2-torsion classes. Since
v'(€) € im (res Brk(S) — Brk(X)), the residue 9 xo)..,(7'(¢)) € k((XZ)rea)*?* for all £ € L*.

Henceforth, we assume that X0 is reduced, or, equivalently, that B%% = BY  Then, since
X xyw B% is regular at all codimension 1 points above w, the prime divisors of X 1 that map
dominantly to F' are in one-to-one correspondence with the prime divisors of Xga that map
dominantly to F.

To compute the residues at X2, we will need to have a model of the fiber. For this, we
will use the following lemma.

Lemma 3.3. For every w € W such that S,, is smooth, there exists an open set U C W
containing w and constants ac€ K*,b € K such that

Sy 5 Py x U, s+ (ax(s) + b, w@(s)).

Proof. By the Noether-Enriques theorem [Bea96, Thm. III.4], there is an isomorphism
©: Sy — P! x U which commutes with the obvious morphisms to U. After possibly shrinking
U and possibly composing with an automorphism of P};, we may assume that & maps to
{oc} x U. To complete the proof we observe that ¢ must induce an automorphism of Pl
that preserves oo. 0

Fix U C W, ac K*,b € K as in the lemma. Note that, the algebra Coryc,)/k(c) (¢, a)2)
is constant, and hence trivial. Therefore, Cork(c, /) ((¢,ax + b — (ace +b))2) = ' (€).

Thus, by replacing x with ax + b, & with aa+ b and f with f(z/a — b/a) if necessary, we
may assume that z is a horizontal function, i.e. that it has no zeros or poles along any fibers
of U, and that it restricts to a non-constant function along any fiber of U. Then the function
x — « has non-positive valuation along any fiber of X BE and it has negative valuation on
the fibers of X s, where o has negative valuation.

Let F’ be a prime divisor of Xpgn that maps dominantly to F', let w’ be the associated
valuation, and let b € Bf be the point that F” lies over; note that k(F') = k(Fyp)). If
w'(z — ) is negative, then b lies over B% N'& and the function (z — o)™ /f*"@=) reduces
to a constant in k(F”) (since w'(z) = 0). Therefore,

Or(y(0)) = H Normyp) /ie(w) (z — (b)),

be BY\(BY,NG)

Since k(F) = k(z) <\/ [be o) 39, ne) Normue) /i) (= — Oé(b))e“’/“”), 7(0) is unramified at F
if and only if there exists some integer m such that

vy(€) + me(b/w) =0mod 2, forallbe BY\ (B2 NG). (3.6)

Assume that X? is reducible. Then e(b/w) = 0 mod 2 for all b € B2\ (B°N&). Hence (3.6)

is equivalent to (3.4). If X? is irreducible, then there exists a by € B2 \ (B2 N &) such that
e(bp/w) =1 mod 2, so (3.6) is equivalent to the matrix

(v(0) e(b/w))beBg\(Bgme)
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having rank 1. This is clearly equivalent to (3.3), which completes the proof. O
3.2. Exceptional curves lying over simple singularities.

Proposition 3.4. Let F be a (—2)-curve lying over a simple singularity of X°. If A €
Brk(X)[2] is unramified at all curves F' C X that intersect F' and that are not contracted
in X, then A is unramified at F. In particular, if S is geometrically ruled and B° has at
worst simple singularities, then Br X[2] = Br(X \ £)[2].

Proof of Proposition 3.4. The canonical resolution of a simple singularity consists of a series
of blow-ups. Therefore, the preimage of a simple singularity P € X° is a tree of (—2)-curves.
Consider any (—2)-curve F' which is a leaf of the tree (i.e., has valence 1) and let @ € F be
the (unique) point which intersects another curve in the tree.

As a special case of the Bloch-Ogus arithmetic complex [Kat&6, §1, Prop. 1.7], we have
the complex
k(F/> X
O P z/2z.

Pex(®)

Brk(X)[2] 2% D
Frex®
Therefore, for every codimension 2 point P € X, we have

Z vp(9r(A)) = 0 mod 2.

Fex®)
with PeF’/

By assumption 9p(A) € k(F')*? for all F' € XM whose closure intersects F and is not
contracted in X°. Hence vp(dr(A)) = 0mod 2 for all P € X® such that P € F and
P # Q. Since F is rational, this implies drp(A) € k(F)*?. Therefore A is unramified at all
(—2)-curves which are leaves of the tree.

The same proof then shows that A is unramified at all (—2)-curves F' such that all the
children of F' are leaves. Then we apply the same argument to all curves F' such that all of
the grandchildren of F' are leaves, and so on, until we have shown that A is unramified at
all curves in the tree.

For the final claim, we note that if S is geometrically ruled and B has at worst simple
singularities, then £ consists of (—2)-curves lying over simple singularities of X°. O

4. CANDIDATE FUNCTIONS

Consider the composition

b K(By< — XB) aw

kB2 Div(B) ® Z/2Z — Div(B°) ® Z/2Z.

Fix a point w; € W such that X° is reduced and irreducible, and define the group

k(B)g := {Z e k(B)* : ¢(0) € (N B°, B,) C Div(B°) ® Z/2} .

Let Lg denote the image of k(B)¢ under the projection map k(B)* — k(B")* = L*.

In Section 5 we will prove that the elements of L¢ satisfy condition (3.3) (resp. (3.4)) for
every w € W such that S, is smooth and X is reduced and irreducible (resp. reducible).
Therefore the classes in 7/(Lg) are unramified at all non-exceptional vertical curves.

The goal of this section is to characterize the elements of Le. Specifically, we will prove:
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Proposition. The group Le admits a filtration
OCLX2:G4CG3CG2CG1CG0:L5,

where Gg/G4 = JaC(B)[Q], GQ/G3 = Hl(F), Gl/GQ = (Z/Q)ml, and Go/G1 = (Z/Q)mc
with mq, m. € {0, 1}.

The isomorphisms in the proposition will be made explicit, providing generators for each
subgroup G, as well as formulas for m; and m,. (see Proposition 4.4).

4.1. Principal divisors on B. Recall that I" denotes the dual graph of B°, defined in Sec-
tion 2.2. Every edge of I' corresponds to a pair of points on B; this gives a homomorphism
div: Cy(I") — Div(B) ® Z/27Z. As Cy(I') is the free Z/2Z-module on the irreducible compo-
nents of B we may define a homomorphism deg : Div(B) — Cy(I") by taking the degree on
each irreducible component. The group Hy(T") is (isomorphic to) the free Z/2Z-module on the
connected components of B and we may define a homomorphism deg: Div(B%) — Hy(T)
by taking the degree on each connected component. We define P and P° to be the kernels
of the degree maps on Div(B) ® Z/27Z and Div(B°) ® Z/27Z, respectively. Putting this to-
gether gives a commutative and exact diagram. (One may easily check that the right two
columns are exact and commutative; the rest follows from the snake lemma and the fact that

Hy(T') = Z,(I').)

