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Abstract

This thesis concerns representation growth of finitely generated torsion-free nilpotent
groups. This involves counting equivalence classes of irreducible representations and
embedding this counting into a zeta function. We call this the representation zeta
function.

We use a new, constructive method to calculate the representation zeta functions of
two families of groups, namely the Heisenberg group over rings of quadratic integers and
the maximal class groups. The advantage of this method is that it is able to be used to
calculate the p-local representation zeta function for all primes p. The other commonly
used method, known as the Kirillov orbit method, is unable to be applied to these
exceptional cases. Specifically, we calculate some exceptional p-local representation
zeta functions of the maximal class groups for some well behaved exceptional primes.

Also, we describe the Kirillov orbit method and use it to calculate various examples

of p-local representation zeta functions for almost all primes p.






Chapter 1

Introduction

1.1 Introduction

This thesis applies the study of asymptotic group theory to nilpotent groups, in fact
finitely generated torsion-free nilpotent groups. For all N € N we will count the
number of (equivalence classes of) complex irreducible representations of degree N of
a nilpotent group G, say rny(G). Studying the arithmetic properties of this sequence
for (not necessarily nilpotent) groups, is called representation growth. To aid our
study we embed these numbers as coefficients in a zeta function. The general idea of
representation growth, and in fact the field of asymptotic group theory, is to relate
arithmetic information associated to a group, which is possibly (but not necessarily)
encoded in a zeta function (for example abscissa of convergence, zeros, poles, and
functional equations) to group theoretic information (for example Hirsch length of the
group and its subquotients, nilpotency class, and length of derived series).

Let G be a finitely generated torsion-free nilpotent group. We call these groups
T-groups. Let x be a 1-dimensional complex representation and p an n-dimensional
complex representation of G. We define the product x ® p to be a twist of p. Two
representations p and p, are twist-equivalent if, for some 1-dimensional representation
X, then ¥ ® p = p,. This twist-equivalence is an equivalence relation on the set of
irreducible representations of GG. It is easy to check that the reflexive, symmetric, and
transitive properties hold. In [21] Lubotzky and Magid call the equivalence classes
twist isoclasses. We say S, the twist isoclass containing an irreducible representation
p is of dimension n if and only if p is an n-dimensional representation. They also show
that there are only finitely many irreducible n-dimensional complex representations

up to twisting and that for each n € N there is a finite quotient G(n) of G such



1. INTRODUCTION

that each n-dimensional irreducible representation p of G is twist-equivalent to one
that factors through G(n); that is, for each irreducible representation p of dimension
n there is a twist-equivalent representation x : G — GL,(C), and homomorphism
g : G(n) - GL,(C) such that x = o «, where a : G — G(n) is the canonical
projection. Henceforth we call the n-dimensional complex representations of G simply
representations. We denote the number of twist isoclasses of irreducible representations

of dimension n by r,(G) or r, if no confusion will arise.

Consider the formal expression

If (& (s) converges on a right half plane of C, say D, where D := {s € C | R(s) > a}
for some a € R, we call (4" : D — C the representation zeta function of G. For any
T-group such a D always exists [28, Lemma 2.1]. We call ag := « the abscissa of

convergence of (5" (s). Let (47 (s), where

) = 3 e G

n=0

T

and p a prime, be the p-local representation zeta functions of (5" (s). Considering the
domain D of Cg;,(s) as above, we say ag, = « is the p-local abscissa of convergence
of Cg’;(s).

We know by [21, Theorem 6.6] that in each twist isoclass there exists a represen-
tation p such that p factors through a finite quotient. Since G is nilpotent, its finite
quotients are nilpotent and therefore decompose as a direct product of their Sylow-p
subgroups. Since the irreducible representations of direct products of finite groups are
the tensor products of irreducible representations of their factors, its representation
zeta function decomposes into an Eulerian product of its p-local representation zeta
functions and therefore (¢"(s) = [], (&% (s). Moreover, it was shown by Hrushovski
and Martin [14] that these p-local representation zeta functions are rational functions
in p~°.

This thesis deals with the representation zeta functions of certain families of 7T-
groups. We approach the problem of constructing these zeta functions in two ways.
One way, which we call the constructive method, calculates the p-local zeta functions of

some 7T -groups by constructing all of its twist isoclasses and then counting how many
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1.2 Layout of Thesis

n-dimensional twist isoclasses exist for each n € N. The other way, which is known as
the Kirillov orbit method, counts certain structures, explained later, relating to the Lie
ring associated to a given T-group. Both methods have their strengths and weaknesses
and we compare these two methods later in this chapter.

We note that we give all presentations of a 7T-group G in terms of a Mal’cev
basis (see, for example, [1, End of Section 3]). As is standard in the literature, all
commutators that do not follow from the ones appearing in the chosen presentation
of a T-group are assumed to be trivial. We remind the reader of this fact at various

points in the thesis.

1.2 Layout of Thesis

The structure of this thesis is as follows. Chapter 1 is an introduction to the subject of
representation growth and the motivation behind its study. This chapter also includes a
section comparing the two different methods of calculating representation zeta functions
used in this thesis.

Chapter 2 contains the preliminaries. It gives definitions of concepts used in the
rest of the thesis, as well as some standard results using these concepts. Note that
everything in this section is standard but is included for the sake of completeness. At
the end of this chapter is a list of notation used throughout the thesis.

Chapter 3 introduces the constructive method and uses this method to calculate
all p-local representation zeta functions of the Heisenberg group over the integers of a
quadratic number field. Additionally in this section, we briefly mention how this result
is confirmed, and generalized, in [28].

Chapter 4 uses the constructive method to calculate most p-local zeta representation
functions of a family of maximal class groups of nilpotency class n, denoted M,,;
more specifically, we calculate all p-local zeta functions when p > n and, for a given
prime p, the p-local zeta function of M, ;. We calculate all p-local representation zeta
functions for M3 and My, for which the structure of the twist-equivalent irreducible
representations of ”small prime”-power dimension (but not the p-local representation
zeta function) are of a more complicated form than in general.

Chapter 5 briefly explains the Kirillov orbit method developed by Voll in [29] to
calculate p-local representation zeta functions for almost all primes p. We then calculate
a number of p-local representation zeta functions of 7T-groups. Most of these T-groups

are given by Lie rings that appear in [9, Chapter 2]. This is in relation to a project with
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1. INTRODUCTION

Robert Snocken to calculate the representation zeta functions of all 7-groups appearing
in that chapter. Finally, and in the same vein, we briefly mention results, together with
Snocken, that will appear in a future paper by us. Note that all calculations in this
chapter are performed by the author of this thesis; the only collaborative results are in
the final section of that chapter, which is titled appropriately.

Finally, Chapter 6 concludes the thesis. It notes some observations about work in
this thesis and describes possible future work in the area of representation growth of
T-groups, notably future work in regards to the constructive method.

Before we begin the mathematical part of the thesis, we give some background on

representation growth and an area that motivated its study, subgroup growth.

1.3 Subgroup Growth

Zeta functions have been used to study many different mathematical structures. Fa-
mously, Riemann zeta functions encode information about prime numbers. Zeta func-
tions have also been used to study number fields in algebraic number theory through
Dedekind zeta functions.

Zeta functions have been used to study various types of groups. For example, zeta
functions were used to count maximal subgroups of classical and alternating finite
simple groups by Liebeck and Shalev in [20]. In [19], by Liebeck, Martin, and Shalev,
zeta functions were used to extend the results of [20] to arbitrary finite simple groups.

The idea of using zeta functions to study representations of groups is motivated by
the subject of subgroup growth. In that area, one uses zeta functions to count finite
index subgroups; that is, if G is a group and a,(G) := |{H < G | |G : H| = n}| then

we can construct the subgroup zeta function:

Gls) = an(Gn™". (1.3.1)

n=1

Note that all a,(G) are finite if G is finitely generated. If the coefficients a, (G) count

normal subgroups of index n instead, we say that

Gs) =D an(G)n* (1.3.2)

is the normal subgroup zeta function of G.

Grunewald, Segal, and Smith [12] were the first to use the method of subgroup zeta
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functions to study 7-groups. In that paper, the authors set up some machinery and
methods to calculate both normal subgroup zeta functions and subgroup zeta functions.
These methods include calculating p-local zeta functions using p-adic integrals [12,
Section 2] and studying (possibly normal) subgroup zeta functions by studying Lie
ring zeta functions of the Lie ring associated to a given 7T -group which are simpler to
analyze; see [12, Sections 3-4] for details. The authors also calculate various examples
of (normal) subgroup zeta functions [12, Section 8|, including the normal subgroup zeta
function of a family of groups for which we calculate the representation zeta function
in this thesis. Also in that paper, the authors show that both p-local subgroup and
normal subgroup zeta functions are rational polynomial functions in p~®. Moreover,
the degree of these functions are bounded independently of the prime p chosen. The
result that p-local representation zeta functions of 7T-groups are rational polynomial
functions, proven by Hrushovski and Martin in [14, Theorem 8.4}, is analogous.

Many more examples of p-local subgroup, normal subgroup, and Lie ring zeta
functions have been calculated. In fact, du Sautoy and Woodward, in [9, Chapter
2] give a list of many examples of calculations performed. Most of the representation
zeta functions calculated in Chapter 5 of this thesis are of groups associated to Lie

rings which appear in the aforementioned chapter.

1.4 Representation Growth

The idea of using zeta functions to study representation growth was introduced in
[30], in which Witten studies compact Lie groups. Later, representation zeta functions
were studied in [22], where Lubotzky and Martin use representation zeta functions to
study arithmetic groups, and in [15] where Jaikin gives rationality results concerning
representation zeta functions of compact p-adic analytic groups with property FAb
(a group has property FAb if every open subgroup has finite abelianization). This
method uses Howe’s work [13] on the Kirillov orbit method and the concept of p-adic
integration to calculate the zeta functions.

Representation zeta functions of 7-groups were first studied by Hrushovski and
Martin in [14] using model-theoretic methods. The study of representation growth of
T-groups was expanded by Voll in [29]. In that paper, Voll develops a method for cal-
culating p-local representation zeta functions for a given 7-group G. This method, like
the method that appears in [15], involves Howe’s work in [13], particularly Theorem 1.a

and results from p-adic integration. Note that a large part of the method that appears
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1. INTRODUCTION

in [29] is also used in that paper to study other types of growth, including subgroup
and subring growth. We briefly explain this method, as applied to representations of
T-groups, at the beginning of Chapter 5.

Stasinski and Voll, in [28], generalize Voll’s work in [29] to T-groups coming from
unipotent group schemes. The authors also generalize the functional equation that
appears in [29]. We mention more about these results later in this section.

Representation zeta functions have been used to study other classes of groups. We
briefly mention some work done in these areas. In [3] Avni et al. study compact p-
adic analytic groups and arithmetic groups. In [4], Avni et al. study representations
of arithmetic lattices and prove a conjecture by Larsen and Lubotzky. In [2] Avni
shows that arithmetic groups have representation growth with rational abscissa of
convergence. Bartholdi and de la Harpe, in [5], study representation zeta functions of
wreath products with finite groups. Craven, in [7], gives lower bounds for representation
growth for profinite and pro-p groups. In this paper it is shown that, for a profinite
group G with property FAb, R, (G) > clogn(loglogn)*~< for some constant ¢ and any
€ > 0, where R,(G) is the number of irreducible representations of G of dimension not
greater than n.

Since this thesis is concerned with representation growth of 7T-groups, we give a
list of important results used in the study of representation zeta functions, as well as

results obtained through the study of representation growth of 7T-groups.

Theorem 1.4.1 (|21, Theorem 6.6]). Let G be a T -group. For every n € N there is a
finite quotient of G, say G(n), such that each n-dimensional irreducible representation
of G is twist-equivalent to one that factors through G(n). In particular, the number of

n-dimensional twist isoclasses is finite.

Theorem 1.4.2 ([14, Theorem 8.4]). For a given T -group G (and also for any finitely

generated nilpotent group with torsion) and for all primes p we have that Cg;(s) = %

s

where A, B are polynomials in p~® with coefficients, depending on p, in Z.

Note that this result was proved in [29, Proposition 3.1] by non-model-theoretic

means, but only for almost all primes p.

Theorem 1.4.3 (|29, Theorem DJ). Let G be a T -group where d' is the Hirsch length
of the derived group G'. Then, for almost all primes p, Cg;(s) satisfies the following
functional equation upon inversion of p:

irr

G,p(8)|p—>p*1 :Pdlgg,;(s)- (1.4.1)

10



1.4 Representation Growth

This result is analogous to functional equations satisfied by (possibly normal)
subgroup zeta functions, although the functional equation in those cases does not
always exist and is of a slightly more complicated form. Let x € {<,<}. Then, for

some (but not all) T-groups G,

Cerp(8)|pmpt = (=1)"p ¢, (5) (1.4.2)

for some n,a,b € N. Examples of T-groups where these zeta functions satisfy the
functional equation above, and examples where there does not exist a functional
equation of this type, appear in [9, Chapter 2].

Stasinski and Voll generalize, for a restricted class of groups, both the result of
Hrushovski and Martin [14, Theorem 8.4] and the functional equation of Theorem
1.4.3.

Theorem 1.4.4 (|28, Theorem A)). Let Gy be a unipotent group scheme as in [28, Sec-
tion 1.2] and O the ring of integers of a number field. Then there exists a finite set S of
prime ideals of O, t € N, and a rational function R(X1,...,X;,Y) € Q(Xy,..., X, Y)
such that for every prime ideal p C O with p & S the following is true: there exist
algebraic integers A1, ..., A\s depending on p such that, for all finite extensions ® of O,

one has
oy (s) = RO, .. M\ a7 79), (1.4.3)

where q is the residue field cardinality of O,, and f = f(D,0,) is the relative degree

of inertia. In particular, CGA(,D)(S) is a rational function in q~'%. Furthermore, the

following functional equation holds:

CgZ(@)(S)\ g—q~! T qdeZZ(@)(s) (1.4.4)

A=At

for some d € N as defined in [28, Section 1.2].

Also in that paper [28, Section 2.4], the authors generalize the Kirillov orbit method
introduced in [29] in the case of T-groups of nilpotency class 2 arising from unipotent
group schemes so that it can be used to calculate the p-local representation zeta function
for all primes p.

In subgroup growth, it was shown in [8, Theorem 1.1] that if, for some T-group G,
« is the abscissa of convergence of a p-local (possibly normal) subgroup growth zeta
function (7 ,(s) then o € QF. While it is currently unknown whether p-local repre-

sentation zeta functions of 7-groups have rational abscissas of convergence, Robert

11



1. INTRODUCTION

Snocken has observed [27] that, given o € QF, there exists a T-group G (in fact of
nilpotency class 2) such that, for almost all p, Cg;(s) has abscissa of convergence a.
Very few representation zeta functions of T-groups appear in the literature. We

now give a list of all of these functions appearing in print.

Theorem 1.4.5 ([23, Theorem 5]). Let H := (x,y,z | [x,y] = z) be the Heisenberg
group over the rational integers. The representation zeta function of H is
(s —1)

i (s) = () (1.4.5)

where ((s) is the Riemann zeta function.

Theorem 1.4.6 ([10, Theorem 1.1]). Let H /; be the Heisenberg group over the integers
of some quadratic number field @(\/E), as defined in Chapter 3. The representation
zeta function of H /5 is

D _

¢ O o)

where Q]?(\/g)(s) is the Dedekind zeta function of Q(\/d).

Theorem 1.4.7 (28, Theorem B|). Letn € N and § € {0,1}. We define the following
Z-Lie lattices:

Fos = (X1, ., Tonys, Yijs L <0< J <2n+9 | [z, 2;] = yij) (1.4.7)
Gn = (T1, ..., Ton, Yij, L < 0,7 < | [, Tpsj] = yij)

H, = <ZE17 <o Lon, Yig, 1<:<j<n | [$iaxn+j] = [-’Bj,ZEnJri] = yij>

with all Lie brackets not appearing above assumed to be trivial. Let F, s, G, and H,
be the unipotent group scheme associated to the Lie lattices above. Let O be the ring of
integers of some number field K. Also, let m be so that n = 2m + ¢ where € € {0, 1}.
Then

P s(0)(8) = 1:[ St C%é?sti;;)é) 1) (1.4.8)
éros) =11 % (1.4.9)
‘ D(s—n mfl}??s—m—i—g—l
i (0)(5) = ‘ (II?(S) ) Ll : <é}?<2(8 —_ 1))) ) (1.4.10)

12



1.5 Kirillov Orbit Method vs. Constructive Method

where (R(s) is the Dedekind zeta function of K.

Note that Theorems 1.4.5 and 1.4.6 can be seen as a special case of the preceding
theorem, where K = Q, Q(v/d), respectively, and we consider the T-group, say, H,(O).
However, both Theorems 1.4.5 and 1.4.6 appeared chronologically before Theorem
1.4.7.

We also note that the forthcoming PhD thesis of Robert Snocken will contain a
wealth of calculations of representation zeta functions of 7-groups. Noting that we do
not directly appeal to p-adic integration in this thesis, we also recommend Snocken’s
thesis as an introduction to the techniques of p-adic integration applied to calculating

representation zeta functions of 7-groups.

1.5 Kirillov Orbit Method vs. Constructive Method

In this section we compare and contrast the two different methods of calculating repre-
sentation zeta functions of 7T-groups: the constructive method appearing in Chapters
3 and 4, and the Kirillov orbit method, first studied in [29] and used in Chapter 5 of
this thesis. Each method has its own strengths and weaknesses.

We call primes p which violate the hypotheses of Voll’s Kirillov orbit method
Kirillov-exceptional primes. Additionally, we call primes p for which the p-local repre-
sentation zeta function of a group G' must be calculated in a special case constructive-
exceptional primes. If the context is clear, we shorten both to exceptional primes.
We call any prime that is not P-exceptional a non-P-exceptional prime, where P is
either “Kirillov” or “constructive.” Again, if no confusion will arise, we shorten this
to non-exceptional prime.

The constructive method is quite general. This method makes no extra hypotheses
besides the choice of group. The techniques shown in Chapters 3 and 4 could, in princi-
ple, be used to calculate the representation zeta function of any 7-group. However, as
the complexity of the eigenspace structure of the irreducible representations increases,
the complexity of the calculation may increase as well. We do note that this method
relies on less mathematical machinery than the Kirillov orbit method and thus can be
appreciated with minimal technical background. This method explicitly constructs all
twist isoclasses of dimension p', for some p and N, and thus it is easy to read off the
coefficients r,~ (G) of the representation zeta function, without the need of a recursive

formula.

13



1. INTRODUCTION

The main benefit of the constructive method is that primes are not excluded by
the method itself, as opposed to the Kirillov orbit method. While there may be special
cases that occur in the calculation for certain primes, the p-local representation zeta
function of these primes can still be calculated. Provided one can do the calculation,
one can understand the entire representation theory of irreducibles of a 7-group by the
constructive method. We are able to calculate all irreducible representations of groups
M5 and M, (see Chapter 4) and thus their representation zeta functions. This is not

possible using the Kirillov orbit method.

While it is true that there are only finitely many of these Kirillov-exceptional primes,
comparing the p-local representation zeta functions of non-exceptional primes may not
be sufficient to distinguish two 7-groups from each other. The constructive method
allows for the calculation of all p-local representation zeta functions, and thus one has

a finer invariant of 7T-groups.

The mathematically deeper methods that appear in [29] and [28] allow for easier
computations in many cases since, in these methods, one counts representations without
constructing them explicitly. The machinery that appears in [29], powered by deep
mathematical results including Hironaka’s resolution of singularities, allows one to
naively calculate p-local representation zeta functions by, essentially, linear algebra.
The Howe correspondence [13, Theorem 1.a] allows one, for almost all primes, to
linearize the computation of calculating the number of p’¥-dimensional irreducible
representations. However, Voll’'s method does not explicitly (without using a linear
recurrence relation) give the coefficients r,~ (&), for some non-exceptional p and some
N. This is because it parameterizes representations in a way different to dimension of

twist isoclass; see Chapter 5 for details.

A main strength of the Kirillov orbit method is the possibility to study p-local
representation zeta functions more generally than the constructive method. Indeed,
the functional equation of Theorem 1.4.3 is proved via the Kirillov orbit method. As it
presently stands, the constructive method seems unable to prove such a result. In fact,
using the Kirillov orbit method, one can understand much about p-local representation
zeta functions by understanding antisymmetric matrices over the ring Z/p™Z for each
N. This translates the problem of counting representations to linear algebra over the
ring of p-adic integers.

Also, as shown in [28], the Kirillov orbit method is able to use number-theoretic
information about a 7T-group to help study the p-local representation zeta functions.

Indeed, the representation zeta function of the group H , in Chapter 3 can be fully

14



1.6 Comparing Subgroup and Representation Growth

calculated by the Kirillov orbit method that appears in [28]. The constructive method,
in its current form, “forgets” any number-theoretic structure and thus treats all 7-

groups the same way.

1.6 Comparing Subgroup and Representation Growth

In all examples calculated so far, we find that representation zeta functions of 7T-
groups are of a simpler form than those of subgroup zeta functions. This is clear even

for groups with simple structure: for some d € N, comparing

G =T ¢t (161
and
(i (s) =1 (1.6.2)

one sees the difference in complexity immediately. This difference seems to increase,
in an informal sense, very rapidly; let L be the Lie ring G 7, as defined in Table 5.1
in Chapter 5 and G the T-group associated to L by the exp map; see [26, Chapter 6].

Then, for almost all p,
(1—p~)°

Gpls) = = (1.6.3)
However,
Gp(s) =1 =p~*) A =p' )1 =p**) (1 = p" ) (1 = p*") (1.6.4)

X (1=p )1 =p> )1 =p>"*) 1 =p" )W

where W is a polynomial in p, p~® of degree 40 and with 16 terms.

It is of note that both representation zeta functions and normal subgroup zeta
functions seem to be able to capture the number-theoretic information of a 7-group,
at least in the case of the Heisenberg group over the integers of a number field K of
degree at most 3 over QQ; that is, both the representation zeta function and normal
subgroup growth zeta function can be written in terms of Riemann zeta functions,
Dedekind zeta functions of K, and Euler products of polynomials in p,p~*%; see [9,
Chapter 2], Chapter 3, and Theorem 1.4.7 for details. It is worth noting that Theorem
1.4.7 shows that this pattern holds for representation zeta functions for number fields

of arbitrary degree.
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1. INTRODUCTION

1.7 Main Results

We give a list of main results of this thesis. The following chapters give the workings

of these results in detail.
The main result of Chapter 3 is Theorem 1.4.6.

