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ABSTRACT

This thesis investigates an extension of the classical best
choice problem which permits attempts at recall of any item passed
over at an earlier stage. Three variations of the problem of

finding a policy which maximises the probability of obtaining the

£
‘

best of N rankable items for given probability distributions over
the availabilities of items from stage to stage, are considered.
One variation permits only one attempt to ébtain any item, even if
that attempt is unsuccessful. Another allows any number of unsuccess-
ful attempts at obtaining an item, while the third variation assumes
that, at each stage, all the iﬁformation about tﬁe availabilities of
items already inspected is known before a decision whether or not to
obtain an item is made.
The general solutions of all three problems are given in terms
of the optimal control of a Markov chain through at most N steps.
Analyses of the problems are carried out under additiénal
simplifying assumptions about the probability distribution on the
order of presentation and availabilities of the items. These analyses
include sufficient conditions for the optimal policies to havé certaig
simple foxmé and also the derivation of some asymplotic properties.
In particular, asymptotes for the maximum probability of obtaiﬁing the
best item are given and the asymptotic optimality of sequences of

policies of a simple closed form is proved.
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CHAPTER I

INTRODUCTION

1. THE BEST CHOICE PROBLEM AND SUMMARY OF RELATED WORK

This thesis will be devoted to the study of a generalisation of

what we shall refer to ag the classical best choice problem. This

problem is equivalent to a number of problems that have appeared in
the literature under various names; for example, "Googol"™ in Fox and
Marnie {(1960), the marriage problem in Lindley {1961}, the dowry
problem in Gilbert and Most@llgr (1966) and the secretary problem in
Chow, Robbins and Siegmund (1971). We now state the assumptions of
the best choice problem - in terms of choosing a secretary alﬁhough of
course the problem has many other interpretations.

A known fixed number, N, of applicants of differing quality are
presented to an employer one at a time in random order, all N! order-
ings being equally likely. At the time of interview of an applicant,
the employer is only able to observe her rank relative to those who
have preceded her, and he must then make the decision either to employ
the present applicant and make no further interviews, or to interview
the next applicant. Recall of applicants already passed over is not
permitted. ( Under these assumptiong; the c¢lassical best choice problem
is to find the policy which maximises the probability that the employer
chooses the best applicant.

The solution of the problem is well known. The maximum

probability of employing the best, for N2 2, is given by

N
VN - §_.XN~1

- i/n,

n=gV

N, . .
where s 1is the positive integer s such that



N~1

N-1
E n=g+l

nzsl{n;l>z

(L.1) 1/n.

A policy which gives this probability is:

do not employ any of the first sN applicants, but thereaftex

employ the first applicant who is bétter than her predecessors.
N
The bounds for s

N

(1.2) N/e - 1 <8 <N/fe+ 1l - 1/e,

follow from (l.1) by using the fact that

log (n+1) - logn < 1/n < logn - log (n~-1) .

It is then straightforward to show that SN/N'* eml and

VN"*ewl as N > o,

The solution of the classical problem was first published by
Moser and Pounder (1960) in Martin Gardner's column, “Mathematical
Games", of the journal Scientific American, as the solution to the
problem "Googol" which was posed earlier in the same column b§ Pox
and Marnie (1960). The problem has also appeared in this "brain-
teaser" role in Mosteller (1965) and in Bissinger and Siegel (1963)
{(with solution by Bosch (1964)}.

It is, however, in its rclc as an intuitive but non-trivial
illustrative example of the use of backward recursion for constructing
sequential decisions, that the best choice problem is most famous. it
has been treated in this manner by Lindley (1961), where the asymptotic
result is first given. Dynkin (1963) uses the problem as an example
of his very nice characterisation of the "optimum choice of the instant
for stopping a Markov pgocess". Similar coverage of the problem is

given in Dynkin and Yushkevitch {(1969), De Groot (1370} and Chow,

Robbins and Siegmund (1971).



The originator of the problem would appear to be unknown. In
éilbert and MostellerA(1966), Prederick Mosteller stated that he was
‘told the problem in 1955 by Andrew Gleason who claimed to have heard
it from someone else, This person may have been Herbert Robbins,
since he set the problem in an examination in the early 1950's
{(Robbins, 1976). On the other hand it is stated in Fox and Marnie
(1960) that they devised the game "éoogol" in 1958,

Before looking at some of the variations of the classical best
choice problem it is worth noting that a far more difficult sequential
decision problem with vague similarities was posed more than 100 years
ago by Cayley (1874). In his words, the problem was "A lottery is
arranged as follows: There are‘k tickets representing a, b, <, ves
pounds, respectively. A person draws once; looks at his ticket; and
if he pleases, draws again (out of the remaining k-1 tickets); looks
at his ticket, and if he pleases draws again (out of the remaining k-2
tickets); and so on, drawing in all not more than n times; and he
receives the value of the last ticket. Suppose he regulates his
drawings in the manner most advantageous to him according to the theory
of probabilities, what is the value of his expéctations?" This problem
cannot be considered to be a variation or generalisation of the best
choice problem since the quantities a, b, ¢, ... are known in advance
and the aim is not the maximisation of the probability of choosing the
ticket with the highest value. Nevertheless in Cayley (1875), the
solution of the case k= 4, a=1, b=2, ¢= 3, d = 4, (Expectations
are 10/4, 38/12, 85/24, 4 respectively for the cases n = 1, 2, 3, 4)
and the computational technique for solving the general problem appear
to be the first published examples of the use of backward induction
for solving a statistic;l decision problem.

Many possible avenues for variation and generalisation of the

classical best choice problem, spring to mind. We now list some of



those which have been considered in the literature.
1. More than one applicant can be chosen.

2. A criterion other than the maximisation of the probability

of choosing the best may be used.

3. Observations of random variables other than relative ranks

may be made.

4. The problem can be turned into a game by allowing an

opponent to choose the order of presentation.
5. Costs of observation may be introduced.

6. Total number of applicants, N, has a known prior probability

distribution.
7. Rejected applicants can be recalled at a later stage.
8. Offers of employment may be refused by an applicant.

The most thorough and comprehensive article which considers
variations of the classical best choice problem, is Gilbert and
Mosteller (1966). They commenced by giving a solution of the best
choice problem which included narrower bounds for sN than those given
by (1.2). The first variation considered was to allow at most r
applicants to be chosen and the aim was to find a policy which
maximises the probability that one of the chosen apﬁlicants is best
(denote this probability by Vﬁ%. It is shown for r = 2, that the

3/2

asymptotic form of the optimal policy passes Ne applicants before
making any first choice of a relatively best applicant and passes
Neul applicants before making any second choice of a relatively best

applicant. They also show that ng'* 0.591, and give a general

. _— N
expression for the limit of Vr ag N oo,



Gilbert and Mostellerxr also solved the important variation which
they referred to as the full information game. Instead of observing
relative ranks sequentially, the empioyer observes the actual qualities
which are assumed to be independent values from some known probability
éistribution. The aim is to maximise the probability of choosing the
highest quality applicant when only one choice is permitted. The
problem is distribution free in the'sense that all distributions of
qualities are equivalent to the uniform distribution on (0,1). The
optimal policy is determined by a sequence'{bi}, i=0,1,...,
independent of N, where applicant j is chosen if she is relatively
best and her quality is greater than bN~j . Implicit formulas for
bi are derived and first and second order approximations are given.
Gilbert and Mosteller also show that the asymptotic probability of
choosing the best is about 0.580, and briefly touch on the r - choice
full information problen.

Gilbert and Mosteller, while departing a little from the title
of their article - “Recognisiﬁg the Maximum of a Sequence” - also
investigated the full information problem from the point of view of
maximising the expected quality of the applicant chosen. This variation,
however, is not distribution free and cases with uniform, norﬁal, half-
normal, exponential and inverse powers distributions on the qualities
are treated for 1, 2 and 3 choices. Farlier, Moser (1956) had solved
the case when there is one choice and the gualities are uniformly
distributed on (0,1).

Another interesting variation examined by Gilbert and Mosteller
is to introduce game theory to the classical best choice problem by
allowing an opponent to choose the order of presentation so as to
minimise the probability of chodésing the best applicant. (An earlier

treatment of a two player game for a variation of the best choice



problem appears in Chow, Robbins, Moriguti and Samuels (1964).)

Where the opponent has total freedom to choose the order, the value
of the game is shown to be 1/N, whiqh is the probability of choosing
the best if the employer selects any applicant at random, Undex the
restriction that the opponent is only able to select the position of
the best applicant with the remaining N -1 positions in the order
being filled randomly, the minimax érobability of choosing the best
app}icant is shown to be 1/(1 + zgli 1/n) . The value of the game
is approximately doubled when the interviewer can make 2 choices.

The problem of maximising the probability that the applicant
chosen is one of the r best, is another variation which has received
some attention. Gilbert and Mosteller have shown that for r = 2,
this probability approaches 0.574 approximately as N >« , but were
dissuaded from considering the problem for general r by the complexity
of the algebra. Even the asvmptotic solution for general r is not
straightforward, and the derivation of some partial results are set as
exerciges in Dynkin and Yushkevitch (1969) and in De Groot {(1970). At
about the same time as Gilbert and Mosteller's article appeared, Gusein-
Zade (1966) published an article in which this problem was considered
as an example. The asymptotic form for the optimal policy and the
maximum probability that bné of the r best is chosen can be calculated
numerically as a special case of the general class of problenms
considered in Mucci (1973a).

Lindley (1961) in the second of his examples examined the
variation of the classgical best choice problem in whiéh the aim was
to find a policy which minimised the expected rank of the applicant

selected. He showed that the optimal policy is given by a sequence

of non~negative integers si,...,s where the employer is to stop and

N

choose the first applicant n whose relative rank is less than or equal



to sn . (SN is of course N.) The sequence s;,...,SN is
calculated by means of a relatively simple recursive eguation, which
also gives VN , the minimum expected rank of the chosen applicant.
Lindley in an endeavour to f£ind app;oximate values for SlreeerSy
approximated the recursive equation by a differential eguation. It
was apparent through this, that VN had a finite limit but the approx-
imation was too crude for an evalua%ion to be made.

Chow, Morguti, Robbins and Samuels (1964} showed by direct

calculation that, for the problem of minimising the expected rank of

the applicant chosen,

1/ G+ & 5 g90 .

N ® :
v 7 My, A+2/3)

They also solved the two person game where the opponent can choose the
order of presentation in an attempt to increase the expected rank
of the applicant chosen. There is an opponents policy, viz. at
stage n present either the best or the worst of the remaining
applicants with probability 1/2 each, which gives expected rank of
(N+1)/2 no matter what policy is used by the employer.

Chow et al remarked that they were able to evaluate lim VN
by approximating the recursion equation by a sequence of differential
equations, instead of just one as Lindley had done. However, this
technigque was heuristic, and it was not obvious how to go about
making the argument rigorous. It was this problem of proving that
an approximate sgolution for a generalised class of problems could be
derived from a suitable differential equation, that Mucci (1973a,
1973b) solved. These two papers are very concentrated and many of
the details are omitted. A complete treatment can be found in
Mucci (1972).

Mucci makes the basic assumptions of the classical best choice
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problem with the generalisation that the employer wishes to find the
policy which optimises the expected value of a payoff g which is a
monotone function of the absolute rank, r, of the applicant chosen.
Let t be any policy based on the relative ranks and let r, be the
absolute rank of the applicant chosen. = In Mucci (1973a) it is

assumed that g{l) = 1 and g(r) ¥ 0 and the problem is to determine
N
vV = max, B [q(rt)].

In the second article (Mucci, 1973b) q(l) =1, q(r) 7 © and

X Xr<q(r3 < ® are the assumptions and the aim is to determine
N .
= E r .
v ming [q t)}

These generalisations include many of the earlier variations of the
clasgical problem. For example, the classicél ?roblem is equivalent
to taking q{li =1, g(r) = 0, ¥ 2 2, and the problem of minimising the
expected'rank is equivalent to taking g{r) = », r 2 1.

In Mucci (1973a) a differential equation with solution function
g, defined on [0,1] and boundary condition g(l) = 0 is considered.

It is shown that g is unique for each g, and that ZL:i.mN__>oo VN = g (0} .
The solution of the equation does nof have an explicit form, however,
and a recursion is given which will permit thé calcu;ation of not only
lim VN but also the asymptotic form of the policies for any (.

In Mucci (1973b) the unboundedness of g presented additional
problems for evaluating lim VN from the solution of a particular
differential eguation. Nevertheless, a recursion which calculatesg
lim VN and the asymptotic form of the optimal policy for most cases,
is obtained.

Yet another important generalisation of the classical best

choice problem with practical applications is to make the assumption
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that total number of applicants N has a known prior distribution T,
over the positive integers. Presman and Sonin {(1972) have treated
this problem fairly thoroughly. They gi&e sufficient conditions on
T in order that the optimal policy should take the form: make no
choice before stagé s; thereafter choose the first relatively best
applicant. This is the same form as the optimal policy for the
classical problem. They showed that a policy of this form was

optimal in the cases where the distribution 7 was
1) uniform on {1,2,...,M},

2} Poisson (plus one to give a distribution over the positive

integers), or
3} geometric, probability p of a success,

The asymptotic properties of one-parameter ({(usually the mean) families
for m for which the optimal policy is of the classical form, is
investigated. In particular, it is shown that the limit of the

probability of choosing the best applicant is

-2
1) 2e for the uniform family as M 2> »,

2) e~l for the Poisson family as 4 >, and

- -1
3) Y'£ e V¥ 5! ax for the geometric family as 1/p —> =, where
Y = 0.18 is the root of the equation

<o - —
0= '{1 e X (1-logx)x ldx.
Also in the corresponding cases
-2
1) s/M~>e ~,

2) s/u e—l and

3) spY.
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A generalised payoff structure in combination with a prior dis-
tribution for N over a finite set of integers has been considered by
Rasmussen (1975). However, the article containsva serious error {in
Lemma 3.2) and this leads to an assumption about the forﬁ of the
optimal policy which contradicts the findings of Presman and Sonin
(1972). The remaining results of Rasmussen are therefore in jeopardy.
His assumption is correct if the prior distribution is degenerate, but
this case is covered in Mucci (1973a).

The same error is propagated by referehce into Rasmussen and
Robbins (1975). This is not serious though, since the assumption
about the form of the optimal policy is true for the problem considered

"viz, the problem of choosing the best when the total number of
applicants has a uniform prior distribution. Nevertheless this
problem had already been solved in Presman and Sonin (1972).

The cdnsideration of sampling costs is usually associated with
the observation of randem variables other than relative ranks. This -
generalisation is therefore rather removed from the classical best
choice problem. Some examples both with and without recall appear in
De Groot (1970}).

" To complete this section we now consider the generalisation of
the best choice problem that is to be studied in this thesis. Apart
from the articles Smith (1975}, Smith (1977) and Smith and Deely (1975),
‘which include some of the results to be presented later, the only
article to consider this generalisation is Yang (1974). He treated
the case where an approach may be made to any applicant already inter-
viewed under the assumption that the probability of a successful
approach to applicant j at stage n is given by p{n-13), 1<j<ngN.
The sequence p(0), p(l), ..., p{N~-1), where p(0) = 1, is necessarily

non~increasing since Yang assumed that unavailable applicants remained
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unavailable. The object is to find the policy which maximises the
probability of employing the best applicant when only one successful
approach is permitted.

Yang shows that no approach should be made before stage QN,
where SN is given by (1.1}. It is also shown that the policy which
interviews all N applicants and th?n approaches the best is optimal if
and only if p(k+1)/p(k}y > N-2)/N=1), fork=0,1,...,N=2, The
optimal policies with the corresponding probabilities of emploving the
best applicant, are obtained for the special'cases where
plk) = pk, (0<p<1l) and p(k) =p, (0Lp <1, k21) (the classical best
choice problem is equivalent to taking p = 0 in this case).

Sections3.3 to 3.5 of this thesis contain results which include
those of Yang as special cases. These results were obtained indeperi-

dently.

2. | STATEMENT OF THE PROBLEMS3

We now list the general assumptions of the problems to be
studied in this thesis. The first assumpﬁioﬁ applies to each of the
problems, but the last three assumptions are alternatives which dig=

tinguish the problems,

Assumption 1.1,

1} A known number N, of applicants of differing quality are
presented one at a time for interview by an employex.

2) At stage n, that is at the completion of the interview of
applicant n, the employer observes the rank of applicant n relative

to her predecessors,

3) The employer may approach at stage n, any of the applicants

already interviewed or he may choose to interview the next applicant
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{provided n<N) .

4) There is a known distribution on the availabilities of each
applicant at and subsequent to her interview and on the order of

presentation of the applicants according to their guality.

Assumption 1.2, A, Interviews must cease at the time of a successful

approach but after an unsuccessful approach the employer may approach
another of the applicants already interviewed or continue with further

interviews.

Agsumption 1.2. B, At stage n and before any decision whether or not to

make an approach, the employer may ascertain the availability or not

of any or all of the applicants interviewed so far.

Assumption 1.2. C. Only one approach is permitted and interviews

cease whether or not it was successful.

The problem of finding a policy which maximises the probability
of employing the best applicant under Assumption 1.1 together with
Assumption 1.2.A, shall be referred to as Problem A. Préblem B and
Problem C differ from Problem A only in that Assumption 1.2.A is
replaced by Assumption 1.2.B and Assumption 1.2.C respectively.

The essential differences between the three problems are: in
Problem B the employer can determine whether or not his approach will
be successful before he has to commit himself, whereas in Problem A
the only way to determine the availability of an applicant is to make
an approach, which if accepted is binding; however in Problem C the
"expense" of making an approach is such that no further approaches can
be contemplated.

It should be remarked that at present no assumptions are made

about the form of the distribution on the order of presentation and
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availabilities of applicants. It is possible for applicants who are
unavailable at some stage to become available at a later stage and
vice versa. Additional assumptions about the form of the distributiod
will be made in Chapters IIE and IV. Also part 4) of Assumpticn 1:l
carries the implication that the order of presentation and the avail=
ability of any applicants are not influenced by any decisions made by
the employe¥:

We now describé some examples, lettéred correspondingly, wheére
the assumptions of the various problems might apply in an idealised

way.

