ON THE EXISTENCE OF TOPOLOGICAL
OVALS IN FLAT PROJECTIVE PLANES

B. Polster
Department of Pure Mathematics
University of Adelaide, Adelaide, S.A. 5005
N. Rosehr
Mathematics Seminar, Universitdt Kiel
Ludewig-Meyn-Strabe 4, 24098 Kiel Germany
G.F. Steinke
Department of Mathematics and Statistics
University of Canterbury, Christchurch New Zealand

No. 140 May, 1996

Abstract. We show that every flat projective plane contains topological ovals. This
is achieved by completing certain closed partial ovals, the so-called quasi-ovals, to
topological ovals.



ON THE EXISTENCE OF TOPOLOGICAL OVALS
IN FLAT PROJECTIVE PLANES

B. PoLsSTER - N. ROSEHR - G.F. STEINKE

Department of Pure Mathematics
University of Adelaide
Adelaide, S.A. 5005

Australia

Mathematisches Seminar
Universitat Kiel
Ludewig-Meyn-Strafle 4
24098 Kiel

Germany

Department of Mathematics
University of Canterbury
Private Bag 4800
Christchurch
New Zealand

ABSTRACT. We show that every flat projective plane contains topological ovals. This is
achieved by completing certain closed partial ovals, the so-called quasi-ovals, to topological
ovals.

1. Introduction

The real Desarguesian projective plane is an (abstract) projective plane, that is, a point-
line geometry satisfying the following two axioms.

(P1) Two distinct points p and g are contained in a unique line p V g.
(P2) Two lines L and M intersect in a unique point L A M.
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By removing a line from this plane we arrive at the Euclidean plane. Every convex,
differentiable simply closed curve in the Euclidean plane is an owval in the real projective
plane, that is, a set of points such that

(O1) every line in the projective plane intersects the set in no more than two points, and
- such that

(02) every point p of the set is contained in precisely one line that intersects the set
only in p.

Actually, every oval that is homeomorphic to a circle arises in this manner as a convex,
differentiable simply closed curve. A line that intersects an oval in no, 1, or 2 points is
called exterior line, tangent or secant of the oval, respectively.

The real Desarguesian projective plane is the classical example of a flat projective plane,
that is, a projective plane which shares the point set with the real Desarguesian projective
plane and whose lines are homeomorphic to the circle S!. For non-isomorphic examples
the reader is referred to [3] and [4, Chapter 3]. Using transfinite induction (cf. [2]) it is
possible to construct ovals in such a plane. However, these ovals are not very ‘nice’ from a
topological point of view. It is also known (see [1]) that an oval in a flat projective plane
is a closed subset of its point set if and only if it is homeomorphic to a circle. Such an oval
is called topological and automatically shares many of the properties of topological ovals
in the real Desarguesian projective plane. We will mention some of these properties in
Section 3 of this note. Topological ovals play a crucial role in the theory of flat incidence
geometries, in particular in the theory of flat circle planes (cf. [5]). Our goal is to show
that topological ovals exist in every flat projective plane.

A projective plane whose point set and line set carry topologies is called topological if
the operations of joining two distinct points by a line and intersecting two distinct lines in
a point are continuous in their respective domains of definition. It is possible to turn any
flat projective plane into a topological projective plane in an essentially unique way. Its
point set already carries a natural topology and the topology on the line set that does the
trick is the so-called Hausdorfl topology. The dual of a projective plane is the point-line
geometry that we arrive at by exchanging the roles of points and lines. It is clear from
axioms (P1) and (P2) and from what we just said that the dual of a (topological) projective
plane is a (topological) projective plane. In particular, the dual of a flat projective plane
is topological and if we regard a point as the set of all lines it is contained in, this dual can
be seen to be a flat projective plane, too. For details the reader is referred to [3] and [4].

Here 1s a brief sketch of our construction of a topological oval in a flat projective plane:
We first observe that the set of tangents of such an oval is a dual oval, that is, a topological
oval in the dual projective plane (cf. [1]). This is in strong contrast to the situation for
Mazurkiewicz’ ovals (cf. [2]), where all tangents pass through one single point. A pair
consisting of a point and a line that passes through the point is called a flag. Every point
of an oval together with the tangent at this point is a flag. Any set of such flags associated
with a topological oval is a quasi-oval (see Section 3). On the other hand, we will show
that closed quasi-ovals exist in any flat projective plane, that it is possible to extend every
closed quasi-oval by a flag to a larger quasi-oval, that this extension process can be done
to eventually give a ‘dense’ and ‘round’ quasi-oval, and finally that the topological closure
of such a quasi-oval is a topological oval.