The following theorem is the main result of Chapter 4.

Theorem 1.7.1. Let M,, := {(aq,...,a,,b | [a;,b] = a;11) be a family of mazimal class
groups of nilpotency class n. Then for allp > n, forp ifn=p+1, and forp=2,n=14

the p-local representation zeta function of M, is

(1—p*)?
(1 —pm=2=s)(1 —pl=s)

This implies that if n € {2,3,4} then

(1.7.1)

i p(5) =

ey S = (1=2)¢ - 1) -
340 A (172)

where ((s) is the Riemann zeta function.

The main results of Chapter 5 are various examples of calculations of representation
zeta functions by the Kirillov orbit method. These results are too numerous to list here;
we direct the reader’s attention to Section 5.3.1 of Chapter 5 and to Table 5.2.
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Chapter 2

Preliminaries

2.1 Introduction

We begin by discussing the objects we intend to study. Nilpotent groups are, in some
sense, a generalization of abelian groups. Informally, while two elements a;, as in some
abelian group A commute “immediately”, two elements ni,ns in a nilpotent group N
commute “eventually”.

There are many open questions about nilpotent groups. For example, it is still
unknown, in most cases, how many finite groups of order p" exist, for prime p and
n € N (see, for example, [18]). Thus, there is still much to learn. This thesis deals
with examples of infinite, yet finitely generated nilpotent groups. To learn more about
T-groups and representations, see Appendix A of this thesis.

We note a few things for the remainder of this thesis. First, until indicated
otherwise, any arbitrary group G that appears in this thesis is a 7-group. Second,

we always mean “complex representation” when we say “representation”.

2.2 Number Theoretic Concepts

Much of the work in this thesis relies on solving polynomial equations modulo a prime
power. Underlying this concept is the theory of p-adic numbers. While we do not use
the concept explicitly in the thesis, we mention them here so that the reader can get a
feel for the connection between our work and p-adic numbers, and in particular, p-adic

integers.

Definition 2.2.1. Let p be a prime and let A, = {0,1,...,p — 1}. The set of p-adic

17



2. PRELIMINARIES

numbers, denoted Q,, is the set of all formal series

S a (22.1)
i=k

where k € Z and a; € A,. The set of p-adic integers, denoted Z,, is the subset of p-adic
numbers such that & > 0.

The p-adic integers can also be defined algebraically in terms of an inverse limit of
an inverse system. The field of fractions of Z,, is then @, (see, for example [11]). Also

note that, for any prime p, Z C Z,.

Definition 2.2.2. Let ¢ := Y7, a;p’ € Q,. The p-adic valuation of ¢, denoted v,(q),
is defined by

vp(q) = min{i | a; # 0} (2.2.2)

If this does not exist, that is if ¢ = 0, we say that v,(q) = co. If ¢ is a p-adic integer,
we also say that
v,(q) mod p~ = min{v,(q), N}. (2.2.3)

For this thesis we only consider v,(q) for ¢ € Z so v,(¢) < oo. An excellent
introduction to p-adic numbers and their properties is the book p-adic Numbers: An
Introduction by Gouvea [11].

In our work, we will have to count how many solutions of a polynomial equation
exist mod prime powers pY as N varies. A useful result for this counting is Hensel’s
Lemma. Indeed, we use this result in Chapter 3 to “lift” solutions of polynomial

equations. For details, see, for example, [11, Chapter 3.4].

Theorem 2.2.3 (Hensel’s Lemma). Let f(x) be a polynomial with integer (or p-adic)
coefficients and let f'(x) be its formal derivative (i.e. for each non-constant term ax™
in f(z) the corresponding term in f'(x) is nax™ ' while constant terms disappear).
Then, for some s € Z and k € N, if

f(s) =0mod p* and f'(s)# 0modp (2.2.4)
then there exists an integer t such that
f(t) =0mod p"™  and t=smodp* (2.2.5)

18



2.2 Number Theoretic Concepts

1

and this t is unique mod p**t. Thus, if f(x) satisfying the conditions above has n

solutions mod p*, it also has n solutions mod p*+* for ¢ € N.

We now introduce another type of zeta function from algebraic number theory. We

use this in Chapter 3. For more details see, for example, [6, Section 10.5].

Definition 2.2.4. Let K be an algebraic number field and Og its ring of integers.
Then (R(s) = Y ;co, (Nko(I))~® is the Dedekind zeta function of K where I runs
through the non-zero ideals of Og and Ng/g([/) is the norm of I with respect to Q.

The zeta function (2(s) has an Euler product decomposition

D,y 1
o= 1 i =wgam

PCOgk

where P runs over all non-zero prime ideals of O. This decomposition reflects the

unique factorization of ideals of O.

We recall another standard definition; see, for example, [6, Section 3.3]. This
definition can generalize to number fields of larger index, however we limit ourselves

to the case of quadratic number fields.

Definition 2.2.5. Let p be a rational prime, d be a squarefree integer, Oy be the
integers of a quadratic number field Q(v/d) and consider the ideal (p) < Oq. If (p) is
prime then p is inert. If (p) is the product of two distinct prime ideals then p splits. If

(p) is the square of a prime ideal then p is ramified.

This definition is equivalent to the equation 22> — A = 0 mod p having 0,2, or 1
solution, respectively and where A is the discriminant of Q(v/d). We note that A = 4d
ifd =2,3mod4 and A = d if d = 1 mod 4. We also note that there are only a
finite number of ramified primes and a prime p is ramified if and only if it divides the

discriminant of the number field.

The following is a well known result.

Proposition 2.2.6. Let p be a prime and Q(\/a) be a quadratic number field. Then
the p-local Dedekind zeta function of Q(\/d) is
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2. PRELIMINARIES

( 1

—_— if p is inert,
1 — p—25

()
b B — if p splits,
C@(\/E),p(‘g) - L=

1
1—p—s

if p is ramified.

2.3 Representation Zeta Functions of 7-Groups

We introduce a lemma to count 1-dimensional twist isoclasses. We leave the proof as

an exercise for the reader.

Lemma 2.3.1. For a T-group G, there is only 1 twist isoclass of dimension 1. That

is 1 = 1, where ry is the first coefficient in (5" (s).

Also, we introduce a definition that describes the form of representation zeta
function in terms of how many different general types of p-local representation zeta

functions occur in the Euler factorization of some representation zeta function.

Definition 2.3.2. Let (¢i"(s) = [], (¢, (s) be the representation zeta function of a 7T-
group G. We say that (5" (s) is finitely uniform if there exists a finite set of polynomials
in two variables, say F', such that, for all primes p greater than some distinguished prime
D, there is a f € F' such that Cg; = f(p,p~®). If there is only one rational function

needed, that is if n = 1, then we say that (&7 (s) is uniform.

Note that we show that all representation zeta functions in this thesis are finitely

uniform and that all but the representation zeta function of H /5 is uniform.

2.4 Non-Standard Notation

Definition 2.4.1. Let G be a T -group of nilpotency class ¢. Then G is a maximal
class group if h(G) = c+ 1.

Since we mention roots of unity often in the course of this thesis we use the following

notation.
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2.4 Non-Standard Notation

Definition 2.4.2. Let 53° be all complex p‘th roots of unity for all £ € NU {0} and
Sk be the pFth roots of unity for k¥ € NU {0} (and note that, for & > 1, the elements
of the set SS\SS‘l are the primitive p*th roots of unity). Define s : S,° — N such that
s(A) = k if and only if A € SF\S;~'. If s(\) = k we say that X has depth k.

We introduce some notation in regards to integers mod p" for some prime p and
N € N. Let
Z, 5 = Z/p"2)"\ WZ/p"L)"; (2.4.1)

n

that is, for n € N, the set of n-tuples of elements of Z/p™Z such that at least one entry
is a unit.

The calculation of the irreducible representations of M, will involve k-simplex
numbers. Let T5(0) = 1, To(j) = 1, and T;(0) = 0 for j € N and recursively define
Ti(j) = S50 Tia(l) = Ti(j — 1) + Tp_1(j) for k € N. The next lemma lists some

properties of these numbers that are needed in the thesis.

Lemma 2.4.3. Leti,j,k,b € N, p be a prime, and Ty(j) be defined as above.
i, To(i) = (z’—&—lz—l) _ i(z‘+1)..}€(!i+k—1).
i. Ty(i) — T(j) = (i — j) 3 for some y € Z.
iii. If p >k then forb € N and 1 < a < p—1 we have Ty(ap® + j) = Ty(j) mod p°.
w. Te(j+ 1) =Te(j) + Th1(3) + ... + To(y).
v Tuli+ 5) = Yo i) T ().
vi. If p >k then Ty(p" — 1) = 0 mod p".
Proof. i. Shown by an easy induction on k + 1.
ii. By (i)
i(i+1) .. (i+k—1)—jG+1)...(j+k—1)
k!

(1% — 3%) + Broa (F 1 — 5 + o+ (i — )
k!

Ti(i) = Te(4) =

for some coefficients [,. Since

(=Y =(—j) > ",

di+do=d—1
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2. PRELIMINARIES

the numerator of Ty (i) — Tj(j) does indeed have a factor of (i — j) and we have

proved what we wanted.

iii. Expanding out the numerator of Tj(ap® + j) = (apbﬂ)”'(%fbﬂ%_l) mod p°, it is

clear only one term, that is j- (j +1)...- (j +k — 1), is not necessarily 0 mod p°.

iv. By the recursive definition of Ty(j) we have that Ty.(j + 1) = Tp(j) + Te_1(7 + 1).

The result follows immediately by induction.

v. Assume that T,(i + a) = Z?:o T1(i)Ty—i(a) holds for values a,b such that a +b <
k + j. We have by definition that Ti(i + j) = T(i + (j — 1)) + Tx—1(¢ + 7). Then
by inductive hypothesis

k-1
Ti(i+ 7) ZTI VTe—i(7 — 1) +ZTI VT h—1-1(J

ZTO(Z)(Tk(]—l )+ Th— 1])+ V@) (T (G — 1) + Thoa(4)) + - -
+ Tpr (D) (TG — 1) + To(4)) + Tr(i)To(5)
= To()Te(j) + Ta(D)Th1(j) + - .. + Tha (0)T1(5) + Ti(4) To ()

= Y Ti(i)Tia(j)

vi. Consider

for some « such that p f . This is true since both k! and (p —1)(pV +1)... (p" +

k — 2) are units mod p?.

As a corollary of (iii) we have the following.

Corollary 2.4.4. Let p be a prime, let k < p, let N > 1,let1 <m < N, leta € N
such that p t o, and, for j >0, let

F(k,j)=ap™Tx(j — 1). (2.4.2)
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2.5 Lie Rings and Smith Normal Form

Then F(k,BpN=™ + j+ 1) = F(k,j + 1) mod p~ for all 8 such that 1 < 8 < p™ and
all j such that 0 < j < pVN—m — 1.

Proof. Consider F(k, BpN~™ + j + 1). Then

B +4) .- BT+ (k- 1))

Y mod pV  (2.4.3)

F(k, BpY ™ +j+1) = ap™

By Lemma 2.4.3(iii), and noting that p™(p"¥=™) = 0 mod p~, only the term with no

factor of p’¥~™ survives mod p’; that is,
ap™(BpN T 40 (BN T+ (k1) =ap™i(+ 1) (R —1)  (2.4.4)

and thus F(k,BpN "™+ j+1) = F(k,j+1). O

2.5 Lie Rings and Smith Normal Form

Chapter 5 deals with the Kirillov orbit method. This method uses Lie rings associated
to T-groups to study their representation growth. We give some definitions in this

respect.

Definition 2.5.1. A Lie ring L := (L,+,[,+]) is a set together with two operations,
addition + and Lie bracket [-, -], such that

e [ is an abelian group with respect to +.

e [, ] is bilinear; that is, for z,y,z € L,
[t +y 2l = [z, 2]+ [y, 2] and [z,y+2] = [z,y] + [z, 2]
e [, ] satisfies the Jacobi identity; that is, for =, y, 2z € L,
[z, 1y, 2] [+ [y, [z, 2] | + [z, [2,9] ] = 0.
e [, ] is antisymmetric; that is, for z,y € L,

[z,y] + [y, 7] = 0.

Analogous to groups, if L is a Lie ring and M, N C L then [M, N] := span({[m,n| | m €

M,n € N}).
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2. PRELIMINARIES

We note that we use the same notation for the Lie bracket as for commutators
of groups. Since the elements inside the brackets are from different structures, the
meaning should be clear by context. Also note that, for all Lie rings studied in this

thesis, each Lie ring has a Z-basis.

Example 2.5.2. Let H = (z,y,z | [x,y] = z) where all other commutators in the
presentation are trivial. This is usually called the Heisenberg Lie ring. For a,,ay,,a, €
Z let A := a,x + ayy + a,z € H and define B and C' similarly. Noting that [A, B] =
(azby — ayby)z it is easy to check that the Jacobi identity holds for A, B, C.

Definition 2.5.3. Define Ly := L and L; := [L, L; 1]. A Lie ring L is nilpotent if there
is a ¢ € N such that L. = 0. The minimal ¢ such that this property holds is called the

nilpotency class of L.

Example 2.5.4. An abelian group A, with the trivial Lie bracket [a1,as] = 0 for all
ai,as € A, is a nilpotent Lie ring of nilpotency class 1. The Heisenberg Lie ring H in

Ezxample 2.5.2 has nilpotency class 2.

We introduce two concepts that are analogous to the same concepts in nilpotent

groups.

Definition 2.5.5. Let L be a nilpotent Lie ring. Define the Lie ring Hirsch length to
be h(L) := dim(L) and the Lie ring center to be Z(L) := Z :=span{f¢ € L | [¢, L] = 0}.

To calculate representation zeta functions using the Kirillov orbit method we must
consider the Smith Normal Form of certain matrices that encode the Lie bracket

behaviour of a Lie ring L. We now give definitions in this vein.

Definition 2.5.6. Let N be an n X m matrix over a principal ideal domain (or, more

generally, elementary divisor ring). There exist a n x n invertible matrix S and a m xm
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2.5 Lie Rings and Smith Normal Form

invertible matrix F such that

a0 0 0
0 ay O 0
0 0 0
@T’
SNF = | : 0 : (2.5.1)
0 0
0 0

such that » < min{n,m} and «;|a;; for 1 < i < r (note in the matrix above that
n > m; matrices for the other cases can be constructed similarly). We call SNF the
Smith Normal Form of N and denote this by SNF(N). The «;, which are unique up
to multiplication by units, are called the elementary divisors of SNF(N).

We define maps [z;,z;]y from L x L to Z/pNZ in the following way: let L have
a Z-basis {x1,...2q,Tqs1,- .-, Tare} and L' have a Z-basis {xgy1,...,Tgre}. Fory :=
(a1 - Yare) € 27, i [ 2] = 3235000 an(i, )z with ax(i, j) € Z then [z, 2]y =

Zii;l a(i, )Y

Definition 2.5.7. Let L be a Lie ring and let L have a basis

{1, TayTag1s -« Tasfs Tag 1, - - - Tare} such that {xaiq,... Tare} is a Z-basis for
L" and {@gif41,. .. Tare} is a Z-basis for L' N Z(L). Let y := (Yat+1, - - - Ydte) € Z N
Let R(y) be the (d + f) x (d + f) matrix defined by

Ri,j = [[Ei,l'j]y (252)

for 4,7 such that 1 < i,7 < d+ f. We call R(y) the y-commutator matriz of L (or
simply commutator matrix). Note that this is all that is needed since basis elements

Tt fi1s---Ldte € Z(L)
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Let S(y) be the last f columns of R; that is, the (d + f) x f matrix defined by
Si,j = [%i,l’j]y (253)

for 4,j such that 1 <i <d+ fand d+1<j <d+ f. We call S(y) the y-commutator
submatriz of L (or simply commutator submatrix). Note that if L has nilpotency class
2, then [L, L] C Z(L) and thus § is trivial.

Note that we always consider R and S mod p".

The following lemma is used in Chapter 5 to determine elementary divisors of

commutator matrices.

Lemma 2.5.8. Let N € N, p be a prime, andy := (y1,...,ya) € Zj n. Let R := R(y)
be a d x d commutator matriz mod p~ as defined earlier and let m := (p™, ... p™d) be

its elementary divisors. Then the elements in m occur in pairs; that is, me;_1 = May;
for i such that 1 <i < |d/2| and, if d is odd, p™ = 0.

Proof. We first explain the concept of simultaneous row and column operations. If a
row operation is performed with rows r; and r; for some 4, j, (or just r; if the row is
scaled) then the same operations are performed with columns ¢; and ¢; next. It can
be shown that the antisymmetric property is invariant under simultaneous row and
column operations.

It is well known that the determinant of a d X d antisymmetric matrix is 0 if d
is odd. Thus, at least one elementary divisor must be 0 mod p" for all N. But since
elementary divisors have the property that p™[p™i+! it must be that p™¢ = 0 mod pv
Note that it is possible that other p™ = 0 mod p" as well.

For any a € Z/p"NZ we have that a = up® mod p" for some unit u and some k < N.

Thus, the only possible factors of the elementary divisors are powers of p. Thus, to
calculate the Smith Normal Form of R mod p", we are only concerned about the p-

adic valuation v,(-) mod p" of each entry of R. Since, for all primes p and a € Z/p"Z,
vp(a) = vy(—a) (2.5.4)

R is symmetric entrywise by p-adic valuations of R,; ;. Note that all matrices below are
considered entrywise mod p".
Let 74 be the a, b entry of R and choose i, j < d such that v,(r; ;) is minimal. Then,

by Equation 2.5.4, we have that v,(r;;) is also minimal. Without loss of generality,
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2.5 Lie Rings and Smith Normal Form

since we can perform simultaneous row and column transpositions to shift non-diagonal

entries, we can say that ¢ = 1 and j = 2. So we have the matrix

0 rio * ... %
21 0 *x ... K%

* o+ 0 ... x| (2.5.5)
* * % 0

Now, since v,(r12) = vp(re1) is minimal, we can add multiples of column 1 to the
other columns so that every entry of row 1 besides 7 2 is zero and simultaneously add
multiples of row 2 to the other rows so that every entry of column 1 besides 73 is zero.

So now we have the matrix

0 r12 0 ... 0

2.1 0 *x ... K%
0 * 0 ... x |- (2.5.6)
0 * K 0

We now can take multiples of row/column 1 and add them to the other row/columns
such that each entry, besides r; o and 755 is 0 in the second row and second column.

So now we have the matrix

0 1,2 0 0
T21 0 0 0
0 0 0 ... |- (2.5.7)
0 0 0
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Finally, we transpose rows (or columns) 1 and 2. So now we have the matrix

1,2 0 0O ... 0
0 2,1 0O ... 0
0O 0 0 ... |- (2.5.8)
0 0 = 0

Let R’ be the d — 2 x d — 2 matrix formed by omitting the first two rows/columns of
the matrix above. We note two facts. First, that R’ is antisymmetric; and second,
that if 7, , is an entry of R’ such that v,(r} ,) is minimal in R’ then vy (r; ;) < v,(ry, ).
Since the elementary divisors in Smith Normal Form are invariant up to units we have
determined m; and msy and m; = msy. Thus, we can continue the process above to
obtain SNF(R) mod pY where my; 1 = may; for i such that 1 <i < |d/2]. O

Definition 2.5.9. Let M be a matrix and let .S be a a X a submatrix of M determined

by a rows and a columns of M. Then we call det(S) a a-minor of M.

We also use the following lemma to help us determine elementary divisors of
commutator matrices. Although this result is over a PID and commutator matrices

are defined mod p", we can lift R to Z, use the following lemma, and then reduce mod

p~.

Lemma 2.5.10 ([24, Chapter 6]). Let M be a n x m matriz over a PID R such
that SNF (M) has elementary divisors aq, ..., a,. For j < max{m,n}, let A; be the
greatest common dwvisor of the j-minors of M and set Ay = 1. Then a; = Aj/A;
for all j <.
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2.6 List of Notation

Table 2.1 List of Notation

GL,(C)

The n-dimensional general linear group over C; that is, the set of
invertible n x n matrices over C

For N € N U {0} the set of pYth roots of unity; that is the set
{A e C |\ =1}. If N = oo then it is the set of all p’th roots of
unity for all /e NUO

The depth of XA € S7°; that is, s(\) = N iff A € S}V \ SN~
For i,k € N, —i(iﬂ)"k(!”k*l)

For a,b € G a group, the commutator aba~'b~!; for a,b € L a Lie
ring, the Lie bracket of L

For A, B C G a group, ([a,b] | a € A,b € B); for A,B C L a Lie
ring, span({[a,b] | a € A,b € B})

[N, N] for either a group or Lie ring N

The Hirsch length of a group N or dim(N) of a Lie ring N
The center of a group or Lie ring N

The shifted Riemann zeta function Y x_, N*™* a,b € Z

The shifted p-local Riemann zeta function Y x_, (p™)*~"

The Smith Normal Form of a matrix M

The floor of (or greatest integer no greater than) z € Q

The integers a and b are in the same equivalence class (mod c)

The p-adic valuation of n € Z; that is, for some prime p if n = ap®,
where b is maximal, then v,(n) =0

The Euler phi function of n; that is, the number of 7 < n co-prime
to n.
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Chapter 3

Representation Growth of H Ja

3.1 Introduction

This chapter will consist of the construction of the irreducible representations and the
calculation of the representation zeta function of the Heisenberg group over the integers
of a quadratic number field, denoted H ,; for some square-free d € Z. This example
generalizes the calculation of the representation zeta function of the Heisenberg group
over the rational integers; this was calculated by Magid and Nunley [23] and later by
Hrushovski and Martin [14].

The calculation of the representation zeta function of H ,; is performed by calcu-
lating the p-local factors separately as follows: first, for a p”-dimensional irreducible
representation p of H ;5 we study the eigenspace structure of p. Secondly, we choose
a basis for this representation and construct a canonical form for the image of each
generator for every twist isoclass. Finally, we count the number of representations with
different canonical forms, thus giving us the number of twist isoclasses of dimension p¥
(we remind the reader that there are r,~ twist isoclasses) and use the r,~ as coefficients

in the zeta function.

Let d be a square-free integer and define Oy to be the ring of integers of Q(v/d).
The Heisenberg group over Og4, which we denote H, s, is the group of 3 x 3 upper

unitrianglar matrices with entries in Oy.

It is easily seen that the following six matrices generate H_
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3. REPRESENTATION GROWTH OF H Nz

110 1 D O
r=1010 Za=|1 0 1 O
0 01 0 0 1
1 00 100
y=1011 Y=10 1 D
0 01 0 0 1
1 01 1 0 D
=101 0 Z4=1 01 0
001 00 1

where D = v/d if d = 2,3 mod 4 and D = /2 if d = 1 mod 4. Note that (1, D) is a
Z-basis for O,.