Example 1,1.A. {An extension of the marriage proﬁlem in Lindley

{1961} .) A batchelor wishes to maximise the probability of marrying
the most compatible of the N spinsters who live in his district. He
courts them one at a time and before cdurtinglthe next spinstef he must
decide whether or not to proposeé to any of the spinsters whom he has
courted soé far. The only way he can determine whether any particula#
spinster will marf¢y him is to propose,; and thén if the proposal is
accepted his courting days are over: The probability that a proposalt
is accepted is likely €6 depend not only upon wheén it ig made but algé
on the compatibility of the couplé and perhaps evén upon the order in
which courtships were made: The distribution of the orde¥ éf courE=
ships may also depend upon compatibilities sincé hé may have someé pré=

conceived idea of these and choose the order accordingly.

Example 1.1.B. A person who wisheés to buy a houseé, contacts a réal

estate agent who has a list of N suitable properties which are
currently on the market. The houses are inspected one by one over a
period of time and before the buyer makes a decision either to buy one

of the houses already seen or to inspect anothexr house, he is able to
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ascertain which if any of the houses already inspected are no longer on
the market. This may give him some idea of the current state of the
market and hence likely future trends and thus help in the making of
the decisions. Again, the buyer seeks the policy which maximises

the probability of buying the best of the N houses.

Example 1.1.C. The instruments of.a defensive missile site have

detected the launch of an enemy MIRV {(Multiple Independent Re-entry
Vehiéle) which is known to have N warheads. The computer is only
able to calculate the trajectory of the warheads one at a time. The
éontroller of the site, who wishes to maximise the probability of
successfully intercepting the warhead with the most valuable target,

is faced at each stage with decision whether to fire his one remaining
ABM (Anti Ballistic Missile} at one of the warheads already tracked

or whether to calculate the trajectory of anoﬁhe? warhead. The
probability of a successful interception will obviously depend upon
the delay before the ABM is fired, and since there is only one missile,

only one interception attempt can be made.
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CHAPTER IIX
SOLUTIONS OF THE GENERAIL PROBLEMS

While Problems B and C can easily be formulated as optimal
stopping problems, Problem A will have to be treated slightly differ-
ently. Here the alternative decision to continuation is not to stop
but instead to make an approach. It is not known beforehand though,
whether or not an approach will be successful. One way of over—
coming this difficulty might be to consider a randomised‘stopping

policy. Instead, we shall treat all three problems as special cases

of the following general problém.

1. A MARKOV CHAIN DECISION PROBLEM

The problem now to be examined is an extension of the problem
of optimal stopping for a finite Markov chain, to allow for a decision
which may or may not result in the stopping of the chain.

Consider a Markov chain with a finite state space 3, for which
termination will occur at the Nth stage if it has not occurred
earlier. Let us also assume for ease of calculation, thét 5 is par-
titioned intc the non-empty sets 81,82,...,SN ; where Sn is the set of
possible states of the chain at the nth stage. This ié not a severe
restriction on the model since the states of any finite chain can be
redefined to include the stage number, On S there is an initial
probability mass function £ (where £(0) = 0, o & 8;) and a payoff
function U where U(0) is the payoff received if the chain terminates
in state 0. In any state 0 €S\ SN there is a choice of two decisions

69 , 8§ which have the following results. If §p is chosen when in
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state O then the chain proceeds with transition probability function
£o(0,*). If, however, §; is chosen then the chain terminates in
state O with probability f;(0) or otherwise it proceeds with transition

probability function £;(0,*) . Thus for fosn , n€{1,2,...,8-1},

n+l

The chain terminates for every séisg and thus f£i(0) = 1, GGESN.
For the sake of completeness we shall assume that §; is chosen for
every OESN .

Hence any policy can be represented by a set A, SN EEA E s,
where decision §; is chosen when the chain is in state @ if and ﬁnly
if 0E€A.

If we denote by 0(A) , the random state in which the chain

terminates under policy A, then what we seek is a policy AN , called

an optimal policy, such that

E[U(O(AN))] = maX, g lu(o(a)yl ,
N——-.—

where the expectation is with respect to the distribution of the
terminating state, determined by f£,fy,£; . Because of the finiteness
of S, U is bounded and hence E[U(0(A))] always exisfs. Since there
is only a finite number of distinct policies, an optimal policy exists
and thus the problem is well posed.

The solution is a straightforward application of the inductive
technique of Dynamic Programming; see for example Bellman (1957).

The maximum expected payoff,
VW = max Elu(o(A))]
s SACS !
and an optimal policy AN are generated by means of the recursion:

(2.2) vio) = £1(0)U{o) , OGSN.
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For n€{N-1,N-2,...,1}, O‘Gsn,

(2.3) Vol(0) = Lagy  £olo,0) vid' ),
n+l
(2.4) Vil0) = £,(0)U(0) + I e, £1(0,0)V0),
n+l

(2.5) V(0) = max {Vo(o), vVi(o)}.
Finally
(2.6) A £(0) V(q)

. = 6651 agj.

It follows that any policy &N satisfying

(2.7) sy S AV,

(2.8) o€ = v, (0) 3V, (0) ,
and

(2.9) c&ANdvl(a%svo(O) '

is optimal.

It can be seen that U(0) only appears in equations (2.2) and
{2.3) and then only through the product £;{(c}U{0)} . This product can be
replaced by the function u(o) , 0€8, which we shall call the

expected immediate payoff function for 6i . Only U(0) need be

specified and then, if required, £(0) and U{(0) could be derived
using {2.1).

The Markov chain considered above is stationary and only
stationary policies have been considered since any state is hit at
most once, While in some situations this approach @ay appear to be
artificial it lends itself more easily to the solution of the problem
by backward induction than does the case of a non-stationary Markov

chain with a smaller state space and non-~stationary policies.
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In the application of the Markov chain formulation to Problems
A, B and C the number of transitions, i.e. the number of observations,
will naturally appear in the description of the states since the
problems are essentially those of sequential sampling.

The Markov chain decision problem we have treated includes
the pure stopping préblem if we make §; the terminating decision by
setting the termination probability function £3(0) = 1, 0€s.
General stationary finite Markov decision problems and stopping prob-
lems have been treated in many books and articles, for example,
Derman (1970) and Dynkin and Yushkevitch (1969). However, the
particular problem that we have looked at, being of a rather specialised
nature, does not appear to have been considered elsewhere,

We shall introduce some notation for use in the remaining work.
Denote the set of positive integers by I and for each n€I , denote

the set {1,2,...,n} by L The convention that I = ¢ for n€1,

will be adopted.

2. SOLUTION OF PROBLEMS A, B AND C.

All three problems will be formulated as special cases of the
Markov chain decision problem treated in section 2.1. bnce we have
specified the appropriate decisions, sgtate space, the initial and
transition probability functions, and the expected immediate payoff
function the solutiong of the problgms will be given by (2.2) to (2.9)
inclusive. The state space, the initial and transition probability
functions £,f4,f1 and the expected immediate payoff function U will
all be determined for each of Problems A, B and C by the probability
space of part 4) of Assumption 1.1.

This is the probability space (2, &,P) , where 3’13 the class of

all subsets of §, P is a known arbitrary probability distribution on 3
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and §) is defined as follows:

f2 is the set of points

W= (w{0),w(l),..., 0,

where (i) w(0) = {(w,{0),wy(0) ,,..,wN(O)) is a permutation of the
set IN , representing the oxder of presentation of the N applicants
according to quality, e.q. mn(O) = k means that applicant number n

is the kth best (of absolute rank k), and

(ii) for jEIN '

w(j) = (wj(3),mj+l(3),...,mN(j)} '
is a vector of 1's and 0's representing the availabilities of applicant

4 at stages j,3+1,...,¥. For example, mn(j) = 1 means that an

approach made at stage n to applicant j will be successful,

In each of the problems the relative rank of applicant n is

observed at stage n. We shall denote this random variable by Xn(O}

where

_ I
X, (0 = z1<=:L X{weEn w, (0) Sw_(0)}

and for EE€ 7, XE denotes the indicator function of E. Since the
best applicant is sought it will be useful to denote by Yn , the

number of the applicant who is relatively best at stage n. Thus
= & : = .
Y = max {x I x, (0) 1}

Using an extension of the terminology of Gilbert and Mosteller {1966)

we shall refer to appliéant Yn as the candidate at stage n.

It is stated in Assumption 1.2.B that the availability of the
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first n applicants at stage n may be observed. It will be assumed
that the employer makes these observations since he loses nothing by
doing so. For 1£j<&<n<gN, Xn(j) is the random variable denoting
the availability of applicant j at stage n, and is defined by

¥, 3) = X{wEQ:wn(j) =1}

Under the assumptions for Problem B the random variables
(Xn(O),Xn(l),...,Xn(n)) are observed at stage n before any decision
is made. For the sake of brevity we shall denote this vector of
random variables by Xn'

In all three problems the availability of the candidate at
stage n, whether observed directly or not, will be of interest; We
shall denote this random variable by Zn , and thus Zn = Xn(Yn).

We now need to define the possible decisions available at each
gtage. It is the aim in each problem to employ the best applicant
and it seems reasonable that if an approach is to be made at any stage,
then it should only be made to the current candidate. This is because
at stage n either the best applicant has not yet appeared or if she has

then she will be the candidate. That is, for every w€Q,
mj(0)=1=>Yn(m)=j, nzj.

In Problem c only one approach is permitted and hence it should
only be made toNthe current candidate. It only remains to decide at
what stage this approach should be made and thus Problem C reduces to
a stoéping problem.

While any number of unsuccessful approaches are permitted, in
Problem B it will be known beforehand whether or not an approach will
be successful. Clearly, since nothing is to be gained from an

unsuccessful approach, it follows that if an appreoach is to be made at
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stage n theﬁ it should be made to the candidate and then only if she
is available. Thus Problem B also reduces to a pure stopping problem.
The justification of the fact that there are only two "sensible"
decisions at each stage is not so straightforward for Problem A. A
cursory examination of the problem suggests that it may even be advan-
tageous to approach an applicant other than the candidate at some early
stage. This might be true for a particularly pathological distribution
P where the availabilities and positioning of the best applicant may be
highly dependent upon the availability of some other applicant at an
early stage. However, it can be shown that any policy which includes
the possibility of an approach to a non-candidate at a particular

stage, is inadmissible in the sense that for each distribution P on 3‘,

there exists another policy for which the probability of employing the
'best applicant is at least as great.

We shall have to consider the possibility of approaching more
than one applicant at any stage in which case it must also be decided
in what order a multiple approach should be carried out. The
gpecifying of the order is necessary only to avoid the possibility of
making more than one successful approach. There is no point in making
more than one approach to a single applicant at any one stage since the
later approaches at that stage will also be unsuccéssful. Clearly there
are zkio n!/{n-%)! different decisions at stage n.

Let D be a policy and suppose that by stage n the relative ranks

X1{(0) = xl,...,Xn(O) =X have been observed. Also suppose that

under policy D a set of applicants Jk,JkEEIk , has beén unsuccessfully
approached at stage k for each kegln~l' We shall refer to this
situation as state O, In state 0, suppose further that D requires the

applicants in the ordered set é%n to be approached and that gh includes

applicant m, where m ¥ max {kffln Px) = 1}, i.e. m is not the candidate
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at stage n. Now let D* be the policy which is the same as D except
for: (i) if the particular state 0 is reached then the approcach to
applicant m is not made and (ii) if no other approaches in state ©
are successful, thenkD* subsequently makes the same decisions as D
would have assuming that the approach to m at stage n had been un-
successful. It follows that, starting in state 0, the probability of
employing the best applicant under 5* is greater than or egual to that
for D since the opportunity to employ an applicant who is certain not
to be the best, has been removed. Also the probability distribution
over all possible states for stages < n is the same for D and D*, for
each P on Q%. Clearly then D is inadmissible. There are only finite
nunmbers of stages, states and policies, and thus by induction any
policy which in any state approaches a non-candidate is inadmissible.
It is also obvious that at stage N, to approach the candidate

is the only decision with a non-zero probability of success. Thus

we have proved:

Proposition 2.1. Let 8y, §; be the decisions given by

§¢ : interview the next applicant,
§1 : approach the current candidate,

where in Problems A and B §:; carries the understanding that if the
approach is unsuccessful then the next applicant, pr§vided there(is
one, will be interviewed. Then for each of Problems A,B and C any
policy which does not choose either 8¢ or §; at each stage n <N and
which does not choose §; at stage N, is inadmissible. 0

Clearly, all three problems can be formulated in terms of the
Markov chain decision problem of section 2.1 with the decisions &g and
§1 as given above. All that remains for the solution of each problem

is to define the state space in terms of {) and the initial and
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transition probabilities and the expected immediate payoff in terms

of P.

Problem A

\ A N
For Problem A the state space is § = U

A
S where SA is the
n=1 "n n

set of stage n states

.

O(X].IXZI---IxnIJ) r X €1 ’ JC1 ’

o= kK Tk = *n-1
given by
= e » p~—14 e M = 'E
o= {w Q.xk(o) (w) x r KEI ; Zj(w) 0, jEI}.

0 represents the state of being at stage n having observed relative
ranks x1,x2,...,xn and unsuccessfully approached the candidate at stage
. . A A
j for each j&J. Clearly Sm ﬂsn = ¢ for m # n.
A e
Since S; = {Q} the initial probability distribution is given
A

by £(0) =1, £2(0) =0, 0 # Q.

For the decision §y the transition probability function

A

fo (T,°) fm:OESf, n<I

N-1’ is given by

’ !
P(0 )/P(C) , © o {Xn+l(0) x} for some x In+l’
£4(0,0") =

o, ¢ otherwise .

Similarly the transition probabilities for decision §, are

given by
! ]
P(0 )/P(0) , T = oﬂ{xn+l<0) =x 2 = 0} for
=
elo,0) = some X=1I 41
0, o otherwise ,
fm:GESA n€r .
n ' N-1



The expected immediate utility for decision §; in state ¢ is
merely the probability the candidate is best and available. Hence

o) = P{w€ER:2 (W) =1, w (0) = 1}|o) ,
n Y
n{w)

A
= & .
g Sn,n IN

The maximum probability of employing the best applicant, V;I,

is then given by (2.6) after solving (2.2) to (2.5} with £;{(0)U(0)

26

= . N . .
replaced by U{0) . Any policy AA satisfying (2.7) to (2.9} will be
optimal.
Problem B
c - % n B
'For n€r ., let B€n 1 ><k=l {o0,1}. s+ the set of stage

n states for Problem B is the set of

g = 0(x1{xz,...,xn) ’ xk€53€k
given by
0={wER: X1 (W) = x1, X2(w) = x2,....X (W) = xn} .

The initial probability distribution is given by

P(0) , GEST,
(o) =

B
0, O'%Sl,

and the transition probability function for the decision §y is given

by

p(d’y/plo) , o = ofﬁ{xn+l = x} for

€
ff(c,o’)’= some X :£n+l'

o, J otherwise,

B
for UESn, n€x
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The availability of the candidate will be known before any
decision is chosen. Clearly then the termination probabilities are
either one or zero depending on whether the candidate is available or

) . B
r'xot. Let ¢ = O“(x;,'xz,...,xn) be a state in Sn , nEIN___,L and let
Zn be the availability of the candidate, then for all ¢ € SB ,

f(0,6), o C{z_ = o},
£(0,0) =
0, : o C{z =1}.
o n
Finally,
B
0 (o) = p({w€R:z () =1, mYn(w) (0 = 1}o ,

B
cesn , nEEIN.

As in Problem A, the maximum probability of employing the best

applicant, V N

B and an optimal policy ABN are given by (2.2} to (2.9).

Problem C
c .
For nGIN , Sn is the set of all
0 =0 €1
(x1,%2, 'Xn) ’ Xk K’

where
0 = {wEQ: X1 (0) (W) = x1,X2(0) (W) = x2,...,X (0)(w) = % }.
The probability functions are determined by each P as follows.
i, =8,
C
1) £7(0) =
0, 0O otherwise,

2) for cesn, nEIN—l'
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?

P(¢")/p(0) , O = cﬂ{xml(m = x} fo;

<
some x In+l'

0, ¢ otherwise ,

£fw6,d') =0, o €sC.

C
= €
wyn(‘”) (0) = 1}o) , cE€s",

3) %0 = p{wEQ: z (W =1,
(with £ (0) = 1) .

Finally, ng is obtained by solving (2.2) to (2.6) and a policy

N
AC satisfying (2.7) to (2.9) is optimal.

Concluding Remarks

It can be shown for each distribution P, that Véq<§§GF £ ng.
This is fairly obvious since for Problem B more is known at each
stage about the "true state of nature" ®w than for Problem A.
Similarly at least as much is known about w for Prcblem A as is for
Problem C, but more than one approach is permitted for Problem A.

While the method of solution of the problems has been given
in theory, unless N is very small there are enormous practical
difficulties in calculating the solution in any particular case.

2
2n(n+l)/ states Sss and n!

There are n! 2n~l states in S;X, nt
states in S;:. Even for n = 10 these numbers are almost 2,000
million, about 10%° and more than 3% million respectively.

Until now no assumptions about the form of the distribution P
have been made. For the major part of the work of this thesis certain
reasonable assumptions about P will be made which will make some

analysis of the problems possible, These assumptions will have the

effect of making the transition probabilities and termination payoffs



the same for many of the states at each stage. This will enable
us to treat the problems as Markov chain decision problems with

vastly reduced state spaces.

29



30

CHAPTER IIX
PROBLEMS A AND B: A SIMPLIFIED CASE

For this chapter we shall make a number of assumptions about
the distribution P on §, which will make possible some analysis of
problems A and B. It will be shown that under these assumptions,

problems A and B are equivalent.

1. SIMPLIFYING ASSUMPTIONS AND PRELIMINARIES

It is reasonable to assume that there is independence of
availabilities between applicants. It will also be assumed thaﬁ
the availabilities of the applicants are independent of the érder
of presentation. Random order of presentation will also be
assumed. Finally it will be assumed that unavailable applicants

remain unavailable. Formally, we assume

Assumption 3.1. The distribution P on § is such that:

1) the vectors w{0),w(l),...,w{¥) are mutually independent,

2) the marginal distribution of w{(0) has equal probability

for all N! values of w(0),

and 3) w € Q will have non-zero probability only if w is such

that for every j € IN and every n € {3,3+1,...,8-1}

i) = = )Y =
w (=0 = u () =o0.