TOPOLOGICAL OVALS IN FLAT PROJECTIVE PLANES 3

For the rest of this note let P be a flat projective plane with point set P and line set
L. Note again that, as topological spaces, both sets are homeomorphic to the point set
of the real Desarguesian projective plane. Furthermore, we denote the pencil of all lines
through a point p by £,. If we remove a line from a flat projective plane, the incidence
structure we are left with is a flat affine plane. Like the Euclidean plane, the point set
of a flat affine plane is homeomorphic to R? and all its lines are subsets of its point set
separating the point set into two open components. Furthermore, as in any affine plane,
two distinct points are contained in a unique connecting line and there is a2 unique parallel
line to a given line through some point. Finally, two non-parallel lines in a flat affine plane
intersect transversally, that is, they never just ‘touch’ in their common point. These facts
lead to a convexity theory for flat affine planes, that is, a generalization of the convexity
theory for the Euclidean plane. In this theory a subset of the point set of a flat affine
plane is called convex if any two of its points can be connected by a line segment that is
completely contained in the set. For details the reader is referred to [4, Chapter 31].

2. Half-planes, Intervals and Triangles

In this section we compile some further facts about flat projective planes that we will
need in the following. All these facts are easy consequences of the convexity theory for flat
affine planes.

Let L and M be lines and p, p1, p2 and ps be points of P. For L # M the set
P\ (LU M) consists of two connected components. We call each connected component a
half-plane defined by L and M. More precisely, if p € P\ (L U M), denote the connected
component containing p by H g’ - The set H f’ ar is called the half-plane defined by L, M,
and p (in Figure 1.1 the shaded region is this half-plane). For the closure of this half-plane

we have Hﬁ,M =H£’M ULUM.

L
by
lp,p,1,
Py
Figure 1.1 Figure 1.2 Figure 1.3

Every line of P is homeomorphic to S!. Let p; and ps be two distinct points. We call
the two connected components of (p; V p2) \ {p1,p2} the open intervals defined by p1 and
p2. Let L be a line that does contain neither p; nor p;. We denote the open interval
defined by p; and p; that does not contain the point (p1 V p2) A L by ]p1,p2(r and define
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[p1, p2[r:={p1} Ulp1,p2lr, Ip1, p2]r := {p2} U]p1, p2[r and [p1,p2]r = {p1,p2} Ulp1, P21
(see Figure 1.2). These sets are also connected, because [p1,p2]r = |p1,p2(r. In analogy
to the classical case, they are called open, half-open, and closed intervals defined by p; and
po relative to L. The set of all open intervals defined by p and points on L is denoted by
Ty, (half-lines). Dually we obtain I} , the set of all half-pencils (half-lines in the dual
plane) defined by L and lines through p.

For pi, p2 and ps, non-collinear and non-incident with L, the set Ar(p1,p2,ps) =
nglvm,L N Hg:Vpl,L NH??,,, 1 is called the open triangle defined by p1, p2 and p; relative
to L, and the points p1, p2 and p3 are called its vertices (see Figure 1.3). The intervals
defined by the vertices of a triangle relative to the same line are called its sides.

The following lemma states some facts we will be using frequently [4, Chapter 31].

Lemma 1. Let p;, ps and p3 be three non-collinear points, let L be a line containing none
of these points, let A := Ar(p1,p2,p3), let p, q1, g2 and g3 be points, and M, Ly, Ly and
L3 be lines.

(1) Two points are contained in the same half-plane defined by the lines Ly and Lo
if and only if L1 and Lo meet the same open interval defined by the points; see
Figure 2.1.

(2) A, as a set of points, is open and OA = [p1,p2]r, U [p2,ps]r U [ps, p1]L.

(3) If g1,92,93 € A are three non-collinear points, then Ar(q1,q2,93) C A, in particu-
lar, [q1,¢2)r € A (and A and A are connected); see Figure 2.3.

(4) Ifpe A, ¢ € A and I is an open interval defined by p and ¢, then |[INOA| =1, in
particular, if M N A # () then |M N JA| = 2; see Figure 2.2.

(8) If ¢1 € lpa,pslr, @2 € Ip1,pslr and g3 € ]py,po[r, then A = Ap(p1,92,93) U

Ar(p2, g3, 1) UAL(ps,q1,92) UAL(g1,92,93) U)q1, 922 U ge, ¢s[r Ulgs, g1 [ (this is
a disjoint union); see Figure 2.3.

(6) If the lines Ly, Ly and L3 do not pass through the same point and C' is a connected
component of P\ (L1 U Ly U L3), then there is a line L such that C = Ar(L1 A
Lz,Lz A L3,L3 A Ll)

Figure 2.1 Figure 2.2 Figure 2.3

Note that two lines are contained in the same connected component of the line set minus
the pencils of two points p; and p, if and only if the lines intersect p; V p2 in the same
open interval defined by the points.
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3. Quasi-ovals

In this section we define quasi-ovals and collect some results about them. Let m; and
7y be the projections from the set of flags of P to P and L, respectively. A set F of flags
in P is called a quasi-oval if there exists a line L of P such that

(QO) for every flag (¢, M) € F the set m1(F \ {(¢, M)}) is contained in one of the two
connected components of P\ (L U M) (see Figure 3).

M L

Figure 3

Example 1. We want to construct a quasi-oval containing three given points p;, ps and
ps that are not collinear. Choose a line L that does not contain any of the points.
For {1,7,k} = {1,2,3} we define L; := p; V ((p; V px) A L). By Lemma 1.1 the set
{(p1, L1),(p2, L2),(ps, L3)} is a quasi-oval.