A presentation for this family of groups is given by

(T, %, Y, Yar 2,24 | [2,9] = 2, [2,94) = [Ta, Y] = 24, [Ta, ya] = 2%)

if d=2,3 mod 4 and

d—1

<$7xd7y7ydazazd | [:an] =2z, [xvyd] = [ﬂfd,y] = Zd, [xdayd] =z 4 Zd)

if d =1 mod 4. We remind the reader that, by convention, commutators that do not
appear among the relations are trivial. It is easy to prove that, given a particular d,

the corresponding presentation is equivalent to the matrix presentation above.
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The main theorem of this chapter is as follows:

Theorem 3.1.1. Let H ,; be the Heisenberg group over the ring of integers of Q(\/E)
and (QD the Dedekind zeta function of a number field (). Then the representation zeta
Junction of H /5 is N
G (s) = —g@é@(s(s)n

Q(vd)

We remark that this theorem also holds for the Heisenberg group over the rational
integers; that is, if Q(v/d) is replaced by Q. See Equation 1.4.5 for this result.

3.2 The Constructive Method

In this section we introduce some general results about representations of some 7T -
groups. Lemma 3.2.2 is used in both this chapter and the following chapter to determine
the eigenspace structure of large abelian subgroups of the images of the irreducible

representations being studied.

3.2.1 Studying Eigenspaces of a Class of 7-Groups

The representation zeta function of H, ;5 will be calculated using a very constructive

approach. In general, for a T-group G, this approach has three main components:
e Study the eigenspace structure of an irreducible representation p(G).

e Using this knowledge of the eigenspace structure, show that all irreducible repre-
sentations are of some canonical form. Additionally, show that any set of linear

operators of this given form is indeed an irreducible representation of G.

e Count the number of irreducible representations constructed in the step above,

up to equivalence by twisting and isomorphism.

We call this general method the constructive method. We note that the steps above are
defined rather loosely. In future work, we plan to make the above procedure rigorous
and, hopefully, algorithmic.

We introduce an important lemma that gives us much information about the
eigenspace structure of representations of certain, nicely behaved, T-groups. Before

this lemma, we give a definition regarding eigenspaces of a set of linear operators.
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3. REPRESENTATION GROWTH OF H Nz

Definition 3.2.1. Let £ be a set of linear operators of a vector space V. If a subspace
W C V is an eigenspace of each L € L then we say that W is a mutual eigenspace of
L.

Lemma 3.2.2. For some «oj), € Z let G := (a1,...,an,b1,... by | [a;,0;] = Aij),
where Ay j = [Tp_i a2, be a T-group and let p be an irreducible p™ -dimensional
representation of G. Also, let p(a;) = x; and p(b;) = y; for alli < n and j < m. Define
X ={z,...,z.},Y ={y1...yn} and X;; := p(A;;). Then the mutual eigenspaces

of X are 1-dimensional and there are p" distinct mutual eigenspaces of X .

Proof. Let £ :=={Fy,..., E;} be the set of mutual eigenspaces of X. We will show that
if v is an eigenvector of F; then for any y € Y the vector yv is an eigenvector of £, for
some ji, jo < t. We then show that Y acts transitively on £ and that all £; € £ are of
the same dimension, in fact a p-power. Finally, we show that each E; is 1-dimensional,
and t = p".

It is clear, by definition, that z,, commutes with all y € Y. Let F € £ and let v € E.

For a given y; € Y, consider x,y;v. Since z,, is central,
LYV = A jY;V (3.2.1)

for some A, ; € C*.

For all £ < n, let \; be such that \,v = x;v. Now, as an induction, we choose
i < n and assume that, for each h > 4, y;v is an eigenvector of each zj,, with eigenvalue
Anj- Then

N1V = YiNicaV = YoV = X2y v = 21 X1y Vv = 2o Ny v (3.2.2)

for some X' € C*. Note that the third equality is by the group relations and the
final equality is by the inductive hypothesis. Thus y;v is an eigenvector of z;_; with
eigenvalue \;_;(\)~!. This induction tells us that if v is a mutual eigenvector of X
then, for all y € Y, yv is also a mutual eigenvector of X.

Let vi,ve € E. For some x; and A, Ay € C* let

T;Y;jvi = >\1ij1 and T;Yjva = /\2ij2. (323)
It is clear that vq + vo € E. Now consider
xz’yj(vl + Vz) = xiijl + Iiij2 = Alijl + )\2ij2. (324)
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Since y;(vy + v2) must be an eigenvector of x; we have that A\; = Ay and y; - £ = E;
for some E; € . Since y; is invertible it preserves dimension and dim(E},) = dim(E;,)
for j1,jo < t. Also, since y; was arbitrary and p is irreducible, span((Y’) - ) must be
the entire space CP" and thus Y must act transitively on &£. It follows, by counting,
that ¢ = p" and dim(E;) = p® for j <t and r, s such that r +s = N.

Let B = (by,...,by). For an eigenspace E € € let S = Stabg(E), and let Y, := p(95).
Let W C E be a S-stable subspace. Let H = (S,a;...,a,) and let n: H — GL,:(E)
be the restriction of p to H. Since F is a mutual eigenspace of each z; it is clear
that n(a;) = A;I for some scalars A; and thus the n-stable subspaces are the S-stable
subspaces. Consider the B-orbit of W, say O. Since p is irreducible then dim(O) = p¥
and since W is S-stable it must be that W = E. Thus E has no proper stable subspaces
and 7 is irreducible. By [21] n factors through a finite quotient up to twisting. By
assumption and Schur’s Lemma, since S is abelian, each y, € Y, must be a scalar

matrix. Thus, since 7 is irreducible, dim(E) = 1. It then follows that all mutual

eigenspaces of X are 1-dimensional and |€| = p". since (Y) acts transitively on £&. [

We now concentrate our efforts specifically on H ;. In this regard, we have the

following lemma.

Lemma 3.2.3. Let p : G — GLN(C) be an irreducible representation and let J =
{2,y,24,ya}. Then there exists a representation x : H ;; — GL1(C) such that 1 is an
eigenvalue of x ® p(j) for each j € J.

Proof. Let p : H ; — GLyx(C) be an irreducible representation and for each j € J
let \; be an eigenvalue of p(j). We can twist any irreducible representation by any
1-dimensional representation and remain in the same twist isoclass. We deduce that

we can choose a 1-dimensional representation y such that x(j) = (A\;)~". ]

We call a representation good if 1 is an eigenvalue of all of the images of the non-
central generators.

We will show that the images of the generators of any irreducible representation of
H /3, up to twisting, can be written as matrices in a certain standard form. We also
show that any set of matrices satisfying this form is, in fact, an irreducible represen-
tation of H ;. Finally, if two irreducible representations are not twist-equivalent, this
standard form will necessarily differ for each representation.

Let p be a prime, n > 1, and p : H ;; — GL,~(C) be a good irreducible represen-
tation. Let
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A= p(x) Aq = p(a)
B = p(y) By = p(ya)
A= p(z) Aa == p(za)

Our aim is to determine conditions for A and A, such that p is irreducible. Once
we establish these conditions, we choose a basis for CP" such that the images of our
generators in GL,~(C) are in a “nice” form. This basis will be chosen so that A and
Ay are diagonal matrices, B and By are block permutation matrices, and A and Ay
are scalar matrices. To avoid extra notation, for the rest of the chapter we do not

distinguish between a linear operator and its matrix with respect to some basis.

Since z and z4 are central in H s, by Schur’s lemma we must have that A and A4 are
homotheties; that is, scalar multiples of the identity matrix I. By [21, Theorem 6.6],
p, up to twisting, factors through a finite quotient of H s, say H ,(p"). Therefore,
without loss of generality, the representation p is such that the images of elements of
H ;3 under p must have finite order. Hence, for every g € H \/E(pN ) we have g% = ¢
for some minimal k. It then follows that (p(g))]C = I and the minimum polynomial of
p(g) is % — 1. Since the kth roots of unity are distinct, this polynomial factors over
the complex numbers into k& distinct linear factors. Thus A, Ay, B, and By must be
diagonalizable and have eigenvalues which are roots of unity, and A and A; must be
roots of unity. It is important to note that twisting does not affect the diagonalizability
of the images of the generators; twisting is simply multiplication by scalars. Also, since

[A, Ay] =1, A and A, are simultaneously diagonalizable.

We identify scalars with scalar matrices; in particular, for A a root of unity, we will

call the matrix A\l a root of unity as well.

Since p is irreducible the mutual eigenspaces of A, A are 1-dimensional. Also, since
there are p” mutual eigenspaces it is clear that s(A), s(Aq) < N (see Definition 2.4.2
for notation). We let r = max{s(A), s(A4)}. We can regard the mutual eigenspace of
A and A, as 2-tuples of the form (A, \y) for eigenvalues A of A and A\, of A4. We choose
a mutual eigenspace E := (A, \g).

We calculate which choices of A and Ay are permissible such that p is irreducible.
The structure of the calculation depends on the comparative depth of A and Ay;. We
break the calculation into two cases: when s(A) > s(Ay) and when s(A) < s(Ay). Let
Ageep = A in Case 1 and Ageep = Ag in Case 2. Also, let Agpanow be the other root of
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unity in each separate case. We write Aghaniow in terms of Ageep; that is,

4
Ashallow =A

deep

(3.2.5)

for some ¢. Note that p | £ in Case 2. Here, we remind the reader that by the group
relations of H ,;; we have that D = d if d = 2,3 mod 4 and D = €+% if d =1 mod 4.
By the group relations,

B (A Ad) = (MdeepAs Mjeepra) (3.2.6)
By - ()" >‘d) = (Afieep)" A(li)eep/\d)

in Case 1 and similarly
B+ (A Ad) = (AfeepAs Adeepa) (3.2.7)

Bd . ()\, )\d) - (Adeep)\a Afigsp)\d)

We twist p such that F = (1,1) and note that for any eigenspace (u, j1q) € (B, By) - E
we have that s(u), s(pq) < 7.

We continue by taking the logarithm base Ageep for all eigenvalues of A and A,. For

the rest of the calculation we consider each 2-tuple mod p". Thus

B - (log(1), log(1)) = B - (0,0) = (L,¢) (3.2.8)
By (0,0) = (¢, D)

in Case 1 and

B-(0,0) = (£,1) (3.2.9)
By - (0,0) = (1,(D)

in Case 2. Thus, the action

(B,By) - (0,0) =& :={(a+bl,al+bD) | 0<a,b<p"} (3.2.10)
in Case 1 and

(B,Bg) - (0,0) =& :={(al +b,a+blD) | 0<a,b<p"} (3.2.11)
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3. REPRESENTATION GROWTH OF H Nz

in Case 2.
There are at most p*" different 2-tuples in each case. Since we want p to be p-
dimensional irreducible it follows that r > N/2 and that there are exactly p"v different

2-tuples in each case. In this vein, we have the following lemma:

Lemma 3.2.4. In Case 1, let m be minimal such that {> = D mod p"~™. Then, for

each a; < p” there is an ay < p" such that
(a1 4+ (b+p™)l a1l + (b+ p™)D) = (az + bl azxl + bD). (3.2.12)

Additionally, each 2-tuple (a+bl,al+bD) such that 0 < a < p",0 < b < p™ is distinct.

In Case 2, let m be minimal such that 2D =1 mod p"~™. Then
(arl + (b+p™),a1 + (b+p™ WD) = (asl + b,as + b{D). (3.2.13)

Additionally, each 2-tuple (al+0b,a+blD) such that 0 < a < p",0 < b < p™ is distinct.

Thus, p s irreducible if and only if N = r + m.

Proof. We begin with Case 1. We have, by assumption, that £2 = D mod p"~™. This
implies that
p™ % = p™D mod p". (3.2.14)

Choose as such that
as —a; = p™f mod p". (3.2.15)

Then Equation 3.2.14 implies that

(ay —ay)l = p™D mod p" (3.2.16)
=(ag —a1)l = (b+p™ —b)D mod p"
=al+ (b+p™)D = ay+ bD mod p".

By Equation 3.2.15

ag—ay = (b+p™ —b) mod p" (3.2.17)
=a; + (b4 p™)l = ay + bl mod p".

To prove that each 2-tuple is distinct, suppose, for 0 < a;,as < p” and 0 < by, by < p™,
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that
(CLl + blf, a1€ + le) = (CLQ + bze, CL2€ + bgD) (3218)

Splitting entry-wise and rearranging, Equation 3.2.18 implies that

as —aj; = (by — bg)¢ mod p" (3.2.19)
(ag — ay)l = (by — by)D mod p". (3.2.20)

Combining Equations 3.2.19 and 3.2.20
(bl - b2>€2 = (bl — bQ)D mod pT. (3221)

For some maximal k < m and for some o where p { a, we have that (b — by) = apF.
Thus Equation 3.2.21 implies that

ap®l?* = ap®D mod p" (3.2.22)
=(? = D mod p" . (3.2.23)

But, since, by assumption, m is minimal such that /> = D mod p"~™ it must be that
k = m and thus b; = bs. since by, by < p™. It then follows immediately by Equation
3.2.19 that a1 = as.

The details of the calculation for Case 2 are similar. Note that in Case 2 the

equivalent of Equation 3.2.15 is choosing as such that
as —ap = p™¢D mod p". (3.2.24)

Assume p is p"-dimensional irreducible. Then, by the argument above, we have
p"t™ distinct 2-tuples. By Lemma 3.2.2 there are pV distinct 2-tuples and thus r+m =
N. Now assume 7 +m = N. Then by the argument above we have p" distinct 2-tuples

and thus, by Lemma 3.2.2, p must be p”-dimensional irreducible. O

3.3 Choosing a Basis

Let p be an irreducible representation. We write p in matrix form with a standard
basis. We show the construction for Case 1; Case 2 is similar.

We begin with the following lemma. This lemma will give us the basis structure
for A and B.
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Lemma 3.3.1. Let s(A) = r. The matrices A and B have p" eigenspaces of dimension

p™, where r +m = N. Similarly, By has, at most, p" eigenspaces of dimension at least

m

p.

Proof. Let E; be an eigenspace of A with, by twisting if necessary, eigenvalue 1. Since
[A, B] = A it is easy to show that B - Fj is also an eigenspace of A. Let J; = (B) - E}.
Thus, it is clear that |J;| > p". Also, since [A, By] = Ay and s(A4) < s(A), we have, for
K := (By) - E1 C J;. But since p is irreducible the action of (B) on the eigenspaces of
A must be transitive. Thus |J;| = p". By symmetry, if E, is, by twisting if necessary,
the eigenspace of B with eigenvalue 1, a similar argument shows that the action Jy :=
{(A) - Ey} is transitive and |.J;| = p". Noting that s(Ag) < s(A) and s(A”~P) < s(A)

the result for By is similar. O
The next corollary follows directly from the previous lemma:
Corollary 3.3.2. B = BY =1.

Let Ejr be the eigenspace of A with eigenvalue A*. Let ©,x be a basis for F,
where 0 < k£ < p" — 1. We now choose a basis ©; and construct the rest of the basis of
cr” by letting ® \v = B* - ©;. Therefore we have a basis @ = ©, U ... U O, 1 for
CP" with respect to which A and A, are diagonal. Since p is good, 1 is an eigenvalue
of A and A,. Note, twisting p if necessary, that (1,1) is a mutual eigenspace of A and

Ay and thus we can choose our basis such that (A4);1 = 1.

In Case 1
L
A— Adym | : (3.3.1)
AP
Opm P
g | | (3.3.2)
Ly Opm

where I,» and O,m are, respectively, the identity and null matrices of size p™. By
Corollary 3.3.2 we have that B?" = I and thus P = [,m.
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Since [B, By] = I, [A, By] = Ay, and Ay = A?, a simple computation shows that the
matrix By is

Opm R

B, = | (3.3.3)

R Oprn

for some matrix block R, and the R in the first column is in the ¢th row. We determine
R later.

Finally, Ay is the matrix

J
AT
Ay = (3.3.4)
AP =DE g
for some block J. by the relation [A4, B] = Ay.
Using the relation [A4, B4 = AP a straightforward computation shows that

[J,R] = A”~P_So by Lemma 3.2.2, if F is the eigenspace of J with eigenvalue 1, then
RF-E = AM®-D)E for any k. But R*- E = E only when p™ | k, since ¢2 = D mod p"~™
exactly. Since J and R are of p"-dimensional, J has p™ eigenspaces, each of dimension
1, and R acts transitively, that is as a p™-cycle, on these eigenspaces. By this result
and the fact that Bsr = I by Lemma 3.3.2 we could have chosen ®; at the beginning

of the subsection such that

AZQfD
J = (3.3.5)

A -D(2-D)
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and

1 0

(3.3.6)

Thus, we have determined the matrices of the images of the generators of p under a

canonical basis.

In Case 2

By =

Ag =

and

42
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AP

p'—1
A

A(Pr—l)lDJ
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B— (3.3.10)

R 0

where the block R in the first column is in the /th row,

Alszl
J = (3.3.11)

AGT-DED-D

and

R= | . (3.3.12)

Now we check that all matrices of this form give us an irreducible representation
of H ;. This is clear; take matrices {A, B, Ag, By, A, Aq} of the forms above. Then
an easy calculation shows that the associated relations for H ,; hold. Since z, zq are
commutators, they remain fixed under twisting. Since the matrices A, B, Ay, and By
are determined by A and Ay, two such ordered sets of matrices define twist-equivalent

representations if and only if they coincide.
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3.4 Counting Twist Isoclasses

For ease of discussion we introduce some notation. We call
(> = D mod p""™, (% # D mod p" ™t (3.4.1)
the Case 1 Conditions and
’D =1mod p"™™, >D # 1 mod p" ™+t pll (3.4.2)
the Case 2 Conditions. Note that the last condition of the Case 2 Conditions is because
s(A) < s(Ag).

The Case 2 Conditions imply that [ is invertible mod p. However, since p|¢ in Case
2, there are only solutions to the Case 2 Conditions when r = m. Also note that, since
our roots of unity are elements of SZ])V the second condition of the Case 1 and Case 2

conditions does not apply when r = N.

The previous section allows us to calculate each C}}\Tf »
d7

the Case 1 and Case 2 Conditions for each N > 1. To count the number of solutions

(s) by counting solutions to

we use Hensel’s Lemma to lift solutions of the Conditions mod p if p is not ramified;
if p is ramified, the computation is nevertheless straightforward. We demonstrate the
computations and then summarize the results in a table. We note three things: there
are always (1 — p~1)p" choices for A under Case 1 and A4 under Case 2, under Case 2

it is easy to see there are (1 — p~1)pN—!

solutions when » = m and 0 otherwise, and
by Lemma 2.3.1 there is only 1 irreducible twist-isoclass when N = 0. The following

cases assume N # 0.

Assume p is inert. In this case there are no solutions to the Case 1 or Case 2
Conditions unless r = m. Given A there are p% choices for A; under Case 1. Therefore,

with Case 2 contributing (1 — pil)p%(p%_l) terms in the even case,

(1 —P_l)p%p% + (1 - p‘l)p%(p%’l) for even N (3.4.3)
roN = 4.
g 0 for odd N

and
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Gilapl(s) = D™ (344)
N=0

=14+ Z (1 _p—l)pN + (1 _p—l)pN—l

N=2, N is even

=14+ Y (1=p )" >

1 — p—2s

1— p2725 :

Assume p splits. There are two solutions to the equation /2 = D mod p and Hensel’s
Lemma allows us to “lift” these solutions to solutions in Z/p"~™Z, thus giving us the
2 unique solutions to /2 = D mod p"~™. When r = N, there are two solutions to the
first condition of the Case 1 Conditions and therefore 2(1 —p~1)p™¥ choices for the pair
A and Ay under the Case 1 Conditions. If, for fixed » and m, r > m and m > 0 then
there are two solutions in Z/p"~™Z to the first condition of the Case 1 Conditions and
therefore 2p™ solutions for 0 < [ < p” — 1. Of these solutions, all but 2p™~! satisfy the
second condition of the Case 1 Conditions. Therefore, given A, there are 2(1 —p~!)p™
choices for A4 and, in total, 2(1 — p~1)?p" choices for the pair A and A4 in Case 1. If
r=m= % then there are p™ solutions to the first condition of the Case 1 Conditions,
of which all but 2p™~! satisfy the second condition of the Case 1 Conditions. Therefore
there are (1 — 2p~1)(1 — p~!)p" choices for the pair A and Ay in Case 1. Summing
all cases together, and noting that the Case 2 contribution is 0 in the odd case and

(1 —p~Hp"N~1in the even case, we have

+ 121 — p~H2pN if NV is odd
+(1 =2 H(1 —p HpVN + (1 —p HpN L if N is even.

Strikingly, in both cases this simplifies to
oy = (L+p™) + (1 =p )N)(1 —p~)p"
and therefore

45
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G op(s) = Y rpp ™ (3.4.6)
N=0

=1+ M+ A+ (1= p TN

K
:1+§:(
(-

p
p )@ )N+ (1= p NN
pl S

N=1
p?) (I—p )%~
1 _ pl—s (1 _ p1—8)2

(1=
- 1_p1—s '

Assume p is ramified. This is the case if d = 0 mod p for any d or if p = 2 and

1—
1 —
2

=1+

d = 2,3 mod 4. Then there are solutions to the Case 1 and Case 2 Conditions when
r—m =0 or r—m = 1. We break this computation into sections depending on d and
.

If d =2,3mod 4, p# 2, and d = 0 mod p then 0 is the solution to [> = d mod p.
However, since d is squarefree, d = kp mod p? for some invertible k € Z/p*Z. Therefore

[2 = d has no solutions mod p?.

If d = 2,3 mod 4 and p = 2 then [? = d has a solution mod 2. However, since d is

a quadratic non-residue mod 4, it has no solutions mod 4.

If d =1 mod 4 and d = 0 mod p then [ —[+ % = 0 has the unique double solution
| =27 mod p. And d = kp mod p? for some invertible k € Z/p?Z, since d is squarefree.
Then the above equation can be rearranged to the form (21 — 1)? = kp mod p?, which

clearly has no solutions.