Under Assumption 3.1, it is clear that P is uniquely deter-

»

mined by a lower triangular matrix 7, called a matrix of availability

probabilities where




31

mn,3) = P{wER : w (3) =1}, €I, n€I .

Necessarily 7(n,j) will be non-increasing in n for each j, because

of 3) in Assumption 3.1,

Problem A

It now follows that many of the past observations are
immaterial when it comes to making the optimal decision at any
particular stage. In fact under Assumption 3.1, only the posgition
of the candidate and whether or not that person has been unsuccess-
fully approached is relevant. If the candidate has refused an
earlier offer then her position is also irrelevant, since the only
hope of employing the best applicant is that she has yet to be
interviewed. |

We can now formulate Problem A simplified by Assumption 3.1
in texms of the Markov chain decision problem in section 2.1,

The new state space will consist of pairs {(n,j), nfEIN and
j€{0,1,...,n} where V

1) for jGEIn , (n,3) represents the state of being at stage n
with the candidate, Yn = j, having not been approached at or before

stage n, and

2) (n,0) represents the state of being at stage n with the
candidate having been unsuccessfully approached at some stage at

or before stage n.

Any policy can be represented by A, the subset of states in
which the decision : approach the candidate (decision §1) is taken.
It is pointless to consider policies which call for an approach in
any of the (n,0) statesdsince unavailable applicants remain unavailable.

Also from Assumption 3.1 it is clear that, for jfEIn .
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/(n+1), y=n+l,
(3.1) PAy_,, = vy =) = {n/ta+1), vy =3,

0, y otherwise,

and consequently state (n,j) ji‘EIn , is always followed by either
state (n+1l,n+1) or state (n+1,j) 1f §y is taken; and by either
termination or state (n+1,0) or state (n+1,n+1) if decision §;
is taken. Clearly then the state (n,j) (3 eIrr-l) can only be
attained 1f the chain passed through states (3,3),{(3+1,3),...,
(n-1,3) with decision 8y taken in each. Thus, the only states
in any policy A, which can be attained are the states (d(j),3).

jGIN, where
d(j) = min {n‘EIN: (n,3) €A},

d(j) exists for each j since (N,j)€A.
We have reduced the representation of a policy from a subset

A to an N-tuple dEDN where
b, = {(@@,...,am) : jea@) sn, jEI}.

The policy represented by any aGDN can be stated quite simply as

follows:

at stage n: approach the candidate (applicant Yn) if ‘and
only if d(Yn) = n, on all other occasions interview the

next applicant (unless, of course, n = N).

The state space and the representation of policies have

similar simplified forms in Problem B under Assumption 3.1.

Problem B

Again only the position of relatively best applicant
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and her availability {(which in Problem B, is observed at each stage
before making a decision) are relevant to making an optimal decision
at any stage.

The new state space will again consist of pairs (n,3i), nEEIN,
3€{0,1,...,n} but these will represent slightly different situations

to those for Problem A,

1) For jGEIn, (n,j) represents the state of being at stage n,

with the candidate Yn = j availlable, i.e. Zn = 1.

2}y (n,0) represents the state of being at stage n, with the

candidate unavailable, i.e. Zn = 0,

As with probleﬁ A 1t will be pointless to include any of the
states (n,0) in a set of §; states, A; since an approach in any one
of them is certain to be unguccessful. A po}icy A will consist of
termination states only, since an approach in state (n,3j}, j21, is
cerﬁain to be successful.

It follows from (3.1) that the state {(n,j), jEEIn can

-1
only be attained by passing through the states (j,3), (3+1,3), ...,
{(n-1,3) without making an approach. Again the only relevant
elements of a policy A are the "first" states in which each particular
applicant is approached. Thus A also simplifies in Problem B to

an N-tuple dGDN, where d(j) = min {nEIN : (n,3) €A}, jEIN. However
the policy that d represents for Problem B is different to the

policy represented by d for Problem A. The statement of policy d

for Prcblem B ig:

At stage n: stop and approach the candidate (applicant Yn)
if and only if she is available and d(Yn) = n, on all other

occasions interview the next applicant {unless, of course,

n = N).
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2. THE EQUIVALENCE OF PROBLEMS A AND B

Under Assumption 3.1 we have seen that for both problems a
policy can be represented by an element of DN. What we will now
show is that the additional information -in Problem B of knowing the
availability of the candidate before making a decision gives no
advantage.

For every policy represented by d, dEDN, for Problem A there
corresponds a stopping variable TA :Q‘*‘IN. There also corresponds
a stopping variable TB: 198 IN for the policykrepresented by 4 in
Problem B, For nEIN and jEIn, the process for Problem A ig in
state (n,3j) at stage n if and only if the process has not terminated
earlier, Yn = j and 4(j) 2n. The process then terminates in state

{n,j), n€1 ;, if and only if 4(3) = n and Zn = 1. {(The process

N-1

always terminates in state (N,j), 0<j &N} Thus TA is given by

il

(=1} = (wEQ Y, () = 1, a(l) = 1, 2, (w) = 1}

{WEQ: AY 1 (w) = 1, Z;(Ww) = 1},

1

hAsn}=-hAgn—l}U{wGQ:dwnmn =n, z_( =1},
2¢n¢N-1,
and finally
(g} = Q.

Now for Problem B the process is in state (n,j) at stage n if and
only if it has not terminated before stage n and Yn = 3 and‘Zn = 1,
The process will then terminate in state (n,j), néEINHl,'if and only

if d{j) = n. Thus TB is given by
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{t® =1} = (wE€Q: Al @) = 1, 21 w) = 1},
{t®<n} = {1P¢n-1} U {weEQ: alr_@) = n, z =13,

2¢ngN-1,

and finally
(Pgmt = 0.

Hence ATA = ® for each dEDN .
Given the distribution P, detefmined by the matrix of avail-

ability probabilities 7, we denote by V%?(d) and.\ﬂ?(d) the probabilities

of employing the best applicant under the policies represented by 4

for Problems A and B respectively, Now VéXUﬂ is the probébility

that the candidate at the time of termination is best and available.

Hence
A
v (d) =
N n A : = -
lpey sep PO T @) =0, Y @ =3, 0,00 =1, 2 ) = 1D,

. . B,
and the same expression with TA replaced by T will hold for VﬁB(d) .

Because of the identity of TA and TB, we have now proved:

Theorem 3.1. Under Assumption 3.1, Problems A and B are equivalent
in the sense that for every matrix of availability probabilities 7

and for every policy dEDN ,

A B
Ve (@) = v (d) . o

For the remainder of this chapter we shall consider only Problem
A as all the results will also be true for Problem B. Problem A has

been chosen since the slight awkwardnesses which may arise for a
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state {(n,j) for which m(n,j) = 0, are more easily resolved. Also
Yang (1974) has treated a special case of Problem A. Subscripts
and superscripts A will be dispensed with from now on.

Before setting up the equations from which an optimal policy
can be derived we shall develop recursion formulae which compute
Vﬂ(d) for any déEDN, given any matrix 7.

In terms of the Markov chain:decision problem of Chapter II,
we have for Problem A that the initial state (1,1) is attained with

certainty. The transition probabilities under decision §¢ follow

from (3.1) and are given by

1i/n+l), y=n+l,

(3.2) foltn,3), (n+1,y)) =4n/(n+1), y =3 ’
O , y otherwise ,
for nGIN_l and j€{0,1,...,n}. Under §; the transition probabilities

are given by

(1-7w(n,3))/(n+1)y , yv=n+1l,
(3.3) £1ln,3), (n+lIY)) = n(l'ﬂ(n:j))/(n'!'I) : y =0 1]

0 , ¢ otherwise ,
for nEEIN_l and jQEIn . Decision §; is never taken in state (n,0).

The expected immediate payoff function U is the probability that the
candidate is the best applicant and an approach will be successful, as

a function of each state. Now
Pf{wj ) = 1 {y =3h = /N,

and hence

i

(3.4) Un,j) = nm(n,j)/N, nEIN, jeln,

I
(]

U(n,0) = , nexN.
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Given a policy d and matrix of availability probabilities 7,
denote by Vq n,3), nGIN, 3€{0,1,...,n} the probability of employing
the best applicant starting from state (n,j}. (Clearly the state
{(n,9), where n>d(j) is unattainable and Vd need not be defined

for this state.) The recursion formulae for generating Vﬂ(d) are

as follows.

(3.5) Vd(N,O) = 0,

{(3.6) Vd(n,o) = an(n-i-l,O)/(n+l) + Vd(n+l,n+l)/(n+l),
nGIN_l .

Now for jGIN such that d(j) = N we have

{(3.7) Vd(N,j) = m(N,j) .

For nEIN_l, jEII1 such that n<dad(i) ,

(3.8) vy 3) = v in+1,3)/(m+1) +Vy(n+l,n+1)/(n+1),

and for n’@INa , jeln such that n = d{(j},

1
Vd(n:j) = U{n,]j)
+nl1 -Tf(n,j)]Vd(n +1,0)/(n+1)

+ {1—~'ﬁ(n,j)]vd(n+l,n+l)/(n+l) .
But from (3.4) and (3.6) we have that

(3.9) Vd(nrj) = n'ﬁ—(n:j)/N + (l"ﬂ(n,j))vd(np())y

& = i) = .
n IN-l'j I, 4a(j) n
Finally we have

(3.10) V'H‘(d) = Vd(l,l) .
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This backward recursion can be simplified if we "standardise” Vd by

setting

it

vd(n,o) Nvd(n,O)/n, nEEIN

and

Ii

va,3) = W, ,3)/n - v, ,0), nEIN, jeln-

Substitution into (3.5) -~ (3.10) yields

(3.11) v (N,0) = 0,

_ €
(3.12) nvy®,0) = (n+1)v,(n+1,0) + v,n+l,n+1), n€I. .,
(3.13) vy (N,3) = TN, ) jEIN, a(j) = N,
(3.14) vgWed) = vym+1,3), n€I ., JEI . n<dd),
(3.15) vyn,3) = w(n,j>{1—vd(n,0>} ,

nEIN_l, jEIn, n=d(j);

and finally
(3.16) v _(4) = {vd(l,O) + vd(l,l)]/N.

Solving (3.11) and (3.12) gives

-1 N
(3.17) van,0) = = ],

J:n"‘}‘l Vd(jfj) ¥

adopting the convention that, for a>b, ZZ =0. {(3.13) to {3.16)

then reduce to
(3.18) vgl3.3) = @@, pli-vaag),ol, 381,

and
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(3.19) v_(d) = 5 Zj=l valdsa .

The number of recursion formulae for generating V’H (d) have

thus been reduced to three, namely {(3.17), (3.18) and (3.19).

3. OPTIMAL POLICIES

Recursion formulae which give the solution of the simplified
Problem A can be obtained from equations (2.2) to (2.6) for the
Markov chain decision problem of Chapter II by substituting the
transition probability functions and the payoff function as given

by (3.2), (3.3) and (3.4).

We have that

(3.20) V(N,0) = Vo(N,j) = 0, jVEIN,
(3.21) V{N,j) = Vi (N,3) = T(N,]) , jGIN,
k(3.22) Vin,0) = nVv{n+1,0)/{in+1) + Vin+1l,n+1)/(n+1) ,
nEIy g
(3.23) Voln,i) = nvin+1,3)/(n+1) + Vin +‘l,n+l)/(n +1),
nej:N-l' jézn,'
Vitn,3) = Un,3) +all-m@m, NIV +1,3)/@+1)

+{1-m,NIvin+1l,n+1)/(n+1),

nEIN—l ’ jGEIn !
which using (3.4} and (3.23) gives
(3.24) Vin,3) = m;(n,j)/N +[1-7tn,)]vin,0),
nEIN-l , jGIn R
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and finally
(3.25) V(n,3) = max {Vo(n,3),vViln,N}, n€r , jeIrl .

Let ng denote the maximum probability of employing the best
applicant when the matrix of availability probabilities is 7. By

{(2.6) and the fact that state (l,ll is certain to occur
N
(3.26) V&_ = v{1,1) .

In the original representation,an optimal policy AN will be any

policy such that
, N , )
{n,]) €A = Viln,3) >V (n,3) .,
and
. N \ .
(n,3) & & = Vvi(n,3) L Voln,3) .

It follows then that any policy défDN satisfying both

(3.27) vid(3),3) >ve (a3 ,3) » €I,
and
(3.28) Vi (nlj) <V0(nlj) ’ jGIN ’ ne{j:j +lr---:d(j) - l} ’

is optimal. We shall dencte by D;q the set of all policies éfEDN
satisfying (3.27) and (3.28). That is, D,;_\I is essentially the set
of all policies which are optimal for the matrix of availability
probabilities . It can be seen that 1f there is an optimal
policy d not included in Dil then it will differ from a member of

D;I only in the decisions taken in states which are unattainable under a.

The recursion given by equations (3.20) to (3.26) is simplified

, . N | . .
and a useful characterisation of the setD,Ir is obtained if we



"standardise" the guantities Vv{(n,0), vin,i), Voin,j), vin,i), nE):N,

j€ In , by setting

vi{n,0) = Wn,0)/n,
vin,j) = Wi{n,j)/n-v(n,0) ,
ul{n,j) = W;n,3j)/n~-vi{n,0}) ,-

and

win,i) = Wyen,i)/n~-vi{n,0) .

Substitution into (3.20) - (3.26) and rearrangement yields:

(3.29) v(N,0) = w{N,j) = O, jEIN,

(3.30) vin,0) = [(a+1)vin+1,0) +vin+1,n+1)l/n, n€1
(3.31) un,j) = 7, Hl1-v@n,0], n€I1., jE%“
(3.32) wn,j) = vin+1,3) , n€r ., JE€I_,

(3.33) vin,j) = max {u(n,j),wm,j}, n€I ., FEI_,
and

(3.34) v;’= [v(1,1) +v(1,0)]/N.

From {(3.29), (3.32) and (3.33) we have that

uln,j), - n€I_, FEI.,

. N
(3.35) vi{n,j) = max N N

k=n
and solving (3.29) and (3.30) gives

ly N
(3.36) v(n,0) anzm

1 N N .
== Zj—:m-l mau(km:1 uk,3) .

i

v(i, i), nEINr

N-1"

41
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Substitution into (3.34) then gives

N _1l¢N N .
(3.37) Ve = 3§ Zj=l max, uln,3j) .

Finally it follows from {(3,27) and (3.28) and the fact that
ﬁ(n,j) - w(n,j) has the same order relation to zero as

vi{n,3) - Vo (n,3), that aenf if and only if

i

o N . ,
(3.38) uld(3) 3) = max s ul,3), JEIG.

It should be noted for later reference that v({n,0) is a non-
negative non-increasing function. This is apparent from (3.36) and
the fact that v(j,3) 2 u{N,3) = 7(¥,3) 2 0.

Equations {3.31) and (3.35) to (3.38) give rise to a very
simple algorithm for calculating from a given N and T, V;q and the

optimal policy d gilven by

. . . , N . .
d(j) = min {n23 : uln,j) = max . uﬂmj)}, 1€1

k=7 N

In this algorithm, which is written in FORTRAN language, the dummy
variables M,J correspond to the n,j in the state (n,j). For M= n
and J = 3 : T{n,3j) is read into P, U has the value u(n,j), S hag the
N N . ; ,
value Zmznd-l maxk:m ulk,m), V{J} has the value vin,j). The final

WRITE statement prints V;q and the components of d.

Algorithm 3.1. READ N

S = 0.
PO 1 J=1,N
ID(J) = N

1 v() = 0.
DO 2 M
Do 3 J
READ P

4 U = p*(l.-8/M)
IF(U.LT.V(J)) GO TO 3
v{J) =u
ID(J) = M

3 CONTINUE

2 8= 8 + V(M)
VNP = S5/N
WRITE VNP, (ID(J), J = 1,8).
END

it

i
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Without knowing more about the structure of W, analysis of Problem A
beyond the results which complete this section, would appear to be
difficult.

Define the integer S, for each matrix 7, by

{3.39) 5. = min {nEIN : vin,0)<1}.

Theorem 3.2, For each matrix of availability probabilities T there

: . N .
exists a policy déEDﬂ for which

1Y 2 3 & .
d(j}/sﬂr ],IN

Proof. d{j)} 2> j and thus we only have to consider j < sw. For
n<sqT we have that v(n,0) >1 and thus uin,3) <0 (with equality if

and only if w(n,j) = 0}. But w(N,j) = w(N,j) 20 and hence

N oum,q) = N oim,3)
maxn:j u ] = maxn:__s u I3 .

. N . .
The existence of d€5£% then follows by the characterisation (3.38), O
It is clear from the proof of Theorem 3.2 that it is never.
optimal to make an approach before stage s1T unless the approach is
certain to be unsuccessful,

Some computing time could be saved by stopping the recursion

at S It follows from (3.37) and (3.36) that

N n .
(3.40) VTr = {nv(n,0) + Zj=l v{(i, N1/, nEEIN,

and since v(j,j) = V(Sﬁ,j): jSSW

N S .
v = [S,”V(SW,O) +Zj=1 V(SW;B)]/N .

It would be a simple ta%k to modify Algorithm 3.1 to take this into

account.
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Iet W, T be any two matrices of availability probabilities
such that TL T, that is, T(n,3) <7(n,3), nEIN, jeIn. In the
final theorem in this section we will prove the intuitively obvious
;‘esult that VWN & V.T? . It may seem reasonable to conjecture that

Vﬂ(d) évﬁ(d) for every A€D

N This is not the case and indeed it

is not always true for every policy in D;J . We give a counter-

I3

example to the conjecture.

Example 3.1. Iet N= 3, d= (1,3,3) and 7

i
A
Hil
ot
5
2
=
A
Ny

12 1 1

: 11 1.1
butvﬁ(d)='2”'*s'+2 3‘E'andv,ﬁ(d)=l'3 5. 4

Theorem 3.3. Iet T, T be any two matrices of availability

probabilities such that TST. Then V(f& V.,? .

Proof. Iet E,;,W be the quantities corresponding to T generated
by equations (3.29) to (3.33). We shall show by backward induction

that

vin,n) + v{n,0) € vin,n) + v(n,o0) , nESxN ,

from which it follows by (3.34) that v“‘f’s vg.
First we have from (3.29) and (3.33) that

v(N,N) + v{(N,0) = T(N,N) £ T(N,N) = v(N,N) + v(N,0) .