Note that we can extend a quasi-oval with less than three flags to a quasi-oval with three
flags by choosing L to yield the above situation for the already given points and lines.

Example 2. For every topological oval O the set of pairs (¢, M), such that ¢ € O and M
is the tangent of O at ¢, is a quasi-oval. The condition (QO) is easily verified for an exterior
line L of O, because O minus one point is connected (see Figure 4.1). Furthermore, this
quasi-oval is a maximal quasi-oval, that is, a quasi-oval that is not properly contained in
any other quasi-oval. We will later construct the promised topological ovals by starting off
with a quasi-oval from Example 1 and then adding new flags until we arrive at a maximal
quasi-oval.

Some care has to be taken here, since not all maximal quasi-ovals yield ovals (see Figures
4.2 and 4.3 for examples of such maximal quasi-ovals). The quasi-oval in Figure 4.2 is an
‘oval with a corner’, that is, axiom (O1) is satisfied but the uniqueness of the tangent line
(02) does not hold for every point (in Figure 4.2 this only happens in the point where the
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otherwise smooth curve has a corner). The quasi-oval in Figure 4.3 is ‘dual’ to the one in
Figure 4.2; again (02) is violated.

LN TN

Figure 4.1 Figure 4.2 Figure 4.3

In analogy to the terminology of ovals, we call the points in 71 (F) the points of F, and
the lines in mo(F) the tangents of F.

Quasi-ovals and topological ovals have many properties in common. Here are some
examples.

Proposition 1. Let F be a quasi-oval and L a line such that (QO) holds. Then the
following hold.

(1) Every tangent intersects the point set of F in exactly one point.

(2) Every line in the projective plane intersects the point set of F in no more than two
points.

(8) Let (g1, M) and (g2, M) be two distinct flags in F. Then every tangent intersects
the line g1 V ¢ in a point of (g1 V ¢2)\]¢1, ¢2[1-

(4) For three points p1, ps and ps of F the set AL(pl,pz,pg) \ {p1,p2,p3} and all
tangents of F are disjoint. In particular, this set is contamed in all the half-planes

defined in (QO).

Proof. (1) Suppose that there is a flag (¢, M) € F such that M intersects w1 (F) in another
point ¢' # g of F. Then n1(F \ {(¢, M)}) contains the point ¢’ whereas P \ (L U M) does
not. This contradicts (QO). Hence every tangent intersects 71 (F) in exactly one point.

(2) Suppose that there is a line K that intersects w1 (F) in at least three points p1, p2
and ps. Let M;, i = 1,2,3, be the corresponding tangents; these are distinct from K by
(1). Since K # L, the point ¢ = K A L is well-defined. We label the above points in such
a way that ¢ and py are in different connected components of K \ {p1,p3}. By Lemma 1.1,
the points py, ps are in different half-planes relative to L and M,. This contradicts (QO).
Hence every line intersects the point set of F in no more than two points.

(3) The statement is obviously true for My and M,. Let M # M;, M, be a tangent of
F and suppose that M A (g1 V ¢2) is in |q1,¢2[r. Then, by Lemma 1.1, the points ¢; and
go are in different half-planes determined by L and M. This contradicts (QO).
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(4) Let M be a tangent of F. By (3) it is disjoint to |p1,p2[z U ]p2,pslr U lps, p1lz-
Suppose that M meets Ar(p1,p2,ps). Then Lemmata 1.4 and 1.2 show that M meets
[p1,p2]r U [p2,p3]r U [ps, p1]L in precisely two points, which is a contradiction to what we
have said above. This shows the first assertion. The set under consideration plus one
vertex of the triangle is connected by Lemma 1.3 and therefore contained in every half-
plane (which is a connected component) defined by a tangent not containing this vertex.
Now this is true for every vertex of the triangle and the second assertion follows. O

Proposition 1.4 implies that an open triangle defined by three points of a quasi-oval
contains no points of the quasi-oval. On the other hand, all points of a quasi-oval are
contained in the closure of a triangle ‘formed’ by tangents of the quasi-oval (cf. Lemma
2). In order to employ this observation we will now give another definition of quasi-ovals,
which is more convenient to work with. Let (Fo,p, L) be a triple consisting of a set Fy of
three flags (p;, L;), ¢ = 1,2, 3, of P together with an anti-flag (p, L), that is, p ¢ L, such
that all four lines and points under discussion are distinct and in general position, i.e., no
three of the points are collinear and dually for the lines. This triple is called a complete
triangle if and only if p; € |L;ALj, Li ALg[r for {3,7,k} = {1,2,3} and p € Ar(p1,p2,p3),
see Figure 5.

Figure 5

One can think of the line L of a complete triangle intersecting the three lines Ly, Lo
and L3 as shown in Figure 5. Lemma 1.3 implies that Ar(p1,p2,ps) € Ar(Ly A Lg, Ly A
L3, L3 A Ly); furthermore, the ‘big triangle formed by the points Ly A Ly, Lz A L3 and
L3 A Ly’ does not contain any point of L and the ‘small triangle formed by the points py,
p2 and p3’ contains the point p.