Thus, if  — m = 0, then there are p™ solutions to the first condition of the Case 1
Conditions and all but p™~! of these satisfy the second. Therefore, given A there are
(1 —p~1)p™ choices for Ag and (1 —p~1)(1 — p~1)p" choices for the pair A and Ay in
Case 1 and, as usual, (1—p~1)p"¥ =1 choices in Case 2. If r—m = 1, a similar calculation

to the ones above yield that there are (1 — p~1)p" choices in Case 1. Therefore

TpN = (1 _p_l)pN

and a routine calculation gives
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1—p—°
1 _pl—s'

Z\T/E,p(s) -
For easy reference, we now tabulate the preceding results in Table 3.1:

Table 3.1 p-local Representation Zeta Functions of H v

prime behaviour rpn; N >0 CZ;E,IJ(S)
inert (1+p Hp(pY) for even N; 0 for odd N 11_%212;5
splits SM)N(L—p) +1+p7") (11_‘157_‘1)2
ramified o(p™) 11:51:

It is easy to see that ay =1 for every prime p. By Proposition 2.2.6 we can say
that

irr CQ]?[\/&](S B 1)
Ci(s) = W-

3.5 Results of Stasinski and Voll

Groups of the following type are an important class of examples: let S be a group
scheme defined over a ring of integers O of a number field K, let O be a finite extension
of O, and let S(O’) be the group of O'-points of S. Suppose the group scheme S is
unipotent. Stasinski and Voll, in [28, Theorem A] and [28, Remark 2.3], show that for

non-zero prime ideals P <1 O’ the following Euler factorization holds:
Cson(s) = HCS(O/),P(S) (3.5.1)
P

where (s(0),p(s) counts continuous representations of S(O%) and where O is the
completion of O’ at P. For group schemes associated to a nilpotent Lie lattice the
authors also show that, for almost all prime ideals, the local representation zeta

functions behave uniformly under extension of scalars; that is, if O; and O, are finite
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extensions of O then the local representation zeta functions of S(O;) and S(O2) can
be viewed as coming from a rational function whose form does not depend on the
choice of extension (see [28, Theorem A] for details). Theorem A also tells us that
almost all P-local representation zeta functions satisfy a functional equation which is
a refinement of [29, Theorem D] (see our Theorem 3.5.1 below) and, additionally, that
these local zeta functions are rational functions in ¢=/*, where ¢ is the cardinality of the
associated residue field and f is the relative degree of inertia. Moreover, [28, Theorem
B] calculates P-local representation zeta functions of three families of groups arising
from unipotent group schemes.

As a special case of [28, Theorem B], Stasinski and Voll prove the following result

which generalizes Theorem 1.4.6.

Theorem 3.5.1. Let K be an arbitrary algebraic number field and O its ring of
integers. Then
_GR(s—1)

CH(O)(S) = W.

We remark that Theorem 3.5.1 was stated as a conjecture in an earlier version of
[10], before the appearance of [28].

We note that CZCW(S) does indeed satisfy the functional equation of Theorem 1.4.3
if p is not ramified. Also, these p-local zeta functions satisfy the more general functional
equation, for all primes p, of Theorem 1.4.4. If the rational prime p = ngl P;, where
P; is a prime ideal of O, and j € {1,2}, is unramified, then it is easy to see that the
Euler product of the p-local representation zeta functions of H ,; can be refined to an

Euler product of P;-local Dedekind zeta functions by factorization.
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Chapter 4

Representation Growth of M,

4.1 Introduction

This chapter will feature the construction of the irreducible representations of a family
of maximal class groups of nilpotency class n, denoted M,. This is achieved by
calculating the irreducible representations of p-power dimension. Due to the large
abelian subgroup inside M,,, we can apply Lemma 3.2.2 and thus representation theory
of M, is a good candidate for calculation by the constructive method. The large abelian
subgroup allows us to simultaneously diagonalize all but one element of the images of
the generators and reflected by this fact is the relatively simple eigenspace structure of
the irreducible representations. We note that the calculation is uniform for most primes,
in fact primes p not less than the nilpotency class n; denominators that appear in the
matrices of the representation are smaller than the prime considered and therefore
behave as units mod p. When the prime considered is smaller than n, the calculation
loses its uniformity and the structure of the matrices of the representation differs from
the non-exceptional cases. We will calculate the p-power irreducible representations
for certain well-behaved exceptional primes. Once we have calculated the representa-
tion theory of M, for almost all primes, we calculate the p-local representation zeta
function. We show that for non-exceptional primes, and some exceptional ones, that
the p-local zeta function does indeed satisfy the functional equation established by Voll
(Theorem 1.4.3).
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4. REPRESENTATION GROWTH OF M,

4.2 Basic Results

Let M, = (a1,...,an,b | [a;,b] = a;41). We remind the reader that all commutators
that do not appear in the relations are trivial. We calculate the p-local representation
zeta function of each group in this family, denoted C}'\le(s), by explicitly constructing
representatives of each twist isoclass. Let p be a p"-dimensional irreducible represen-

tation of M, and let z; = p(a;) and y = p(b).

We refer often to certain subgroups of M,,. It is clear that for 2 < k < n the group
Mj, is isomorphic to a subgroup of M,. With a slight abuse of notation we let the

subgroup My = (@p—gt1, Gpn_kt2; - - -, 0n, b).

4.2.1 Determining a Basis and Standard Form for the Images

of the Generators of p

In this section we will choose a basis for the image of p such that y is in the form of a
pV-cycle permutation matrix and such that each x; is diagonal with each diagonal entry
in a certain form, discussed later in the section. As in Chapter 3 it is not necessary
to state a basis to understand the eigenspace structure of p. However, as a canonical
basis is easy to determine in this case, we appeal to a basis as an indexing device on
the set of mutual eigenspaces of {z1,...,x,}. We begin by considering twisting. Since
Zo,...,T, are commutators they are invariant under twisting. We can twist y and z;
by any complex number. We remind the reader that we can obtain every p~-power

irreducible representation of M,, by twisting a representative p from each twist isoclass.

Since all z; commute they are all simultaneously diagonalizable. By [21, Theo-
rem 6.6] all irreducible representations factor through a finite quotient (up to twist

equivalence) and thus by Schur’s lemma the central element z,, is a scalar matrix.

By the group presentation of M, it is clear we can apply Lemma 3.2.2. Let X =
{z1,...,2,}. Then we know the mutual eigenspaces of X are 1-dimensional and that
there are p" distinct mutual eigenspaces. Also, we have that (y) must permute the
eigenspaces of X transitively. Thus, y must act as a p"-cycle on the mutual eigenspaces
of X. We choose our basis, with basis vectors {ey, ..., e,~} such that the x; are diagonal

and
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y = :" | (4.2.1)

1 0

for some k € C*. By cofactor expansion of y—AI, the characteristic equation is =k,
and thus the eigenvalues of y are all of the pth roots of k. However, we have the
freedom to twist y by kp% and therefore we can ensure the eigenvalues of y are all of
the p™Vth roots of unity. We can choose a representative of our twist isoclass such that
y is a pY-cycle permutation matrix under some choice of basis, or equivalently, we can
ensure that £ = 1.

We set up some notation. Let );; be the jth entry on the diagonal of z;. We let
xn, = A\ and \; = A, ;. Note that A\, ; = A, for all j. By twisting we can ensure that
A1 = 1. It will be shown that the ); ;, and thus p, are determined by the A, for all ¢
such that 1 < ¢ < n.

We now determine the structure of the matrices x; and the allowable values for the
Ai. The next lemma is the base case for the inductive lemma following it. Although
we could start the induction with x,,, this case is trivial. For purposes of elucidation,
we start this induction with x,,_;. Note that the following two lemmas are true for all

primes.

Lemma 4.2.1. The matrix x,_1 has the form

Ty = . (4.2.2)

AN
Moreover, \, is a pNth root of unity for any prime p; that is s(\,) < N.

Proof. Since by our group relations [z,_1,y] = z, = A, we have that \,_1 ;1 =
MAno1y for j =1,...,pY — 1 and A\,_11 = AyA,_1,~v. Combining these equations,
An_1 = A2" \,_1 and therefore \, € SN O

We remind readers of Lemma 2.4.3 for properties of numbers 7T} (7). We define these
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4. REPRESENTATION GROWTH OF M,

numbers in the paragraph directly before Lemma 2.4.3.

Lemma 4.2.2. For 1 < i < n —1 we have that \;; = [[;_, )\;‘:’“’i(jfl) and thus the

matriz x; has the structure

Ai
n Akai(]-)
v = Hiei . (4.2.3)
n Tfi N*l
Hk:i )\kk (p )
Moreover .
AT Y =1 (4.2.4)
k=i+1
Proof. Assume
Ai
n (1)
[T M
;= h (4.2.5)

HZ:i )\fk—i(pN_l)

for some 7. By the group relation [z;_1,y] = z; we have, for some j < p™-1, that

>\i—1,j+1 - )\i,j—i-l)\i—l,j - (H /\Zk_l(j)> )\i—l,j (426)
k=i
and
)\7;_171 == )\i)\i—l,pN' (427)

Combining the above equations for each j,

)‘i717j+1 = Ay H)\kZLl Te—i() _ At H )\gkﬂ'ﬂ(j) (4.2.8)
k=i k=1
and .
Acra = Ao T A0, (4.2.9)
k=i+1
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4.2 Basic Results

O

We have shown that, up to twisting and isomorphism, that any irreducible repre-

sentation must be of the form given above. We give this a name.

Definition 4.2.3. The matrices zy,...,x,,y are in standard form if the x; are in the
form of Lemma 4.2.2 and y is in the form of Equation 4.2.1. We say p is in standard

form if, under a chosen basis, the matrices z1,...,x,,y are in standard form.

4.2.2 Determining Possible Stable Subspaces

In this section we determine possible stable subspaces of a representation p in standard
form. We show that if p is not irreducible then it must have a certain proper stable
subspace; we name this V,v-1. Thus, to determine if p is irreducible, we only need to
check if V,v-1 is a stable subspace of p. In this vein, let 0 < & < N and let Vi be
the subspace spanned by (y) - (e1 4 epry1 + ...+ eEn-r_1)pr41). Note two things: first,
V,+ has dimension p* as (y) - (€1 + €peq + ... + €pun-r_q)p41) consists of p* linearly
independent vectors; second, if V,» is a stable subspace of p then so is V},; for j > k.
We define the n-tuple A(k) := (A1, ..., \x) where k is considered mod p".

Lemma 4.2.4. For any ky, ko if A(k1) = A(ko) then A(ky +1) = A(ky + 1).

Proof. By Lemma 4.2.2, \; € S;O for all ¢ and that A, ;11 = Aiy1 415 for all j.
Consider A(ky +1). It is clear to see that A, k41 = Ang,+1 since A, is central. Now, as
our inductive step, choose h such that h <n — 1 and assume that \; s, 11 = \i 41 for
all > h Consider A, j,+1. Then

>\h,k1+1 - )\h+17k1+1)\h’k1. (4210)

Our inductive hypothesis holds for the first factor of the right hand side of Equation
4.2.10 and the initial assumption holds for the second factor. Thus

Ahkit1 = ALk -1 Ry = ALk 41 0k = bk t1- (4.2.11)

]

Since p is of dimension p”, Lemma 4.2.4 and elementary counting tells us that if,
for some 3., j, and k, A(k) = A(B.p’ + k) where p 1 S, then A(k) = A(Bp’ + k) for all 8
such that 0 < 8 < pV=J — 1. This can be seen since 3, is a unit in the additive group
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4. REPRESENTATION GROWTH OF M,

Z/pN=I7 and thus B, generates all of Z/p"~77Z. This argument gives us the following

corollary of Lemma 4.2.4.

Corollary 4.2.5. Let j be the smallest non-negative integer such that A(k) = A(Bp’+k)
for all 8 such that 0 < 8 < pN~7 —1 and for any k. Then V,,; is a stable subspace of p

and V-1 is not stable.

We define notation to this effect. Let H < M,, and let V(p|x) be the minimal stable
subspace Vi, as in Corollary 4.2.5, of p|. We say that V(p) = V(p(M,)).

We can, in fact, say more about this minimal subspace:

Corollary 4.2.6. If j is minimal such that A(1) = A(p? + 1) then V(p) = V.

pJ

We attempt to use Corollary 4.2.6 as little as possible; calculations without the
power of this lemma are, in most cases, not much more effort and serve to remind the

reader of, and elucidate the reader to, the structure of the V.

Corollary 4.2.7. Let p : M, — GL,~(C) be a representation. Then, for k < n if
V(plm,) = Vi then V(p) = Ve for some € such that € > k.

We know that if Vx is p-stable then so is Vj; for j > k. Thus, we obtain the

following corollary:

Corollary 4.2.8. Let p be a representation of M,,. The representation p s irreducible
if and only if V,v-1 is not p-stable.

Throughout this chapter we use Corollary 4.2.8 to check if a representation p is irre-
ducible. We use Corollary 4.2.5 to determine the number of isomorphic representations

in standard form in one twist isoclass.

4.2.3 Determining Isomorphic Representations

Since representations in the same twist isoclass are equivalent under both twisting and
isomorphism, we determine when two representations in standard form are isomorphic.
We note that the results in this section are independent of the prime p. In this vein,

we have the following proposition.

Proposition 4.2.9. Let p1, py be pY -dimensional irreducible representations of M, in
standard form. Then py and ps are in the same twist isoclass if and only if there is
a I1-dimensional representation x and a permutation matrizv P € GL,~(C) such that

p1 = Pxpa P71
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4.2 Basic Results

Since one direction is immediate, we prove the other direction with the following

lemma.

Lemma 4.2.10. For any prime p let p : M,, = GL,~(C) be irreducible and let P be a
matriz such that Px; P~' is diagonal for 1 <1i < n and, up to twisting, PyP~' = Ty
for some scalar Ty. Then P = Toy™ for some 0 < m < p" — 1 and scalar Ts.

Furthermore, up to twisting, Px; P~ and PyP~"' are in standard form.

Proof. Let X = {x1,...,x,}. We will show that since all elements of X are diagonal
with 1-dimensional mutual eigenspaces, P must be a generalized permutation matrix.
Then we show that since, up to scalars, P commutes with y that P must be a power
of y up to scalars. We then show that it follows that, up to twisting, PpP~! is in
standard form.

Since all elements of X are diagonal and its mutual eigenspaces are 1-dimensional,
C’GLPN(C)((X» = D, where, for a group G, Cg(H) is the centralizer of H C G and
D < GL,~(C) are the diagonal matrices. Since D is the centralizer of X and since X
has 1-dimensional mutual eigenspaces D is also the centralizer of PX P~!. Let Ng(H)
be the normalizer of H in G. It is well known that NGLPN((C)(D) = P where P are the
generalized permutation matrices; that is, matrices with precisely one non-zero entry
in each row and column. And, since the mutual eigenspaces of X are all 1-dimensional,
PeP.

If PyP~! = Tyy we twist p such that 7} = 1. We know that P must be in the
centralizer of y. Since y is a pV-cycle and only powers of p"-cycles commute with p?-
cycles in the symmetric group of p’v elements we have that P = Ty™ for some diagonal
matrix 7" and m € Z. But since P commutes with y and, of course, y™ commutes with
y, T must as well. It follows that T" must be a scalar matrix.

Conjugation of each x; by P, which is the same as conjugating by 3™, for each 1,
maps A; to Ajpmt1. We can twist by some 1-dimensional representation x such that
Am+1 = 1 and thus by, Proposition 4.2.15 (or directly by Lemma 2.4.3(v)), xPpP !
is in standard form.

]

The lemma above calculates all representations in standard form which are in the

same twist isoclass as p. Thus, we can deduce the “only if” direction of the proposition.

Remembering that representations in a twist isoclass are equivalent up to both

twisting and isomorphism, we make the following definition.
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4. REPRESENTATION GROWTH OF M,

Definition 4.2.11. Let p be irreducible and let x;,y, for ¢ such that 1 <¢ < n, be in
standard form as defined earlier in the section. A shout is a matrix P such that, up to
twisting, PyP~! and Pz; P! for i = 1...n are in standard form. The representations
p and PpP~! (note that PxyP~! may not be in standard form) are said to be equivalent

under shouting.

We now need to count how many representations in standard form are in the same
twist isoclass as p; that is, how many representations in standard form are twist-
equivalent to p. We say that two representations that satisfy these conditions are
equivalent under twisting and shouting [25]. If there are d twist-and-shout equivalent
representations, and if we are just counting representations in standard form then we
have overcounted by a factor of d. Thus, we must take this into account when counting

twist isoclasses. In this vein, we now have the following lemma.

Lemma 4.2.12. Let S, be the twist isoclass represented by p and let V(p|ar,, ) = Vipm.
Then there are p™ representations in standard form in S, that are twist-and-shout

equivalent to p.

Proof. By Lemma 4.2.2 the entries of the z; are determined by the \;. So to determine
how many representations are twist-and-shout equivalent to p we must count the
number of choices of )\; such that p, = yPpP~! such that p, is in standard form
for some 1-dimensional representation Y.

For a shout P, let o, = xPx;P~! for all i < N and let \; be the first diagonal entry
of /. By Lemma 4.2.10, for some ¢ < pV, y = p’ and thus X, = ), , for each i. Since p,
is in standard form it must be that we chose y such that A\ = 1.

By the argument above, our choice of ¢ gives us, up to our choice of twist y a
representation that is twist-and-shout equivalent to p. It follows that the number
of representations twist-and-shout equivalent to p is the size of the set {A/(¢) :=
Aoty -5 Ane) | € < PV} By Corollary 4.2.5, the size of this set is p™. O

Note two things: first, that when we reference this lemma, we say we take shouting
into account; and second, since all entries of any z; differ by products of A; such
that j > ¢, this lemma implies that the depth of Ay has no effect on the number of
twist-and-shout equivalent representations.

During the calculation of the p-local zeta functions that appear in this section, we
break computation into various cases that depend on the depths of the \; that we

choose. We note, without additional special mention except in one subcase, that each
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case is closed under shouting. For completeness, however, we have the following lemma

which can be applied to the various cases to show that they are closed.

Lemma 4.2.13. For some i and M let s(\;) = M, s(Xit1),-..,5(A\n) < M. Then, for
all j, 8()\1"]') < S()\l)

Proof. Each \;;, = MA where A is some product of the roots of unity Aiiq,...,A,.
Also, 5(AgAp) < max{s(A,),s(Ap)} for Ag, Ay € S5°. The result follows immediately

from these two facts. O

4.2.4 Determining When p is Irreducible for Non-Exceptional

Primes

We note that the expressions T} (i) contain a denominator of k. We note that, for
representations of M,,, in standard form, it is always the case that k < n — 1. For
primes p > n, called the non-exceptional primes, the p-local zeta function will behave
uniformly. In the case where p < n the behaviour will be different. We call these p the
exceptional primes. We will show some examples of this exceptional behaviour later in
the chapter.

In this section we study the conditions for irreducibility of a p”-dimensional rep-
resentation p such that p > n. If this is the case, then the T (i) terms that appear in
the calculation of the standard forms have denominators that are all units mod p. We
show that such a representation p is irreducible precisely when at least one of the J; is
a primitive pVth root of unity.

We must determine the possible values for the \;. In that vein, we have the following

lemma.
Lemma 4.2.14. For non-exceptional primes p > n we have, for alli < n, that \; € SI])V.

Proof. Equation 4.2.4 in Lemma 4.2.2 tells us that )\fN | )\g"'*i(pN_l) = 1 for each
i. By Lemma 2.4.3(vi), )\?’“(pN_l) = 1for all 5 < p. The result then follows immediately.
O

Let zq,...,2,,y be matrices in standard form and let p be the corresponding
representation. We will show that, for non-exceptional primes, p is irreducible precisely
when one of the x; has all pth roots of unity on its diagonal. This implies that, at least
one of the )\;, where i # 1, is in fact a primitive p™th root of unity. This will be shown

in two stages. First, if ); is the “first-from-the-bottom” primitive p¥th root of unity
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4. REPRESENTATION GROWTH OF M,

then z;_; has every p™th root of unity on its diagonal. More formally, if s()\;) = N for
some i # 1 and s(\z) < N — 1 for all k such that i +1 < k < n then x;_; has all pVth
roots of unity on its diagonal. Secondly, we show a stronger result that implies that if
none of the )\; are primitive p’th roots of unity, that is s()\;) < N — 1 for all i, then
there is a proper stable subspace. We use the full strength of the second lemma later

in the chapter.

We state the above as a proposition. The proof is a consequence of the two lemmas

following it.

Proposition 4.2.15. Let p > n and p be a p~ -dimensional representation of M, in
standard form. Then p is irreducible if and only if there exists i with 2 < i < n such
that s(\;) = N.

Lemma 4.2.16. If s(\;) = N and s(\y) < N —1 for all k such thati+1 <k <mn
then all N\;i_y1;, where 1< j < p", are distinct p"Nth roots of unity.

Proof. Assume that s()\;) = N and s(\;) < N—1fori+1 < k < n. We can write these
non-primitive Ay, for each k, as powers of ;. Let Ay = A™"* such that p { aj, and
my, > 1. For ease of display let o; = 1 and m; = 0. Let A; =3, app™ Tj_is1(j — 1).
Then, by Lemma 4.2.2 we can say

Mg = [T AU = A (4.2.12)
k=i—1

We show that, for fixed 4, the diagonal entries )\; ; are pairwise distinct by dividing two
of them, say ;1 511 and A\;_1 441 with s > ¢, and showing that if A\, 41/ Ai—1041 =1
then s =t.

Consider the equation

Aic1,541 Agp1—A
TS Z\OsHiT AL 4.2.13
Nic14+1 ’ ( )
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Taking the logarithm base \; and working mod p':
0=As11 — A (4.2.14)
Z agp"™ T (s Z agp"* Tho—i1 (1)
= [ozz-p (Th(s) — (t)) +...

+ anpmn( n—it1(8) = T z+1(t))]
=(s—t)+ [azﬂpm’“ (Tg( ) — Tg(t)) + ...
+ anpmn( n— z+1 — T H—l( ))] mod pN~

By Lemma 2.4.3(ii), (s — t) is indeed a factor of each numerator of the right hand
side of Equation 4.2.14. Therefore, remembering that p > n and noting that all

denominators are units mod p,

0 mod p"¥ = A, — A (4.2.15)
mip1 Jitl m Tn
= (s —)[1+ appp™ S gt —
(s = O ™ g ™ )
for some 7. Since all my > 1 this implies that
miyq Jitl M Tn
1+ a;1p +1—2! + ..t aup —( Y # 0 mod p (4.2.16)

and thus s —t = 0 mod p" and we conclude that s = t. We can now say that the

diagonal entries of z;_; are pairwise distinct. O

We prove the necessity of having at least one \; a primitive p’¥ root of unity in the
following lemma. The idea is to show that if no ); is a primitive p’Vth roots of unity
then for 1 < 8 < p"—1land 1 < j < p"~F, for some k, we have that \;; = \; g,n—r; for
any . Therefore Vx is in fact a proper p-stable subspace of Cr". For p to be irreducible

this cannot be the case.