0 0 0 (4.1)
0—— H(T) ———— C4(I) D) 0
1 1 Z1(T)
div 1)
0 P Div(B) ® Z/2Z —*5 . Cy(T) —— 0
0 PO Div(B%) ® Z/27 % Hy(T) —— 0
0 0 0

Lemma 4.1. Suppose D € Div(B). The following statements are equivalent.

Vi as even degree on every connected component of BP.
1 D) h d d B°
ere exists D' € Div(B) with even degree on every irreducible component of B an
2) Th ists D' € Div(B) with d irreducibl B and
such that v,(D — D) € 2Div(BY).
(3) There exists a principal divisor D' € Div(B) such that v,(D — D') € 2 Div(BY).

Proof. (1) = (2): This follows from a diagram chase. If D is in the middle and maps to 0

in the lower right, then we can modify D by div(7y) for some v € C1(I") to get a divisor with

even degree on every irreducible component.

(2) = (3): This follows from the fact that the Jacobian of B is a 2-divisible group.

(3) = (1): This follows from the fact that a principal divisor has degree 0 on every irreducible

component. [l
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Proposition 4.2.
(1) For each D € Div(B) such that [D] € Jac(B)[2] there exists a function (p € k(B)*
such that div({p) = 2D. )
(2) For each cycle C € H{(') there exists a function lez € k(B)* such that
div(le) = div(C) (mod 2Div(B)).
(3) For every (ne,ny) € 2272, there exists a function { € k(B)* such that
v, div(() = n(6&NB°) + n1 By, (mod 2Div(B°))
if and only if n.G + n1S,, intersects every connected component of B with even

degree. If the functions corresponding to (1,0),(0,1), and (1,1) exist, then we denote
them by €., (1, and (.1 respectively.

Proof. The first statement follows from the definition of Jac(B)[2], and the second and third
follow from Lemma 4.1. O

Definition 4.3. For all D € Div(B) such that [D] € Jac(B)[2] and all C € Hy(I'), we let {p
and {c denote the images of {p and lc, respectively, under the map pr : k(B)* — L*. We
define U, Uy, and L., similarly, if L., {1, and L., exist.

4.2. The filtration on Lg¢. In this section, we will prove a strengthened version of the
proposition in the introduction.

Proposition 4.4. The group Le admits a filtration
OCG4CG3CG2CG1CG0:L5,
where
(1) Gy = L*?,
(2) the map D w— Lp induces an isomorphism Jac(B)[2] =~ G3/Gy,
(3) the map C — ¢ induces an isomorphism H(I') ~ G2/Gs3,
(4) G1/Gy = (Z/2)™, where my € {0,1}, and is generated by ¢, (if it exists), and
(5) Go/G1 = (Z)2)™, where m. € {0,1}, and is generated by L., L., (if either exists).

Furthermore, the map divoNormp gk : L* — Div(W) induces an isomorphism
divoNormyp, i : Le/Gh = (m.div(c)) C Div(W) ® Z/2Z,

and

1 if deg(BY,) =0,
my = .
0 otherwise,

. {1 it div(c) ¢ 2Div(W) and deg(6 N BY) € {6, deg(Bg)l)},
0 otherwise.
We first prove a similar proposition for k(B)e.
Proposition 4.5. The group k(B)e¢ admits a filtration
0CGyCGyC Gy Gy CGy=k(B),

where
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(1) Gi=k(B)**,

(2) Gs = {Z e k(B)* : div({) € 2Div(B)} and Jac(B)[2] = G3/Gy, where [D] — (p,
(8) Gy =3l e k(B)* : v, div(l) € 2Div(BO)} and H, (') = G/G3, where C — ¢,

(4) Gy = 1L € k(B)* :(¢) € (BY) C Div(B°) ®Z/2} and G1/Gy is cyclic, generated

by ll (if it exists), and ) )
(5) Go/G1 is cyclic, generated by either L. or L., (if they exist).

PN

Proof. The containments are clear. It remains to prove the claims about the isomorphisms.
The isomorphism in (2) follows immediately from the definition of Jac(B)[2]. The isomor-
phism in (3) follows from (4.1) and Lemma 4.1.

The map 1) gives a commutative diagram of exact sequences

0 G Gf v (BY.)
00— Gy Go—5 (6N B°, B ),
which proves (4) and (5). O

Lemma 4.6. The map pr : k(B) — L induces an isomorphism, k(B)e/k(B)*? = Lg/L*?
and satisfies
wyov,odiv=w,or,odivopr.

Proof. Decompose B as a disjoint union,

B=B"U (UUF]> = By (UT) ,
i=1j=1 i=1
where the F; ; are the dimension one irreducible components of B that do not map dominantly
to W, T, = F;;U---UF,, and the indices are arranged so that the v(T;) C B° are pairwise
disjoint, connected trees of genus zero curves.

Now suppose £ := ({2, f1,..., f;) € k(B)g, with f; € k(T})* at least one of which is not a
square. A function f; € k(T})* is not a square if and only if v, div(f;) C Div(B") has odd
valuation on at least two distinct points of v(7}). So, since the v(7}) are disjoint,

vi(div(€)) = 2uv, (div(€)) 4 v (div(f1)) + - - - + v (div(f,.))

has odd valuation on at least two distinct points of BY within a single fiber.

On the other hand, by definition of k(B)e, v.(div(£)) € (&NB°, BY ). Since BY is disjoint
from v(T;) for all i and & meets v(7;) in exactly 1 point, this leads to a contradiction. Thus
all of the f; are squares and this the first statement in the lemma.

The second statement follows from the fact that if f € k(F;;)* is a function on an

irreducible vertical component of B, then w,v, div(f) = deg(f)-w = 0, for some w € W. O

Proof of Proposition 4.4. Set G; to be the image of G; in L*. Statements (1)-(5) follow
immediately from Proposition 4.5 and Lemma 4.6. Note that since X9 is reduced and

irreducible, B) and & N B® 4+ B, are nonzero in Div(B°) ® Z/2. Together with the image
11



of ¢, which is determined by Proposition 4.2, this is enough to yield the formula for m; and
deduce that

_J1 if &N B° ¢ 2Div(B°) and deg(& N B°) € {6, deg(BSH)} ,
e {0 otherwise.
Since @,(& N B%) = div(c) and & is a section, we see that
S NB°e2Div(B’) <« div(e) € 2Div(W),

which gives the formula for m.. The claim regarding divoNormy, g follows easily from
Lemma 4.6 and the fact that B has even degree. 0

Remark 4.7. Note that when B%! # B the inclusion {¢ € L* : v,(div(¢)) € 2Div(B%")} C
(G5 is not an equality, in general. This is a manifestation of the non-commutativity of the
diagram

Div(B) —— Div(B%)

Div(B%) —— Div(B")

where the horizontal maps are the natural projections.