A set F of flags in P is called a quasi-oval with respect to a complete triangle (Fo,p, L)
if Fo C F and (QO) holds.

Note that the set Fy of flags of a complete triangle (Fop, p, L) is a quasi-oval with respect
to (Fo,p, L). The following proposition shows that our two definitions of quasi-ovals are
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equivalent for sets with three or more flags.

Proposition 2. Let F be a quasi-oval and Fo be a subset of F with three elements. Then
there is an anti-flag (p, L) such that (Fo,p,L) is a complete triangle and F is a quasi-oval
with respect to (Fo,p,L).

Proof. Let (p;,L;), 1 = 1,2,3 be the three flags of Fy. Let L' be a line such that (QO)
holds for L' instead of L. For three points ¢1, g2 and g3 of F the set A(q1,qz,q3) :=
Ari(q1,92,93) \ {q1, 92,93} is connected by Lemma 1.3 and disjoint to all tangents of F
by Proposition 1.4. The union of all these sets A(ql,qz,q;;) is a connected set C', which
is disjoint to every tangent of F. Hence C is contained in a connected component of
P\ (L1 ULy U Lz). By Lemma 1.6, there is a line L such that this connected component
equals A := Ar(Ly A Ly,Ly A L3, Ly A Ly). Now A(pl,pZ,pg) C C C A and therefore
p1,P2,P3 € A. Since p; € JL; A Lj, L A L[, for {i,5,k} = {1,2,3}, the triple (Fo, p, L) is
a complete triangle if we choose p € Ar(p1,p2,p3).

It remains to verify (QO) for the line L. Let r and s be two points of F. Because

Jr,s[rr € C C A the open interval |r, 5[z, and L are disjoint. Now the statement follows
from (QO) for L' and Lemma 1.1. O

For a set F of flags we define F* = {(M,q) | (¢, M) € F}. This is a set of flags in the
dual plane. The following proposition shows that a quasi-oval F with respect to (Fo, L, p)
is, essentially, a quasi-oval of the dual plane of P.

Proposition 3. Let F be a quasi-oval with respect to a complete triangle (Fo,p, L). Then
F*, that is, F with points and lines exchanged is a quasi-oval of the dual plane of P with
respect to (Fg, L, p).

Proof. We have to show that (Fg,L,p) is a complete triangle of the dual plane. Let
{1,5,k} = {1,2,3}. By Proposition 1.3, the line L; and the side |p;, pr{r are disjoint
whereas pV p; meets this side by Lemma 1.4. Hence L; and pV p; are in different connected
components of L,, \ {pi V pj,pi V pr}. This proves that the first condition of a complete
triangle is satisfied.

As mentioned after the definition of a complete triangle we have p € Ar(p1,p2,p3) C
AL(Ll A LQ,LQ A Lg,Lg A Ll) and therefore ]p, Lz A Lj[L (_: AL(Ll A Lz,Lz A Lg, L3 A Ll)
by Lemma 1.3. Thus L and Lj are in the same half-plane of the dual plane defined by
p and L; A L; (see the remark after Lemma 1). This proves that L is an element of the
triangle A,(Ly, Lo, L3) of the dual plane.

Let (g, M) € F. We have to show that every tangent of F except M intersects the line
pV gin a point of (pV ¢) \ [p,¢]r. This is an immediate consequence of Lemma 1.1 and
Proposition 1.4, because p € Ar(p1,p2,p3). O

By the preceding proposition, every statement about quasi-ovals that we prove is also
true with points and lines exchanged. For later use we highlight one observation made in
the proof of Proposition 3.

Proposition 4. Let F be a quasi-oval with respect to a complete triangle (Fo,p, L) and
let (¢, M) € F. Then every tangent of F except M intersects the line pV ¢ in a point of
(pV @)\ Ip,qlr. In particular, p belongs to all the half-planes defined in (QO).
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Lemma 2. Let F be a quasi-oval with respect to a complete triangle (Fo,p, L) where
Fo = {(phLl)a (p27L2)7 (p3’L3)}' Let A; = AL(pj7pk’Lj A L’») for {Zajak} = {17273}
Then m1(F) € A1 UA U A3 U{py,p2,ps}. In particular, A := Ar(p1,p2,ps) contains no
points of F.and, furthermore, no tangent of F intersects A.

Proof. It follows from Proposition 4 and p € A C Ap(Ly A Ly, Ly A L3, L3 A Ly) that

Wl(f)\{php%pii} <_: Hz,leHiLzmHz,La
= AL(Li ALy, Ly ALs, Ly A Lty).

by

Figure 6

Now, the triangle Ar(Ly A Ly, Ly A Lg, Ly A Ly) is the disjoint union of Ay, Ay, Az and
the closure of A minus its three vertices by Lemma 1.5; cf. Figure 6. The last set of this
union is disjoint to all tangents of F by Proposition 1.4. This proves the second part of
the statement and Wl(f) g Al U Ag U Ag U {pl,pz,pg,}. O

Theorem 1. Let F be a quasi-oval with respect to a complete triangle (Fo,p, L). Assume
that the set of open intervals of I, 1, the set of all open intervals defined by p and points
on L, containing points of m1(F) is dense in I, 1, and assume the dual condition. Then
F, the closure of F in the flag-space, is a quasi-oval with respect to (Fo,p, L), and 71 (F)
is a topological oval.