Lemma 4.2.17. Let A\, € SY\SY~'. For each i > 2 let \; = X" where p t o
and m; > 1. Also, let m, = min{m;}. Then, for any i, Nij = N gpn-m.y; for all
1<p<p™—landl<j<pN—m.

Proof. Consider the expression A := log, (\; gpn-m«4j+1) for some 0 < j < p"™ —1
where 1 < g < p™*. Then
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A mod pV = a;p™ + i p™H T(BpY T )+ (4.2.17)
+ o p" i (BN ™ + 4)
= a;p™ + azp™ (BN T+ )+

m (BN 4 G) (BN T+ (k-0 — 1)) N
(k —1)!
BN ) (BN 4+ (J+n—i— 1))
(n —1)!

+ aip

+ ap™

where the term involving k is a typical term. By Corollary 2.4.4, since m, < m; for
all m; it follows that, if each numerator was expanded, all terms are 0 mod p™¥ but the

terms that have no factor of p¥ =™ in the expansion of each numerator; that is

arp™ (Bp" T ) (BN T k= 1) = ap™(j) . (j+k—1) mod p (4.2.18)

for 1 < k < n. Therefore

A = ap™ + i p™ P T(G) 4 . A ap™ T—i(j) mod p (4.2.19)
= logy_(Aijt1)-

This completes the proof of the proposition.

4.2.5 Counting Twist-Isoclasses of Non-Exceptional p

Now that we have determined all irreducible representations up to twisting and iso-
morphism for the non-exceptional case, we count the number of twist isoclasses. We
do this by counting the number of p that have a basis such that they are in standard
form, and taking into account representations that are isomorphic under twisting and
shouting so we do not overcount. We remind the reader that one of the \;, for i > 2,
must be a primitive p’th root of unity.

Regarding twist-and-shout equivalent representations, we have the following lemma
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that follows directly from Lemmas 4.2.12 and 4.2.17; notice the choices of p that are

valid for this lemma.

Lemma 4.2.18. Forp > n — 1 let p be an irreducible p~ -dimensional representation
of M, and let V(p|m, ) = Vyr. Then there are p* representations in standard form

equivalent to p under twisting and shouting.

We break the computation into two cases. First, assume s(\;) = N for some k
such that 3 < k < n. In this case there are altogether (1 — p~ (=2 p(r=2N choices for
A3, ..., An. We can choose any p™th root of unity for Ay and therefore there are p

choices for this. By Lemma 4.2.18 we must divide by p¥ to take shouting into account.

Now assume s(A2) = N and s(\;) < N —1 for 3 < i < n. There are (1 —
p~1)p" choices for \y. If max{s(\y)} = ¢ # 0 for 3 < k < n then we have (1 —
p~ (=2 p(r=2DIN=0 choices for these. By Lemma 4.2.18 we must divide by pV=¢. If
max{s(A\;)} = 0 for 3 < k < n then all of the A3,...,\, are the p’th root of unity,

namely 1. Since we have no freedom to shout in this case, we are not overcounting.

Summing these two cases together we have, for N > 1,
v = (1 —p~ (7 D)pln 2NN =N (4.2.20)

N
+ Z(l - p—l)pN<1 . p—(n—2))p(n—2)(N—l)p—(N—l)
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and
Gl p(s) = rpnp N =14 (1= p R )p AN N N
N=0 N=1
oo N-—1
+ Z (1 - pfl)pN(l - pf(n72)>p(n72)(N7€)p7(N7€)prs
N=1 (=1
+ Y (1=p ) p
N=1
=14 (1= D) (D)
N=1
00 N—-1
+ (1 . p—l)(l p—(n—Z)) Zp(n—2)N —Ns Z<p3—n)€
N=1 =1
+(1=p ) )Y
N=1
Summing some geometric series we have
(n—2)—s
wr _ . —(n-2) p
() = 1 (L) e
e 3—n 3—n\N
F A1) 3 eV = )
— 1 — p3—n
) pl—s
1—pH 2
(n—2)—s
— 2y P T
I+(1—p )1 R
©  3-n(,(n—2)—s\N __ (1-s\N
L —(n=2) P "(p ) =)
+(1—p HA=—p > =
N=1 p
1—s
_ p
1—p H——.
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Thus
i (n-2) p(n72)75
GO p(s)=1+1-p )m (4.2.23)
L A=) —pT™) A
1 — p3—n 1— p(n—2)—s 1— pl—s
1-s
- p
+(1=p )
1— pl—s
and a routine calculation of Equation 4.2.23 yields that
T 1- p—s 2
Gt p(8) = ( ) (4.2.24)

(L= p=2=s)(1 — pi=s)’

Note in particular that {y" (s) [,mp-—1= p" '3/ ,(s) and thus this zeta function does

indeed satisfy the correct functional equation as in Theorem 1.4.3. By Equation 4.2.24

we can also say that the p-local abscissa of convergence is
Ay, p="n—2 (4.2.25)

for n > 3. If n = 2, that is for the Heisenberg group H = My, then a factor of (1 —p~*)
in the numerator cancels with the factor (1 — p®=2#) in the denominator. It follows
that, for all primes p,

anyp = 1. (4.2.26)

4.3 Some Exceptional Prime Calculations

In the section above we dealt with the case when p > n. We remind readers that the
fact that these primes did not divide the denominators of the 7} (i) terms made the
computation uniform across all of these primes. In this section we study some cases

when p < n.

4.3.1 The p-local Representation Zeta Function of M,

For a prime p, we study the p-local representations of M,, when n = p+1. We calculate
the exceptional prime representation growth zeta function C]"\Z“p(s).
Note that, unlike the non-exceptional calculation, p is fixed by our choice of

group for this calculation.
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4. REPRESENTATION GROWTH OF M,

Let p be a p"-dimensional representation. We will determine the choices of \; for

which p is irreducible. By Lemma 4.2.2 we can choose a basis such that, for each z;,

Ai

er% )\Tk—i(l)
v = R . (4.3.1)

Pl

We divide this calculation into two cases: when s(\,41) = N and when s(\,+1) <
N — 1. Furthermore, we break the second case into two sub-cases: when there is a \;
with 3 < i < p such that s()\;) = N and when there is no such \;. Call these cases
Case 1, and Case 2, respectively. We call Case 2’s respective subcases Case 2.1 and
Case 2.2. Note that, since p is not exceptional when considering p[y;, (and we remind
the reader that M, = (y, 2, ...,%p+1)), we can apply Lemma 4.2.18 when determining

the number of representations twist-and-shout equivalent to some irreducible p.

Case 1 Assume that s(\,11) = N.
By [14, Theorem 8.4], p|ys, is an irreducible representation. It is clear, since T;(p™¥ —1) =
0 mod p" for i < p by Lemma 2.4.3(vi), that we can use Equation 4.2.4 in Lemma 4.2.2
to show that s()\;) < N for ¢ # 2 and

Np—i_1 N
T Y =1 (4.3.2)
k=3

Since s(\;) < N for 3 <i < p by Lemma 2.4.3(vi) the preceding equation simplifies
to
AP AR (4.3.3)

p+1

The p-simplex number

TN - 1) = o (4.3.4)
V=DV +p—2)
B (p—1)
_ Cl/pN_l

1

for some « such that p{a. So s(/\;“ﬁ]lv_l) =1 and /\IQ’N = (/\gflv_ )71 Sos(Ag) =N +1
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and there are pV choices for )y to make Equation 4.3.3 hold. So there are (1 —p~1)p¥

choices for A\,;; and p¥ choices for each \; where 2 < i < p. By Lemma 4.2.18 we must

divide by p" to take shouting into account. Therefore in this case there are

(1—p HpNp INp N (4.3.5)
= (1—p p® N

twist isoclasses. Note that the right hand side of Equation 4.3.5 is also the contribution

to 7,~ in the non-exceptional case for when s(\,11) = N.

Case 2 Now assume $(A,11) < N — 1.
It is clear, since T;(pY — 1) = 0mod pV for i < p by Lemma 2.4.3(vi) and since
)\Zi(fol) = 1 by Equation 4.3.4, that we can say that s(\;) < N for 2 <i<p+1. We
now break this case into subcases.

Case 2.1 For i such that 3 < i < p, assume one of s(\;) = N, say A,. Then, since
p > k, by Proposition 4.2.15 p|

irreducible. In this case there are (1 — p~®=2)p(P=2N choices for \;, pV choices for Ay,
N—-1

Myy1_ise 18 an irreducible representation. Thus p is

and p choices for \,y1. By Lemma 4.2.18 we must divide by p" to take shouting

into account. Thus there are
(1= pP2N)pE= 2NN =N =N — (1 — p= =) ple= DN (4.3.6)

twist isoclasses in this case. We note that the contribution to r,~ in this case is the

same contribution to r,~ for non-exceptional primes.

Case 2.2 Finally, assume s(\;) < N — 1 where 3 < i < p. Note that in this case
p|a, has V-1 as a proper stable subspace so by Lemma 4.2.8 it is not irreducible. If
s(Ap+1) = 0 then M, is isomorphic to M, and by Proposition 4.2.15 p is irreducible
if and only if s(Ag) = N.

Now let s(Ap11) > 1. We choose A, such that s(\.) = N and write each ); in terms
of it; that is, let \; = A%"™  p{a;, mg >0, and m; > 1for 3<i <p+1.

We appeal to Lemma 4.2.8 and determine when (y,z;) does not have Vjv—:1 as a
proper stable subspace. This implies that A; j # Ay g,v-1,; for some 1 < 8 < p—1 and
1 < j < pN~L. Consider A gpn—14j41 for 0 < j < p¥ — 1. If N = 1, then in order for p
not to be trivial, A\ = —1 and it is easily verified that x; is not scalar so V,~-1 is not

a stable subspace. Since we want p to be irreducible this must be the case. Now, for
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4. REPRESENTATION GROWTH OF M,

N>2

A = IOgA* ()\LﬁpN—l+]’+1) (437)

m 1, my (BN TN+ (BN 5+ 1
= ™ (B + ) + agpml x2 ) 4

BN +g) (BN T+ i+ p— 1)
p!

mod p?.

m.
+ Api1P (o

By Corollary 2.4.4 and keeping in mind that m; > 1 for 3 < i < p+1 this simplifies
to the following:

_ . (7 +1
A = aop™ BNt + (O_/me2j + agpm3](]2—'> + ... (4.3.8)
iG+1)..

(j+1) -(j+p—2)>
(p—1)!
BN +g) . (BN i+ p— 1)
(p—1)!

+ app™”

mod p".

Mp+1—1
+ app (a

Note that the last term has a denominator of (p—1)! since the factor of p was subtracted

from my, 1. We have that

A= <log,\*()\1,j+1) - szoH]Umprl](‘7 * 1)(]9_({)—!’_1) =

BN +g) (BN T+ 4+ p—1)
(p—1)!

)+ fowm () (439

o pmrt } mod p".

Let @ be the term in the square brackets above. Expanding )

w1 JG D Gp =)+ QY

Q = aop™ (Bp" ") + apiap mod pV  (4.3.10)

(p—1)!
i(7+1)...(j4+p—1)+Q
— anmQ(BpN—l) _|_ap+1pmp+1—1j(j ) (] ]') ) mod pN
(p—1)!
where )
p— . .
_ +1)...(j+p—1)
Q= 15U 43.11
Bp Z; i (4.3.11)

and ' is terms of higher degree than p" (which are clearly 0 mod p"). We can say
that exactly one of j,(j +1)...,(j +p — 1) is divisible by p, say for i = ¢. It follows
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p—1 j(j+1)...(j+p—1)

that only one term of 3 is in fact not a multiple of p. Therefore we

i=0 J+i
have
p—1 ., . . L. .
o JU+D . G+p—1) vo1dU+1D . G+p—1)
= 4.3.12
Bp ; i Bp P, ( )
= 5pN’1(—1 + ap) mod p
by Wilson’s Theorem, and for some a. Thus
Q = aop™ (Bp" 1) (4.3.13)
mo1dU+1D) . (G+p—1)+BpY (=1 +ap
Therefore
g 1JG+ 1) (G+p—1)
A= (IOgA*(ALm) — O™ (p—1)!
+ |aop™ (Bp™)
mo1dU+D) . (G+p—1)—BpN!

=log,. (A1 j+1) + [Bp™ " (agp™ + apyp™ )] mod p

Since we want p to be irreducible the sum inside the round brackets in the previous

equation must not be divisible by p; that is
Qop™ + apyp" ! £ 0 mod p. (4.3.14)

We now enumerate the cases when we do indeed have a factor of p. If my > 1 and
mpy1 > 2 then we clearly have a factor of p so this cannot be the case if p is
irreducible. Now assume m,;; = 1. Then we have a factor of p in the left hand
side of Equation 4.3.14 only when my = 0 and oy = —ayp1 mod p. Finally, assume
my = 0 and m,41 # 1. Then it is clear that agp™? + a,1p™ 1 # 0 mod p. We have
irreducible representations when my,; = 1 or my = 0 except when mp;; = 1, my = 0,

and ag # —a,4q1 mod p.

We still need to take shouting into account. Therefore, by Lemma 4.2.18, we must
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4. REPRESENTATION GROWTH OF M,

divide our count, if we enumerated the representations in this case at this stage, by
p™ where m, = max{s(\3),...,s(A\p11)}. Note that the shouting behaviour, since p

is non-exceptional when considering p|ys,, is the same as in the non-exceptional case.

This ends the case distinctions.

We note that the only difference between the r,~ for this exceptional prime and
the r,~ for non-exceptional primes is the situation when we can choose Ay and A\, 4
such that (still thinking of all A\; written as powers of \.) my,i1 = 1 and my > 1,
which gives us additional irreducible representations, and when my,,; = 1,ms = 0,
and ay # —oay41 mod p, which gives us representations that are no longer irreducible.
Therefore, starting with 7,~v calculated for non-exceptional primes, we can add the
cases where our choices of \; give us additional representations and subtract the cases

where we lose representations.

Let C be r,~ for non-exceptional primes, that is the sum in (4.2.20). The situation

where m,1; = 1 and my > 1 would not correspond to irreducible representations

for non-exceptional primes, but do for exceptional primes. There are (1 — p~1)pNV—!

N=1 choices for Ay in this case. Remembering that we assumed

choices for A\,;; and p
that s(\;) < N — 1 for 3 < i < p then there are p®=2™=1 choices for these \;. By

Lemma 4.2.18 we must divide by pV~! to take shouting into account. Therefore we

must add
(1 _p—l)pN—le—lp(p—2)(N—l)p—(N—l) _ (1 . p—l)p(p—l)(N—l) (4315)
to C.
The situation where my,1 = 1, mg = 0, and g = —ay41 mod p would correspond to

irreducible representations for non-exceptional primes, but not for exceptional primes.
There are (1—p~1)p" choices for Ay and, given our choice for )y, there are p™ =2 choices
for Ap4; in this case. Remembering that we assumed that s(A\;)) <N —1for3<i<p
then there are pP=2(N=1 choices for these \;. By Lemma 4.2.18 we must divide by

p™¥~1 to take shouting into account. Therefore we must subtract
(1 _ p—l>prN—2p(p—2)(N—l)p—(N—l) — (1 _ p—l)p(p—l)(N—l) (4316)
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from C. Notice that (4.3.15) = (4.3.16). Therefore

rn==C (4.3.17)

p

and oo
rr (S) _ (1 - D s)
Mpy1,p - (1 _ p((p+1)—2)—s)<1 _ pl—s)

(4.3.18)

by Equation 4.2.21.

This result, and the result from the previous section, gives us the entire irreducible
representation theory, as well as the representation zeta function of Mj. In fact, we can

say that

Cir(s) = (%)2 (4.3.19)

4.3.2 The 2-local Representation Zeta Function of M,

We have a complete understanding of the irreducible representations of M3. The aim
of this section is to do the same for M,. Our previous work leaves us with only one p-
local zeta function to calculate; the previous section calculates the 3-local zeta function
and 2 and 3 are the only exceptional primes. Therefore once we calculate the 2-local
representation zeta function we have ¢} (s) in its entirety.

Note, for ease of computation, we calculate ry(My) separately later in this section.
Until noted otherwise we assume the condition that N > 2.

In keeping with the style of the general cases earlier, and for elucidation if one
wishes to generalize this calculation, we do not simplify the expressions (1 —271) to
271 as far in the calculation as possible.

Let p: My — GLyn (C) be a representation. By Equation 4.2.4 in Lemma 4.2.2

A=, (4.3.20)
AZNRETD (4.3.21)

and
AZVATRCTDNTRTD (4.3.22)

Therefore, by Equation 4.3.20, s(Ay) < N.

Before we begin counting twist isoclasses we must determine the possible depths of
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Ao and A3. Assume s(A\y) < N — 1. Then, by Equation 4.3.4, )\ZQ(QN*U = )\ZS(QN*U =1
and by Equation 4.3.21 2" = 1 so0 s(\3) < N. If s(A\3) < N — 1 then )\?(21\’_1) =1
and by Equation 4.3.22 A2 =1 s0 s(\y) < N. If s(\3) = N then, by Equation 4.3.4,
)\?(QN*U = A;2"" and therefore s(A\;2" ) = 1. By Equation 4.3.22 we have that
A2Y = 22" and thus A2 must satisfy this equation. So A2" = —1 and s(Ay) = N +1.

Now assume s(A\g) = N. Then, by Equation 4.3.4, )\4T2(2N_1) = )\?(ZN_D =2
and therefore s(A\;2" ') = 1. By Equation 4.3.21,

A=\ (4.3.23)
and thus A" must satisfy this equation. So A2" = —1 and s(\3) = N 4 1. By Equation
4.3.4, XECTD — \22" and, by Equations 4.3.22 and 4.3.23, A2¥ = A2V2YT =
A%N”Nfl = )\:())HQ)QNA. Note that we leave (1 + 2) in this form since we wish to stress
that it is in fact (1 4 p). Thus 8(/\&14_2}21\171) — 2 and A\2" must satisfy Equation 4.3.22.
So A2" = 4y/—T and s(\y) = N +2.

Any choices of Ay, A3, and A4 that satisfy Equations 4.3.20, 4.3.21, and 4.3.22
are well defined representations. We now check which choices give us irreducible
representations, as we want p to be irreducible. To do this, we break up the domain of
choices into eight parts and calculate each part’s contribution to ryn(My). Table 4.1

lists this information.

Table 4.1 Table of Cases for M,

Case s(A\g) s(A3) s(A2) | Other No. of twist iso-
Conditions classes, N > 2
1 =N =N+1|=N+2 (1 _2—1)422N+3
2 =N-1 =N =N+1|a3=3mod4 (1 —271)322N
3 =N-1|<N-1 <N (1 —271)22N=2
4 <N-2 =N =N+1 (1 —271)222N-1
5 <N-2|=N-1 =N 0
6 <N—-2|<N-=-2 =N See Table 4.2 on
page 71
7 <N-2|=N-1|<N-1 See Table 4.3 on
page 71
8 <N-2|<N-2|<N-1 0
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Table 4.2 Case 6 of Table 4.1

N || Case | Relationship of s(A3) and s()\,) No. of twist isoclasses
=2 6.4 |s(A3)=s(N\)=0 2
3 6.2 | s(A3) <1,8(N\) = (1—271)%23
6.4 | s(\M)=0 (1—2"H23(1+ (1 —271))
6.1 | s(A3) > s(A) +1,8(X3) >2,5(\s) #0 | [(1—271)2N((2V1—1)

—(1=27")(N - 4))]
1—271)2N(2N=3 _ 9-1)
1—271)22N(2N-2 _ 9)

>4 || 62 | s(A) <s(M)+1,5(M\) #0
6.3 | s(A3) =s

Table 4.3 Case 7 of Table 4.1

N || Case | No. of twist isoclasses
=2 1
71 | (1—2

7.2 | (1 —271)22N=2

1)22N74

Case 1: Since s(A\y) = N we have, by Case 1 of Section 4.3.1, that p|y, is
irreducible. Therefore p is indeed an irreducible representation of M,. By Equations
4.3.20, 4.3.21, and 4.3.22 there are (1 — 271)2" choices for Ay, (1 — 271)2¥+1 choices
for A3, and (1 — 271)22¥%2 choices for \y. Since, by Case 1 of Section 4.3.1, we know
that p|as is irreducible, we have that V(p|as,) = Von. Thus, by Lemma 4.2.12, we must

divide by 2V to take shouting into account. So in this case we have
(1 - 2—1)42N2N+12N+22—N — (1 . 2—1)422N+3 (4324)

twist isoclasses.

Case 2: By Case 2.2 of Section 4.3.1, p|ps is reducible. Appealing to Lemma 4.2.8
we must check whether Von-1 is a stable subspace of (y,z1). We write each root of
unity in terms of a primitive 2V*!th one. Let A\, = X3, \; = A%2™ for some «; such
that 21 a;,mq =2, m3 =1, and 7 € {3,4}.

We use Corollary 4.2.6 at this point. Now, noting that 2 - (2¥71)2 = 0 mod 2V+!

for N = 2, consider Aj onv-141:
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4. REPRESENTATION GROWTH OF M,

A = logA* ()\172N—1+1) (4325)
= (2" )+ 2 a2 2V )
(2N—1)(2N—1 + 1)(2N—1 _|_2)
3

2
= oN-1 (1 + a3 + a421§) mod 2V !

+ 2%t mod 2V F!

= logy. (A1) + 271 [1 + a3) mod 2V

So the expression in the square brackets above is a multiple of 4 if and only if
Von-1 is a (y, z1)-stable subspace. Let @) be the aforementioned expression. It is clear
that () = 0 mod 4 precisely when a3 = 3 mod 4. This means that we are only free to
choose half of the elements of S& /S5 ~* for A3. Thus, there are (1 —271)2¥~! choices
for Az, (1 —2712N*! choices for Ao, and (1 — 2712V~ choices for 4. Since plyy, is
not irreducible it has at least Vonv—1 as a stable subspace. But since s(A\y) = N — 1, by
Corollary 4.2.7, V(p|a,) = Van-1. Thus, by Lemma 4.2.12 we must divide by 2V~ to

take shouting into account. So in this case we have

(1 —271)2N"1(1 — 272N+l (1 — 271N -1g=(N=D) (4.3.26)
_ (1 _ 271)322N

twist isoclasses.