5. THE PRESENTATION OF Br X[2]
We define £ C £ to be the image of Lg (defined in the previous section) under the
projection map L* — L*/K*L*? and we set Leeg = LN Le.
Remark 5.1. When S is rational (i.e., W =P!), £.c = £¢. See Lemma 6.9.
The goal of this section is to prove the following theorem.

Theorem 5.2. If S is geometrically ruled, then there is an exact sequence

PicC . 4

PG e L Br(X\&)[)2] — 0.
Remark 5.3. Suppose that 7: X — S and the ruling on S are defined over a subfield &, C k
for which k is a separable closure. Then all abelian groups in Theorem 5.2 have an action
of Gal(k/k,) and by Theorem 2.5, the maps in the exact sequence are morphisms of Galois
modules. The same statement holds for the corollaries below.

Corollary 5.4. If S is geometrically ruled and B° has at worst simple singularities, then
there is an exact sequence

PicC ,_4 oy
PeC Lee — BrX[2] — 0.

Proof. Apply Proposition 3.4. 0

Proof of Theorem I. This follows almost directly from Corollary 5.4. It remains to extend

the map = —a to 21\1I\ISS)§< and to check compatibility with the Galois action. The latter follows

from Theorem 2.5. To extend = — a, we note that since k is separably closed of characteristic
different from 2, Pic® X C 2Pic X. Therefore, the restriction map Pic X — PicC induces

a surjective map 21\11\188); — ;;fc%. Since Br X and Pic C remain invariant under birational

transformations, we may disregard the choice of desingularization. 0]
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Corollary 5.5. Let ©': X' — P? be a double cover branched over a smooth irreducible curve
B’ of degree greater than 2. Then there is a short exact sequence

Pic X’ R Pic B’
<[H]>+2PICX, KB/

where [H] € Pic X' is the pullback of the hyperplane class on P? and Kp: is the canonical
divisor on B’. In particular, we have dimg, Br X'[2] = 242(2d —1)(d —1) —rk Pic X', where
2d = deg(B').

Remarks 5.6.

(i) If 7': X’ — P? is a double cover branched over a conic, then X’ is a quadric surface
and thus Br X’ = 0.

(ii) If ': X' — P? is branched over a singular curve B’ with at worst simple singulari-
ties, then Theorem 5.2 still applies to give a presentation of Br X’[2]; however, the
presentation cannot solely be given in terms of a quotient of (Pic B’/ Kp/) [2].

Proof of Corollary 5.5. The group (Pic B’/ Kp/) [2] consists of the 2-torsion classes in Jac(B’)
and the theta characteristics, and so it has Fy-dimension 1+ 2¢g(B’) =1+ 2(2d — 1)(d — 1).
Therefore, the second claim follows easily from the first.

Fix a point P € P?\ B’ such that no line through P is everywhere tangent to B’. Let S :=
BlpP?, X = Bl.-1(py X', and let B denote the strict transform of B’ in S, or equivalently,
X. Projection away from P gives a geometric ruling on S, thus we may apply the theorem.
We may choose coordinates such that & is the exceptional curve above P; then ¢ = 1 and the
two exceptional curves above 7'~!(P) correspond to co™ and co~. Hence, by Theorems 2.5
and 5.2, we have a short exact sequence

Pic C —a ~
0— oo, [oo]) + 2Pic C — L. — BrX[2] —0.

By adjunction, K = (2d — 3)[l]|p/, and [l]|p = [Buw,] in Pic(B), where [I] € PicP? is
the class of a line. (Note that 7™[l]] = [H].) So the theta characteristics are in bijection
with functions ¢ € L*, considered up to squares, such that div(¢) = B,, + 2D for some

0—

) 2] = BrX'[2] = 0.

D € Div(B). This, together with our assumption on the point P, implies that (%) 2] is
isomorphic to £.¢. Furthermore, our assumptions on the point P also implies that we have

an isomorphism Pic X' /[H] = Pic C'/{[oo™], [007]) obtained by composing the pullback map
with restriction to the generic fiber. This completes the proof. U

Lemma 5.7. Assume that S is geometrically ruled. Then ¢ € L* represents an element in
Le if and only if there exists a function a € K* and integers ny,n. and np such that

vi(div(al)) =m By +n. (6NB*") + Y Y npP  (mod 2Div(B™")),  (5.1)

weWw P Boiﬂ
S,cBO ' €Y

where ZPGB%H np = n, mod 2 for all w € W such that S,, C B°.

Proof. 1f £ € L* represents an element in £¢, then there exist ny,n. € {0,1} and functions
a€ K*and fi,..., f, € k(z)* such that

vidiv(al, fi,..., fa) = m By, +n. (6N B°) (mod 2Div(B’))
13



Recall that k(B) = L x [[;_, k(F;) where Fy,..., F, are the irreducible components of B°
that do not map dominantly to W. Since S is geometrically ruled, the F; are pairwise disjoint
genus zero curves. Since G N BY = &N B + 3" &N F; and w; was chosen such that
Sw, ¢ BY, this implies that

v, div(al) = n By, +n. (6N B") +Z > npP (mod 2Div(B),
i=1 PeBYNF;

where, for all 7, the integers np satisfy

vodiv(f) =n(6NF)+ Y  npP (mod 2Div(B")). (5.2)
PeBOANE;
As & N F; has degree 1 and any principal divisor has degree 0, it follows that af must
satisfy (5.1).

To prove the converse, suppose that af satisfies (5.1). For each w such that S, C B°
there is some 4 such that S,, = F; and ZPGBoyﬂmFi np = ZPGB%H np = n. mod 2. Since the
Jacobian of F; is 2-divisible, there exists a function f; € k(F;) satisfying (5.2). Then

vidiv(al, fi,..., fa) = By, +n.(6NB°) (mod 2Div(B’)),
which implies that (al, fi,..., f.) € k(B)s and so ¢ represents a class in Lg. O
Proof of Theorem 5.2. 1t suffices to show that
7 Br(X\ E)[2]) = Lee
the statement about the kernel of v and the exactness follows from Theorem 2.5.

If £ € L™ represents an element in £.¢, then Normp x(¢) € K *2J cK*? and there exists
a function a € K* and integers ny,n. and np such that (5.1) holds. Thus Theorem 2.5 and
Proposition 3.1 imply that 7/(¢) € Br(X \ £)[2].