Proof. We first show that F is a quasi-oval with respect to (Fo,p, L). Obviously, Fo C F.
By Lemma 2, no points of F are on L, and dually, no tangents of F pass through p. Let
(¢, M) € F.

Suppose that there are points g1, g2 € m1(F) that are in opposite half-planes relative to
L and M. Because the set of lines intersecting g1 V ¢z in a point of Jq1, ¢g2[1 is open we can
find a tangent M' € F such that ¢; and g are still in different half-planes relative to L
and M'. Then, because half-planes are open, each of the above half-planes also contains
a point of 71 (F), say p1 and pz, which contradicts (QO) for F. This shows that 71 (F) is
entirely contained in the closure of the half-plane H g, am by Proposition 4.
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Now suppose that there is a point ¢1 # ¢ such that ¢g € M N 7 (F). Since the set
of open intervals of Z, ; containing points of #1(F) is dense in I, ;, and by the above,
Ar(p,q,q1) contains a point r of 7. Let N be the corresponding tangent of F at r. N
cannot intersect |g, ¢1[r, as seen above. Hence N must pass through ¢ or through ¢; or N
intersects |p, ¢[r and |p,¢1[r. In the latter case at least one of the points of the complete
triangle is in the half-plane opposite the H g, n and we obtain a contradiction.

We can now assume that the tangents to all points of F in Ar(p,q,¢q1) pass through
g or through ¢;. This then gives us a contradiction as before, since the dual of F is a
quasi-oval. Hence F is a quasi-oval with respect to (Fo,p, L).

By [1], it only remains to show that O := m(F) is an oval, because O is closed. Axiom
(O1) is just Proposition 1.2, and Proposition 1.1 guarantees the existence of a tangent at
every point of O. The map a : O — I, 1, which assigns to a point of O the half-line of
7, 1, containing it, is well-defined and continuous. Since O is compact and a(O) is dense in
7,1, the continuity of « shows that it is surjective. Hence every line through p, which is,
essentially, the union of two half-lines, intersects O in two points. Therefore « is injective
and thus a homeomorphism. Likewise, the map o* : m3(F) — Ij ,, which assigns to a
tangent of F the half-pencil of It , (the dual of 7, 1) containing it, is a homeomorphism.

Now, let (g, M) € F and let M' be a line through ¢ that meets O only in ¢g. Because
O =7T,1 =S, we see that O\ ¢ is connected. Hence (F \ {(g, M)}) U {(¢,M")} is also a
quasi-oval. Furthermore p ¢ M', because every line through p intersects O in two points
as we saw above. Since a* is surjective, there is a flag (r, N) € F such that o*(N) is the
half-pencil containing M'. We assume that N # M'. Let s = L A M'. Then the four
lines L, pV s, M' and N all pass through s and M’ and N are in the same component of
Ls\{L,pVs}. Furthermore, because £, = S, either L and M’ are in different components
of Lo\ {pV s, N} or L and N are in different components of L, \ {p V s, M'}. This means
that in the former case, p and r are in different half-planes determined by L and M’,
and that in the latter case p and ¢ are in different half-planes determined by L and N.
However, since the quasi-ovals (F \ {(¢, M)}) U {(¢, M")} and F have the same points,
Proposition 1.4 gives us a contradiction, because accordingly the points of the respective
quasi-ovals and p € Ar(p1,p2,p3) are in the same half-planes. Therefore we have shown
that N = M’ and so M' = M equals the tangent of F at ¢. This proves that there is a
unique tangent of O at ¢. Hence O is an oval. O

4. The Construction
The aim of this section is to prove

Theorem 2. Every closed quasi-oval can be extended to a quasi-oval whose point set is
a topological oval.

As already mentioned in the introduction, Theorem 2 and Example 1 together prove
our main result. In fact, there are plenty of topological ovals in every flat projective plane.

Corollary. For any three non-collinear points of a flat projective plane there is a topo-
logical oval passing through these three points.
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The following lemma is the main step in the proof of Theorem 2.

Lemma 3. Let F be a closed quasi-oval with respect to a complete triangle
(fb)pa L) Let
‘ a:P\({p}UL) =Ty

be the map which assigns to each point r the open half-line I containing it. Let (g1, M)
and (g2, My) be two elements of F such that a(m1(F \ {(q1, M1),(g2,M2)}) is contained in
one connected component of T, 1, \ {a(q1),«(q2)}. Then, given a half-line R in the other
component, there exists a flag (g, M) such that ¢ € R and such that F U {(¢, M)} is a
quasi-oval with respect to (Fo,p, L).