Case 3: By Case 2.2 of Section 4.3.1, p|ps is irreducible and therefore p is irre-
ducible. There are (1 — 2712V~ choices for Ay, 2V~! choices for A3, and 2% choices
for \y. By Lemma 4.2.12 we must divide by 2V to take shouting into account. So in

this case we have

(1 —271)2N-1oN=1gNg=N (4.3.27)
— (1 o 2—1)22N—2
twist isoclasses.

Case 4: By Case 2.2 of Section 4.3.1, p|ps is irreducible and therefore p is irre-
ducible. There are 2V~2 choices for A4, (1 —271)2" choices for A3, and (1 —271)2V+1

choices for \y. By Lemma 4.2.12 we must divide by 2%V to take shouting into account.
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So in this case we have

2N72(1 — 272N (1 — 272NN (4.3.28)
— (1 o 271)222]\771

twist isoclasses.

Cases 5 and 6: We note for both cases s(A2) = N and s(\y) < N —2. We have, by
Case 2.2 of Section 4.3.1, that p|y; has Vov-1 as a proper stable subspace. Appealing
to Lemma 4.2.8, we check whether Vyn-1 is a stable subspace of (y,z1). We let A\, = Ag
and write each \; as a power of \,; that is, let \; = A\%2™* and \3 = A\%32™* such that
24 a;mg>1,my >2 and i € {3,4}. If my = N then by Case 2.2 of Section 4.3.1, p is
irreducible if and only if mg # 1. If mg = N it is easy to show that logy (A ov-141) # 1.
We leave this to the reader. Assume that mg, my # N.

Appealing to Corollary 4.2.6, consider A; ov-1,1, noting that a(a + 1) is even for

any a and 22V=2 = 0 mod 2V :

A = log)\* (AI,ZN*I—O—l) (4329)
— (2N—1) +a32m3—1(2N—1)(2N—1 + 1)
VLN 1) (2N + 2)
3
=logy (M) + 2V [1 + a32™ '] mod 2%,

+ qy2mal mod 2V

So when the term in the square brackets above, say (), is not 0 mod 2 then \; =
1 # Ajon-14;. It follows that Vov-1 is not a stable subspace of p and therefore p is
irreducible. Thus @ is 0 mod 2 when mg3 = 1; that is when s(\3) = N — 1. So in Case

5 there are no irreducible representations.

If ms > 2 it is clear that Q # 0 mod 2. Thus, in Case 6 there are 2V=2 choices for

A1, 272 choices for A3, and (1 —271)2% choices for As.

We now need to analyze the shouting behaviour for this case. It is clear, since
V(plas,) = Vasrp by Lemma 4.2.18 and Corollary 4.2.7, that there are at least 25*) =
2N=m4 twist and shout-equivalent representations. We now determine V(plyz,). Let
my # N. We deal with the case my = N in the next lemma. Also, note that we use

the power of Corollary 4.2.6 for this computation.
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Consider, for some k such that 1 < k < my,

A = log)\* ()\272N7k+1) (4330)
= 32m3N Tk g 2ma 1N =R (QNTR 1 1) mod 2V

= 2Nk [032™5 + 2™ (2N 7F 4 1)] mod 2.

We now determine V(p|as) for each possible choice of m3 and my. For the following
lemma let @ be the sum in the square brackets above. If @ = 0 mod 2% then \y; =

Ay onv—ryy and Ve is a proper stable subspace of p|ay,.

Lemma 4.3.1. Let my # N and let m, = min{ms, my — 1}. If mg # my — 1 then
V(plas) = Vonma. If mg = my — 1 then V(p|ar,) = Von-m,.

If mqy = N then V(p|a) = Von-ms.

Proof. Assume my # N. If mg # my — 1 the maximum value of k such that QQ =
0 mod 2% is min{ms, ms—1}. If m3 = my—1 then, since both terms in @ are of the same
2-adic valuation, the maximal value of k is at least my. However, since V(p|ar, ) = Vastn),
by Corollary 4.2.7 it follows that V(p|as) = Vasow -

Now let my = N. Then,

A = ].Og)\* ()\272N—k+1> (4331)

= 32™32N "% — 0 mod 2V

when k < mj. Thus k is maximal when k& = mj. Noting that V(p|a,) = Vjo, we have
that V(p|u,) = Vosrs) when my = N. O

We now count the number of twist isoclasses. To do this we break the computation
into four subcases. Note that, in all subcases, there are (1 —271)2" choices for \y. For

the first three subcases we assume that s(\;) # 0.

Case 6.1 For some M such that 2 < M < N —2, let s(A3) = M > s(\y) + 1. There
are (1—2712M choices for A3 and 2272 —1 choices for \4. Since s(A3) = M > s(\y)+1
by Lemmas 4.2.12 and 4.3.1 we must divide by 2 to take shouting into account. Thus,
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in this subcase there are

(1—27" 2NZ (1 —27H2M (M=% _1)9~M (4.3.32)
(1—27" 2NZ )(2M-2 - 1)
=( —27 1)2N( )(( 2V — (N - 4))
=(Q—2""2V(" -1 - (1-2"")(N-14))

twist isoclasses. Note that (2272 — 1) = 0 when M = 2.

Case 6.2 For some M such that 1 < M < N — 2, let s(\y) = M and s()\3) <
s(A\y) + 1 = M + 1. Note that this implies that s(A3) < M and thus it follows that
this subcase is closed under shouting. There are (1 — 2712 choices for A\, and 2M
choices for \3. By Lemmas 4.2.12 and 4.3.1 we must divide by 2% to take shouting

into account. Thus in this subcase there are

(1—2712V ) (1 —271)2MaMo- (M (4.3.33)

twist isoclasses.

Case 6.3 For some M such that 2 < M < N —2,let s(A\3) = M = s(\y)+ 1. There
are (1 — 271)2M choices for A3 and (1 — 271)2M =1 choices for \4. Since s(A\3) = M =
s(A4) + 1 by Lemmas 4.2.12 and 4.3.1 we must divide by 2M~1 to take shouting into

75
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account. Thus, in this subcase there are

N—-2
(1—2712V ) (1 —271)72MaM g (M= (4.3.34)
M=2
N—-2
=(1—-2712V ) (1 —27H)2M
M=2

twist isoclasses.

Case 6.4 Assume s(\y) = 0. Let s(A\3) = M for 0 < M < N — 2. If M > 0 there
are (1 —271)2M choices for A3 and there is 1 choice for A3 if M = 0. There is only 1
choice for \4. By Lemmas 4.2.12 and 4.3.1 we must divide by 2™ to take shouting into

account. Thus in this subcase there are
N—2
(1—271)2N (1 +) (1- 2—1)2M2—M) (4.3.35)
M=1
=(1-2""2V1+(1-2"")(N-2)
twist isoclasses.

This ends the subcase distinctions.

Thus, summing together all subcases, there are

(T—272Y(2V 1) — (1 -2V —4)) + (1 —27"2V2V? —271) (4.3.36)
+(1=27h)2VRN P4+ (127" 2V (1 + (1 -2 (N —2)
— (1 . 271)2N(2N72 + 2N74 . 271)

twist isoclasses in Case 6 when N > 4. When N = 3 we sum together Cases 6.2 and
6.4. Thus there are

(1—2h2°(1-2""+1+(1-27") (4.3.37)
=8
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twist isoclasses in Case 6. When N = 2 we only include Case 6.4 and thus there are
(1—-27"H2%1) =2 (4.3.38)

twist isoclasses in Case 6.

Cases 7 and 8 We note for both cases s(A\2) < N —1 and s(\y) < N — 2. As
with the previous two cases we have, by Case 2.2 of Section 4.3.1, that p|y; has Von-
as a proper stable subspace. We check whether Vonv-1 is a stable subspace of (y, x1).
As usual, we choose a A, € S)/SY~! and write each \; as a power of \,; that is
A1 = A22™ such that 2t o, mo > 1, mg > 1, my > 2, and i € {2,3,4}.

Appealing to Corollary 4.2.6, consider A; ov—1,; noting that a(a+ 1) is even for any

a and 22N=2 = ) mod 2V :

A :=1logy (A1av-141) (4.3.39)

= @p2m22N "1 4 qy2msTIgN (9N =L 4 )

VLN 1) (2N 4+ 2)
3

= logy. (A1) + 2V 2™ + 32" '] mod 2".

+ q,2mal mod 2V

Clearly if m3 > 2 then the expression in the square brackets above, say C', is 0 mod 2
and V,nv-1 is indeed a stable subspace of p. If mg = 1 then C' is not 0 mod 2 and Vv
is not a stable subspace of p. Therefore p is irreducible. So in Case 8 there are no twist
isoclasses. In Case 7 there are 2V~2 choices for Ay, (1 — 2712V~ choices for A3, and

2N=1 choices for \s.

We now determine the behaviour of shouting in this case. It is easy to see that

V(plan) = Vs and thus V(plas,) is no smaller than Vo).

Let N > 3; we calculate the case when N = 2 separately later in the section. We
write A3, A4 in terms of some A, € SM\Sy ! in the usual way, with ms = 1 and my
such that 2 < my < N. If my = N then it is easy to show that V(p|yy) = Von-1.
Now assume my # N. As in Case 6, we use the power of Corollary 4.2.6. Consider
A = logy (Agan—kyq) for k such that 1 <k < my. Then

A =32 2Nk 4 2mam1oN =R (QNTR 4 1) mod 28 (4.3.40)
= 2NV H 32 + @y 2m 1 (2N TE 1))
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Let Q be the terms in the square brackets above.The expression = 0 mod 2* if and
only if Ag1 = Agon-kyq and thus Vov-r is a proper stable subspace of (y, z5). We break
this computation into two subcases.
Case 7.1 Assume my > 2

It is clear that if my > 2 then, since mz = 1, by Equation 4.3.40 the maximal k£ such
that Aoy = Ayon-ryq is when k = 1. Thus V(p|as) = Vav-1. Note that Von-1 is also
minimal when my = N. Let s(\y) = M where M < N — 3. In this subcase there are
2N=1 choices for Ay, (1 — 2712V~ choices for A3 and 2V~3 choices for \;. By Lemma
4.2.12 we must divide by 2V~ to take shouts into account. Thus, in this subcase, there

are
oN=1(1 — 271N 1N =8g=(N=1) — (1 _ 9~ 1)2N 4 (4.3.41)

twist isoclasses.

Case 7.2 Assume my = 2
If my = 2 then @ = 0 mod 2% and, since V(p|r,) = Van-2, then by Corollary 4.2.7
V(plar,) = Van—2. There are 2¥=1 choices for Ay, (1 — 271)2V~1 choices for A3, and
(1—-271)2¥=2 choices for \4. By Lemma 4.2.12 we must divide by 2¥=2 to take shouting

into account. Thus, in this subcase there are
(1 - 2—1)22N—12N—12N—22—(N—2) — (1 _ 2—1)222N—2 (4342)

twist isoclasses.

This ends the subcase distinctions.

Summing together these two subcases there are, for N > 3,
(1—27522N 4 1 (1 — 27122282 = (1 — 2722V 4(1 4 2%(1 — 271)) (4.3.43)

twist isoclasses.

Now assume N = 2. Then s(\y) = 0 and thus x4, = I. A short calculation shows
that A\g1 = Ag3 and, by Corollary 4.2.6, V5 is a minimal stable subspace. By Lemma
4.2.12 we must divide by 2 to take shouting into account. There are 2! choices for \,,

(1 —271)2" =1 choice for A3, and 1 choice for \4. Thus, in this subcase there is
2:1-1-27' =1 (4.3.44)
twist isoclass.
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This ends the case distinctions.

We now consider the case when N = 1. Note that, for clarity, we will call ¢ the square
root of —1. By Equation 4.3.20, s(\s) < 1; that is, \y € {1,—1}. If Ay = —1, then by
Equation 4.3.21 we have that A3 € {¢, —¢} and, by Equation 4.3.22, \y € {£+/¢, £+/1}
such that \3 = —\s.

If Ay = 1 then, by Equation 4.3.21, A3 € {1, —1}. If A3 = 1 then by Equation 4.3.22
and, since p is not the identity representation, Ay = —1. If A3 = —1 then, by Equation
4.3.22, Ay € {1, —¢}.

A set of choices of the ); gives us an irreducible representation if and only if A, ; #

Ai2 holds for at least one 1 <14 < 3; that is, one of the following is true:

A A1 (4.3.45)
Ashg # 1 (4.3.46)
AodsAy # 1. (4.3.47)

It is easy to see that all of our choices of sets of \; give us irreducible representations.

For  triples (Mg, A3,A2) it is  easy to check that the  pairs

[<_1’ 4 \/Z>7 (_17 -4, _\/__Lﬂ ) [(_17 4 _\/Z)v (_17 —4 \/__L)} ) [(1’ -1, L)v (1’ -1, _L>]

are twist-and-shout equivalent. Therefore we can say that

ro(My) = 4. (4.3.48)

We count the number of twist isoclasses for N = 2, 3 separately as well. Summing
Cases 1 through 8 for N = 2 we have

ry(My) = (1—27"H%" (12712 (1 —27H22 + (1 —271)?28 + 241 (4.3.49)
=8+2+2+2+2+1
= 17.
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For N = 3, also summing Cases 1 through 8, we have

rg(My) = (1 — 27122 4 (1 —271)%20 4 (1 — 271)2* (4.3.50)
+(1—27122° + 8+ (1 —271)2%(3)
=32+8+8+8+8+6
= 170.

We can now compute the 2-local representation growth zeta function of My by summing
together the number of twist isoclasses from Cases 1 through 8. Keeping in mind
that there is one 1-dimensional twist isoclass, four 2-dimensional twist isoclasses,

17 4-dimensional twist isoclasses, and 70 8-dimensional twist isoclasses we have the

following:
Cla(s) =144-279417-27% 470275 (4.3.51)
+ Z 422N+3 T (1 o 2—1)322N
N=4

+(1—2
+ (12712 (2N 2 4 2V 27
+( — 9~ 1)22N 4(1+22(1 2—1))] 2—Ns'

Inputting this equation into Maple gives us that

(1—27%)2

Gials) = (1—29)(1 — 22

(4.3.52)

Note that this result is the same as the zeta function for non-exceptional primes in
Equation 4.2.24. It is then easy to check that this does satisfy the functional equation
in Theorem 1.4.3.

Now that we have the p-local representation zeta functions of M, we can now state

the global representation zeta function:

(s = 1)C(s = 2)

Gi(3) = =)y

(4.3.53)

This completes the proof of Theorem 1.7.1.

80



Chapter 5

Examples Using Kirillov Orbit
Method

5.1 Introduction

In this section we calculate the representation zeta functions of various 7T -groups
associated to Lie rings by the Mal’cev correspondence, using techniques found in [13]
and [29]. First, we explain the Kirillov orbit method and how it works. We then
calculate some examples, most coming from [9, Chapter 2]. The third part gives some
theoretical results calculated along with Robert Snocken.

We slightly abuse notation in this section. If L is the Lie ring associated to some
group G, we “equate” G and L and, for non-Kirillov-exceptional primes, denote the

irr

p-local representation zeta function of G' as (77 (s).

5.2 Kirillov Orbit Method for Representations

5.2.1 Definitions and Explanation of the Method

For this section, all Lie rings are nilpotent. Also we remind the reader that Z;pN is
defined to be the set of n-tuples of elements of Z/p™Z such that at least one entry in
the n-tuple is a unit. More precisely, let Z*  := (Z/pNZ)" \ (pZ)pNZ)™.

Before stating results we give a brief overview of the correspondence between 7 -
groups and Lie rings. Let Tri(n, R) be the set of n x n upper-unitriangular matrices
and let Trg(n, R) be the set of n x n strictly upper-triangular matrices over the ring

R. By [26, Chapter 5] we can embed a T-group G as a subgroup of Try(n,Z) for some
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5. EXAMPLES USING KIRILLOV ORBIT METHOD

n; say this subgroup is 7(G). Since the elements of T'(G) are matrices we can take
the matrix logarithm map log : T(G) — Tro(n,Z) (see, for example, [26, Theorem
1, Section 6]). If T'(G) satisfies certain conditions, which we will discuss later, then
log (T(G)) is a Lie ring and we can use this fact to study T'(G) by way of Howe’s
application [13] of the Kirillov orbit method to 7-groups. We identify 7'(G) and G for
the rest of the chapter.

In order to explain the Kirillov orbit method properly, we need a number of

definitions. We give them here, before any explanation of the method.

Definition 5.2.1. Let G be a T-group. If L :=log(G) is a Lie ring we say that L is

the Lie ring associated to G.

Definition 5.2.2. Let G be a T-group and let H < G. We say H is saturated if g" € H
implies that g € H for all g € G and n € Z. We call the smallest saturated subgroup
containing H the isolator of G' and denote the isolator by H,. Note that, if we regard

a Lie ring L as an abelian group, we can extend these definitions to Lie rings.

Definition 5.2.3. Let G be a T-group of nilpotency class ¢ such that L := log(G)
is a Lie ring. We say that L is elementarily exponentiable (or e. e. ) if and only if
[L, L] C c!L. We say G is e. e. if and only if L is e. e.

For the rest of this section let L := hom (L,(C*) be the set of abelian group
homomorphisms to C*, where L := log(G) is the Lie ring associated to some e. e.

T-group G.

Definition 5.2.4. Let G be an e. e. T-group. For ¢ € L we call the minimal n such
that ¥(nL) = 1, if such an n exists, the period of .

For the rest of this section we assume that G is e. e. We combine some results

mentioned in [29, Section 3.4] into a theorem.

Theorem 5.2.5. Let G be a T -group. There is a Lie algebra over Q, say L := L5(Q),
of dimension h(G) such that the Q-span of log(G) is L. Moreover, there exists a
subgroup H < G of finite index such that L :=log H is a Lie subring of L and that L

15 e. e.

By [14, Theorem 8.5] we know that for almost all primes, in fact primes not dividing
|G : H|, twist isoclasses of irreducible representations of H of dimension p" are in 1-1

correspondence with twist isoclasses of G of dimension p¥.
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5.2 Kirillov Orbit Method for Representations

Thus, to study the twist isoclasses of a group G, we can pass to a finite index
subgroup H such that log H is an e. e. Lie ring. However, this is at the cost of not
being able to calculate the p-local representation function of G for finitely many primes.

For an e. e. T-group G and its associated Lie ring L there is an adjoint action of G
on L given by inner automorphisms of G: Ad(g)(¢) = log(g~* exp(£)g) = £+ [log g, {] +
(higher terms) where the Lie terms of commutator order > 3 can be computed in terms
of the Baker-Campbell-Hausdorff formula. This adjoint action gives us the following

co-adjoint action of G on L:

Ad*(9)()(€) = ¥(Ad(g)(8)) = (0)¢([log g, €))% (higher terms). (5.2.1)

We briefly explain the correspondence between twist isoclasses and co-adjoint orbits.
See [13, Theorem 1.a] and [29, Section 3.4] for details.

Let S be a finite set of primes and let Fg = {n € N | n is divisible by some s €
S}. Then the following is true: the set of all finite Ad"-orbits of ¢ € L of period
n € N\ Fg is in bijective correspondence with the set T" of twist isoclasses of irreducible
representations of G such that each Ad*-orbit U uniquely corresponds to a twist
isoclass of dimension |U|Y2. If a twist isoclass t € T is of dimension k then all twist
isoclasses of dimension k appear in T'. Since the set of these orbits is indeed in bijective
correspondence with the corresponding set of twist isoclasses, we can count these orbits
instead; this is the thrust of the Kirillov orbit method.

By [29, Section 3.4], these twist isoclasses are determined by the behaviour of ¢ (L’,);
that is, if 1]z, = 19
Lemmas 1-4] for details). For the remainder of this paragraph, we say h(L)) = d'. If ¢

1, then 1)1 and v, are associated to the same twist isoclass (see [13,

has period p" then ¢ (¢) € S, for £ € L. Furthermore, there exists at least one element
l, € L such that ¢ (¢,) € S;Y\SY¥~'. We define ¥,x := {9 € L | 1 has period p"'} and,
since a basis of L' contains d’ elements, we can identify ¥, ~ with Z N by identifying
S} with Z/pNZ.

Voll’s method for calculating p-local representation zeta functions, based on Howe’s
parametrization, is as follows. We refer the reader to the preliminaries in Section 2.5
for definitions that appear in the following two paragraphs; e. g. Smith normal form,
commutator (sub)matrix, and [g, h]y.

We start by giving conditions on our 7-group. Let G be a e. e. T-group and L
be its associated Lie ring with basis {x1,..., %4, Ta+1,- .- Tatf, Tasft1s - - - Lage} SUCh
that {441, ... 24re} is @ Z-basis for L' and {@g4 11, ... Taye} is a Z-basis for L'NZ (L)

(without loss of generality, but at the cost of finitely many primes, we can assume that
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5. EXAMPLES USING KIRILLOV ORBIT METHOD

we can choose a basis this way; see [29, Proposition 3.1]).

Let Ny mn be the number of y := (Y411, - -+, Yare) € 2! ~ suchthat SNF(R(y)) mod
pY has elementary divisors m := (p™,...p"m4+f) and SNF(S(y)) mod p" has elemen-
tary divisors n := (p™¢+1 ... p"d+f) where R := R(y) is the y-commutator matrix of

L and S := S(y) is the y-commutator submatrix of L.

Theorem 5.2.6 (Voll). For almost all primes p,

() =1+> 3> Nymap*™p™ (5.2.2)

N=1 m n

where Ay = — ZZII{(N —m;)/2, Bn = — Z?i§+1(N —ny).

We use Equation 5.2.2 to calculate examples of p-local zeta functions later in the
chapter. However, in order to calculate these zeta functions, we need to be able to
calculate the elementary divisors of R(y) and S(y). We can use Lemmas 2.5.8 and
2.5.10 to do this calculation.

We give an example of a commutator matrix and a commutator submatrix. Let L
be a Lie ring with the basis {x1, 22, x3, x4, w1, wo | [x1, 22] = w1, (23, 24] = w1, [21,y] =
wy }. Then a basis for L' is {w;, ws} and a basis for L' N Z(L) is {wy}. We choose y :=
(y1,92) € Z;ij. Thus [x1, 22)y = [23,24]y = y1 and [z1, w1}y = yo. The commutator

matrix 1s
x T2 €3 Ty W

x1 0 U1 0 0

zo | —y1 0O 0 0
T4 0 0 —U1 0
w1 —Y2 0 O 0
and the commutator submatrix is
wh
T1 [ Yo
) 0
T4 0
T5 0

We label the rows and columns of R and § in one calculation. We hope that this gives
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the reader a feel for constructing these matrices. Further matrices are not labeled, but
the labeling should be fairly obvious from the group presentation.