Now let £ € L* be such that y(¢) € Br(X \ ) € BrC. By Theorem 2.5, { € £,.
In particular, there exists n. € {0,1} such that w,div({) = n.div(c) mod 2 Div(IV). By
Proposition 3.1,

L(div(()) = Z My B + Z no@ + Z Z npP  (mod 2Div(B®), (5.3)

weW cenpof weW P BOH
Swg B° @ S,cBO '€

for some choice of m,,,np,ng only finitely many of which are nonzero. This does not nec-
essarily specify the np and ng uniquely modulo 2, as any point Q € & N B! such that
S=@) C BY is equal to some P. We may specify a unique choice modulo 2 by requiring that
ng = nwg(S N B mod 2 Div(B™), for all Q € &N B such that S, C B°.
Since the Jacobian of W is 2-divisible, there exists an integer n; and a function a € K*
such that
div(a) = nyw; — Z mypw  (mod 2 Div(W)).

weW
Sw¢ BO
Thus,
vo(div(al)) =mBY + Y ngQ+ > Y. npP (mod 2Div(B*").  (5.4)
QeenBO Swengo pPeBY!
C

14



Pushing (5.4) forward to W and using the fact that deg(B%/W) is even we obtain that

n.div(c) = Z now.Q + Z Z np | w (mod 2Div(WW)) (5.5)

QEGQBO»H S’LUECV;!O PEBS;’H
w

Since div(c) = @,(6& N BY) mod 2 Div(W), this implies that ng = n.wo(G N BM) mod 2
for any @ such that S,y ¢ B°. As we have also arranged this to be true for @ such that
S=(q) C BY, it follows that Y- ,cenpon 1R = ne(6NB*") mod 2 Div(B™"). The congruence
in (5.5) then gives

Z Z np | w=nw, ((&NB°) —(&nB"M)) (mod 2 Div(W))
sucpo \PEB
=n. Z w (mod 2 Div(WW))
weW
SwCB?

It follows that > pepli NP = N mod 2, for each w € W such that S,, C B°. It now follows
from Lemma 5.7 that ¢ € L e, which completes the proof. 0

6. THE DIMENSION OF Br X|2]

Theorem 6.1. Assume that S is geometrically ruled, that B° is connected with at worst
simple singularities, and that Pic® X is in the kernel of the restriction morphism Pic X —
PicC. Then

2g(B°) — 4g(W) + 3 — rank(NS X) < dimyg, Br X[2] < 2¢(B°) — 2g(W) + 4 — rank(NS X)
with the upper bound an equality if S is rational.

Remark 6.2. Many surfaces satisfy the condition that Pic® X is in the kernel of the re-
striction morphism Pic X — PicC. Indeed, K3 surfaces and Enriques surfaces have trivial
Pic’, and the proof of the following corollary shows that the same is true for double covers
of rational geometrically ruled surfaces that have connected branch locus.

Corollary 6.3. Let w: S — P! be a rational geometrically ruled surface with invariant
e >0, and let Z be a section of w with self-intersection —e. Suppose that B® is a connected
curve of type (2a,2b) € Pic(S) ~ ZZ x ZS,,, with at worst simple singularities. Then

dimp, Br X[2] =4 4 2(2a — 1)(2b — ae — 1) — rank(NS X)) .

Example 6.4. If X is a double cover of P! x P! branched over a (4,4) curve, then e = 0,
a=>b=2and X is a K3 surface. We recover the well known fact that dimg, Br X[2] =
22 —rank(NS X). Note that this argument does not require knowing that by(X) = 22 or that
H?(X, Z)iors = {1}.

Proof of Corollary 6.3. We will prove that H'(X,Ox) = 0 and so Pic’ X = 0; hence we
may apply the theorem. Since S is rational, the upper bound in the theorem is sharp. The

formula now follows from the adjunction formula, which gives g(B°) = (2a —1)(2b—ae —1).
15



Now we turn to the computation of H* (X, Ox), which (given [Har77, Chap. III, Ex. 8.2]
and the fact that X° has at worst simple singularities) is isomorphic to H'(S,7.0x) =
H'Y(S, 05 ® Og(—a, —b)) = H'(S, Os(—a, —b)). Then, by Riemann-Roch, we have

h(S, Og(—a, —b)) — h*(S, Og(—a, —b)) +h°(S, Og(a — 2,b — e — 2))
1
— 5 (~a2 = a)(~¢) ~ b2 a) ~ a2+ e~ b)) + 1= (a—l)(b—l)—k%(a—l).
Since B° is connected, a > 0 and so h%(S, Og(—a, b)) = 0. If a = 1, then h°(S, Og(a —
2,b—e—2)) =0 and so h'(S,Og(—a, —b)) = 0. Hence, we may assume that a > 2; then
by [Har77, Chap. V, Lemma 2.4],
h?(S, Os(a —2,b—e —2)) = h’ (P!, @,05(a — 2,b — e — 2)).

Further, @,0g(a —2,b—e—2) = (0 ® O(—¢))?*2 @ O(b— e — 2). Since B’ is connected,
g(B%) > 0 and so 2b — ae — 1 > 0. Combined with a > 2, this shows that b — e — 2 is non
negative. Therefore h” (P!, (O @ O(—¢))®*@ 2 @ 00b—e—2)) =(a—1)(b—1)+ %L(a— 1),
which completes the proof. O

We first prove a few preliminary results which will be useful in the proof of Theorem 6.1.

Lemma 6.5. Assume that Pic® X is in the kernel of the restriction morphism Pic X — PicC.
Then Pic C' is a finitely generated abelian group and

K*nNL*? i X2
dimp, im(z — ) = rank (Pic C') 4+ h°(B") — 2 + dimg, (L) B {1 ifce K

K2 0 ifc¢g K**
Proof. By assumption Pic’ X is contained in the kernel of the restriction morphism Pic X —

PicC'. As Pic X — PicC is surjective, we also have a surjection NS X — Pic C and so PicC
is a finitely generated abelian group. Thus,

b
dimg, % = rank Pic €' + dimg, Pic C[2] = rank Pic C + dimg, J(K)[2],

dimp, im(x — a)) = rank Pic C' + dimy, J(K)[2] — dimp, ker(z — ).

We claim that

1 ifee K2 0 if ©Q admits a Gg-stable partition
if ¢
dimp, ker(z — a) = {0 if e d K + into two sets of odd cardinality,
1 otherwise.