Iet us now assume for some kEIN—l that

(3.41) vin,n) + v(n,0) € vin,n) + v(n,0) , n€{k+1,k+2,...,N}.
Rearrangement of (3.29) gives
(3.42) vin,0) - vin+1,0) = [vin+1,0) +vin+1l,n+1)]l/n,

S
n IN-l ,
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and the same expression is also true for v. By sunming (3.42) over
values from n to m~-1 and by using the induction hypothesis (3.41)

it follows that
(3.43) v(n,0) - v(m,0) € Vv(n,0) - ¥v(m0), k&n<mgN,

Now by Theorem 3.2 there exists a dEDﬂN for which v(d(j}),0) £ 1,

¢

jEIN . Thus
vik,k) + v(k,0) = u(d(),k) + v{,0)

mT(dk),k) + [1-m(dx),k)]vdk),0)

il

+ v(k,0) - v(d(k),0)

T(d(k),k) + [1-T(ax) , k]vdk),0)

N

+ V(k,O) - v(dk) :0)

since v(d(k),0) <1 and TS T . But from (3.43) with n = d(k) and
m = N we have that v(d(k),0< v(d(k),0) . Also, with n = k and
m = d(k), we have that v(k,0) - v(d(k),0) < v(k,0) - v(d(k),0).

Hence

vik,k) + v(k,0) < m(d(k),k) + [1-T(ax),k)]1v(d(x),0)

+ v(k,0) - v(d(k),0)

1l

u(d(x),k) + vik,0)

Vik,k) + v(k,0) ,

7

since vi(k,k) > u(d(k),k) .
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4. ELAPSED TIME DEPENDENT AVAILABILITIES: THE A{N,p)--PROBLEM

It is unlikely that the practitioner will know the value of
all of the N(N+1)/2 elements with reasonable accuracy. It may be
possible to assume that 7(n,3j) is a function of n~-73j alone. That
is, the availability of an applicant depends only on the time
elapsed since her interview. The practitioner would then only
need to know the value of N probabilities. For the remaining
sections of this chapter we shall consider Problem A under Assumption

3.1 and

Assumption 3.2. The distribution P on ) is such that the matrix

of availability probabilities, 7, is given by
m{n,j) =ph-3), neINr ‘jeIno

where p = {p(k)}kzs is a sequence of non-increasing non-negative
nunbers for which 0<p(0) £ 1.

Even though only the first N terms need be known for the N
applicant problem, we have hypothesised the existence of an infinite
sequence p. This is because later we shall consider asymptotic
properties ag N > <, The non-increasing property of p is necessary
since under Assumption 3.1 unavallable applicants remain unavailable.
The requirement that p{0) >0 is made to avoid the trivial case where
T =0,

We shall refer to any sequence p with the properties specified

in Assumption 3.2 as a sequence of availability probabilities‘

Problem A under Assumptions 3.1 and 3.2 with N the total number
of applicants and p the sequence of availability probabilities, will

be referred to as the A(N,p)-problem.
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Yang (1974) has considered the A(N,p)-problem but only for
p where p{0) = 1. It is reasonable though, to allow for an
unsuccessful approach at the time of the applicant's interview,

Changes in notation brought about by Assumption 3.2 will be
the replacement of T by p. For example %%(d) for dEEDN wiil become
V}}d) where 7 is determined by p.

Because of Assumption 3.2 th; probability of a successful
approach made in state (n,3) is the same as for that made in state
n+1,j+1). Also the candidate at stage n+ 1 is more likely to
be the best’applicant than the candidate at stage n. It therefore
seems reasonable that if an approach is optimal in state (n,j) then
an approach will be optimal in state {(n+1,j+1). The following

theorem proves this.

Theorem 3.4, For the A(N,p)-problem let u,w be the guantities

as defined by (3.29) to (3.33). Then for each N,p,

u(n+1,j+1) - wn+1,5+1) > uln,j) —'w(n,j) ‘

« TET,
n IN-:L’ 1=

Proof. Iet t(n,k}) =wh,n-k}) - u{n,n-~-k), nGEINJ kéi{o,l,.“,n-=l};

It follows from (3.31) and (3.33) that
+
vin,n-k) = t (n,k) + pk){(l~-v(n,0}),

+ . , .
where x denotes the positive part of x. Substitution into (3.29),

{3.30) and (3.32) gives
(3.44) v{N,0} = 0,

(3.45) v(n,0) - vin+1,0) = [(L-p(0))v(n+1,0) +p(0) +t (n+1,0)I/m,

c 1
nELe”

t(N,k) = -pk), k€{o,1,...,8-1},
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and

(3.46) tn,k) = pk+L{1-vn+1,00] -p)1-vn,0]

+ € m+lk+1), n€r ., kE€{0,1,....n-1}.

Recursion on (3.45) starting with (3.44) gives v(n+1,0) 20 and
hence v(n,0) >v(n+1,0), since p(0) >0. Consequently, for
n€{2,3,...,N-1},
vin~1,0)~-2v(n,0)+vin+2,0)
+
={(1-p(0))v(n,0) +p(0) +t (n,0)]/(n-1)
+
-[@-p@)vm+1,0) +p(0) +t (n+1,0)l/n
>t m,0 - tT(n+1,001/n .

We compléte the proof of the theorem by showing that t(n,k) >t (n+1,k),

n€r ., x€{0,1,...,n-1}.

Now, for each k€{0,1,...,N-2}, we have from (3.48) that

Ii

t(N=-1,k) =pk+1)-px)1-vm-1,0)]

N4

- plk)

It

t(N,k) .

ILet us now assume for some n€{2,3,...,N—-1} that t{n,k) 2t{n+1,%k),
+ +
k€{0,1,...,n~1}. It there follows that t (n,0) >t (n+1,0)

and hence that
vin-1,0)-2(n,0)+v{n+1,0)>0.

But for each k€{0,1,..,n-2}, we have from (3.46) that
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t(n-1,k) - t(n,k) = p(k)[v(n-1,0) - v(n,0)] + " (n,k+1)
- p+D[v(n,0) ~v(n+l,0)] - £ (n+1,k+1)
>pk+DIvin=-1,0) -2v(n,0) +vin+1,0)]
>0,

since pk) 2plk+1) 20 and since the induction hypothesis implies
that t+ n,k+1) ;:t+ (n+1,k+1). The proof is completed by induction

on n backwards. O

It follows from this theorem that there exists a dEDpN such

that
(3.47) a@g+1)y < 4a)y +1, jE€I
This is because if derN then
u(d(3i),j) > widd),i,
which by Theorem 3.4 implies
u(d(@) +1,5+1) 2w(d(d) +1,3+1).

Hence there is a derN such that (3.47) is true.

Theorem 3.4 will assist in the proof of several of the theorems
later in this chapter.

As mentioned in Yang (1974) a siwple policy {and one which is
commonly used) is to make no approach before stage N. This is the
policy represente;l by 4 = N. The theorem which now’follows includes

Yang's result for the case p(0) = 1.

Theorem 3.5. The policy d(j) = N, jGIN is optimal for the

A(N,p)~problem if and only if p is such that
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(3.48) pk+1l) 2p)IN-1-p@)]/(N-1), k€{0,1,...,8-2}.

In any case, the probability of employing the best applicant under

policy d is

N-1

v (@ = lieo P

(k)/N.

Proof. Now d(j) = N, jEIN is optimal if and only if

uln,i) < win,j), n€x jeln, which by theorem 3.4 holds if and

N~-1'

only if u(N-1,3) € w(N-1,3), jEIN_l. But

1]

u(N=-1,3) - w(N-1,j) = u(N-1,3) - u(N,3J)

p-1-HNl1-vm-1,00] -p@-3)

i

]

p-1-H[1-p@)/(M-1)] -pN-73),

using (3.30). Hence the necessity and sufficiency of (3.48) is
established. The expression for Vp(d) follows immediately from

(3.19) and the fact that vd(j,j) = p(N=-13). (i

It is worth noting that if p(k) = 0 for some k< N-1, then
d = N is not optimal unless N = 2 and p(0) = 1.
In some of the work to come there will often arise expressions

of the form
X = min {nEIN: P () truel},

where P (n) is some proposition about n, for which (P(N) is true.
In most cases P(n) is monotone in the sense that

P () true = P@n+1) t;me, in which case the backward recursion
for evaluating x can be stopped as soon as Pn) is found to be
false, thus avoiding having to test Pn) for all neIN. In some

cases when (P(n) may not be monotone we may instead be interested

in the smallest value of n such that P(m) is true for all m>n.
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In this case backward recursion can stop as soon as (P(n) is false,
even though @(n) may be true again for some smaller value of n.

Formally, we define the serial minimum of a set of the form

{nGIN : P(n) true}, where (P(N) true, by

sermin {nGIN: P () truel

= min {nEIN : P(m) true for n<mg N} .
Qf course

sermin {nEIN: P(n) true}

=1 4+ max {n€ I P(n) false}

provided the set on the RHS is non-empty. Clearly sermin 2 min
with equality when P (n) is monotone. We shall emphasize the
case when (P(n) is known to be monotone by deﬁoting the serial
minimum by MIN. For example (3.39) with 7 given by p will now

be written
(3.49) 5, = MIN {néEIN= vi{n,0)< 1} .

We shall devote the remainder of this section to studying
policies for which at most one approach is made to an applicant at
a stage other than that of her interview.

Let E denote the set of policies dEDN of the form

d(j)zjl je{r'r"‘l;.-a[N}'
(3.50)
a{j) 2z r, JETI

r-1"'

for some r€ IN .

All policies dGEN are policies which attempt recall at most

once. This is clear since the approach to an applicant already
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passed over will be made only to the best of the first r-~1
applicants at a stage 2 r. It turns out that there is an expression
in closed form for Vp(d) when d€& EN . We shall need to refer the
following functions.

| For each positive integer N and each sequence of availability

probabilities p, we define the function gpN : Iy -> R by

+

ZN—l

oy L% p(0) =1,

N
3.51 =
( ) 9 (n) |
p© [ .. w1, 1-p(0)
1-p(0) [ L+, {“ k H 0<p(0) <1.

Theorem 3.6. Let d be any policy in EN and let

r = MIN {jEIN :d(3) = 3t Then for the A(N,p)-problem

N r-1 oy N .
fr-1 g (r-1) +Ej=lp(d(J)*':}}[lfgp(d(J))] I, oe>1,
.52 d) =
(3.52) (ACY

{p<0)+<;~p(o>>g§<1>}/m, _—
proof. From (3.15) we have that
vd(n+l,n+l) = p(O}{l-Vd(n+l,O)] . nzr~-1,
which on substitution into (3.12) gives
vd(n,O) = [n+l-p(0)}vd(n+l,0)/n + p(0)/n, nzr-1.

The solution of this equation subject to vd(N,O) =0 ig

1l

vd(n,O) gpN{n), nzr~-1l. But for jGIN d(j) 2 r and hence
vd(j,j) = p(d(]) -j)[l-—gpN(d(j))} .  Now for r>1 we have from

{3.17) and (3.19) that

_ r-1 ..
V) = .{vq(r-—l,(}) + Ej=l vy(3. ) I/
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and (3.52) for r>1 follows by substituting for v_ in this expression.

d

The result for r = 1 is obtained by substituting in (3.16). O
Corollary. If d is of the form

3. je{r,r+l,...,N},

(3.53) da(j)

N, jE€I

for some reIN then for the A(N,p)-~problem

(-Dg) (r-1) + 157 p@=H I/, x>,

i

(3.54) Vv _(d)
p

N
{po) +[l-p(0)}gp(l)}/'N, r=1, 0O
For each N and p we denote
(3.55) r =MIN (3€L_:u(3,3) = max ', u(n,§)}.
p N ! n“:j 7

(MIN rather than sermin because of Theorem 3.4.) Clearly if there

is an optimal policy in EN for A(N,p)-problem then the value of r

in the form (3.50) will be rp.. It would be convenient to have a

simple sufficient condition on N,p for the optimal policy to belong to EN'
This would mean that the recursion given in Algorithm 3.1 could be
stopped as soon as rp was calculated and could result in some saving

in Computing’ tine since sp{rp . (0g u(rp,rp) =p(0)[1 -V(l‘p;O)]

= v(rp,()) L1 = spérp.)

For each sequence of availability probabilities define the

00
sequence q = {g(k) }k=l by

p(k)/p(k“‘l) f P(k"l) > 0l

(3.56} q(k) =

1, ptk—-1} = 0.
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g(k}) is the conditional probability that an applicant is available

k stages after her interview given that she was available one stage

previously. We have that
k :
plk) = p(0) Hizl q(i) , kET .
Theorem 3.7. If p is such that

alk) € atk+1) , k€I _, ,

then for the A{N,p)-problem there exists an optimal policy in EN.

Proof. By the definition of rp there will exist an optimal policy

d such that d(rp-—l} =z rp and d(3) = 3, j }rp. Let m denote rp-l,

and thus d{m) >m . Hence

0 > u(m,m) - ul{d{m),m)

[

p(0)[1=-v(m 0] -pam -ml1-vidm,o0]

]

p(0){1-v(m,0 ~[1-v(@m,0 LT ™ quol.
Consequently

d{m)-m

1 - v(m,0) >[1-v(d(m,0)] szl

q(k) .

But for any j < m

. o . N .
u{m,j) -wim,3) = u(m,Jj) maxnnml u{n, i)

A

u(m,j) - u(d(m),j)

d{m)-j
k=m-3+1

pm-){l-v(m,0) -[1-v(@dm,0] I qlk)}

<0,

since v{(d{m),0) €1 (Theorem 3.2) and g(k) <gtk+m~-17j) . We have

now established that
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u{r -1,3) € wi{r -1,3) i €1
p r3) (p 137 J r -1,
P
and it follows from Theorem 3.4 that
u(n,j) RS W(nlj) I neIr -1 jEIn

Hence there is an optimal policy d for which d(j) arp , JE€I iy
and the theorem 1s proved. O !

The condition that g be non-decreasing is quite weak, since
we shall show in the section 3.5 that if g is constant then the
policy with 4(j) = rp ’ j‘EIr is optimal.

Optimal policies of thz form (3.53) will crop up in the later

work., We shall denote by Eﬁ* the ‘set of policies dﬁEDN which have

the form:
j! je{rlr+l;aao’N},
aq) =
N jeIr—l’
for a fixed r€51N . Such a policy can be stated:

make no approach before stage r; from stage r onwards
approach a candidate only at the time of interview; if
stage N is reached, approach the candidate no matter when
she was interviewed.

If there is an optimal policy in Eg’ then only r has to be

evaluated. | This will of course be rp as given in {3.55). But we
have that
p2 iz rp.
u(]r]) U(Nlj)
< j=r -1,
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and hence
N
= i 3 & : i) £1 -~ -
rp sermin {j IN : gp{j) £1-p(N-3)/pO)},

since u(j,j) = p(O){l-—gg(j)] for 7 2rp-l . The maximum probability
of employing the best applicant is then given by {3.54) with r = rp.
Again it would be useful to have a simple sufficient condition on p
for there to be an optimal policy ig ng. If g(k) was increasing

at a sufficiently large rate it seems likely that there would be an

optimal policy in E ¥, It is possible to show that if p is such

N
that
(3.57) (3-p(0) (L-qlk+1) gatk+D (1-qk), k€I,
then there is an optimal policy in E%?. However this condition
does not appear to be of great practical use. Indeed, for the only

example in the next section to which the condition is applicable,
the optimal policy was found by a simple and direct method. On
the other hand a more satisfactory condition than (3.57) does not
seem to exist.
The proof of the sufficiency of condition (3.57) is gquite long

and involved and will be omitted.

5. FAMILIES OF SEQUENCES OF AVAILABILITY PROBABILITIES

In this section we shall investigate properties of optimal
policies for the A(N,p)-problem when the first N terms of p belong

to various parametric families of sequences.

The Geometric Family

A sequence of availability probabilities p belongs to the

geometric family with parameters o and B, (0<a<l, 0<B<1) for
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the A(N,p)-problem if p satisfies
k
p(k) =aB , k€{o,1,...,8n-1}.

This family has strong appeal in practical situations since
the probability an applicant becomes unavailable between successive
stages is a constant, 1-f8. The optimal policy for the case o = 1
was obtainéd independently in Yang 1(1974) .

Theorem 3.8. If for the A(N,p)-problem, p belongs to the geometric

family with parameters o,8 then the policy

3 j€{r,r+1,...,N},

(3.58) da(3j)

il

t jEIr—l'

is optimal and

{(r—l)gI;(r-—l) 4 ot[l—gg(r)](l—Br)/(l-B)}/N, r>1

o+ Q-wgWim, =1,
where
N N

(3.59) r=max {(n€I_:1-g (n-1) < pll-g (m)l},

N p p

N . .

and gp is given by (3.51) with p(0) = 0.
Proof. Let rp be as defined by (3.55), and thus

u(r r)=maxN uln,r )
p'p n=r "p 7

For jEIr _1’
P
l'p—-
u(r_,3j) =B u(r_,xr )
p P P
ry -3
=B p max N uln,r_ )
n=r P



= max N ui{n, i)
n=r A
P

Thus there is an optimal policy with d(j)-Srp . But g(k) = B,

kEEIN_l and hence by theorem 3.7 there is an optimal policy d such

that 4(3) = j ., 3 er and d{3) er , j-$rp . We have shown that the

policy given by (3.58), with r = rP , is optimal. Now from the

definition of rp we have that :

> nzr .
e ? /p
u{n,n) u{n+1,n)
< . n=yxy -1,
P
and hence
2 » I’l?'rpp
N N
1-g_(n) Bl1~g (n+1)]
P gp
< » n=yrxr "'l,
P
which gives expression {(3.59). The Expression for V;q follows

by substitution into expression (3.52) in Theorem 3.6.
The optimal policy given by (3.58) can be stated simply as
follows:
ﬁake no approach before stage r; at stage r approach the
candidate irrespective of the stage when she was interviewed;
after stage r approach any candidate at the time of her

interview.