As mentioned earlier, the idea is to study the representation growth of 7-groups by
studying nilpotent Lie rings associated to these groups, as in Theorem 5.2.5. In fact,
if we choose an e. e. Lie ring L then [L, L] C c!L = L mod p" for almost all p (since
¢! would be a unit mod p") and for any N € N. By the Baker-Campbell-Hausdorff
formula there is a bijection exp : L — G for some T-group G [26, Chapter 6]. In fact,
we can assume, for any Lie ring L, that L is e. e. at the cost of being able to calculate
p-local representation zeta functions for finitely many primes.

We note that Theorem 5.2.6 only holds for all but finitely many primes. We say
we lose a prime p, if the hypothesis of Theorem 5.2.6 does not apply for p,; that is,
if p, is Kirillov-exceptional. We now list the ways we lose primes when calculating
representation zeta functions of 7-groups using Theorem 5.2.6. First, if we pass to
a finite index subgroup of our 7T-group G, say H, then, by [29, Section 3.4], we lose
all p. such that p, | |G : H|. Secondly, by Howe’s parametrization [13, Theorem 1.a]
we lose all primes p, such that p. | 2|G, : G'|. Next, by [29, Corollary 3.1], for all
but finitely many primes |G : G| = |L : Rady| and |G : Gya| = |L : Ly2|, where
Gy, Rady, Gy2, and Ly o are defined in [29, Section 3.4]. Thus, we lose all primes p,
where these equalities do not hold. Also, by assuming that L has the basis structure
in Theorem 5.2.6 we lose finitely many primes p,. Finally, by [29, Section 2.2], we lose

primes p, such that, for any y-commutator matrix R of GG, R is a zero matrix mod p,.

As a reminder, if we do not lose a prime p, we say that p is non-exceptional.
We note that, for the following calculations, there is no discussion of which primes are
exceptional primes; we feel that the work involved to determine the exceptional primes,
checking each of the conditions in the previous paragraph, would be too long to include

in this thesis.

5.3 Examples Using the Kirillov Orbit Method

Note that, for ease of display, in this section we let ¢t = p™®, Ay = —> 0 (N —
m;)/2 and B, = — >0 (N — n;). Also, for these calculations, we always consider
v,(+) mod p™.

We calculate, using the Kirillov Orbit Method, the p-local representation zeta

function of a family of Lie rings that are generalizations of a family of maximal class
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Lie rings (see, for example, [9, Chapter 2]). Let k > 2, ¢ > k, and let M, be the Lie

ring with basis

[yaxz] = Zit1 Hf1<i< ]{;_2’
Mq,k = Y X1y, Tgy 225+ -+ k-1 . (531)

Thus a basis for M, , is {z,..., 21, Tk, ..., 7.} and a basis for M;, N Z(Myx) is
{#2,..., zk—1,4}. We note, for M, the nilpotency class ¢ = g — k + 2, h(M,x) =
q+k—1, h(Z(Myx)) =k —1, and h(M; ;) = g — 1. This calculation in the case when
k = 2, was originally performed by Christopher Voll in personal communication with
the author. We note that M, is indeed M, as defined in Chapter 4 and that the
following calculation confirms Theorem 1.7.1 for all but finitely many primes. While
the details have not been checked, we believe that it can be shown that this calculation

applies for all primes p > n, though this bound is not necessarily tight.

5.3.1 Calculation the p-local Representation Zeta Function of
M, s

For a:= (as,...,qe) € Z;_| ~ we state the a-commutator matrix of My

Yy ry T2 ... Tg-1
Y 0 a a3 ... a4
T —as Ce
Tg-1 \—ag, 0 0 ... 0
The commutator submatrix S is
T T+l - Tg—1
Yy Ag+1 Qg2 -.. Qg
S = To 0 0 o 0 . (5.3.3)
Tg—1 0 0 0
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Note that if £ = ¢ then & does not exist. This is to be expected, since M, , is of

nilpotency class 2.

Let m := (p™,...,p™) be the elementary divisors of SNF(R) and n := (p™, ..., p"a—*)
be the elementary divisors of SNF(S). One of ay, .. ., a,, say aj, is a unit mod p" and,
by Lemma 2.5.8, m; = mo = 0. From the structure of R it is clear that all -minors,
where 2 > 2, are 0. Thus, by Lemma 2.5.10, m3 = my = ... = my; = N. It also clear
that ny = min{v,(q;) | k+1<i <gq} and n; = N for i > 2.

Since SNF(R) is invariant for any choice of (as,...,a,) € Z; |  we have that
Ams = =L (N —my)s/2 =32 (N —m;)s/2 = —Ns/2 — Ns/2 = —Ns. We break

up the domain in terms of v,(n;).

First, assume (ag41,...,a,) € Z: v Thus
ny = min{v,(a;) | k+1 < i < ¢} = 0. In this case there are (1 —p~@=)pla=FN choices
for (agy1,---,a,) and p*~DN choices for (ay, . .., ay). Therefore we have, in this section
of the domain Z* that Ny mn = (1 — p~@)pla=IN and B, = —N.

q—1,p">

Now assume (apyi1,...,04) ¢ Z: v Thus one of ap,...ax is a unit and
min{v,(az), ..., v,(ax)} = 0. Thus there are (1—p~*=D)p*=DN choices for (ay, ..., ay).
We break up the domain further: let j = min{v,(ax+1),...,vp(ay)}. Thus, for each j
such that 1 < j < N — 1, there are (1 — p~@R)pla=N=3) choices for (ags1,- .- ,aq)
Therefore we have, in this section of the domain and for each j, Nymn = (1 —
p—(k—l))(l — p—(q—k))p(k—l)Np(q—k)(N—j) and B, = —(N — 7).

Finally, let v,(a;) = N for k+1 <i < q. There is 1 choice for (agi1,...,a,). Thus,
in this section of the domain, Ny mn = (1 —p~*"D)p*=DUN and B, = 0.

Combining each section of the domain

i on(8) =14 > Nymup*=p (5.3.4)
N=1
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Simplifying the above equation and substituting ¢ := p~*

wrr
Mq,k p

—a=k)y (pa=2)N (5.3.5)

=

N=1
0o —1
£ p )1 = ) )Y S (kD
N=1
It
N=1

j=1

Note that if k. = ¢ — 1 then ¢ — Kk — 1 = 0 and the subsum in the second sum of
Equation 5.3.5 cannot be expressed as a geometric progression. Assume this is not the

case. Calculating geometric series and progressions and simplifying we obtain

(1—p )2t

A B 7 (5.3.6)
> (g—k—-1) _ (,,—(qg—k—1)\N
—(q— k) —(k—1) g—2 NP (p )
+(1-p Z t) 1= p-(—k—1)
N=1
1— —(k=1)\,,k— lt
Ld-p k_zp
1—piit
Inputting Equation 5.3.6 into Maple this simplifies to
: 1-)(1—p2)
o = . 5.3.7
Mq,k,p<5) (1 — ph=1t)(1 — pa~2t) ( )
Now assume k = ¢ — 1. Then, calculating geometric series and simplifying,
irr (1 — )pq °t
vy up(8) =1+ 1_pq 5 (5.3.8)
+ (1 _p (q 2 Z q— 2t 1)
N=1

(1—p —(a=2))pa=2¢
1—pi—2t

_|_
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Continuing to simplify,

irr (]' B pil)pq72t
Mq,qflvp(s) =1 + 1— pq_gt (539)
L A=p Aoty o pt
1 —p(a=k=1) 1—pi—2t  1—ph1¢
1 — p—(a=2)\pa—2¢
n (I-p _2)p
1 —pi—2t
Inputting Equation 5.3.9 into Maple this simplifies to
irr (1 B t)(l - pq_3t)
Wnuan(9) = g (5.3.10)

In this case (}'\Z’;’qﬂ’p(s) has a double pole at s = ¢ — 2.

Note that Equation 5.3.7 with k set to ¢ — 1 is Equation 5.3.10 and thus we can say
Equation 5.3.7 holds for all ¢, k as defined at the start of the section. Also note that,
when k£ = 2, Equation 5.3.5 is the same as Equation 4.2.24 in Chapter 4. Finally, note
that if & = ¢ then the (1 — p*~2¢) term in the numerator cancels with the (1 — p?=2¢)
term in the denominator.

It is easy to see that any,», = ¢ —2if k # q and ay,,, = ¢ — 1. Also, C}'\Z‘M(s)

does satisfy the functional equation in Theorem 1.4.3.

5.3.2 Calculation of Some Lie Rings from Chapter 2 of du
Sautoy and Woodward [9]

Table 5.1 is a list of Lie rings, and some invariants, for which we calculate the rep-
resentation zeta function using the Kirillov orbit method. Note that these Lie rings
appear in [9, Chapter 2|. In a future paper with Robert Snocken, we plan to give
p-local representation zeta functions for all Lie rings in that chapter.

Table 5.2 is a table of the Lie rings above, their non-exceptional p-local represen-
tation zeta functions, and their local abscissas of convergence, denoted ay, .

To calculate SNF(R) of a r x r matrix R, by Lemma 2.5.10, we only need to know
its minors. In fact, since there exist 2-minors with unit determinant in all examples
computed in this section, we have m; = my = 0. The commutator matrices R in
the examples below are, at most, of dimension 5, and when they are of maximum
dimension, Lemma 2.5.8 tells us that ms = N. Since msg; = mo;_q for ¢ > 1, for a R of

dimension 5 we need to only compute the minimum valuation 4-minor of R. When R
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5. EXAMPLES USING KIRILLOV ORBIT METHOD

Table 5.1 List of Lie Rings Studied

L Presentation h(Z(L)) | h(L) | h(L")
F372 <£C1,...,.Z'5HCC1,Z'2] = I3, 2 5 3
[$1,JC3] = T4, [$2, $3] =
ZL’5>
Gss | (@1, .., @5][T1, 22] = 24, 1 5 2
[:L'17:E4] = Is, [$2a :L‘S] -
$5>
GG,? <l’1,...,l’6|[ﬂf1,ﬂ?3] = T4, 2 6 3
[x1,$4] = Ts, [352,953] =
$6>
G6712 <l’1,...1’6|[$1,l’3] = Iy 1 6 2
[551,335] = Tg, [$2,$U4] =
ZL’6>
G6714 <I1, .. ,LL’(;H.Tl, .Ig] = T4, 1 6 3
[I1,$4] = Tg, [QZ’Q, IS] -
X5,
(9, k5] = yag) v € Z
G27A <ZL‘1,...,[L’7|[$1,[EQ] = Tg, 2 7 2
[x17$4] = 27, [:C37 xS] =
I’7>
G37C <SC1,...,.Z'7HCC1,.Z’2] = Ts5, 3 7 3
[$2,$3] = Te, [I2, $4] =
X7,
[$3,$4] = €E5>
Gasri <$1,--~7$7|[$17$2] = Ts, 2 7 3
[xl,xg,] = Zg, [IBQ, 1175] =
X7,
[553,334] = SU7>
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Table 5.2 p-local Representation Zeta Functions of Groups Associated to Lie Rings in
Table 5.1

L ¢m(s) oL,
Fsz (1= (plt)_(lt)—Q P) ]
Css <§1—_p?>$ :Z;Z) 1
Gor (0 —(plw_(lt)j |
i |
o |
i |
Care A —4t21>
iz |

is 4 x 4 we need only calculate det(R). In the examples below the size of the submatrix
S is at most a 5 X 2 matrix, so calculating SNF(S) is not very difficult.

We give the explicit details of the calculations of the non-exceptional p-local repre-
sentation zeta functions of two Lie rings: G37¢c and Gasri. In the other examples, we
state the necessary pieces of information so one could recreate the calculations without
(hopefully) too much difficulty. Note that the geometric series that appear in these
examples are readily calculable, so we need not appeal to p-adic integration to assist
us in the calculations. This p-adic integral approach is explained, for example, in [16,
Section 2.3].

5.3.3 Calculating the p-local Representation Zeta Function of
Giro

Let (as, ag,a7) € Z; v We begin by stating the commutator matrix:
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5. EXAMPLES USING KIRILLOV ORBIT METHOD

—as 0 ag ar
R = (5.3.11)

0 —Aag 0 as

0 —Qay —ajs 0

Note that the nilpotency class of Gsz7c is 2 and thus there is no commutator
submatrix S. Obviously, det(R) = a2 and thus by Lemma 2.5.10, for SNF(R), m3 =
my = v,(a?). So, for N € N,

10 0 0
01 0 0

SNF(R) = mod p”. (5.3.12)
00 a 0
00 0 a?

We note that we must be careful here; if v,(as) > N/2 then v,(a?) = 2v,(as) > N
and it follows that af = 0 mod p". Thus, if 2v,(as) > N then mz = my = N.

We break up the domain of Z7 v : first, let v,(as) = 0 and v,(ag), vp(ar) < N. In
this section of the domain there are (1 —p~!)p" choices for a5 and p" separate choices
for both ag and a7. Thus

Ny = (1= p Hp"p"p" =1 —p " )p*". (5.3.13)

Since v,(as) = 0 we have that mg = my = 0 and thus
4

Ams ==Y (N —my)s/2=—4(Ns/2) = —2Ns. (5.3.14)

i=1
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5.3 Examples Using the Kirillov Orbit Method

Now assume (ag, a7) € Z; v and a; ¢ Z7 . There are (1 — p~2)p*¥ choices for
(ag, a7) and we further break up the domain for as. Let || be the greatest integer not

greater than z.

Assume v,(as) = k < N/2. Note that this implies that 1 < k < |[N/2]|. Then there

are (1 — p~1)p™~F* choices for a5 and ms = my = 2k. Thus, for each k,
Ny = (1 =p 2)p (1 —p ™" (5.3.15)

and

Ans = — i(]\f —m;)s/2 = —(2N +2(N — 2k))s/2 = =2(N — k)s. (5.3.16)

i=1

Now assume that v,(as) = k > N/2 and k # N. Note that this implies that
|N/2] <k < N — 1. Then there are (1 — p~1)p¥=* choices for a5 and, since we are
considering SNF(R) mod p" and 2k > N, we have that m3 = m4 = N. Thus, for each
k,

Nym = (1= p)p*" (1 —p)p" " (5.3.17)

and
4

Ams ==Y (N =my)s/2=—(2N +2(N — N))s/2 = —Ns. (5.3.18)

=1

Now assume that v,(as) = N. Thus there is 1 choice for a5 and
Nvm =1 —p?)p*". (5.3.19)

It is clear that ms = my = N and thus

Aps = — i(N —m;)s/2=—(2N +2(N — N))/2s = —Ns. (5.3.20)

=1

Thus
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5. EXAMPLES USING KIRILLOV ORBIT METHOD

CGrop(s) =14 (1= p )pp™ (5.3.21)
N=1
oo B3
Y A=p [ Do (1= p TR
N=1 k=1
N-1
+ Z ((1 _p—l)pN—kp—Ns) T Ns
k=& ]+1

If Niseven |[N/2] = N/2 and if N is odd |N/2| = (N —1)/2. So to compute this
p-local zeta function we calculate Equation 5.3.21 separately for even and odd N. We
write N = 2M for even N and N = 2M — 1 for odd N, where M > 1.

Thus
Crrea(s) = 1 D (1= pptp e (5.3.22)
M=1
(o) M
+ (1 o p—2)p4M (Z(l o p—l)pQM—kp—Q(QM—k)s
M=1 k=1
2M—1
+ < (1 o pl)pZMkp2M3> _|_p2Ms>
k=M+1

+ Z (1 _ p—l)p6M—3p—(4M—2)s
M=1

o M-1
+ Z (1 _ p—2)p4M—2 (Z (1 . p—l)p(QM—l)—kp—2((2M—1)—k)s

M=1 k=1
2M—2
+ < (1 _p—l)p(QM—l)—kp—(QM—l)s> +p—(2M—1)s) .
k=M
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5.3 Examples Using the Kirillov Orbit Method

Simplifying, and substituting ¢ := p~*

) 1 Pt
CGsrep(s) =1+ (1 —p~ )1 — ot (5.3.23)
oo M
+ Z ((1 _ p—2)p4M <(1 _ p—l)pZMt4M Z(p—lt—Q)k
M=1 k=1
2M—1
+ (L=p Hp?MeM > () t2M>>
k=M+1
6t4
1 — p 1)y 342 p
S Ut L s
o) M-1
+ ((1 — pR)ptM-2 <(1 _ p MM 2 Z(p_lt_2>k
M=1 k=1
2M —2
+ (L=p MM N (4 t2M—1)>
k=M
Summing the geometric series of index k and rearranging we obtain
. _1 p6t4
CG37C7P<S) =1+(1-p )1 — pbta (5.3.24)
o —11-2 —1;-2\M+1
- _ p it —(pt?)
+> ((1 —p )t ((1 —p )P
M=1 p
—1\M+1 _ (—1\2M
+ (1 _p—1)<p2t2)M(p ) : _p_(f? ) i (t2)M>>
6t4
1 — p 1342 p
+(L=p )Tt o

t72 _ (p71t72)M
1— p_lt_2

+ A; ((1 )ty ((1 B p_l)(p2t4)Mp_1t_2pil

b ey i)

Inputting Equation 5.3.24 into Maple, this simplifies to

T (S) _ (1 — t)(l _p4t2)
Gsre.p (1 _ pzt)(l _ p5t2)'

(5.3.25)

Note that Equation 5.3.25 satisfies the functional equation of Theorem 1.4.3.
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5.3.4 Calculating the p-local Representation Zeta Function of

Gosri

This calculation is of a Lie ring of nilpotency class 3. Thus, we have a submatrix §
whose Smith Normal Form must be calculated, as well as the Smith Normal Form of
the commutator matrix R. Like the previous examples, we will split the domain into
sections and calculate each section independently. Let (as,ag, a7) € Zg’pN. We begin

by stating R :

R = 0 0 0 ar 0 (5.3.26)
0 0 —a; 0 O
—ag —ay; O 0 0
We also state the submatrix S:
Qg
ar
S = R E (5.3.27)
0
0

By calculating the 4-minors of R we can then determine SNF(R) mod p". By
Lemma 2.5.8, m5s = N and we can use this lemma to determine the elementary divisors
of SNF(R). Thus, My, the set of 4-minors of R, calculated by taking the determinant

of all 4 x 4 submatrices of R, is

4 292 29 3 3 2
My = {0, a7, aza%, agaz, asas, agas, asagas . (5.3.28)
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5.3 Examples Using the Kirillov Orbit Method

If v,(az) = 0 then min{v,(z) | z € My} = v,(a?) = 0. If v,(a;) = 0 where i € {5,6},
then min{v,(z) | * € My} = v,(a?a2) = v,(a?). It then follows by Lemma 2.5.10 that

mg = my = vp(ar).
It is easy to see, for SNF(S), that B, = —(N —ny) = —(N — min{v,(as), v,(az)}).

For the first section on the domain, let v,(a7) = 0. Then m3 = my = 0 and
4
Ams ==Y (N —m;)s/2 = —2Ns. (5.3.29)

=1

Since v,(a7) = 0 we also have that ny =0 so
By,=-N-0=—-N. (5.3.30)

In this section there are (1 — p~1)p™ choices for a; and p" separate choices for each of

as and ag. Thus, in this section of the domain,

Nymn = (1 =p )p™p"p" = (1 —p~)p*". (5.3.31)

Now let v,(as) = 0 and v,(a7) = k where 1 < k < N. For each k£ we have that
ms =my = k and
4

Ams ==Y (N —my)s/2==2(N + (N — k))s/2 = —(2N — k)s. (5.3.32)

=1

Since v,(ag) = 0 we have that n; =0 so
By,=—-N-0=—-N. (5.3.33)

In this section there are (1 — p~1)p™ choices for ag, p"™ choices for as, and, for each
k# N, (1 —p 1)p"N~* choices for a;. Thus in this section of the domain, and for each
k # N, we have

Nvmn =1 =p )p"p" (1 —p " )p" " = (1 —p)?p*N* (5.3.34)
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5. EXAMPLES USING KIRILLOV ORBIT METHOD

and if kK = N we have 1 choice for a7 and therefore

Nymn = (1 =p )p™p" = (1 —pH)p*". (5.3.35)

Now let v,(as) = 0 and v,(a;) be such that 1 < wv,(a;) < N —1 fori € {6,7}. Let

vp(ag) = k and vy,(ar) = £. In this section of the domain, ms = my = ¢ for each k and
4

Ams ==Y (N —my)s/2==2(N+ (N = ())s/2 = —(2N — {)s. (5.3.36)

i=1

For each k and ¢ we have that n; = min{k, ¢}. Thus, for each choice of k and ¢
By = —(N — min{k, £}). (5.3.37)

In this section there are (1 — p~1)p" choices for as, (1 — p~!)p"~* choices for ag, and
(1 — p~1)p™~* choices for ay, for each choice of k and ¢. Thus in this section of the

domain we have that

N =1 =p )pY (1 —p )p (1 —p )pV = (1 —p7)Pp* N (5.3.38)

Now let v,(as) = 0, v,(ag) = k, where 1 < k < N — 1, and v,(ay) = N. In this

section of the domain we have that ms = my = N and thus

Aps = — i(N —m;)s/2 =—2(N+ (N —N))s/2=—Ns. (5.3.39)

=1

For each k we have that ny = min{k, N} = k and thus, for each k,
Bn, = —(N — k). (5.3.40)

In this section there are (1 — p~1)p" choices for as, (1 — p~1)p™~* choices for ag, for

each k, and 1 choice for a;. Thus in this section of the domain
NN,m,n — (1 _p—1>pN(1 _p—1>pN—k — (1 _p—1)2p2N—k' (5341)
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Now let v,(as) = 0, v,(ag) = N, and v,(a7) = k, where 1 < k < N — 1. In this

section of the domain we have that ms = m4 = k and thus

Ams = — i(]\f —m;)s/2 = —=2(N+ (N —k))s/2=—(2N — k)s. (5.3.42)

=1

For each k we have that n; = min{N, k} = k and thus, for each k,

B, =—(N — k). (5.3.43)

In this section there are (1 — p~1)p" choices for as, 1 choice for ag, and (1 — p~1)pV=*
choices for az, for each k. Thus in this section of the domain

NN,m,n — (1 _p—l)pN(l _p—l)pN—k — (1 _p—1)2p2N—k;' (5344)

Finally, let v,(as) = 0 and v,(ag) = vy(az) = N. In this section of the domain

ms = my = N and thus

Ams ==Y (N —my)s/2==2(N + (N — N))s/2 = —Ns. (5.3.45)

=1

We have that ny = min{N, N} = N and thus
By = 0. (5.3.46)

In this section of the domain there are (1 —p~!)p" choices for a5 and 1 choice each for

ag and a7. Thus in this section of the domain

Nymn = (1=p~)p". (5.3.47)

Combining the results for each section of the domain
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Croen(8) =14 ((1 —p N p e (5.3.48)

_ p71)2p3N7kp7(2ka)spr

+
> =2
Il
BN,
—_

(1= p LN NepN
N—1N-1

i (1- p—1)3p3N—k—£p—(2N—Z)sp— max{N—k,N—¢}
k=1 (=1
N-1

i (1- p—l>2p2N—kp—Nsp—(N—k)
k=1
N-1

i (1- p71)2p2kapf(2ka)sp7(ka)+
k=1

gjw,p(s) =1+ Z ((1 —p H(p*)N (5.3.49)
AN )

+ (1 . p_1)3(p2t2) Z p—kp—ft—ﬁpmin{k,f}

(5.3.50)
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Let @@ be the double sum in square brackets. This can be broken up into three

different sums depending on k and ¢, say ()1, (J2, and ()3, when k > (. k < ¢, and
k = {, respectively. Then

N—1k—1
Q=Y Y (o He, (5.3.51)
k=2 I=1
N-2 N-1
Q=Y (Pt
k=1 =k+1
N-1
Q:} — (piltil)k.
k=1
Summing the series with index ¢ we have
N—-1
B t_l _ t—l k
Q= ) (p 1)]{1_—21)7 (5.3.52)
k=2
N-2 , _q,_ 1,
Q B (p 1t l)k+1 - (p 1t 1>N
2= 1—pit!
k=1

Thus, substituting Q)1 + Q2 + @3 for ) we have

G L(s)=1+ Z ( )(pPt2)N (5.3.53)
R Y ey
Gorhe
N WSS
+NX§ Pt ka 1?_911,5 +Z 1 ]
F(1-p >2<pt>N]:_111
+(1—p )(th)Nk:(t ) +(1-p )(pt))
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Summing the series with index £ it follows that

CCorrrep(8) = 1+ Z ( )(p*t*)N (5.3.54)

P —1
+ (L=p )N

+(1=p N

—1 —1\2 —1\N
1— 3(1242 () (p)
1 (p—lt—l)Q (p_lt_l)N

1—t1 1—p 1t
N p—lt—l p_lt_l _ (p_lt_l)N_l

1 — pfltfl 1 — pfltfl
_(N B 2) (p_lt_1>N p_lt_l o (p—lt—l)N

1— pfltfl 1 — pfltfl
+ (1 =p )P (e)N(N 1)
B t*l _ (tfl)N

+(1-p 1)2(pt2)NT

L= 00" )
Inputting Equation 5.3.54 into Maple, this simplifies to

(1= 71— pp)
(1= pt(1— )

Comsrcn(8) = (5.3.55)

Note that Equation 5.3.55 satisfies the functional equation of Theorem 1.4.3.