By Theorem 2.5, the kernel is generated by the divisors lying over co € PL. Additionally,

m = 7*0c0 is in 2Pic C if and only if f(z) has a factor of odd degree [CV, Lemma 4.2], and

m is the only rational divisor above co € P} if ¢ ¢ K*2. If ¢ € K*?, there there is a rational

point oo™ lying over oo € Pk, which gives an independent generator of the kernel.
Therefore, it suffices to prove that

0 if Q admits a Gg-stable partition

K*nL*
dimg, J(K)[2] = h°(B")—2+dimp, (W) + into two sets of odd cardinality,
1 otherwise.
(6.1)
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Recall that the elements of J(K)[2] correspond to unordered Gk-stable partitions of €2,
the branch locus of C' — Pk, into two sets of even cardinality; note that the number of
G orbits of Q is exactly h°(B%). Unordered Gg-stable partitions of Q into two sets of
even cardinality can arise in essentially two ways: from even degree factors of f(z), and
from quadratic extensions F'/K such that f(z) is the norm of a polynomial over F. The
partitions corresponding to even degree factors of f(x) over K generate a subgroup of J(K)[2]
of dimension equal to h®(B%)—2 or h°(B%)—1, correspondingly as f(x) does or does not have
any factors of odd degree. Partitions coming from a factorization over a quadratic extension
only occur when the genus of C' is odd, and then only if f(x) has no factor of odd degree, in
which case they generate a subgroup of J(K)[2] of dimension dimp, (K> N L*?)/K*2. Thus,
dimg, J(K)[2] is equal to

hO(B%) —2 if f(x) has a factor of odd degree,
h°(B%) —1 if f(x) has no factor of odd degree and ¢g(C') is even,
hO(B") — 1 + dimg, (K}QLQm) if f(z) has no factor of odd degree and ¢(C) is odd.

When f(z) has a factor of odd degree we clearly have dimp, ((K* N L*?)/K*?) = 0 and that
2 admits a G stable partition into two set of odd cardinality, so (6.1) holds. Now assume
that f(x) has no factor of odd degree. When the genus of C'is even, deg f(x) = 2 mod 4, and
so there can be at most one quadratic extension of K contained in L. If such an extension
exists, then it gives a Gg-stable partition of €2 into two sets of odd cardinality. When the
genus of C'is odd there cannot be a GG -stable partition of {2 into two sets of odd cardinality
because deg f(x) = 0 mod 4. Thus (6.1) holds in all cases, which completes the proof. [

Lemma 6.6. The Fy-dimension of L¢ is equal to
2g(B) + 2h°(B) + by (T') — 2g(W) + dimg, ((K* N L**)/K*?)
— #{w e W : 2|e(b/w) Vb € B or S,, € B} — 24+ my + m,.
Proof. By Proposition 4.4
dimp, (%) =2¢(B) + 2h°(B) — 2+ by(T) + my + m,
(recall that g(B) :=Y_ g(B;) + 1 — h%(B) where B; are the connected components of B).
By (the proof of) Lemma 5.7, a function a € K* lies in L¢ if and only if

div(a) = ny,w; + E nyw + 2D,
weW
2|e(b/w) VbeBY,
or Sy CRBY

for some D € Div(W) and integers n,, € {0,1}. Furthermore, such functions a, modulo
squares, are in one-to-one correspondence with elements of

Jac(W)[2] x {w € W : 2|e(b/w) Vb € B, or S,, C B°}.

It follows that (Le N K*) /L*%, which is equal to ker (Lg/L*? — £¢) has dimension,

K><2

which completes the proof. O
17
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Proposition 6.7. Assume that B° is connected with at worst simple singularities, S is
geometrically ruled, and Pic® X is in the kernel of the restriction morphism Pic X — PicC.
Then

1 ce K*?

dimg, (£¢/im(z — a)) = 2 + 29(B") — 2g(W) — rank(NS X) + m; + m. + {0 ¢ K*2
c

Remark 6.8. As we will make a similar argument later under the weaker assumption that
S is ruled, but not necessarily geometrically ruled, we will take care to point out when the
geometrically ruled hypothesis is used in the proof.

Proof. Lemmas 6.5 and 6.6 (together with some rearranging) show that

dimp, (Hn(f—s—a)) =my +m. —29(W) + {(1) Z ; gw (6-3)
+2g(B) + h°(B) + bi(T) (6.4)
— (rank Pic C + # {w € W : 2|e(b/w) Vb € BY", S, ¢ B°}) (6.5)
+h(B) = h*(B") —#{wew:S, c B}. (6.6)

Let a,,d,, es, e7,es € Z denote the number of A, D,,, Fs, E7, and Ey singularities on B°
respectively (for definitions see [BHPVAV04, §I1.8]). Recall that the §-invariant of a singular
point P is the difference between the genus of the singular curve and the genus of the curve
obtained by resolving the singularity at P. It can be computed using the Milnor number
and the number of branches of the singularity [Mil68, Thm. 10.5]. Since

5(A,) = V . 1J L 6(D,) = L” . QJ 6(E) = 3, 6(Br) = 6(Bs) — 4,

the genus of B equals

g(B) -3 (an {” ; 1J +d, V‘QMD — 3eg — 4(er + eg).

n

Furthermore, singularities of type Asgi1, Dory1 or E; each contribute exactly one edge to T,
and singularities of type Ds each contribute two edges to I' [BHPVdV04, Table 1, p.109].
Moreover, T has h°(B) vertices and, since B is connected, I' has 1 connected component.
Therefore, by(T') = >, (aski1 + dog+1 + 2dai) + e7 + 1 — h°(B). Combining these facts, we
have

29(B) + h°(B) + by(T) = 29(B°) = > n(a, + d,) — 6eg — Te; — 8es + 1.

Since S is geometrically ruled, £ consists only of exceptional curves obtained by blowing up
singularities of B%, and so #& = > n(a, +d,,) + 6eg + Te; + 8es. Therefore, (6.4) simplifies
to
2g(B%) — #& + 1.
Since Pic’ X becomes trivial when restricted to C', we have a surjective map NS X —
PicC. Therefore, rank NS X = rank Pic C' + rank ker (NS X — PicC). Further, since S is
geometrically ruled, we have

rank NS X = rank Pic C' + #& + 1 + #{w € W : 2|e(b/w) Vb € B% S, ¢ B},
18



and so (6.5) simplifies to
— (rank NS X — #& —1).
Finally we note that, by definition of B, (6.6) simplifies to 0, so
(6.4) 4+ (6.5) + (6.6) = 2g(B") — #& +1 — (rtank NS X — #& — 1) = 2 +2¢(B") — rank NS X,
as desired. U
Lemma 6.9. dimp,(£.¢) > dimg,(L¢) — 2g(W).
Proof. Proposition 4.4 gives rise to a commutative and exact diagram,

0 G Le (Z)2)me ———0

KX [x2
l{ lNormL/K [lHdiv(c)

0 —— Jac(W)[2] — K*/K*?* — Div(W) ® Z/2 —— 0.