Figure 7

Proof. The strategy is simple: We choose a point ¢ € RN Ar(¢q1, 92, My A M) and a
line M through ¢ that intersects ¢ V ¢z in a point of (¢1 V ¢2) \ [g1,¢2]r. However, we
have to make sure that the above triangle is well-defined, that our choices of ¢ and M
exist and that a quasi-oval results. Before we do this in a number of steps, let us fix
some notation. Let (p1,L1), (p2,L2), (ps,Ls) be the flags in the set Fy and let Ay :=
Ar(p1,p2,ps). Furthermore, let A; := Ar(pj,pr, L; A Li) for {i,j,k} = {1,2,3}. Then
1,92 € Ay UAy U Az U {py,ps,p3} by Lemma 2.

We first show that ¢1,¢; are in the same extended triangle A; U {p;,pr}. Suppose
otherwise, say ¢1 € A; and g2 € Az U {p1}. Then a(g:) € a(lps,ps(r) and a(g) €
a(lp1,p2(r) (compare step (2) below). Hence a(g;) and a(gz) are in different connected
components of Z, 1, \ {a(p2),o(p3)}, because a(]pz,ps(r) and a[p1,p2{r) are disjoint by
Lemma 1.4. This is a contradiction to the assumption of the Lemma.

In the following steps we assume that, without loss of generality, 1,92 € Az U {p1,p2};
compare Figure 7.

(1) My AM; € As and A = AL(ql,q&,_Ml A Ms) is well-defined: If ¢; or ¢2 equals
one of p; or ps, then My A My € Az, by Lemma 1.2 and Lemma 1.4. We now



12 B. POLSTER - N. ROSEHR - G.F. STEINKE

consider the remaining case g1, g2 € As. By Proposition 1.3, the lines M; and M,
are disjoint from [py, p2]r. Therefore, by Lemma 1.4, both lines meet |py, L1 A L2[r.
Furthermore, by the dual of Proposition 1.2, they meet the set in different points.
We may assume that M meets |ps, Ly AM3[1; see Figure 7. Because of axiom (QO),
My does not meet [ps,go]r. Therefore it meets the interval ]gz, L2 A Ma[pC Mo,
which, by Lemma 1.3, is also contained in Az. Thus My A M, € As.

(2) o(A) = a(lg1,¢2[r): Let t € A. Then |p,t[; contains a point of ]g1,¢2[r. Hence
a(A) C a(]g1,92[r). The sets A and g1, ¢g2[1 are both connected. Since « is open
and continuous and A is open, the images of the two sets are open intervals of
Ty = S* (one contained in the other). All elements of ]g1,g2[r are boundary
points of A. Hence the two intervals a(A) and a(]g1, ¢2[z) have to coincide.

(3 ACH 1’\’41’ M,+ This readily follows from Proposition 4 and Lemma 1.1, since A C
HE y, NHEy, S HE y, VHE 3, © Hip, o,

(4) If a line N meets A, but not [g1,¢2]r, then N N HJ]{/.H,Mz C A: Suppose that there
are points r € NN A and s € (N N Hjy, p,) \ A Then, by (3) and Lemma 1.1,
the interval [r, s]ps, is contained in H ﬁfh, ,» and therefore, by Lemma 1.3, meets
191, g2[z. This contradicts the assumption of (4).

(5) NNA = 0 for all N € m(F): We can assume that N # My, M,. Since, by
Proposition 1.3, NN{g1,¢2]r = 0, the assumption NNA # § implies Nﬁf'i’ﬁ,fl,]‘,l2 -
A by (4) and N # M, M,. Then the point ¢ of m1(F) on N belongs to Hg,Mz N
HY v, € Hiy, o, by (QO). Hence ¢ must be contained in A C Az and therefore
o(q) € allas, &[1) € allps, p2lz) by (2). But a(ps) ¢ al[pr, pal). Therefore, a(g)
and «(ps) are in different connected components of T, 1, \ {a(g1), a(g2)}, which is
a contradiction to the assumption of the Lemma.

(6) C = U{[r,slLlr,s € m(F),r # s} C (Hyy, a, Yid1,92}) \ A By Propositions
1.3 and 4, Jr,s[1.C Hﬁ,M2 NHE \, C Hﬁ,‘,th for all r,s € m(F),r # s. Hence
C C Hﬁ/[h]\@ U {q1,q2}. We now assume that there are points r,s € 1 (F),r # s,
such that [r, s]. contains a point t of A. Then ¢ # r,s and ]t,7[r,]t,s[z C H}yy, p,-
Obviously, we have {r,s} # {¢1,¢2}. If {r,s} N {q1,92} = 0, then, by Lemma 1.3,
the intervals ]¢,r[; and ]t,s(; contain a point of ]g1,g2[r, which is not possible,
because r V s and ¢; V ¢2 meet only in one point. In the remaining cases, we
have one intersection point by assumption and would obtain a second one by an
application of Lemma 1.3.