5.3.5 Other p-local Representation Zeta Functions

The other p-local representation zeta functions are computed similarly to the two
calculations above. Without going through the calculations explicitly, for each Lie
ring we give the commutator matrix R, the submatrix S, the possible values for the m;
and n;, as well as the final sum of Ny mnp AmspBn for each section of the domain. For
zeta functions of Lie rings L in Table 5.1, let Q1 be such that (7 (s) = 14> V_; Q1.

F32

For (as, ay,as) € Z5 N
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0 as ay
R == —as 0 as (5356)
—a4 —as 0
and
Gy
S=1|a |- (5.3.57)
0

Since R is a 3 x 3 matrix, m; = my = 0 and m3 = N when we calculate SNF(R).
For SNF(S), n1 = min{v,(as), vy(as)}. It follows that, for (as, as,as) € Z3 «

Qr, =1 =p )P + (1~ t)N Z (2K — 1)( (5.3.58)
+2A-p YNV =1A =p )Y + (1 =p ()"

The first term of Q,, is the case when one of v,(a4),v,(as) = 0. The second term is
when v,(as) =0, v,(as) =k, and v,(as) = ¢, for some k, £ such that 1 <k, ¢ < N — 1.
When doing this calculation, note that the double sum that would be in this term
can be replaced by the single sum above, due to the double sum’s symmetry in &
and ¢. The third term is when v,(a3) = 0, one of v,(as),v,(as) = N, and the other
vp(as),vp(as) = k where 1 < k < N — 1. The final term is when v,(a3) = 0 and
vp(as) = vp(as) = N.

Inputting Equation 5.3.58 into Maple we obtain

(1-1)?

G?Tgrz »(8) = (1—pt)(1—p3t)

(5.3.59)
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Gs.3

For (a4,a5) € Z;

2,pNV

—Qy 0 as 0
R = (5.3.60)

—as 0 0 0

and

as

S = . (5.3.61)

We have that det(R) = a3 and thus, for SNF(R), we have mz = my = 2v,(as). For
SNF(S), it is clear that ni = v,(as). It follows that, for (a4, as) € Z; v, we have

2M—1

Qcss = (L—p ) (pt*) + (1 —p~")*p* <t4M i(fl)’“ +2My 1) (5.3.62)

M-1 2M -2
+(1_p )22M1<t4M2 t2M121)

+ (1 =p (pt)¥

where 2M = N if N is even and 2M — 1 = N if N is odd. The first term is when
vp(as) = 0. The second term is when v,(as) = 0 and v,(as) = k for even N, where
1 <k < N — 1. The first subterm in the second term is when k£ < N/2 and the second
subterm is when & > N/2. The third term is when v,(as) = 0 and v,(as) = k for odd
N, where 1 < k < N — 1. The first subterm in the second term is when k£ < N/2

104



5.3 Examples Using the Kirillov Orbit Method

and the second subterm is when k& > N/2. The fourth term is when v,(as) = 0 and

vp(as) = N.

Inputting Equation 5.3.62 into Maple we obtain

&0als) = T o= ) (5.3.63)
Ge,7
For (ay,as, ag) € Z5 N
0 0 a4 Qs
0 0 ag O
R = (5.3.64)
—Qay4 —0g 0 0
—as 0 0 0
and
as
0
S = . (5.3.65)
0
0

We have that det(R) = a2a? and thus, for SNF(R), we have ms = my = v,(as)+v,(ag).
For SNF(S), it is clear that ni = vy(as). It follows that, for (a4, as,a6) € Z3 v, we
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have
Qcor = |(1=p H(H)Y <(1 —p ) 1__<tt__11>N + tN>] (5.3.66)
+ {(1 —p " ((1 - p‘l)(th)Np_lt?__p(ﬁ;i_l)N + tN)]
T [ R e
N "

1—p1t1 . 1—p 1—p bt 1-p

(p )Y
— - 1)1 —pl))}
+ [ =p @)Y p '+ [ =p ) ()N (N = 1)].

—pN) (1= p () <(191)N+1 p—p"

Note that we put square brackets around each term, for clarity, in the equation above.
The first term is when wv,(ag) = 0. The first subterm of this term is when v,(as) # N
and the second subterm is when v,(as) = N. The second term is when v,(as) = 0
and v,(ag) # 0. The first subterm of this term is when v,(ag) # N and the second
subterm is when v,(ag) = N. The third term is when v,(as) = 0, vy(as) = k,
and vy(ag) = ¢ where 1 < k, ¢, < N — 1. The first subterm of this term is when
vp(as) + vp(ag) < N and the second subterm is when v,(as) + v,(ag) > N. The fourth
term is when v,(as) = 0,v,(as) = N, and vy(as) # 0. Finally, the fifth term is when
vp(as) = 0,v,(as) =k, and v,(ag) = N, where 1 <k < N — 1.

Inputting Equation 5.3.66 into Maple we obtain the strikingly simple

(1-t)(1 —pt?)
(I —pt)(1 —p*2)

Crap(8) = (5.3.67)
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Ge,12

For (a5, as) € Z5 v,

R = —as 0 0 0 0 (5.3.68)
0 —a 0 0 O
—a 0 0 0 O
and
Qg
0
S = T E (5.3.69)
0
0

The 4-minors of R are My := {0, ag, a?a, —asaj}. Thus, when v,(ag) = 0 we have that
mg = my = 0. When v,(as) = 0 then mg = my = v,(ag). It is clear that, for SNF(S),

n1 = vp(ag). It follows that

Qagrn = (1 —p (@)Y + (1 - pl)z(th)N% +(1—p HpH)N. (5.3.70)

The first term is when v,(ag) = 0. The second term is when v,(as) = 0 and v,(ag) = k

where 1 < k < N — 1. The third term is when v,(as) = 0 and v,(ag) = N.
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Inputting Equation 5.3.70 into Maple we obtain

N ¢ [ )
G6,12,p<8) - (1 —pt)(l _pt2)~ (5371)

Ge 14

We impose the additional condition on p that v is a unit mod p. Since, when we
calculate SNF(R) and SNF(S), multiplication by units does not change the valuation

of ag and all 4-minors are monomial, we can omit . Thus, for (a4, as, ag) € Z5 N

R=1| 0 —a 0 0 0 (5.3.72)
—a 0 0 0 O
0 —ag 0O 0 O
and
ag O
0 ag
s=1 4 o (5.3.73)
0 O
0 0
The 4-minors of R are My = {0,a2a?, a3, a’a?, adas, —adas, —asasal}. Calculating

SNF(R), if v,(as) = 0 then mg = my = v,(as). If vy(as) = 0 then mg = my = v,(ag)
as well. Finally, if v,(ag) = 0 then mz = my = 0. It is clear, for SNF(S), that
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ny = ng = v,(ag). It follows that

Qs = (1= )0 + (1= (- eV B

(5.3.74)
+(1=p2)(@*)".

The first term is when v,(ag) = 0. The second term is when one of v,(a4),v,(as) = 0
and v,(ag) = k where 1 < k < N — 1. The final term is when one of v,(a4), v,(as) =0
and v,(ag) = N.
Inputting Equation 5.3.74 into Maple we obtain
: (1—t)(1—¢?)
or = . 5.3.75
A (T 057)
Gara
For (ag,a7) € Z5 v,
0 Qg 0 ay 0
—as 0 0 0 O
—a; 0 0 0 O
0 0 —a; 0 O
Since Ga74 has nilpotency class 2 there is no submatrix S.
The 4-minors of R are My := {0, a%, a2a?, —aga3}. Calculating SNF(R), if v,(a7) =
0 then mg = my = 0. If vy(ag) = 0 then ms = my = v,(az). It follows that
—1y-1 —14—1\N
_ _ p it —(p )
Qayra = 1 =p )P*)" + (1= p P (") —— Py (5.3.77)

+(1=p ).

The first term is when v,(a7) = 0. The second term is when v,(ag) = 0 and v,(ar) = k
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where 1 < k < N — 1. The final term is when v,(as) = 0 and v,(a7) = N.

Inputting this into Maple we obtain

(1-t)(1—pt?)
(1 —pt)(1—p42)

(5.3.78)

g;mp(s) =

Note that, for all examples that have been calculated, the p-local representation

zeta functions satisfy the functional equation of Theorem 1.4.3.

5.4 Joint Results With Robert Snocken

We briefly state some work on bounding the p-local abscissa of convergence of repre-
sentation zeta functions of 7T-groups that will appear in a forthcoming paper by Robert
Snocken and the author of this thesis. As a reminder, the concept of saturation was
defined in Definition 5.2.2.

Theorem 5.4.1. Let L be a saturated Lie ring of nilpotency class 2 associated to some
e. e. T-group G such that L' and Z(L) are also saturated. Let h(L) = d, h(L') = d',
and h(Z) = e. Let L, C L be the saturated abelian Lie subring of L with mazimal
dimension, say h(L,) = . Let ap, be the p-local abscissa of convergence of (7 (s).

Then, for almost all p,
2d'

d—e

Moreover, if r —e > d — r then, for almost all p,

<ap, <d. (5.4.1)

d/
arp =

> (5.4.2)

These bounds represent another step in the process of obtaining group theoretic

information from p-local representation zeta functions.
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Chapter 6

Conclusion

6.1 Introduction

In this thesis we have calculated the representation zeta function of two families of
T-groups by a constructive method. This method allowed the calculation of certain
p-local representation zeta functions that could not be calculated by the Kirillov orbit
method. Also, we calculated the p-local representation zeta functions of various 7 -
groups, most of these groups appearing in [9, Chapter 2], using the Kirillov orbit
method. To conclude, the final chapter of this thesis consists of two sections: first,
we make some observations about the properties of representation zeta functions of

T-groups. Second, we mention some questions to be answered by future research.

6.2 Observations

Here are some observations we have made due to the research completed in this thesis.

Observation 6.2.1. There exists two non-isomorphic 7-groups, say GG; and Gs, such
that C37(s) = Ci7 (s).

Let H be the discrete Heisenberg group and let G; = H x H. Since irreducible
representations of direct products of finite groups are tensor products of irreducible

representations of these groups,

Gir(s) = (u) (621)
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by [23]. Let Go = M3 as in Chapter 4. By Equation 4.3.19,

G (s) = (%) (622)

It is clear that G 22 G9; for example, these two groups are of different nilpotency class.

Observation 6.2.2. We remind the reader that we call a prime p a Kirillov-exceptional
prime if the hypotheses of the Kirillov orbit method does not hold for p. There exist
T-groups, say for example a group G, such that Cg’;’,(s) is finitely uniform in p, p~* for

all primes, including Kirillov-exceptional primes; that is, as in Definition 2.3.2, p, = 2.

By [13, Theorem 1.a] the prime p = 2 is a Kirillov-exceptional prime. By Equation
4.3.19 in Chapter 4 we know that

i (s) = (%) (623)

and thus the 2-local representation zeta function is of the same form as the other p-
local representation zeta functions. The results calculated by the constructive method
suggest that, since these exceptional p-local zeta functions are not “truly” exceptional,
there may be a generalization of the Kirillov orbit method that is valid for all primes,
at least for T-groups of a relatively simple structure. In fact, Stasinski and Voll [28,

Section 2.4] do this for T-groups of nilpotency class 2.

6.3 Questions and Future Work

To date, there has not been a p-local representation zeta function calculated such that
it is truly exceptional, in the sense that the p-local representation zeta function does
not satisfy the usual functional equations. All p-local representation zeta functions
that have been calculated do indeed satisfy the functional equations of Theorems 1.4.3

and 1.4.4. Indeed, a natural question arises:

Question 6.3.1. Does there exist a group G and a prime p such that the p-local
representation zeta function of G is truly exceptional; that is, it does not satisfy the

functional equation in Theorem 1.4.47

The calculation of the p-local representation zeta functions of M3 and M, suggest

that it is possible that there are no truly exceptional primes; however, it may be nothing
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more than a fluke that the p-local representation zeta functions, for each of the groups,
are uniform in p,p~°. To make a conjecture either way, we suspect more examples of
p-local representation zeta functions, for Kirillov-exceptional p, need to be calculated.

This would most likely involve use of the constructive method.

Since representation zeta functions are built from groups it is very likely that we
are able to extract group-theoretic data from representation zeta functions. In fact,

from Theorem 1.4.3, we can determine the Hirsch length of the derived subgroup.

Question 6.3.2. Can we determine other group-theoretic information from represen-

tation zeta functions of T-groups?

We suspects that we can determine much more from the form of the zeta function.
In fact, the bounds on abscissas of convergence that appear in Chapter 5 are a start
to discovering this hidden information. Work in representation growth of other classes
of groups has given some results. For example, in the case of complex semi-simple
algebraic groups, say we pick one and call it GG, it was shown by Larsen and Lubotzky
[17] that the abscissa of convergence of the representation zeta function of G, say ag,
has the following property:
ag = % (6.3.1)

where r is the Lie rank of G and k is the number of positive roots of G.

The Kirillov orbit method is very useful for calculating the p-local representation
zeta functions for almost all primes. However, for some exceptional prime p,, if the
number of pY-dimensional twist isoclasses grows much faster than the number of non-
exceptional p"-dimensional twist isoclasses, we may not be able to determine the global

abscissa of convergence. We ask the following question:

Question 6.3.3. For a 7-group G and a Kirillov-exceptional prime p,, can the abscissa
of convergence ag ,, be larger than p-local abscissas of non-exceptional primes; that is,

larger than max{aq, | p is non-exceptional}?

If it is possible, then the constructive method gains more importance to determining
the overall rate of representation growth.

Of the T-groups studied, both in this thesis and in the literature, all of the
representation zeta functions are products of shifted Dedekind zeta functions and their

inverses. This phenomenon does not happen subgroup growth. Therefore, it may be
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of interest to study groups for which their representation zeta function is as described

above.

Question 6.3.4. Are all representation zeta functions products of shifted Dedekind
zeta functions and their inverses? If not, which 7-groups have representation zeta

functions that are of this form?

We suspect that the answer to the first question is “no”. This agrees with the
expectation of Stasinski and Voll in [28, Section 1.1]. The groups for which repre-
sentation zeta functions have been calculated, so far, have been of a relatively simple
structure. It is very possible that this behaviour does not occur for sufficiently complex
groups. Assuming the answer to the first question is negative, an answer to the second
question might give an interesting family of 7-groups to study. This may reflect some
group-theoretic property (see Question 6.3.2).

In Chapter 4 we calculated various p-local the representation zeta function of the
groups M,,. During the course of that calculation, especially the calculation of G&;Q(s),
we split the domain of possible choices of roots of unity into different cases. However,
this sectioning was, essentially, ad-hoc; that is, there was no other reason to split the
domain in this way other than ease of calculation. There may be a more natural way
to break up the domain so that the calculation is more straightforward. However, we

were not able to describe a better, more intuitive, sectioning of the domain.

Project 6.3.5. Find more natural case distinctions for the constructive-exceptional

prime calculation of (i ,(s).

If this is possible, it may help in generalizing the constructive method to a larger
class of groups. Indeed, since the “un-natural” sectioning occurs only during the
calculation of exceptional cases, finding a better sectioning of the domain might lead
us to a better understanding of 7-groups, and in particular, a better understanding of

their finite quotients of “small prime”-power order.
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Appendix A

Elementary Concepts

We begin by defining an important concept in the study of nilpotent groups.

Definition A.6. Let G be a group. For g,h € G we call [g,h] := ghg~'h™! the
commutator of g and h. Let H, K be subsets of G. The commutator [H, K] is defined
as ({[h, k] | h € H,k € K}).

Definition A.7. Let G be a group. Then G is nilpotent if the lower central series
Go := G, G; := [G,G;_4] terminates in a finite number of steps; that is, there is an
¢ € NU{0} such that G. = 1. The minimal ¢ such that G. =1 is called the nilpotency
class of G.

Example A.8. Any abelian group A is nilpotent; since all elements of A commute,
G1=1[A, Al =1 and thus A has nilpotency class 1.

Example A.9. The quaternion group Qg := (—1,1,5,k | — 1> =1, i* = 52 = k* =
ijk = —1) of order 8 is a nilpotent group of class 2. We have that G; = {1,—1} and
Gy = [Qs, {1,-1}] = 1.

There are many equivalent definitions of nilpotent groups; see any graduate text-
book on group theory for details. We give one equivalent definition that is important

for our study.

Theorem A.10. A finite group G is nilpotent if and only if it is the direct product of
all of its Sylow subgroups.

119



APPENDIX A

Now that we have introduced the idea of nilpotent groups, we can continue to define

the groups studied in this thesis. We call these T-groups.

Definition A.11. Let G := (P | R) be a group defined by a set of generators P and
a set of relations R. We say that G is finitely generated if |P| < oc.

Definition A.12. Let G be a group. We say that G is torsion-free if and only if the
only element g € G such that g* = 1 for any k£ € N is 1.

Definition A.13. We say a group G is a T -group if and only if G is a finitely generated

torsion-free nilpotent group.
Example A.14. The discrete Heisenberg group H := (x,y, z | [x,y] = z) is a T -group.

From now on, until indicated otherwise, any arbitrary group G that appears in this
thesis is a T-group.
We introduce an invariant of 7-groups that, informally, measures the amount of

infiniteness in our group.

Definition A.15. The Hirsch length of a T-group G is the number of infinite factors
in a polycyclic series of G. We denote this by h(G).

Example A.16. Let Ms = (y,x1, 2,23 | [y, 21] = 2, [y, xa] = x3) where all other

commutators in the presentation are trivial. Then Mj has the lower central series
Go = M3, G1 = <$2,I3>, G2 = <LE3>, Gg =1. (Al)

Thus
Go/Gs =7, G1/Gy =17, GO/G1:Z2 (A.2)

and h(Ms) =1+1+2=4.

We study nilpotent groups by way of linear algebra. For a group G the idea is
to find a set of matrices (or, more generally, linear operators) p(G) which, under
multiplication, behaves the same way as GG. Once we have this set, we can use linear
algebraic techniques to study our group. This is the basic idea behind the general

subject of representation theory.

Definition A.17. Let V' be a n-dimensional vector space and G a group. The function
p: G — GL(V), where GL(V) is the general linear group of V, is a representation if
and only if it is a homomorphism; that is, for g, h € G, p(gh) = p(g)p(h). We say that

p has dimension n.
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In this thesis, the vector space V is usually C" and we denote this general linear
group as G L, (C). In the same manner, we always mean “complex representation” when

we say “representation”.

Example A.18. Let K be the Klein-4 group generated by elements a,b. Then p : K —
GLy(C) defined by

pla) = p(b) = (A.3)

1S a representation.

Definition A.19. Let p : G — GL,,(V') be arepresentation. We say a subspace W C V
is a p(G)-stable subspace if W is closed under the action of G; that is, p(g)w C W for
all g e G and w e W.

Definition A.20. A representation p : G — GL(V) is irreducible if and only if the
only p(G)-stable subspaces of V' are the trivial subspace and V itself.

Note that, since a representation p is a homomorphism of groups, p is completely

determined by p(a) for all @ € P where P is a generating set of the group.

Example A.21. Let p be the representation in Fxample A.18. Since all elements of
p(K) are diagonal, the subspace spanned by the vector v := (1,0) is p-stable. Indeed
span(v) is a stable subspace for any representation x : A — GLo(C) of an abelian group
A.

The four representations p. : K — C such that p.(a) = £1,p.(b) = £1 are

irreducible. In fact, it is clear that any 1-dimensional representation is irreducible.

Two results we use in this thesis are corollaries of the standard representation

theoretic result Schur’s Lemma. We combine the needed results into one lemmas

Lemma A.22. Let p: G — GL,(C) be an irreducible representation. If, for g € G,
p(g) commutes with p(G) then p(g) must be a scalar matriz. Additionally, if p(G) is

abelian then p is 1-dimensional.
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