Let I denote the image of the vertical map on the left. Then by the snake lemma we have
dimg, £. ¢ > dimg, £ N £; = dimp, (Gl/KXLXQ) N £ = dimy, L& — m, — dimp, 1.

The lemma now follows unless m.+dimg, I > 2¢g(WW), i.e., unless m, = 1 and I = Jac(W)[2].
In this case either ¢, or /., exists. Assume that /. exists and let a = ¢Normy /x(¢.). Since
div(c) = div(Normpk(¢.)) mod 2Div(WW), @ lies in the image of Jac(W)[2] — K*/K**.
Since I = Jac(W)[2], there exists some ¢ € G;/K*L*? with Normy,x(f) = @ Therefore,
L)l € Lee\ LeN £y, and so we conclude that

dimp, £.¢ = 1 4 dimp, £¢ N £y = 1 + dimy, L¢ — m, — dimy, I = dimg, £ — 2¢9(WV).
If £, does not exist, then the same argument may instead be applied to £ ;. U

Proof of Theorem 6.1. We first use Proposition 6.7 to obtain bounds on dimp, (£¢/im(zx — «)).
Since BY is connected and B,, has even degree, Proposition 4.4 shows that m; = 1. If
c € K*? then div(c) € 2Div(W), and the converse holds if g(1¥) = 0. Further, since S is

geometrically ruled and B is connected, deg(& N BY) = 0. Hence, by Proposition 4.4 we

have
1 ce K*?
0<me <1,

with the upper bound an equality if g(W) = 0. Combining this with Proposition 6.7, we
obtain

0 < dimg, (£¢/im(z — a)) — (29(B°) — 2g(W) + 3 —rank(NS X)) <1, (6.7)

with the upper bound an equality if g(W) = 0.
Now we will relate dimg, Br X [2] to dimp, (£¢/im(x — «)). Corollary 5.4 readily yields,

dimg, Br X[2] = dimy, £. ¢ — dimg, im(z — ) < dimg, £¢ — dimp, im(z — a) ,

which combined with (6.7) gives the desired upper bound. Finally, Lemma 6.9 together
with (6.7) yields the desired lower bound. O
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7. THE BRAUER GROUP OF AN ENRIQUES SURFACE

An Enriques surface is a smooth projective minimal surface E with nontrivial 2-torsion
canonical divisor and with irregularity h'(Og) = 0. Equivalently, an Enriques surface is a
quotient of a K3 surface by a fixed point free involution. The Brauer group of any Enriques
surface (over a separably closed field) is isomorphic to Z/27 [HS05, p. 3223]. In this section
we compute a central simple algebra representing the nontrivial class.

We shall see below that every Enriques surface is birational to a double cover of a ruled
surface whose branch locus has at worst simple singularities. This implies that every Enriques
surface is birational to a double cover of a geometrically ruled surface; however, the branch
locus of this double cover may have worse singularities. We will find it more convenient to
adapt the methods of the previous sections to ruled surfaces which fail to be geometrically
ruled.

7.1. Horikawa’s representation of Enriques surfaces. Let E be an Enriques surface
and let FE be its K3 double cover. Horikawa’s representation of Enriques surfaces [BH-
PVdV04, Chap VIII, Props. 18.1, 18.2] shows that E is the minimal resolution of a double
cover of a quadric surface S C P? branched over a reduced curve B, which has at worst
simple singularities, and which is obtained by intersecting a quartic hypersurface with S0,
Furthermore, the covering involution o: E — E for the quotient E — E descends to the
involution
TP PP (p:izizmias) (20—~ 23).

Therefore, B° is invariant and fixed point free under the action of 7. Under the Horikawa
representation, we may take 5% to be the quadric cone V(2923 — 2%) if F is special and
SO = V(223 — 2123) otherwise. (An Enriques surface is special if it is endowed with the
structure of an elliptic pencil together with a (—2)-curve which is a 2-section, and nonspecial
otherwise.) If S0 is non-singular, then the morphism

S’O—>]P)tl, 5'-)(21120) (2'3 22)

shows that S := S° is a rational geometrically ruled surface. If S° is the quadric cone, then
the rational map

SO - P!, Ze(n1120) = (23:2).
shows that the blow up S := Bl(0:0:1:0)(50) is a rational geometrically ruled surface. In either
case, E is birational to the double cover X° of S branched over B® (where we abuse notation
using B° to denote its strict transform in S).

We may embed S/7 in P* as the vanishing of V(wows — w2, wyws — w?). Under this
embedding, the morphism S — S/7 is given by (zg : 21 : 23 : 23) — (22 : 22 : 22 : 22 : 2923).
The ruling on S induces a map w: S/7 — P}, w — (w1 : wo) = (w3 : we) giving S /7 the
structure of a ruled surface. Note that the coordinates ¢ and ¢ on the two copies of P! are
related by t = V/.

Let S = Blg,us /T)(S /7). Then E is birational to the double cover X of S branched

over the exceptional divisors on S and the strict transform B® of B%/7. We let X and X
be the desingularizations of X° and X obtained by canonical resolutions. Observe that,
in agreement with the convention set in §2.2, B° contains all connected components of the

branch locus that map dominantly to P!. We may thus avail ourselves of the notation and
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results established in the previous sections for both X/S and X /S, using tildes to denote
objects corresponding to X.

Remark 7.1. As a caution, we note that S is not geometrically ruled; the fibers above 0
and oo consist of a chain of three arithmetic genus 0 curves with the center curve appearing
with multiplicity 2.

7.2. The Brauer group.

Theorem 7.2. For every [D] € Jac(BY)[2] and cycle C on the dual graph of B, the algebra
v (bclp) lies in Br X. Moreover, these elements generate Br X.

Proof. Fix a cycle C and a divisor D on B whose divisor class is 2-torsion. We claim
that dr (v (€clp)) € k(F)*? for all reduced and irreducible curves F C X, and thus that
¥(lelp) € Br X. If F is a horizontal curve then this follows from Theorem 2.5, since fclp €
£.. Now assume that F' is a vertical curve. If F' does not map dominantly to the reduced
part of a component of Sy or S, then the preimage of F in X consists of exactly two curves
Fy, Fy, each of which are isomorphic to F. We will show that O, (Res(y'(¢clp))) € k(F;)*?
and thus conclude that dp(v'(fclp)) € k(F)*2. Since k(B) = k(B/7) @) k(V1), we have

Res(7/(€elp)) = Coryx ) x(x) (Res ((z — o, lelp)2)) -

We may choose our coordinates x and « on the Enriques surface so that Res(z) = 7/t and
Res(a) = a/t, where ¥ and & are the functions on £ and B. Therefore

Coryg )i ) (Res ((z — a, lelp)2)) = 7' (Res(felp)) + (t, Cor(€elp))a.