Now we choose a point ¢ € RN A (this is possible by (2)) and a line M through ¢ that
meets g1 V g in a point outside of [g1,¢2]z. By (4), this choice implies M N H; 57, € A
and therefore M and C are disjoint, by (6). Furthermore, C' := C U [g,¢1]r U [g,¢2]r C
HYp a, U{q1, 92}, by the choice of ¢ and by (6). It follows from (5) that NN C' = {r} for
(r,N) e FU{(q,M)}. Now (QO) follows, since C'\ {r} is connected. O

Proof of Theorem 2. Let F; be a closed quasi-oval. If F; has less than three elements we
can add flags to F; (as mentioned after Example 1) such that the set becomes a quasi-oval
with respect to a complete triangle (Fo,p, L) by Proposition 2. Let o* : L\ ({L} U £,) —
17 , be the map dual to a defined in Lemma 3. We have 7, 1, = Iy & S. Let D and
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D* be countable dense subsets of I, and I7 , respectively, and let v : N — D and
* . N — D* be bijections. Let n € N. We will construct a closed quasi-oval F,+1 by
induction, such that y(n) € a(m1(Fr+1)) and y*(n) € o* (7w (Fpt1)) and Fp, C Frt1.

Assume that such an F, has already been constructed. If v(n) € a(m1(Fy)), we define
Fnyy i= Fn. Now suppose that v(n) € a(n1(Fy)). Since a and 7y are continuous, and
Fr is closed and hence compact, a(m(Fy)) is closed. We can therefore find half-lines
I, I € a(m1(Fy)), such that the connected component of Z, 1, \ {I1, 2} containing y(n)
contains no other element of a(m(Fy,)). Now Lemma 3 (with (g1, My) and (g2, M3) being
the two flags of F,, with ¢; € I; and ¢ € I;) yields an extension fn+% of F, such that
v(n) € a(m(Fn4y)). Dually we can find an extension Fpyy of F, 41 as desired.

Since {F, l n € N} is a chain of quasi-ovals with respect to the same complete triangle
(Fo,p, L), sois F := J,en Fn. Furthermore, this quasi-oval satisfies the assumptions of
Theorem 1. Hence F, the closure of F in the ﬂag space, is a quasi-oval and 71 (F) is a
topological oval containing the points of the quasi-oval F; we started off with.

REFERENCES

=

T. Buchanan, H. Hahl and R. Lowen, Topologische Ovale, Geom. Dedicata 9 (1980), 401-424.

S. Mazurkiewicz, Sur un ensemble plan qui a avec chaque droite deuz et seulement deuz points com-

muns (Polish), French translation in: Traveuz de topologie et ses applications, PWN- Editions Scien-

tifiques de Pologne, Warszawa, 46-47, 1969., C. R. Soc. Sci. Varsovie Classe III 4 (1912), 382-384.

H. Salzmann, Topological planes, Adv. Math. 2 (1967), 1-60.

4. H. Salzmann, D. Betten, T. Grundhdéfer, H. Hahl, R. Léwen and M. Stroppel, Compact projective
planes, de Gruyter, Berlin, 1995.

5. G.F. Steinke, Topological circle geometries, Handbook of incidence geometry (Ed. F. Buekenhout),

pp. 1325-1354, Elsevier, Amsterdam, 1995.

&

il




 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 14; only odd numbered pages
     Trim: none
     Shift: move right by 17.01 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1797
     167
     Fixed
     Right
     17.0079
     0.0000
            
                
         Odd
         2
         SubDoc
         14
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     14
     12
     6
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 14; only even numbered pages
     Trim: none
     Shift: move right by 36.85 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1797
     167
     Fixed
     Right
     36.8504
     0.0000
            
                
         Even
         2
         SubDoc
         14
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     3
     14
     13
     7
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 14; only even numbered pages
     Trim: none
     Shift: move left by 5.67 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1797
     167
     Fixed
     Left
     5.6693
     0.0000
            
                
         Even
         2
         SubDoc
         14
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     3
     14
     13
     7
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 3 to page 14; only even numbered pages
     Trim: none
     Shift: move down by 28.35 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1797
     167
     Fixed
     Down
     28.3465
     0.0000
            
                
         Even
         3
         SubDoc
         14
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     14
     13
     6
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 3 to page 14; only odd numbered pages
     Trim: none
     Shift: move down by 28.35 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1797
     167
     Fixed
     Down
     28.3465
     0.0000
            
                
         Odd
         3
         SubDoc
         14
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     14
     12
     6
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 568.30, 1.82 Width 44.84 Height 840.10 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     568.3026 1.8204 44.8419 840.0995 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     0
     14
     0
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -19.22, 816.30 Width 617.72 Height 25.62 points
     Mask co-ordinates: Horizontal, vertical offset 377.04, 792.50 Width 252.58 Height 39.35 points
     Mask co-ordinates: Horizontal, vertical offset 544.51, -0.01 Width 147.34 Height 811.73 points
     Mask co-ordinates: Horizontal, vertical offset 469.47, 170.21 Width 34.78 Height 24.71 points
     Mask co-ordinates: Horizontal, vertical offset 127.20, 433.77 Width 69.55 Height 129.95 points
     Mask co-ordinates: Horizontal, vertical offset 120.80, 703.73 Width 15.56 Height 35.69 points
     Mask co-ordinates: Horizontal, vertical offset 172.96, 742.17 Width 92.43 Height 83.28 points
     Mask co-ordinates: Horizontal, vertical offset 448.42, 409.97 Width 86.94 Height 72.30 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     -19.218 816.296 617.7202 25.624 377.0381 792.5024 252.5789 39.3511 544.509 -0.0098 147.3377 811.7302 469.4674 170.2064 34.7754 24.7088 127.2046 433.7671 69.5507 129.95 120.7986 703.7337 15.5574 35.6905 172.9617 742.1696 92.4293 83.2778 448.4191 409.9734 86.9384 72.2961 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     14
     1
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 363.31, 659.81 Width 86.94 Height 20.13 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     363.311 659.8069 86.9384 20.1331 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     14
     1
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: all pages
     Mask co-ordinates: Horizontal, vertical offset 567.39, -0.01 Width 79.62 Height 836.44 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         AllDoc
         17
              