The Step Family

This family is important because of its asymptotic properties.
A sequence of availability probabilities p belongs to the
step family with parametérs o,B,K, (0<B<agl, K€5IN) for the

A{N,p)-problem if p satisfies

58
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a, k€{o0,1,...,k-1},

p(k) =

B, kE{K,K+1,...,N-1},

It follows that

oll-v(n,0)], j<ngj+K=-1,

’

u(nrj) =

Bl1-v(n,0)] , J+K<n<N.

Now v(n,0) is decreasing in n and hence

OL, j?N_K""l,

axN (n,3)
m n=7 u(n,j

max {B,0[1-v(j+x-1,0011}, 1<j€N-K,

(0, N-K+1<3j<N,
(3.60) =dol1-v(+K-1,00] , th-kK+1<jEN-K,

B, 1lgigti-x.

r . N .
u(j+x-1,3) , t -K+1<jJ<N-K,

u(N,j) , j otherwise ,

where

(3.61) e = MIN (nE{K,K+1,...,8) : o[l-v(n,0] > B}.
It then follows that the policy d given by

j+K-1, tN-K+1<j<N-K,
a(j) =

N, . j otherwise ,

is optimal.
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Unless K = 1 then there is no optimal policy in EN . If

K = 1 then there is an optimal policy in EN* and clearly tN = r .
p

Hence we have proved the following theorem, using the Corollary of

Theorem 3.6 and the fact that v{n,0) = %f(n) ,Il}tN~'l.

Theorem 3.9. If for the A(N,p)-problem, p is of the form
plk) =

for fixed a,B, 0B <a<l, then the policy

a(j) =

is optimal and

(tN-l){gz(tN~l) v Blm,  tis1,

N
3.62 =
{ ) Vp
{0+ (1—oe>g§<1)}m, a1,
where
(3.63) & = MIN l€ry : g;](n) < 1-8/al},

and gg(n) is given by (3.51) with p(0) = a. a

. . . . - N .
MIN appears in (3.63) instead of sermin since gp (n) is
decreasing in n.
For the case K>1 there is no relatively simple closed form
N N - . X .
for Vp in terms of t . However a simple recursion can be given

N
which generates Vp and tN .



First we extend v(n,0) by setting
(3.64) v(n,0) = 0, N<ngN+K~-1,
‘and it follows from (3.60) that for tN—KSnsN—l ’

oafl-vin+x,0)] .

il

vin+1l,n+1)

Hence by (3.30)

(3.65) v{n,0) {n+vn+1,0) +afl-vin+kx,0]}/n,

t -KEngN~-1.
. . N .
Starting with (3.64) v{(n,0), for all n2>t -K, is evaluated

recursively using (3.65) and tN is evaluated at the same time
by means of
(3.66) £ = MIN (n€{K,K+1,...,N} : v(n,0) <1~-B/0}.

VPN is then calculated using the expression

- vt -k,0) +BI/N,  ti>K,

N
(3.67) vV =
b
N
{v(1,0) +ol1-vx,0)1}/N, t =K,
which follows from (3.40) with n = tN-K and v(k,k) = B

k& tN - K for the case tN>K; and with n = 1 and
v(l,1) = al1l-v(K,0)] for the case tN = K.

The form of the optimal policies for the step family is
very much what one would expect. Clearly an approach before
stage N would oniy be considered if the candidate had been

interviewed K ~ 1 stages previously.

6l
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If K/N is sufficiently large it is possible to give closed

form expressions for V;q and tN . It can be shown that if
(3.68) K > N(a-B)/(a®+a-B),

then

(3.69) £ = max {K,N ~UNGe-B)/ @ +a- B},

(3.70) V;=OL+0L2—[(0L2+0L-B)tN—(0t—B)K]/N

, N-1
-a? ) v Lk,

where [x]] denotes the integer part of x.

The result is not important enough to warrant presenting the
proof which is quite long and detailed.

Problems which are equivalent to the A(N,p)-problem for
particular step sequences p, have been considered in the literature.
The classical best choice problem is equivalent to taking

o=1,08

it

0, K=1. Yang (1974) gave the solution for the sub-

family o 1, 0<B<1l, K = 1. Smith (1975) solved a problem

1. The

1

equivalent to the sub-family with 0<a<1l, B =0, K

1, B=0, K > 2, is

I

problem with p belonging to the sub-family o
treated in Smith and Deely (1975). It was shown in that article that

if X 2 N/2 then tN = K and

N~

1
k=x /%

N_— -—
v, = 2-K/N - )

which are the values given by substituting o = 1 and B = 0 in (3.68)

to (3.70).

The Linear Family

A sequence of availability probabilities p belongs to the

linear family with parameters o,B8, (0<o<1l, 0<£B8<1/(N-1)) for
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the A{N,p)-problem if p satisfies

p(k) = a(l-8k) , k€{o,1,...,N-1}.
Now
a(k) = 1-B/(1+B-Bk), k€I, .,
which is decreasing {unless B = 0) : Consider the case N = 3,

a=1, B=2/5. We have

V(3IO) =0, u(3lj) = {1/51‘3_/21_}_-) '
v(2,0) = 1/2, u{(2,3) = (3/10,1/2,°) ,
v(1,0) = 8/5, u(l,j) = (=3/5,*,°) .

V; = 19/30, and the only optimal policy is d f (2,3,3). Cléarly
thén, there does not exist an optimal policy in EN for every linear
P. On the other hand it can be shown that £he only optimal policy
for the case o = 1/2, B = 1/3 with N = 3 is d = (2,2,3) which is in
Ej.

If B is sufficiently small then the policy 4 ¥ N will be

optimal. By Theorem 3.5 we have
4 = N is optimal
= q(k) 21 -0/(N-1), kerx
= qN-1) 21 -a/(N-1)
= pl1+8-8(N-D] ¢ o/(-1)

= B <cao/N-1l+am@-2)].

The Hyperbolic Family

A sequence of availability probabilities p belongs to the

hyperbolic family with parameters o,8,y, (0<a<gl, B20, y=20)
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for the A(N,p)-problem if p satisfies

p(k) = o/(L+Bk)T, k€{0,1,...,8-1}.
Now

_ _ Y
ak) =[1-g/Q+B0)]", k€I .

q is non-decreasing so it follows by Theorem 3.7 that there is an
optimal policy in EN for every hyperbolic segquence p.

While for some hyperbolic sequences there are optimal policies
in E* this is not true for every cése. Take the case

N
p(k) = 1/2(1+Xk) with N = 3,

v(3,0) = 0 u(3,3) = (1/6,1/4,1/2)
v(2,0) = 1/4 u(2,j) = (3/16,3/8,°)
V(l,O) = 7/8 u(llj) = (1/161'1')

Thus V; = 17/48 and the only optimal policy is 4 = (2,2,3) & Eg.

By Theorem 3.5 we have that

d = N is optimal

= qg(k) 21-0/(N-1), kEIN_l,

= g<[1-a/m-11" YY1,

If this inequality is not satisfied then any particular case
can be solved by means of Algorithm 3.1, perhaps with the modification

mentioned after Theorem 3.6.
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6. ASYMPTOTIC PROPERTIES OF THE A(N,p)-PROBLEM

It is well-known that for the classical best cholce problem
limNﬁwVN = e =, where VN is the maximum probability of emploving
the best applicant. There is of course, no optimal policy when
there is an infinite number of applicants. However it can be
shown the sequence of policies {QN}ﬁjl where QN is described by:

from stage [ N/eTl onwards employ at time of her interview

the first applicant who is a candidate,

(where [ xTl denotes the smallest integer greater than or equal to x),
is asymptotically optimal in the sense that the probability of
employing the best applicant among a total of N applicants when
using policy QN , tends to e—l as N > =, The policy QN is optimal
for many values of N and gives a probability of employing the best
which is close to VN when QN is not optimal.

For the A(N,p)-problem the questions which naturally arise
are whether limNamﬂﬁﬁ exists for various sequences p, and
whether there is a simple sequence of asymptotically optimal policies.

Every sequence of availability probabilities, p, is non-

increasing and non-negative. Consequently every p has a limit and

we shall denote
p{® = liﬁﬁ o P (K) .

It seems likely then that limN%m\ﬁ§ exists for all p. By approximating
the recursion equations (3.30) to (3.34) by differential eqﬁations it

has been possible to show heuristically that 1iﬂ&rthN = V(p(0),p (o)
P

for every sequence p, where vV is defined by {3.71) and (3.72). it
may be possible to show that the'differential egquation technique is

rigorous, as Mucci {1973a and b) was able to do for the Secretary
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Problem, Instead we shall prove the existence of the limit by the
more direct approach of bounding the solution of the recursion
equations and then taking the limit.

First we shall evaluate lim V;] for every p which is a member
of the step family for the A(N,p)-problem for all N.

The functions p and v defined on the set {(x,y) : 0<x<1l, 0<y<x}

by

ey-l ’ x=1,
(3.71) plx,y) =

<2 1/(1 -x)

—_— <x<

(x—y+xy] ' O<x<1,
and
(3.72) vix,y) = (L+y-y/x)p(xX,y) ,
will be referred to in our derivations. We shall also make use of

the bounds for g;\] given by

(3.73) logN-logn < gpN(n) £ log(N-1) - log(n-1) , p(0) =1
and
1-p(0) 1-p(0)
p(0) N _ p(0) N-1 _
(3.74) 1-p(0) ||n Mg, <750y | [n-1 K
0<p(0) <1,

which follow respectively from the inequalities

log(k+1) - logk € 1/k £ logk - log (k~1),

and

1-p(0)

k+11’P(O)\<E k+1-p(0) _ |_k



Theorem 3.10. Let p be any sequence of availability probabilities

of the form

o, x€{o0,1,...,K-1},

|4

p(k)

B, kE€E{KR,K+1,...},
where K is a fixed positive integer and 0<B<agl. Then
1in L v = v(a,B)
mN—m p H ¥
where V is defined by {(3.71) and (3.72).

Proof. FPor N>X, p belongs to the step family for the A(N,p)~-

problemn. Now from (3.64) and (3.65) we have that
nvi(n,0) ~{(n+1)vin+1,0) s a< 1, t ~KE&ng&N-1,

where tN is given by (3.66).

It follows for n2 tN - X , that

m+1Lyvin+1,0) -~ n+X)v{n+X,0) £ X-1,

and
n+L)v(in+1,0) £ N~-{n+1).
Consequently,
1-v(n+K,0) € L-v(n+1,0) + (K-1) (L+v(n+1,0))/(n+X)
S 1~-v{n+1,0) +N({K~1)/(n+K) (n+1)
€ 1l-vi(n+1,0) +CN ’
where

¢, = NE-1) /AN ok 1) .

67



Also 1~vin+1,0} € 1~-v(n+K,0) and hence from {(3.65) we have for

nZtN - X, that

o 1~-a o
=< - Ko .
LS v{n,0) [1 + ] vin+1,0) £ = (l+cN)
Starting with v(N,0) = 0, it can be seen tﬁat
N N N
9y (n) £ v(n,0) £ (1+ CN) gp {n), t -Kg&ngN,

where gs is given by (3.51) with p(0) = 0. But by (3.66)
N, N N, N
(t’) €£1-B/a < (1L+C) {(t -1)
gp / N gp r

and it follows from (3.73} and (3.74) that

(3.75) logln/t'] € 1-8 < (1+cy) logl -1)/("-2)] , a=1,
and
1~
o N
(3.76) = HW} —1] § 1-p/a
o{l+C) 1-0
N N=-1
T || M o<ect

From the left hand inequalities of (3.75) and (3.76) it follows that

tN/N 2z p(a,B) > 0 for all N, which implies that tl\I > @ and hence

CN >0 ags N ™ oo, As a consequence then of (3.75) and (3.76) we
have that
. N o N
(3.77) llmN”m (7 -R)/N = lim t /N = pla,B) ,
and that
. ' N . N, & N
11mN_>°ov(t - K,0) = llmN_Mogp {(t" ~K)
\ N, . N

fl

1-B/4a.

68
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It now follows from (3.67) that

]

lim, o,V = Ling, (6 -0 v (e -k, 00 + 6]/

It

via,B) . o
We can now prove the main asymptotic result.

Theorem 3.11. For every sequence of availability probabilities, p,

. N
llrrLN.mVp = V(p(0),p(®)) ,
where v is defined by (3.71) and (3.72).

Proof. Pirst we shall consider sequences p for which p{0) = p(x) .

Therefore p = p(0) and clearly d = N is optimal for all N. Hence
N

Vp = p(0) = v(p(0),p(0) for all N.

Let us now assume that p(®) < p(0). For every £, 0<&<p(0) ~p(=) ,

there exists a positive integer K = K(p,€) such that
p(K) € p(®) + € < p(K=~1) .,

For each p and each €, then, we can define two sequences p and 5,

which belong to the step family for every N2X, by

p{0) , k=10,

il

p(k)

and

p(0) , 0<kg<K=-1,

plk) =

p(®) +g , k 2K.

Clearly p(k) <p(k) £p(k} and hence by Theorem 3.3 we have that
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N N
\ N £V £V

£ , for every N. But Theorem 3.10 implies that
b P p

v ' 7 v(p(0),p(l)) and V%?'* V(P(0),p(K)) as N ™ « and hence
. N
V(p(0) ,p(®)) £ llmN_,oon < V(p(0),p(®) +€) .

Finally, € is arbitrary and v is a continuous function and thus

N

Lime, Vo = V@O ,pe)) . 0

Because the asymptote of V;q has a relatively simple form it
seems likely that there will be a sequence of simple policies which
is asymptotically optimal. The optimal policies for the step
sequence with K = 1 inspired the choice of the particular sequence

in the Theorem which now follows.

[ee]
Theorem 3.12. Let {dN}N=l be a sequence of policies given by

j je{rN,rN+1,...,N},
dN(j) =
N, JEI_ _.
rN 1
where
(3.78) r, = TNpp),pv-1T,

then the sequence dN,N =1,2,..., is asymptotically optimal for the

A(N,p)-problem in the sense that, for every p

limN_>oon(dN) = v(p(0) ,p(®)) .

Proof: There is an Ny such that rNi>l for every N > Ny. Thus,

from (3.52) in the statement of Theorem 3.6 we have

N, N
V(@) 2 (rg-1) [gp (r' -1) + p(°°)]/N,



since plk} 2 p(®). Now p is continuous and thus
(1:‘1\]-—1)/1\1"> plp(0) ,p(®)) as N = =, It then follows from the bounds
for gg, (3.73) and (3.74), that g;](:r:N~ 1) = 1-p(0)/p(®) and hence

that

Ly oo Vi (G 2 V(R (0),p (=) .

But VP(dN) RS V;q‘*v{p(O),p{w)), and the theorem is proved. O

N
For the sequence {dN} the convergence of Vp - Vp(dN) to zero
is not uniform over all p. Consider the step sequence Py with

K=N-1,04=1, B=0,

N 1 ¢N-1

N

and hence'%f > 1 as N > o, But rN = N/ell and thus by (3.54) for
N

2 2
rN ~

o - N — o
va(dN) = {(rN l)qu(rN 1)+ 2}/N

> 2/e, N >,

Clearly there is an €, 0<eg<1 - 2/e, and an N8 such that
N

v -V (dN) > & for every N > N _, and hence the convergence is
Py Py €
not uniform. However it would appear that the convergence of

VE? - V? (dN) to zero would be uniform over a class of uniformly

convergent sequences of availlability probabilities.

It may be possible to find a seguence of policies which is
uniformly asymptotically optimal over all p, perhaps by approximating
by differential equations the recursion equations for generating the
optimal policy. By their very natﬁre the individual policies in an
asymptotically optimal Séquence are likely to be very similar to the

corresponding optimal policies. The simplicity of Algorithm 3.1

71
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for generating an optimal policy reduces the practical value of

such a sequence.

Let {aN}le be any sequence of non-negative integers which
diverges to o, If, in expression (3.78), p(N-1) is replaced by
p(aN), then the sequence of policies giveﬁ in Theorem 3.12 will
still be asymptotically optimal. The difference between V;I and
Vb(dN) may be reduced by a suitable choice of ay - For example
take aN to be an integer in {O,l,...,N-—l} which maximises Vp(dN).

The sequence of policies so formed would obviously be asymptotically

optimal.

7. CONCLUDING REMARKS

In Chapter III it has been necessary tq make certain assumptions
in order to carry out further analysis of Problems A and B. \essumption
3.2 was chosen because it was the most reasonable of several possibil-
ities. As seen in Section 3.6 this leads to some interesting
asymptotic properties.

A reasonable alternative to Assumption 3.2 which is worth con-
sidering, is to assume that the matrix of availability probabilities,

T is given by m(n,j) = w(n) , n€EIN ,jEIn , where @ = {&(n)}n:l is
also a non-increasing non-negative sequence with 0<®(1l) <1. This
might apply in Example 1.1.B, the house-buying example, where the list
of houses is accurate at the start of inspections. It immediately
follows from (3.31) that the number of the candidate is not relevant

to the optimal decision at each stage. An optimal policy dEDN can

be calculated by means of Algorithm 3.1, although a simpler representa-
tion of a policy is the set T = {d(3) : jEEIN} where an approach is made
to the candidate at étage n (irrespective of her number) if and only if

n€T. Obviously, equations (3.29) to (3.34) can be simplified since
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there is no dependence upon j for j 2 1. It would be possible to
find conditions on ® in order that an optimal policy T is of the form
Ar,r+1,...,N} The asymptotic properties are relatively uninteresting.

It can easily be shown that lim

N R ~
Nﬁwnv& = llmdémw(n) and that

TN = {N}, N=1,2,..., is a sequence of asymptotically optimal policies.

Perhaps one of the more unreasonable parts of Assumption 3.1 is
part 3) - that unavailable applican;s remain unavailable. If this
were relaxed then Problems A and B may no longer be equivalent. An
alternative which has considerable appeal, 1s to assume that the vectors
of availabilities, w(j) = (wj (3 ,wj+l(j) PR ,wN(j)), jGIN , are
homogeneous Markov chains with the same distributions. For an optimal
decision at stage n in Problem A, it would be necessary to know the
number of the current candidate if no approach to her had been made at
or before stage n, otherwise it would be necessary to know how far back
the latest unsuccessful approach to the current candidate was made.
Thus there would only be 2n stage n states, and it would appear that
some fruitful analysis of the problem could be made. For Problem B
the number of the current candidate would be irrelevant, only her
availability would need to be known in order to mak? the optimal
decision at any stage. Thus for Problem B there would only be 2 poss-
ible states at each stage. (This fact could have been used to establish
very quickly the form of the optimal policy for the geometric family in
Section 3.5.)