Since lelp € £1, the algebra (£, Cor(felp))s is trivial in the Brauer group. Furthermore, by
construction Res(écé p) = Ll for some cycle C on the dual graph of B and some two-torsion
divisor D on B. Hence, by applymg Corollary 5.4 to X /S it follows that 9, (v (lclp)) €
k( Fz) X2

Now assume that F' maps dominantly to the reduced part of a component of Sy. If F' maps
dominantly to an exceptional divisor of S, then & — « has trivial valuation and reduces to a
constant on all curves F’ that lie above F' in the desingularization of X xp1 B. Therefore,
Or(v (lclp)) € k(F)*2. Now consider the case when F' maps dominantly to the reduced
part of (S /T)o. If the singular locus of BY is supported away from the fibers of 0, then, after
adjusting D by a principal divisor, we may assume that vy({clp) = 0 for all b € BN (w1(0)).
Then Or(y'(lclp)) is a constant and so it is clear that Op (v (bclp)) € k(F)*2. If there is a
singularity of B° lying over 0, then F' must be rational. Since there are no nontrivial étale
covers of a rational curve, the preimage of F'in X consists of exactly two curves Fi, Fs, each
of which are isomorphic to F', and we may apply the same argument used above. The case
where F' maps dominantly to a component of (Su)req follows similarly.

We have shown that the subspace of £. generated by the ¢; and the /p maps into Br X;
now we will use a cardinality argument to show that the image of this subspace is all of
Br X. Arguing as in the proof of Lemma 6.6 we see that the functions /¢ and ¢p generate a
subspace of £ C £ of Fy-dimension

X X2
dimg, & — 2g(B) + 20°(B) + by(T) — 1 + dimg, (%)
— #{w € P* : 2|e(b/w) Vb € B%* or S,, C B°}.
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Using that h°(B) = h(B") + #{w € P' : S,, C B"}, we get

~ / 0 0( pfl : K*nL*?
dimp, £ =2¢g(B) + h’(B) + b,(I') = 1 + h’(B") + dimp, | ———

K><2
— #{w € P : 2|e(b/w) Vb € B> and S,, € B°}.

Since B is connected and has at most simple singularities, the same is true for B°. Therefore,
the same argument as in the proof of Proposition 6.7 shows that 2g(B) + h°(B) + by (') —
1 = 29(B°%) — #&', where &' is the set of exceptional curves obtained by blowing up the
singularities of B®. (We have #(£\E’) = 4 corresponding to the extra irreducible components
of Sp and Sy, — see Remark 2.2.) Therefore

K*N L><2
dimg, £ = 2¢g(B°) + h°(B") + dimg, <—)

K><2
— #& — #{w e P': 2le(b/w) ¥b € B and S,  B°}.

Now noting that Pic® X = 0 and so the rank of NS X is
#E + 4+ 1+ #{w e P\ {0,00} : 2le(b/w) Vb € BE! and S,, € B°} + rank(PicC),

we conclude that

KX L¥2

dim &' = 2¢(B°) + h°(B") + dimp, < e

> + 5 + rank(Pic C')
—rank NS X — Ay — A,

where A, equals 1 if e(b/w) is even for all b € B and (S, )rea € B and 0 otherwise. Since
X, and X, are not reduced and B° did not contain the fixed points of 7, both Ag and A,
are 1. In addition, rank(NS X) = rank(NS E) + 4 = 10 + 4, and since B is the quotient of
a genus 9 curve by a fixed-point free involution, g(B°) = 5. Hence, rearranging and using
Lemma 6.5 we obtain,

K>< N L><2

dim & = h°(B") — 1 + dimp, (W

) + rank(Pic C)
> dimp, im(z — ) + 1.

Therefore, some element of £ has nontrivial image in Brk(X) and so must be equal to the
unique nontrivial element of Br X. O

Remark 7.3. If BY is smooth, it is possible to prove Theorem 7.2 without using that the
Néron-Severi group of an Enriques surface has rank 10 and that the Brauer group of an
Enriques surface is Z/2Z. One can instead prove that all other functions in £. ¢ are ramified
along some vertical divisor. However, this proof is more complicated as it requires a detailed
study of the desingularization (or at least the normalization) of the fiber product X xp: B,

8. AN ENRIQUES SURFACE FAILING WEAK APPROXIMATION

We demonstrate the previous results are amenable to explicit computation by exhibiting

an Enriques surface with a transcendental Brauer-Manin obstruction to weak approximation.
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We note that it was already known that Enriques surfaces need not satisfy weak approxima-
tion due to work of Harari and Skorobogatov [HS05], who constructed an Enriques surface
whose étale-Brauer set was strictly smaller than its Brauer set.

8.1. Construction of the Enriques surface. Let S denote the quadric surface V(zo23 —
2129) € P3 and let B C S be the (reducible) quartic curve given by the vanishing of

F(z) == (2§ — 325 — 327 — 225 + 323,20)2 — (2321 — 22325 + 42022 + 2021)° -
We let E denote the minimal resolution of the double cover
EO =V (y? = F(2), 207 — z2122) € P(1,1,1,1,2);

note that E is a K3 surface defined over Q. There is a fixed point free involution ¢°: E° —
EO, (2:7 :2:23:9)— (20: —21 1 —2 : 23 1 —y) that can be lifted to a fixed point free
involution o on E.

Let E denote the Enriques surface E /o. We denote the base change of E to an algebraic
closure of Q by E.

Proposition 8.1. There exists a number field F such that

Remark 8.2. The surface X from the previous section is a blow-up of the Enriques surface F.
Since the Brauer group is a birational invariant of smooth projective surfaces, Br £ = Br X.
We will use this equality throughout this section.