       CurrentAVDoc
          

     567.3875 -0.0098 79.6172 836.439 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     14
     13
     14
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 158.32, 768.71 Width 56.74 Height 47.59 points
     Mask co-ordinates: Horizontal, vertical offset 39.35, 732.10 Width 23.79 Height 55.82 points
     Mask co-ordinates: Horizontal, vertical offset 95.17, 742.17 Width 22.88 Height 26.54 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     158.3194 768.7087 56.7387 47.5873 39.3511 732.103 23.7937 55.8236 95.1747 742.1696 22.8785 26.5391 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     14
     2
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -1.83, 782.44 Width 399.92 Height 54.91 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     -1.8303 782.4358 399.9167 54.9085 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     3
     14
     3
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 302.91, 781.52 Width 294.68 Height 53.99 points
     Mask co-ordinates: Horizontal, vertical offset 85.11, 745.83 Width 111.65 Height 75.96 points
     Mask co-ordinates: Horizontal, vertical offset 372.46, 770.54 Width 28.37 Height 13.73 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     302.9117 781.5207 294.6754 53.9933 85.1081 745.8302 111.6472 75.9567 372.4624 770.539 28.3694 13.7271 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     4
     14
     4
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -27.45, 784.27 Width 442.01 Height 57.65 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     -27.4542 784.2661 442.0132 57.6539 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     5
     14
     5
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 118.05, 755.90 Width 64.06 Height 68.64 points
     Mask co-ordinates: Horizontal, vertical offset 273.63, 783.35 Width 332.20 Height 50.33 points
     Mask co-ordinates: Horizontal, vertical offset 12.81, 623.20 Width 48.50 Height 107.99 points
     Mask co-ordinates: Horizontal, vertical offset 55.82, 625.03 Width 47.59 Height 53.99 points
     Mask co-ordinates: Horizontal, vertical offset 29.28, 23.78 Width 274.54 Height 54.91 points
     Mask co-ordinates: Horizontal, vertical offset 533.53, 661.64 Width 47.59 Height 32.03 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     118.0532 755.8967 64.0599 68.6356 273.6272 783.3509 332.1962 50.3328 12.812 623.2013 48.5025 107.9866 55.8236 625.0315 47.5873 53.9933 29.2845 23.7838 274.5423 54.9085 533.5273 661.6372 47.5873 32.0299 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     6
     14
     6
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 2.75, 780.61 Width 363.31 Height 61.31 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     2.7454 780.6055 363.311 61.3145 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     7
     14
     7
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 103.41, 744.00 Width 86.02 Height 70.47 points
     Mask co-ordinates: Horizontal, vertical offset 424.63, 788.84 Width 54.91 Height 33.86 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     103.4109 743.9999 86.0233 70.4659 424.6255 788.8418 54.9084 33.8602 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     8
     14
     8
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -2.75, 785.18 Width 392.60 Height 55.82 points
     Mask co-ordinates: Horizontal, vertical offset 269.05, 590.26 Width 11.90 Height 11.90 points
     Mask co-ordinates: Horizontal, vertical offset 494.18, 405.40 Width 69.55 Height 78.70 points
     Mask co-ordinates: Horizontal, vertical offset 44.84, 30.19 Width 103.41 Height 53.08 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     -2.7454 785.1812 392.5955 55.8236 269.0515 590.2561 11.8969 11.8969 494.1762 405.3977 69.5507 78.7022 44.8419 30.1898 103.4109 53.0782 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     9
     14
     9
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 375.21, 796.16 Width 223.29 Height 39.35 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     375.2079 796.1629 223.2944 39.3511 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     10
     14
     10
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 2.75, 784.27 Width 403.58 Height 46.67 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     2.7454 784.2661 403.5772 46.6722 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     14
     11
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 425.54, 746.75 Width 113.48 Height 80.53 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     425.5406 746.7453 113.4775 80.5324 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     12
     14
     12
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 7.32, 784.27 Width 413.64 Height 52.16 points
     Mask co-ordinates: Horizontal, vertical offset 64.97, 743.08 Width 55.82 Height 25.62 points
     Mask co-ordinates: Horizontal, vertical offset 6.41, -0.01 Width 643.34 Height 359.65 points
     Origin: bottom left
      

        
     1
     0
     BL
    
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     7.3211 784.2661 413.6438 52.163 64.975 743.0847 55.8236 25.624 6.406 -0.0098 643.3442 359.6505 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     13
     14
     13
     1
      

   1
  

 HistoryList_V1
 qi2base