Problems A and B could be turned into games by allowing an
opponent to try and minimise the probability of employing the best
either by choosing 7 subject to some constraints, or by choosing the

distribution on the order of the applicants.
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CHAPTER IV

PROBLEM C: A SIMPLIFIED CASE

In this chapter we consider the problem of employing the best
applicant when only one approach is,permitted, under certain assump-
tions about the distribution, P. Even though these assumptions are
much weaker than those made in Chapter III, many of the results will

be analogous to those for the simplified Problem A.

1. SIMPLIFYING ASSUMPTIONS AND PRELIMINARIES

In addition to the assumptions for Problem C given in Chapter I

we make:

Assumption 4.1. The distribution P on  is such that for each

permutation of I ,x = (xl,...,xN) ;

N
1) the conditional distribution of wn(j) given w(0) = x is

dependent upon xj alone, and

2) P({w€Q : w(0) = x}) = 1/N! .

The above assumption states that the availability of any
applicant at any stage may depend upon the applicang‘s ability, and
that the order of interview of applicants is random,. We have not
assumed either that availabilities are independent between applicants
or that unavailable applicants remain unavailable. Such assumptions
are unnecessary since only the availability of one particular applicant
at one particular stage is ever observed.

We shall set up the solution of Problem C in terms of the

Markov chain decision problem in Section 2.1, To establish a



75

suitably small state space, we shall have to proceed more carefully
than we did in Section 3.1, because there are no independence
assumptions about the vector components of .

Suppose the situation is at stage n and relative ranks
X1{0) = x1, X2(0) = Xg,..., Xn(O) = Xn have been observed. Suppose
also that Yn = 73, that is max {kEEIn :xk==l} ='j. Then the expected
immediate payoff from making an approach to the candidate is simply
the probability that applicant 3 is both best and available. This
is given by

(4.1) P({mj(m =1, w () = {1 (0) = x1,000, X (0) = x

0

il

P({w_(3) =l}]{wj (0) =1, X1(0) =x1,..., X_(0) ==xn})

x P({wj(O) = 1} {x1(0) =x1,..., X_(0) =x }

]

p({o (3 =1}[{mj<0) =1}) Pc{wjm) :l}i{Yn=j}) ,

since this last line follows from both parts of Assumption 4.1, it

also follows from part 2) of Assumption 4.1 that

(4.2) pi{wj(0)=1}’l{yn=j}) = /N, 1€i<ngN,
and that
(4.3) P{{Yn+l=y}§{X1(O) =X1,.00, X (0) :xn})

= P({Yn+l==y}[{Yn==j})

]

1/(n+1) , y n+1l,

n/{n+1), y = 3.

It is clear from (4.1)to (4.3) that in order to make an optimal
decision at any stage only the position of the candidate need be

known.
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The state space for the simplified Problem C is the set of
pairs (n,3), nfEIN ,jEIn , where the state (n,j) represents the
situation of being at stage n with applicant number 3 being the
candidate.

Any policy can be represented by a set of stopping states A.
To reach the state (n,3j), n>3j, it is clear from {4.3) that the
chain must have passed through the states (3,3),(3+1,3),...,{n~-1,9)
without stopping. As with Problem A the only attainable states in A
are the states (d(3j),j) where d(j) = mih{n(EIN : (n,3) €A} (assuming
that (N,3j) €A for each j). As for the simplified Problems A and B
we can represent each policy by an N-tuple dﬁEDN , the statement of

the policy being:

at stage n: stop and approach the candidate, Yn'

if and only if d(Yn) = j .

Corresponding to each d€D

- there is a stopping variable

TC ' Iy given by

{Tcml} {WEQ : a(y(w)) 1}

il
il

and
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To complete the formulation of the simplified Problem C in
terms of the Markov chain decision problem, we shall need to
specify the initial and transition probabilities as well as the
expected immedlate payoff. These are deduced directly from (4.1),
(4.2) and (4.3). The initial state with probability 1 is (1,1).

Under the no approach decision the transition probability function
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is given by

/(n+1), y =n+l,

(4.4) fol(n,3),(n+1,¥)) = yn/(n+1), Yy =3,
0, y otherwise,
for nEIN_l, jEIn . The process terminates under the decision to

approach and the expected payoff is, from (4.1) and (4.2), given by
(4.5) Un,j) =nmn, /N, n€r, jEI_,

where 1(n,j) denotes P({wn(j) = l}l{wj(O} = 1}) , and is the
probability that applicant j is available at stage n given that
applicant j is the best. The lower triangular matrix, 7, will be

referred to as a matrix of availability probabilities for the best

applicant.

We shall denote by Vﬂ(d) the probability of’ employing the best
applicant using policy dEDN for the gsimplified Problem C with N
applicants and 7, the matrix of availability prcbabilities for the
best applicant. The superscript FC will be added when there might
otherwise be confusion. We shall also denote the maximum probability

of employing the best for the gsimplified Problem C, by V,;\I .

Theorem 4.1, Let d be any policy in DN and let 7, T be two matrices

of availability probabilities for the best applicant.
1) If w7 then Vﬂ(d) svﬁ(d) .
2) If m = o where O is a positive constant, then

v {d) = O.V.ﬁ(d} .

Proof. Now
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v (@ = [0S, v )]
W T

C
C C
(4.6) = elTom(t,y )I/m,
TC
where the expectation is with respect to the joint distribution of

TC,Yl,...,YN and hence does not depend upon T. Both results

follow because of the linearity of the expectation operation. O

Corollary.
—_ N N
< £ V.. .
1Y TIf w&T then Vﬂ g V‘,{r
— N N N . .
2) If w=oanw then V1T ==uVﬁ‘. Also d is optimal for 7

if and only if it is optimal for T.

Proof.

N
1) Vﬂ = max Vﬂ(d)

qc
DN

N

< max m

-

&
d DN

N f—
2) & is optimal for ¥ if and only if

N
N
== aV-(dN) = o |max V.. (d)
T [ dGDN T }
= \Y (dN) = max v {4}
T dEDN () !

if and only if dN is optimal for . Also
N N N N
= = ov.{(d) = V_ . ]
Ve =V (@) = ov.(d) Vo
An equivalent result for Problems A and B is not true since
the distributions of TA and TB depend upon the matrix of availability
probabilities.
For Problem C the matrix of availability probabilities for
the best applicant, 7, only appears in the payoff function. This

means that the elements of 7 are open to a wider interpretation than
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merely availability probabilities. Because the problenm is
unchanged for a positive scale change in the elements of T, one
reasonable alternative is that any approach is certain to be
successful and 7(n,j) is instead a discount factor for employing
épplicant j at stage n given that applicant j is best.

In similar manner to that at the end of section 3.2 we shall
now obtain simple recursion formulaé for deriving Vﬂ(d) from a given
policy d and matrix .

Let Vd(n,j), for all jEEIN and all n<d(j), denote the
probability of employing the best applicant starting from state (n,3j)
and using policy d.

From (4.4) and (4.5) we have for jEEIN that

(4.7) Vqe(n,3) = nm(n,3)/N, n = d(j) ,

and

(4.8) Vyn,3) = v (m+1,9)/(m+1) + V (n+l,n+1)/(m+1),
j<n<dq) .

Also

(4.9) Vﬂ(d) = Vd(l,l).

Formulae very similar to (3.17), (3.18) and (3.19) can be
derived if we rearrange (4.7), (4.8) and (4}9). Let hd(n), 11€IN ’

be defined recursively by the following two equations (hd(n) is

equivalent to vd(n,O) for the simplified Problem A.)

. €
and for n IN—l'
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hd(n) = hd(n-bl) + NVd(n—kl,n-kl)/n(nﬁ-l).
We now denote

Vd<n,j) = Nvd(nrj)/n - hd(n) Y

and substitute into (4.7), (4.8) and (4.9). The equations obtained
are
vd(n,j) = T(n,j) - hy(m) d{j) =n,
Vq(n,3) = vin+1,3), j<n<ad ,
and
(4.10) V(@ = [v (1,1 + h W]/,

togethexr with

(4.11) nhd(n) = (n+l)hd(n+l) + Vd(n+l,n+l) , n€ix

The solution then is

~Lly N 0,3
(4.12) hy() = = ijnﬂ vy(3:3)
(4.13) v (3,3) = m(d3),9) - h@@) ,
and
(4.14) v () = y.N (" i
' m TN Ay=1 Vatirdl e

Equations (4.12), (4.13) and (4.14) are more complicated than
(4.7), (4.8) and (4.9), however they simplify the proof of the next

theorem.

Theorem 4.2. Let T be a matrix of availability probabilities for

the simplified Problem A and let d be a policy. If w(d(j),3) = 1 for
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every jGIN such that d(j) <N, then V,f(d) = V:(d) , and furthermore,
if d is optimal for the simplified Problem A then it is optimal for

the simplified Problem C.

Proof. Putting in the superscripts A,C where appropriate and using
induction, it can be seen by comparing (3.17) and (3.18) with (4.12)

and (4.13), that vd(n,O) = hd(n} and that for jEIN '

TN, 3) , a() =n,

A, .
vq (3.3 =
l'hd(d(j)) [ j\<d(3) <N ’
c .,
= Vd (3,3 .

Thus by (3.19)and (4.14) we have that Vﬁ(d) = Vﬁ(d) .

Now for every policy g GDN it can be seen from {(3.7), (3.9) and (4.7)
that

A oy C o4 .
Ve (d (3),3) 2V )., 3€L,

since V(i:} {(n,0) 20. It then follows by induction using (3.8) and
(4.8) that \?d;A(l,l) ,zvd?(l,l) . Thus we have that vf(d’) BVT?(d')
for all él'EDN . Finally if 4 is optimal for the simplified problem A

, then

C A A, C, .
= e >
V?T () VTI (4) maxa;ED V’n (d) ,maxdreDNV (ay) ,

i
N
and hence d is optimal for the simplified Problem C. 0
The above theorem is not really surprising since for Problem A,

d and 7 are such that only one approach is made. This is because any

approach made before stage N is certain to be successful.
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2. OPTIMAL POLICIES

The recursion formulae for generating the maximum probability
of employing the best applicant, VT?] , and an optimal policy for the
simplified Problem C given a matrix 7, will now be derived. These
follow from the formulae (2.2) t0{2.6) for the Markov chain decision

problem in Section 2.1, by substituting from (4.4) and (4.5).

.(4.15) Vi{n,3) = nm{n,3j) /N, nEIN, jGIn,r

(4.16) Vo(n,d) = nvin+1,3)/(n+1) + vin+1l,n+1)}/(n+1),
nEIN-l ! jeln !

(4.17) v(N,3) = Vi(N,]) , 3€T,

(4.18) V(n,3) = max {Ve(n,3) , vitn,)}, . n€r ., J€I_.

Then

(4.19) v = V(L)

and any policy d satisfying both

(4,20) vy (d(3) 3 = ve (a3, i)
and
(4.21) vi{n,j) € Ve(n,3) , j<n<d() ,

for each jeIN ; 1is optimal (by the same argument as used in Section

N o N,
3.3). Denote by D"H the set of all such policies, then DTr is .
egsentially the set of all optimal policies for Problem ¢ with matrix T.

Again we simplify the above equations by 'standardising’ the

quantities V,Vy,Vy . First though we define h(n), n@IN , recursively by



(4.22) h(N) = 0,
and
(4.23) h{n) = h{in+1) + NV(n+1,n+1)/n(n+1) , neIN—l .

{(The role of h(n) is equivalent to that of v(n,0) in the simplified

Problem A.) Denote

u(n,j) = NVi(n,j)/n - h(n) ,

v(n,j) = NV(n,j)/n - h(n) ,
and

w(n,j) = NVo(n,j)/n - h(n) ,
for neIN , jEIr.1 . Equation (4.23) becomes
(4.24) .nh(n) = (n+1)h(n+1l) + vin+l,n+1), nEIN_l.
Equations (4.15) - (4.19) become
(4.25) u(n,j) = m(n,3) - h(n) , nEIN , jGIn ,
(4.26) win,j) = vin+1,3) , neIN—l , jEIn ,
(4.27) v(N,j) = m(N,]) , jEIN '
(4.28) v(n,j) =max {un,j), win,3)}, n€r ., JEI ,
and
(4.29) v,ﬂN = [v(1,1) +n() ]I/
Solving these gives ,
(4.30) vin,j) = max N u(k,q) , n€r_, ij€I1 ,

k=n N n



(4.31) hn) - m Ly PNy w03, n€r,
and
(4.32) VN = l-X.? max ?. uin,i) ,
il N &9=1 n=7j
where u{n,j) is given by (4.25). Because u{n,j) - w(n,j) has the

same order relationship to zero as Vi{n,j)} - Vy(n,3), we have that

dEDT?I if and only if

by N s .
(4.33) u(d(3),3) =max _um,3 , JEI .

Formulae (4.30), (4.31) and (4.32) are identical to formulae
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(3.35), (3.36) and (3.37) respectively. The recursions for Problem A

and Problem C only differ in the formulae for u(n,j) -~ (3.31) and {4.25)

respectively. Hence the algorithm for generating Vﬁi and an optimal
policy for the simplified Problem C will only differ from Algorithm

3.1 in that statement number 4 is replaced by the statement
U=P - S8/M.

We shall refer to this modified algorithm as Algorithm 4.1.

Further analysis of the simplified Problem C without any

additional assumptions about the structure of m, is unlikely to be

rewarding.

3. ELAPSED TIME DEPENDENT AVAILABILITIES: THE C(N,p) - PROBLEM

For the remaining sections of this chapter we shall assume
that 7{n,j) depends on n-13 alone. Formally, we shall consider the

simplified Problem C under Assumption 4.1 and

Assumption 4.2.  The distribution P on @ is such that the matrix of

availability probabilities for the best applicant, m, is given by
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m{n,3) = p(n~-3), nGIN: jein,

. [av]
where p = {p(k)}k=o is a sequence of real numbers, 0L p(k)g1l.

The sequence p will be referred to as a sequence of availability

probabilities for the best applicant. Problem C under Assumptions 4.1

and 4.2 with a total of N applicants and sequence of availability
probabilities for the best applicant given by p, shall be referred to

as the C(N,p)-problemn. As was the case for the A(N,p)-problem we

are assuming there is an infinite sequence p since we shall later
examine some asymptotic properties. However, there is no monotonicity
assumption about p for the C(N,p)~problem.

Where appropriate, the notation will be modified by substituting
p for mw. | |

Many of the theorems in this section parallel those in Section
3.4. The next theorem corresponds to Theoreﬁ 3.4 and it shows that
if an approach is optimal in state. (n,j) then an approach is optimal

in state (n+1,j+1) .

Theorem 4. 3. For the C(N,p)-problem let u,w be the guantities as
given by (4.22) and (4.24) to (4.28). Then for each N,p
u{n+1,3+1) -~ win+1,3+1) 2 uln,3) - win,ij) ,

j &
N-1' In'

Proof. Define t{n,k) =whnn~k)—1umn—k)fm:neagmm

k€{0,1,...,n-1}. It follows by (4.28) that
v(n,n-k) = u(n,n-k) + t (n,n-k) , O<kgn-1,

and hence by (4.23) and (4.25) we have that

il

hi{n} - hi{n+1) [hin+1) +vn+1l,n+1))/n

{p(0)+t+(n+l,0)]/n, n€x

il

N-1°
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Thus
(4.34) hin-1) - 2h(n) + hin+1) > [t (0,0 =t (m+1,001/n.

We now prove the theorem by showing by backward induction that
t{n,k) is non-increasing in n for each k. =~ Firstly, for

k€{0,1,...,8-2} we have that

il

t(N-1,k) -t(N,k) w{M=-1,N-1~-%k)-u(N-1,N~1~k) + u(N,N~-k)

it

u{¥,N-1-%k) - u(®W-1,N-1-Kk}) + u(¥N,N-k)

i

p(k+1) + h(N-1) > 0.

Now let us assume for some n€{2,3,...,N—l} that ti{n,k) 2t{n+1,k)

for each k€{0,1,...,n-1}. For every k€{0,1,...,n~2} we have that

i

t{n,k) vin+1l,n~k) - u{n,n-Xk)

un+l,n~k) + t+(n+l,k+l) - uf{n,n-k)

1l

it

+
p{k+1) - p(k) + hi(n) - hin+1) + ¢ (n+l,k+l}’
and hence

tin-1,k) - t{n,k) = hin=~1) -~ 2h{n) + hin+ 1}

+ T mx+1) - tTnrl,k41) .

But by the induction hypothesis t(n,k+1) 2 t(n+1,k+ 1) and hence

+ + . + +

t (n,k+1) 2t (n+1,k+1). Similarly t (n,0) 2 t {(n+1,0) and

then by (4.34) we have that h(n-1) - 2h(n) + hin+1) 2 0. Thus we
have shown that t{n~1,k) > t{n,k) for each k € {0,1,...,n-2} and the

proof of the theorem is complete. O

We can now give a necessary and sufficient condition on p for

the policy d ¥ N to be optimal. Obviously condition (3.48) in Theorem
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3.5 is sufficient (even if p is not monotone and hence not a sequence
for the A(N,p)-problem) since the conditions of Theorem 4.2 are

satisfied. However (3.48) is not a necessary condition.

Theorem 4.4. The policy d = N is optimal for the C(N,p)-problem if

and only if p is such that
p(k) - p(k+1) ¢ p(0)/(N-1), k€{0,1,...,N=-2}.
1 ¢N-1
In any case, Vp(d) =3 Z -0 p(k) .

k=

Proof. d is optimal if and only if

Vi(n,j) € Vo(n,3) , neIN—l ’ jEIn ’

g u(nlj) < W(nlj) ' nEIN—l ’ jeIn r

which, by Theorem 4.3 is true if and only if

U(N-llj) RS W(N"llj) [ jEIN‘fl‘.