8.2. Coordinates on the generic fiber. The map P! — P w — (w; : wp), induces a
morphism w: S/7 — P! whose generic fiber is isomorphic to I%(t). The generic fiber of

E — S/7 — P! has a model of the form v> = ¢f(x), where
10t—2 5 =724+ 19t—4 , 200> =20t 9+ 11¢% + 4t
x° + x° + T+
t—10+9/t t—10+9/t —10+ 9/ " 1-10+ 9/t

and ¢ =t — 10+ 9/t. The isomorphism between this model and FE identifies ¢ with w3 /wy =
wy/wy = w?/(wows) and identifies x with wy/wy = ws/wy = twsy /wy.

flz) ="+

8.3. Geometry of the branch curve. Let E° := E’O/UO; the morphism E° — S'/T is
branched over the four singular points of S/7 and the irreducible curve B® ;= B°/7. The
singular locus of B° is a degree 5, 0-dimensional reduced subscheme. It consists of one
Q-point, Py = (1:1:1:1:1), which corresponds to the singular point of an irreducible
component of BY, and a degree 4 point which is irreducible over Q. The curve B° is embedded
in P4 as the complete intersection of 3 quadrics so it has arithmetic genus 5. One can check
that each singularity is an ordinary double point, thus B° is geometrically rational. A naive
point search quickly finds smooth Q-points, so B is birational to ]P’(b and L = Q(s). We fix
the following isomorphism between L and Q(s) :

wi (28 =165 +41\?  wy (282 —Ts+32)°
S\ —s2—-5+29 )’ —s2+8s+20) '

Wo Wo



wy/wy = \/wiwe/wg, and wz/wy = wiws/wi. Using the above expression for f(z), we see
that this isomorphism sends
4s* — 4653 + 25852 — 799s + 1312

H
@ s1— 753 — 5752 + 2125 + 580

8.4. Representing a transcendental Brauer class. Let ' denote the residue field of the
singular degree 4 Q-subscheme, and let P; denote a F’-point of the singular locus different
from P,. (In fact, F' is an S; extension, so there is a unique such P;.) The field F in
Proposition 8.1 will be an extension of F'. We write x := wy/wo(Py) and t; := wy /wo(Py).
Let ¢ be the monic quadratic separable F'-polynomial in s whose zeros lie above P;. By
Theorem 7.2, 7'(£) is contained in Br E. We claim that it represents the nontrivial element
in BrE. 3

Using linear algebra and elimination ideals, we find equations for curves on S which pass
through an even number of the Q points that are Galois conjugate to P;, and meet B°
with even multiplicity at every point of intersection. There are finitely many such curves
7, and one checks that for every set of singular points of B® containing an even number
of the Gal(Q/Q)-conjugates of P, there is such a reduced and irreducible curve Z such
that 7=1(Z) is reducible. By computing intersection numbers, one sees that these curves,
the rulings on S, and the exceptional curves generate Pic E. Therefore, the above curves
and the horizontal ruling on S generates Pic 6@@). By the construction of these curves, any
function in the image of z — a that has odd valuation at both points in v~ (P;) will have odd
valuation at both points in v~ !(P;) for an odd number of points P; that are Galois conjugate
to P;. Therefore ¢ ¢ im(x — ), and so, by Theorem 7.2, 7/(¢) is nontrivial in Br E.

Now we will compute a number field F such that +/(¢) € im(Br Er — Br E). Since ¢ is
defined over I, we have +/(¢) € Brk(Ep ). However, a direct computation shows that /(¢) is
ramified at all of the (—2)-curves. There are two linearly independent quadratic extensions
of ! over which the residues at the exceptional curve above ;) and P; respectively become
trivial. Then there is a degree 4 extension over the composite of these quadratic extensions
over which the residue at the exceptional curve above the degree three singular point becomes
trivial.! We let F denote this degree 16 extension over F’.

We claim that 7/(¢) € im(Br Er — Br E), or, more precisely, that the algebra

A=9'(0) + (t = 1,£(10))2 + (t = 9,£(=2))2

lies in Br Ey. The algebras (¢ — 1,£(10)); and (t — 9,4(—2)), are algebraic, so it is clear
that the second claim implies the first. To prove that A € Br Ep, we must show that
Op(A) € k(D)/k(D)*? for all prime divisors D on X. From the definition of A and F and
the proofs of Theorem 2.5 and Proposition 3.1, this is certainly true except possibly for the
fibers above t = 0,00 and for . One can directly check that Normp /) (¢) € F'(£)*?,
so by Theorem 2.5, 4/(¢), and therefore A, is unramified at &.,. To compute the residue
at the fibers above t = 0, 00, we note that (S Xp B)/7 is a smooth birational model of

S/t xp1 B. Then a direct computation using (3.5) shows that 5'(¢) and 4'(£) are unramified
at the fibers above t = 0, 00. Thus A € Br Ey \ Bry Ep.

LA Magma [BCP97] script verifying these claims and all other computational claims in this section can be
found with the arXiv distribution of this article.
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8.5. Computing the obstruction. In this section we will construct a F-adelic point on
E that is not orthogonal to A. First note that £, and therefore F, has Q-rational points.
Indeed, (1 :0:0:0: +2) € E°%Q), and since £ — E° is an isomorphism when y # 0,
Q:=¢%(1:0:0:0:+2) € B(Q) (here ¢p: E — E denotes the quotient map). Hence, if
we find a place v of F and a point @, € E(F,) such that inv, A(Q,) # inv, A(Q), then the
adelic point that is equal to @ for all places w # v and equal to @, at v is orthogonal to A.

We will take v to be a place lying over 2. We note that 2 splits completely in F/, and of
these four places lying over 2, there is a unique place and a unique extension v of that place
to F such that F, = Qq(i). Since A € Brk(Fw) and A is unramified on an open set of Ep
containing @), A(Q) € BrF’ and, consequently, A(Q) ®r F, € im(BrQs — BrQ,(i)). Thus
inv, A(Q) = 0. Let

Qu:=0(1:—6:1+1i:—6—i:24255 — 41604).

The point (), lies over t = 36 and B; consists of 2 [F,-points 1 and Ry and one quadratic
point R; they have s values

— and

19 -7 — 11+ 3v/109
1 2 '

Since these points are unramified in B — P! and are away from the support of ¢ and «a,
the cocycle description of 4/(¢) in [CV, Lem. 3.5]shows that

A(Qy) = (£(=2),25)2 + (£(=10),35)2 +7'(€)(Qu)
= (£(10),35)2 + Corg,; vios) g (£(Qu) — (R), £(R))2)

+ 32 (@(Q) — alBy). ()

A computation shows that (z(Q,) — a(R;),£(R;))2 is trivial in BrQy(i) for all ¢, that
(£(10),35), is trivial in BrQq(i), and that Corg,; \/i59)/0,0) ((2(Qu) — @(R),£(R))z2) is non-
trivial in Br Q9 (7). Therefore inv, A(Q,) = 1/2.

8.6. Determining the algebraic Brauer classes. It remains to prove that this failure of
weak approximation is not accounted for by algebraic Brauer classes. In 8.4, we outlined
how to obtain generators for Pic E. Given these generators, a standard, although involved,
computation shows that H' (G, Num E) = 0, and so H' (G, (K)) — H' (G, Pic E). Then,
the isomorphism from the Hochschild-Serre spectral sequence and [SkoO1, Thm. 6.2.1] shows
that ¥(F(Ar)) C E(Ag)®. Since the adelic point considered in the previous section is
contained in ¢(E(Ag)), this shows that the adelic point above lies in E(Ag)P'™, as desired.
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