But w(N-1,3) = u(¥,3) p(N -3) and by (4.31)

h(N-1) = u(N,N)/(N - 1)

p(0)/(N=-1) . Thus d is optimal if and

only if

p(N-1-3) - p(0)/(N-1) L pM-3), JEI .,

and the necessity and sufficiency of the condition is established.
The expression for Vb(d) follows by substitution for Vd(j,j) = p(N~3)
into (4.14) . O

By way of Theorem 4.3 we have proved the existence of an

optimal policy d which satisfies

a3+1) €4 +1, 3IEI_ ..

(See the argument following Theorem 3.4.). Now if we denote
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{4.35) rp = MIN {nEIN : u{n,n) = maxkin u(k,n)}

we see that there is an optimal policy 4 for which d4(j) = j, r <Jj<N.
This follows by Theorem 4.3 which also ensures that :t‘p is defined
by MIN rather than sermin. It often turns out that also

i) 2 =

1%
optimal policy in EN . As for theA(N,p)-problem there is a simple

1 for an optimal policy, that is, there is an

closed expression for Vp(d) for any d€E First though we shall

N
define the function gy ©on IN by

_ ZN—l

oo /%

gN(n)
- N N o,
If p{0) = 1, then Iy = gp where gp is given by (3.51}.

It should be noted that

(4.36) h(n) = p(0)g (n) , rp~1sn<u.'

This is because, by {4.24) and the fact that

vin+l,n+1) = u(n+1,n+1) = p{0) - hin+1) , nzr -1,
we have that

hi{n} -~ hi{n+1) = p(0)/n, nxzr =-1.

The solution of this equation subject to h(N) = 0 is given by (4.36).
As might be expected the proof of the next theorem closely

follows the proof of Theorem 3.6.

Theorem 4.5. Let d be any policy in EN and let

r = MIN {jEIN : d(3) = j} . Then for the C(N,p)-problem

{{p(0) (r-1g (r-1)
-1 ) . .
(4.37) V(@) = + 2;1 [p(a(3) =9) -pOg @GENIIN, r>1,

p(0} /N, r=1.



Proof. By (4.13) we have that
Vd(n-l-l,n+l) = p(0) —hd(n+l), nzr-1,

and hence by (4.11), hd(n) - hd(n+l) =p(0)/n, fornzxr~1. The
solution with boundary condition hd(N) = 0 gives hd(n) = p(O)gN (n),

r-1l1<ngN. For jE€TI d(j) 2>r and hence

’

Vd(j,j) = p(d{3) -3) - P(O)gN(d(j)) . But for r>1 we have from

r-1"'

(4.12) and (4.14) that
_ _ _ r-1 .o
v (a) = {x-Dhn (r-1) + Zj=l vy (3.3 I/

and expression (4.37) then follows. For r = 1 expression (4.37)

follows directly from (4.10). O

Corollary. If the policy d is also in EN*, that is d(j) = N,

jEIr then for the C(N,p)-problem

-1
() (r-Dg (e-1) + [T pW-NIN, r>1,
j=1
4,38 v (d) =
( ) p( )
p(O)/N [ r =1,
Proof. (4.38) follows from (4.37) since d(j) =N, j<r. O

If there is an optimal policy for the C(N,p)-problem in EN ’
then there is an optimal policy d satisfying d(j) = Jj, rps 3 <N and
a(3) 3r ., 1<j<r -1, where r is defined by (4.35). V" would

p p P P
then be given by (4.37) with r = rp .

In the next theorem it will be shown that if p is convex then
there is an optimal policy in EN . Again, this theorem parallels

Theorem 3.7 and in fact the sufficient condition given there is

equivalent to logp being convex.

Theorem 4.6. If, for the C(N,p)-problem, p is such that

89
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plk=-1) - 2p(k) + p(k+1) 20, k€I
then there is an optimal policy in EN .

Proof. Let fp be as defined by (4.35). Thus there exists an

m,rps m<N such that
u(r -1,r -1) < u(m,r -1)..
p 'p p

Now for every jEIr

-1
P
-1,3) =~ -1,7
u(rP i) w(rP i)
= u(r -1,3) - Nk,
—urp /] max, . u(k,]
b
< u(rp-l.j) - u(m,J)
= -j-1) - -3) + h - h(r_ -1)
p(rp j-1) - p(m=-3) (m) (rp
< p(0) - -r +1) + h - h -1
p(0) p(m rp ) (m) (rp )
=u(r -1l,r ~-1) - u(m,r -1) <0,
b p p

since p is convex. It then follows by Theorem 4.3 that
u(n,j) < win,j), jEIr 1 j<ng rp—- 1, and hence every optimal
P

policy d must satisfy d{(j) er , €1 But we have already

rp -1
shown by Theorem 4.3 that there is an optimal policy d for which

a(j) = 3, rp\<j <N, and thus the theorem is proved. [

As for the A(N,p)-problem there may be some savings in computing
time from knowihg that there is an optimal policy in EN . Nevertheless
rp and the first rp— 1 components of the policy have to be calculated
before the policy is known.

If on the other hand it can be shown that there is an 6ptimal
policy in EN* then the C(N,p)-problem is virtually solved. Only rp has
to be evaluated and there is usually a simple formula for computing

it. It turns out that there is a useful sufficient condition on p
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for the existence of an optimal policy in Eﬁ*. In order to derive
this condition we shall require the following lemma.

Lemma 4.1. For the C(N,p)~problem let rP be as given by (4.35). I1f

p is such that

(4.39) um—lﬂb—l)SlﬂNmp1D=$um—1J)éluNj),
jEIrp—}'

and

(4. 40) umﬂ%—l)>1ﬂn+lﬂb—l)¢1un—lmp~l)>1Hnmp—1),

ne{rp,rp+l,...,N—l} ’

then the policy

is optimal.
Proof. It follows from the definition of rp that

oy . N . .
u(d(3j),j) = u(3,3) = maxnzj u(n,j) j er.

N .
Now all that has to be shown is that u(N,j) = maxn=j u(n,j) for

jfEIr -1 Let m denote rp-—l . Condition (4.40) implies that
b
u(n,m) - u(n+1,m) changes sign at most once as n goes from m to N-1,

and then only from positive to non-positive. Thus
N
maxn=m u(n,n) = max {u(m,m), u(N,m)},

V. . N
and the definition of rp then requires that maxnzm u(n,m) = u(N,m) .



Consequently

(4.41) u{n,m) £ u(N,m) = w(n,m) , rle{nun1+l,...,N-1}.
It now follows by condition (4.39) that

(4.42) uM-1,3) € u(¥,j) = w(N=-1,73) , jEEIm.

Thus, using Theorem 4.3, conditionsl(4.4l) and (4.42) imply

u(n,j) < win,j) , - jeIml ne{jlj'l'll--'lN"l}

. . . . . N . .
which in turn implies that u(N,j) = maxn=j u(n,j) for all JfEIm

and the Lemma is proved. O

Theorem 4.7. If, for the C(N,p)-problem, p is such that

(4.43) plk+1) - 2p(k) + p(k-1) >0, ,kGIN_z .
and
(4. 44) pkk+1) - 2p(k) + plk=-1)

>[px-1) - p)]llpk) -pk+1)1/p(0),

k€€, : p(0) 2 pd) >pE+D]},
then the policy
J je{r i +1,. 'IN}I
P
a(3) =
N, JE€I.
p
is optimal. Furthermore rp is given by
(4.45) r = sermin {n€I_ : p(0) ZN—l 1/k € p(0) - p(N-n)}.
jo ' N k=n

Proof. First we shall show that d is optimal by showing that

92



conditions (4.43) and (4.44) imply conditions (4.39) and (4.40)
respectively in Lemma 4.1. Then we shall show that rP is given by
expression (4.45).

As before denote rp— 1 by m. For jEIN_2 ,
u(N-1,j+1) - u(N,3+1) - u(N=-1,3) + u(N,])
= p(MN-3-2) - 2p(N-3F-1) + p(N~-7)
>0,
and hence (4.43) implies (4.39) né matter what the value of rp is.
The definition of rp implies that u(rp,rp) P u(n,rp) , rp+l\<n<N ,

and hence p(0) - h(rp) > pln -~ rp) - h(n) , which in turn gives

‘ | S
(4.46) p(0) 2 p(k) , k IN_rp,

since h(n) is non~increasing in n. Let us now assume that for some

n€{r ,r +1,...,N-1}
P p
u(n,m) > u(n+1,m) .
It then follows that
(4.47) pn-m) -~ ph~m+1) > p(0)/n.

(4.47) implies that p(n-m) > p{n-m+1) and since n-—m\<N—rp R
we have by (4.46) that p(n-m) € p(0) . Now using (4.44) we have
that
p{n-m+1) - 2p(n-m) + p(n-m-1)
2[pn-m) - pn-m+1)]pn-m=-1) - pn-m]/p(0) .

Division of both sides of this inequality by

[pn-m) - p(n-m+1)]/p(0) and rearrangement of the resulting

93



expression yields

N p (0)
“pO)/Mpn-m) -pn-m+1)} -1’

pn-m-1) - p(n=~-m)

since p(0) > p(n-m) - p(n~-m+1) . But it then follows using

(4.47) that
pin-m=-1) - p(n-m) > p(0)/(n-1),

and thus u{n-1,m) - u(n,m) > 0. Finally, the form of the optimal

policy requires that rp must satisfy

(u(3,9) ,  rp<IsN,
maxN u(n,j) = o
r].:j IJ
ku(Nrj) ’ j = rp"'l ’
r N-1 .
p(0) - p(0) Zkzj k, r <3SN,
=
p(N-73j), i = rp—l,
and thus rP is given by (4.45). |
Corollary. If p is such that p(0) >0, p(k) is non-increasing for
k€{0,1,...,8N-1} and
(4.48) p(k-Lpk+1) > [pk)l?, k€I

then the policy

is optimal for the C(N,p)-problem.
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Proot, Now

[pk-1) - p)llpx) - 9“‘,*“}

= pk)plk-1) - plk) + pk+1)] - plk=-pk+1).

Hence by (4.48) we have, for k€I~ that

N-2 7

0<lpk-1) - p) ] pk) -pk+1)]/p(0)

¢ bk
~ p(0)

[px=-1) - 2p(k) + plk+1)]

ke

< ptkk-1) - 2p(k) + plk+1),

gince p(k) is non-increasing. Thus (4.43) and (4.44) hold and the

Corollary is proved., [

The above Theorem and Corollary will be used in the next
section to show that there are optimal policies in ng for some of
the families considered there.

In the latter part of this section we have considered sequences
p, for which there is an optimal policy in Ega Obviously there are
many sequences for which this is not so, but attempts at further
analysis in such cases hasg not proved fruitful. However Algorithm

4.1 can be used to solve the C(N,p)-problem for any particular case.

4. FAMILIES OF SEQUENCES OF AVAILABILITY PROBABILITIES

In parallel with Section 3.5 we will considgr a number of
parametric families of sequences p. Some of these families could
reasonably apply in practical situations. Others will be considered
because of their usefulness in proving some of the asymptotic results

in Section 4.5.
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The Geometric Family

A sequence of availability probabilities for the best applicant,

p, belongs to the geometric family with parameters o,f,y, (0<a<g1l,

0<B<1l, 0£Y<1l) for the C(N,p)-problem if p satisfies
k
(4.49) plk) = (a-v)B +v, k€{o0,1,...,N-1},

This family is particularly important since it arises when
the availabilities of an applicant form a Markov chain. Let ¢,y
be the transition probabilities for going from being available,
unavailable respectively to be being available at the next stage.

The corresponding sequence p must satisfy
plk+1) = ¢p(k) + YL -p(k)) ,

which with boundary condition p(0) = ¢ has solution (4.49) where
B=¢-yand vy = Ps(1-f) . The restriction B>0 is reasonable

and is likely to be true in most practical situations.

Theorenm 4.8. If, for the C(M,p)-problem, p belongs to the geometric

family with parameters o,8,Y, then the policy

i, F€{r,r+1,...,8},

N jelr—l'

is optimal, where

(4.50) r = sernin €I : o [ 1k < (@-v)(1-gV M.

Furthermore
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/N, r=1,
N
{4.51) vV o=
P
: N-1
la-1) J, ) Wk +yx-1)
N-r+l -1
=B T (1-BT )/ -B)IN, r>1.
Proof: Por proving that d is optimal there are 2 cases.
Case (i): a<gy. p is non-decreasing and by Theorem 4.3, 4 =N
is an optimal policy. For this case (4,39) gives r = N.
Case (ii): a>7vy. p(0) >0 and p(k) is non-increasing. For
&
kS Ty
2k k~1
pk~1pk+1) = (a=-v)*B"" + y(a-y)B" ~(1+8% +v?
k
>[a-7B" + v1?
=[p)1?,
since 1+RB% 2 2R. Hence by the Corollary to Theorem 4.7, d is

optimal and expression (4.50) follows from (4.45).

Finally the expression (4.51) follows in both cases by Theorem 4.5. O

In the definition of the geometric family B was a non-negative
parameter, If B were to have a negative value p(k) would oscilliate
about the asymptote Yy, and the above result would not be true in
general. For example, take N = 3,,8=-%, a =0, and v = %,
hence p(0) = 0, p(l) = 3/4, p(2) = 3/8. It is easy to show that

d = (2,3,3) is the only optimal policy and this is not even in Ea.

The Step Family

A sequence of availability probabilities for the best applicant,
p, belongs to the gtep family with parameters o,8,X, (0<B<a<g1l, KEEIN}

for the C(N,p)-problem if p satisfies
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o, k€{o0,1,...,k-1},
pk) =

8, kE{K,K+1,...,8-1}.

If B/0 is close to 1 then it seems reasonable that d E N is

optimal. InfmmifBZMN—ﬂ/m—l)ﬂmnfm:ke%bl

pk-1) - pk) € a-B<o/(N~-1) = p(0)/(WN-1) ,

and by Theorem 4.4, 4 = N is optimal and v}? = {oK+ BN ~K)}/N.

For B<a(N-2)/(N-1) , the general form of the optimal pélicy
is the same simple form as for the step family for the A(N,p)-problem.
However, unless K = 1, there is not a simple closed expression for

N
AN

P
Let p’(k) = p{k)/0. Now p’ is a step sequence, parameters

1,R/a,K, for A(N,p’)—problem. In equations (3.64), (3.65) and

(3.66) the replacement of v(n,0) by h' (n), a by 1 and B by B/a, gives

(4.52) n(n) =0, N<ngN+K-1,

(4.53) h (n) = {ta+1Lh (n+1) + 1-h (n+%,0)}/n,
N _K<ngN-1,

where

(4.54) £ = MIN{n€{K,K+1,...,N}: W (n) <1-B/o},

and it then follows by Theorem 4.2 (with T given by p') that the

policy

j+x-1, tN—K+1<j$N~K,
da(j)

N, j otherwise ,
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is optimal for the C(N,p’)@problem. 1t also follows that
fo:(d) = VE;A(d). Finally by Theorem 4.1 and Corollary we have
that @ is optimal for the C(N,p)~problem and that %; = uvpp(d).
Thus by (3.67) (again with v replaced by h','m replaced by 1 and

R replaced b§ B8/¢) we have that

W oxy {on’ (N -w) +B8Im, tisk,

]

N
{4.55) v
p

al (W +1-0v Wim, ot =xk.
. N N
Closed expressions for t and Vp when K = 1 follow from
Theorem 3.9, using a similar argument, We have

tN=rﬂN{n€IN: gNM)Sl-Bﬂﬂ

and

(tN—l}{ocgN(tN~ 1) +8km, t>1,
VN S
p

Ot/N 7 tN = l 7

. N -
since gpr = gy -

The case K =1, a=1, B =0 is equivalent to the classical

best choice problemn.

The Linear Family

A sequence of availability probabilities for the best applicant,

p belongs to the linear family, parameters o,f, (0sasl, 0€B8L1/(8~1)),

for the C(N,p)-problem if p satisfies
p(k) = o(l-B8k), k€{o0,1,...,8-1}.
The restriction that B<1/(N=-1) is necessary for p(k) 20,

THE LIBRARY
UNIVERSITY OF CANTERBURY
CHRISTCHURCH, N.Z.
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However it makes the solution of the C(N,p)-problem trivial since for
kEIy

plk=1) - p(k) = aBga/(N~-1) = p(0)/(N-1) .
Therefore, d = N is an optimal policy and V;I= a{l-BWN-1)/2},

by Theorem 4.4.

The Hyperbolic Family

A sequence of availability probabilities for the best applicant

p, belongs to the hyperbolic family with parameters o,8,Y,

(0<agl, 0KB, 0<Y), for the C(N,p)-problem if p satisfies
p(k) = a/(L+Bx)Y, x€{0,1,...,8-1}.

Now p(0) >0, p(k) is non-increasing and for kaIN_z

pk-1)pk+1) = a2 (L+pKk)2~p2]"Y
2y

> 0% (1+8k)

=[pm)]%.

It follows from Theorem 4.7 and Corollary that the policy

is optimal, where

. XN—l

-Y
0 ey WESL-[1+p@-m] ).

r = sermin {n€1

An expression for V;q is obtained by substituting for p(k) in (4.38).

’
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The Spike Family

The final family which we shall consider in detail is, for
want of a better name, called the spike family. It is unlikely to
occur in practical situations but the asymptotic properties are
used in some of the theorems in the next section.

A sequence of availability probabilities for the best applicant,

¢

p, belong to the spike family, with parameters o,B,K,IL,

(0£B<ag1, K,LGIN , KLL) , for the C(N,p)-problem if p satisfies

a, k=K-1,
P(k)= 8: L&k gHN-1,
0, k otherwise.

It is clear since p(k) for k 2K is non-decreasing and .since

hM)isnmrhmmmﬂmgtmx:%rjEIN,

(U.(N,j) ’ II—K|2<lSI‘T,
max u(n ‘) = %

max{u(3 +K-1,3) , u(N,)}, 1<I<N-K+1,

0, N-K+2<j<N,

G-h(§+K-1), s -K+1<j<N-K+1,

(4.56) = { .
0, N-L+1<j€s -K,
8, 1€5<N-1,
where
(4.57) sN = MIN {n€{K,K+1,...,N} :a-h(n) 2pN-n+K-1)}.

{MIN rather than sermin since a-h{n) is non-decreasing and
p(N-n+K-1) is non-inereasing as n goes from K to N-1.) It follows

then that the policy
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. N .
j+K-1, s ~K+1£j<N=-K+1,

N, j otherwise ,

is optimal.
Let P’;‘(k) = p(k)/o. By Theorem 4.1 and Corollary, 4 is

optimal for the C(N,p¥*)-problem and,VpN = QV N Now p* is spike

P*
parameters 1,B/d,K,L, and so by replacing h by h*, o by 1, and B by

B/a, in (4.56), and then substituting into (4.22) and (4.24), we get

(4.58) h*(n) = 0, N-K+1<ngN,

(4.59) h*(n) = {(n+1)h*(n+1) +1-h*(n+K)}/n, s -K<n<N-K,
h*¥(n) = (n+1)h*{(n+1)/n, .N—Lsn\<N—K—l,

and
h*(n) = {(n+1)h*(n+1) +B/al/n, 1<ng<N-L.

Also by (4.57) we have

(4.60) N = MIN (nE€{K,K+1,...,N} :h*(n) <1l-p(N-n+K-1)/a}.

N
Finally Vp is given by

a{h* (1) +1 -h*(R) }/N, s =K,
(4.61) Vo o=

N
{a(s" - h* (s - K) +IR T pm-nim, &k,

which follows from (4.29) when sN = K, and from (4.30) and (4.31)
when sN >K.

N N . .

s and Vp can be evaluated by first solving (4.58) and (4.59)

recursively for h*(n), and then by using (4.60) and (4.61).
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We shall need the following Lemma in the next section.

Lemma 4.2. Let o,B be fixed numbers, 0KB<agl, let X,L,N be
fixed positive integers, N2L 2K, N22K+1, let p" be a step
sequence with parameters a,8,K for the C(N-XK+ l,p"}-problem, and let

p be a spike sequence with parameters o,B,K,L for the C(N,p)~problem.
~K+1
IfN—tNK > L~K, then

(4.62) v;} =[1-(x-1)/n] VP};]—K+1 ,

where tN-K+1 ig defined by (4.52), (4.53) and (4.54) with N replaced

by N~-K+1,

Proof. By comparing (4.58) and (4.59) with (4.52) and (4.53) (in

which N is replaced by N-XK+ 1), it is obvious that h' (n) = h*{n) for

N-K+1

all n such that max {sN P }-K<n<N, where SN is given by

-K+
N tNKl

(4.60). We shall now show that s = and (4.62) will then

follow from (4.55) and (4.61) and the fact that p(¥-1j) = B,

. N-K+1 . N~K+1
lgikgt ~K , since t SN+K~L.

~K+ N N
Let us now suppose that sN>tN Kkl . Thus s > K, n (s ~-1) =h*(sN-l)

and hence by (4.60) we have that B {SN- 1) >1~-B/c, since

N N-K+1
pN~s5 +1+K-1)<B. But the definition of t would then imply
N | N-K+l , . o
that s <t , which is.a contradiction. Therefore we have shown
-K+
that SN\< tN Kl .

Finally it follows from (4.54) that

-t -
h*(tN l-l)>l--p(N—tN K+1+K)/Ol,
-K+ -K+
since p(N-—tNKl+K) = B and h*(n) = {(n} forn=t§xl——l. It
then follows by (4.60) that SI\I?,’CN_K|~l . and the Lemma is proved. O

Other Families

The only families of sequences considered in detail have been
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non-increasing, with the exception of the spike family. It is quite
possible that‘sequences which have at least one local maximum will be
of practical interest. However, analysis of optimal policies is
unlikely to be straightforward for such families. It is clear though,
tﬁat it is never optimal to approach the candidate in state (n,j) when

pin-3) <p{n-3j+1) since u(n,j) <u(n+1,3) .

5. ASYMPTOTIC PROPERTIES OF THE C(N,p)~PROBLEM

When N is so large that calculation of an optimal policy and
ng for the C(N,p)-problem by means of Algorithm 4.1 is not practicable,
consideration of the asymptotic properties of the C(N,p)-problem
become important. In this section we shall investigate the conver-
gence of V;q and the existence of asymptotically optimal sequences of
policies.

Because there is no monotonicity restriction on p, the
asymptotic properties of the C(N,p)-problem are more interesting than
for the A(N,p)-prcblem. We shall show that_VEI:J converges for every
convergent sequence p by first finding the limit for step and spike
seguences.

For each sequence of availability probabilities for the best
applicant, p, and any non—negétive integers m,n, m<n,

the following notational identities will be used:
n n~1
P, = Sup _. p(k) ,
©
po = sup, o p(k),
and

<« o0

lim sup p = ll“%r*m pm

e’
it
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: X0
In the case of convergent sequences we shall also use p to denote
limk»(np(k).

Theorem 4.9. Let &,f be any fixed real numbers, 0£a<B<g1l, and
let K,L be any fixed positive integers, K<L. If the sequence of

availability probabilities for the best applicant, p, is given by

either
a, k€{o,1,...,k-11},
{4.63) pik) =
BI kE{K,K+1,..-}1
or
Ow, k:K"‘l;
(4.64) pk) =48, kx€{L,L+1,...},
o, k otherwise ,
then
4.65 13 vV -
(4.65) Iy smV, = Gexp (B/c-1) .
Proof. (i) Assume p is given by (4.63). Let p’ be the sequence

given by p'(k) = p(k) /0. Thus p’ is a step sequence with parameters
1,8/0,K, for every N2K for both the C(N,p’)-problem and the
A(N,p’)~problem. Now for eve;y N 2K it follows from section 3.5 that
the optimal policy for the A(N,p')—problem is

J+r-1, tN-K+1<i<N-K,
(4.66) &) =

N, j otherwise ,

N
where tN is given by (3.61). It then follows by Theorem 4.2 that d

. R N
is optimal, and Vp’ is identical for both the A(N,p )-problem and the
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C(N,p )-problem. Thus by Theorem 3.10 we have that
lim L V) = v(1,8/0) = exp(B/a-1)
InN—>OD p’ 7 : }? L4

N
and expression (4.65) then follows since V;I = avpf by Theorem 4.1 and
Corollary. It should also be noted that from (3.77) in the proof of

Theorem 3.10 that

. N ‘
(4.67) llmNATDt /N o= p(l,B/a) = exp(B/a-1} .
{(ii) ©Now assume p is given by (4.64). Let p" denote the
N
sequence given by (4.63). For every N 2K the policy 4 given by

(4.66) is optimal for the C(N,p")—problem, where tN has the property

(4.67). It therefore follows that

, N-K+ ,
llmN%W»t K l/N = llmNawptN/N
= exp(B/o-1) <1,
N-K+1 . .
and hence N-t 2L ~K for every N sufficiently large. But by

Lemma 4.2 we have that

I -
qu = [1- (le)/N}vp}f Kl
and thus 1imN¢0§&? = limwéaavp§~K+l. ~ Expression (4.65) then follows

for p given by (4.64) since it has already been proved for p given

by (4.63). O

Theorem 4.10. For every convergent sequence of availability probabil-

ities for the best applicant, p,
: N ol
(4.68) 11%’*°°Vp = pp exp(po/p -1} .

Proof. There are two cases to consider.
o
Case (i). Suppose pg = p , then for each €, 0<eg<pp there is an

integer K such that p(k) >pg ~€ for all k2K. Define p and p by
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Plk) = pg and

It

p(k)

Po — €, kz2K.

Clearly gspsif and hence vﬁsvﬁ,s V,g for all N by Theorem 4.1 and

N
Corollary. It then follows by Theorem 4.4 that V‘E = pp and for N 2K

(1 ~K/N) {po ~ €). Thus

It

that V N
P

. N
Po - € \<\ ll%+®vp S Yo«

and (4.68) with pg = pm follows since € is arbitrary.

o«
Case (ii). Suppose now that pg >pOO . Then for each €, 0<e<pyg—-p ,

there is an integer L such that (p(k) -p’ool <g for all k>L. Let K
denote the largest integer k such that p(k~1) = po, and it follows

that K<L . Now define p and p by

Po 0<ksL~1,

il

p (k)

[s¢]
p +€, k2L,

and
Po « k=K-1,
.00

plk) =4p -€, k2L,
0, k otherwise.
\ o N N
Again we have p<p<p and hence Vp \<VP SVP . Theorem 4.9 then
gives

o5 ' . N
poexp(lp -e€l/po-1) < Lim, oV,

7 o0
< poexpllp +€l/po-1),
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and (4.68) follows since € 1is arbitrary and the exponential function

is continuous. ]

The condition that p be convergent, while being sufficient for
. N . . . .
llmN__>oon to exist, is by no means necessary. Since p is bounded
non~convergent sequences oscillate infinitely in some sense. Consider

the following example.
Example 4.,1. Let p be the sequence given by

1, k even ,

o, k odd,

For the C(N,p)-problem it is clear that
N ) ) ' _ .
maxn=j u(n,j) = max {u(¥-1,3),u(¥,j)}, where u(n,j) = p(n-3) ~h(n) .

Now h(N-1) = 1/(N-1) and hence

N, N-3j even,
N, .
d () =
N-1, N~3j odd,
is optimal provided N2>2. In this case
N 1 ¢N N, .. .. .
= — = — —2 —
Vo o=y Lyng w@ 3),3) = 1oL 2l/me-)

where |Lx 1l denotes the integer part of x. Therefore lim V;\] =1,

and we have V; convergent whereas p is not. O
However it can be shown by the following counter~example that

VPN does not converge for every p.

Example 4.2. Consider the C(N,p)-problem for the sequence p given

by p(0) =1 and
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0, (21 -1)! § k € (2i)1 = 1,

1, (21)1 £k € (2i+1)1! - 1.,

for each 1 €1 . Since d = (21 +1)! is sub-optimal for the

C{{2i+1)!,p)-problem

(2i+1) ! 1 (2i+1) 1-1 1 (2i+1) 1-1
D meme—————— JR Y
Yo Z2i+D) ! Lx=0 PO 2 BTy Lem(2): | PO

=1-1/(2i+1) .

2i+1) ¢
Hence l:i.miw}o0 V{i i+l) = 1 and thus
13 N _
im supN_)oovp = 1.

Now consider the C{(2i)!,p)-problen. For each i €I define the

sequence .p by

1, 0gk<(2i-1)t -1,

0, k>(2i-1)yt-1.

Now ;P is a step sequence with parameters 1,0,{(2i-1)! , for both
the C((2i)!,ip}~problem and the A((2i)!,ip)~problem. From section

3.5 it can be seen that the policy d* given by

4+ 2i-L~1, tl—(2i-l)!+l$k\<(21)!~(21—1)!,
i,.
a(j =

(2i)t , k otherwise ,

:

is optimal for the A((2i)!,ip)—problem, where tl is given by (3.66)

(with the appropriate values of X,N,c,B8) . But by Theorem 4.2, d
: - 2i)t
is optimal for both the A and C problems and V ; Y is also the same

A i
for both. If we now follow the proof of Theorem 3.10, it can be
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geen that
logl (21) 1/t $1€ (+e) logl ()1 -1 /(e -],
where

c; = (20)1 [(2i-1)1 —1}'/ti{ti- (21 ~1)1+1] .

i . -1 . ~1, -1 )
Hence t /(2i)! 2 e and thus ci\<(21—e ) . 'Thus ci"f'O ag 1 > w

and hence

th - (2i-11 Lim £t -
1> (2i) 1 B i (2031

1lim

The final argument in the proof of Theorem 3.10 then gives, (even

though K = {2i -1)! is not fixed),

RO _ 4,0 = A

But p(k) £ ip(k) for k€ (2i)! -1 and hence

; (2i)! . (21) !
lim v £ lim v
> o ~ i—>eo
i o) i P
N N -1 .
and we have shown that lim lan_)mVP Le . Now for p* given by

-l
p*(0) = 1 and p*(k) = 0, k€I, it is known that VpEZe since

the C{N,p*)~-problem is equivalent to the classical best choice problemn.

Thﬁs we have shown that

P } N
Because e L V.

£ 1 for all N and for every sequence p’ for-
which p’ {(0) = 1, Example 4.2 is, in a sense, a worst possible example
of a sequence p for which VPN is not convergent.

An interesting and apparently difficult problem, is that of

finding a characterisation of sequences of availability probabilities
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for the best applicant, for which V;q is convergent. We shall not
consider the problem here apart from making the remark that, without
going into the details, it would appear that V;J converges for any
divergent seqﬁence p in which there are bounded numbers of terms
between successive local maxima.

In practice it is unlikely that one would meet the situation
where p is not convergent. There may of course be a philosophical
problem with the existence of an infinite sequence p, although this
would not be so if a Bayesian viewpoint is taken.

Asymptotically optimal sequences of policies are of value if
the individual policies have simple forms. There are many sequences
of asymptotically optimal policies when p is convergent, but the
policies considered in our final theorem would appear to be of the

simplest form possible. We shall need the following lemma.

Lemma 4. 3. Let p be a sequence of availability probabilities for

N
the best applicant and let K,rGEIN be such that K< r and p(K~-1) = pg .

Let d be the policy given by

j+R=-1, r-K+1£j€gN~-K,

N, j otherwise.

Then for the C(N,p)-problem

1 ¢N-1 N r N
. S - == -
(4.69) v, (@ > g Ly P00 (r 5 2} Po s
and provided r >X,
. 1 N N-X N-1
. > o - —] .
(4.70) vp(d) ~ N {{r Kipo log (r-K} gk p(k)}

Proof. By (4.11) and (4.13),
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nhd(n) = (n-%l)hd(n'+l) + p{din+1l) -n~1) - hd(d(n%*l)),

and since 0% (d(n'+l)) h (n+1) and po >pldn+l)~-n-1),

we have that
(4.71) nhy(n+1) +p(d(n+1) =n-1) $nhy(n) € (n+ Dhy(n+1) +pg
Summing of the righthand inequality-from n to N~ 1 gives
h ) < (N-n)poN/n ‘
and hence

(4.72) h {n) £ (N-rkzpoN/r-

ZN 1

Now from the lefthand inequality of (4.71) we have that
hd(n) - hd(n4~1} 2 pldn+1)-n-1)/n,

which when summed from n to N-K-1 gives

N XN -K-1

(4.73) hd(n) ZPp 1/kx + h (N -K)

Bp[}\]log((N—K)/n) ' r-KE&ngN-XK,
since p(d(n+1) -n-1) = p(K=1) = pe for r-K+1<n+1<N-K.

FProm (4.14) we have that

_ ¢ N oy :
W@ = 3 e -9 hd(d(j})}
>ZN9<N 3)‘2 Y
- L= n=r d !
sﬁwehdm}=(3amipm~1)=gﬁqum—j). {4.69) then follows

on substitution of (4.72).

Finally if r >X we have by (4.12) and (4.14) that

NV_(d) = (r=K)hy(r = K) +Z . P -9) ,
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since hd(d(j)) = hd(N) =0 for 1€3<r-X., Relation (4.70} then

follows using the inequality (4.73). O

Theorem 4.11. Let p be a sequence of availability probabilities and

for N = 1,2,... let

il

max {kGIN : plk-1) = PON}:

“x

and

it

r

y = max {KN,[TNexp(p(N—l)/poN-l)‘ﬂ})

where [[ x| denotes the smallest integer greater than or equal to x.
If p is convergent then the sequence of policies dN SN =1,2,...,

given by

34+K -1, rN~KN+1\<j5N—KN,

N, j otherwise,
is asymptotically optimal.

Proof. Vp(dN) < Vs > po exp(poo/po -1) by Theorem 4.8 and therefore

it will be sufficient to prove that
. o
(4.74) lim lan_}mVp(dN) 2 poexplp /po-1) .

There are two cases to consider.
xX
First, suppose pyp = p , then rN/N —> 1, and hence by (4.69) (with r

replaced by rN)

N-1
k=g P(K)/N

lim ian% oc)Vp(dN) 2 lim ian__)w
: o0
= po = po exp(p /po-1) .

. ,
Second, suppose pg <p , then there is a KGIN such that pg = p{K~-1)
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and p(k—~1) <py for k>K. It also follows that KN?‘K and that
@ . «© N
rN/N ~ exp(p /py - 1) since p(N-1) ® p and py = pg. Furthermore
o
O<exp(p /po -1) <1 and consequently for each £ >0 there exists an

N8 such that

rN:)KN’ N?/Nel

and

fe ]
p(k) 2p - ¢, kZNgurN+KN.

Thus, by (4.70) (with r replaced by e and K replaced by KN) and fér
N 2 N€ it can be seen that

r_ =-K N-K r. -K
N N N N N N o«
—— g log + (p ~€).

N rN-KN N

a >
Vp( N) >
Hence
- > m
lim 1an_)oovp(dN) P '(po -€) exp (p /po—-1),

o o]
. _ —> — — - - T o
since (rg -K /N = exp (p /Po~1), log((N-K)/(r KJ) 7 2=p /po,
and poN “ po . But € is arbitrary and thus (4.74) is established. O

(o]

N=1 y 4as

It can be shown that the sequence of policies {dN}
defined in Theorem 4.11, is not asymptotically optimal in some cases
when V; is convergent but p is not convergent. In Example 4.1
KN =N if N is odd and KN = N—l‘if N is even. Also r, = KN and the
policy dN is given by dN(j) =N, 2<j<N and dN(l)‘= KN . It then
follows that 1imN_> va(dN) = 1/2, whereas we had shown that
l:i.mN__>mv};\I = 1, It may be possible to find a sequence of policies

[ee]
{d;\I}N-l which is asymptotically optimal in the sense that

N
VPN - Vp(d'N) > 0, for gvery p {(including those p for which Vp does

not converge). However such a sequence is likely to be very

complicated and therefore of doubtful value.
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As was the case with the A(N,p)-problem the convergence of

%? - Vp(dN) to zero is not uniform over all convergent p. However

the example used at the end of Section 3.6 cannot be used here without

a small modification. Instead we shall consider p& given by
1, k=0,
pyk) = {N-1/N, 1<kgN-2,
0, k2N-1.
Now

N 1 eN-1
Vil Pk > (N-1)E?,

Py k
and hence VE:'—> 1 as N>, For the C(N,p&)—problem under policy dN
N
we have KN = 1 and vy < Tnyzel . But by the Corocllary to Theorem 4.5

Vp’ (d) = {‘(IN - g lrg -1 + (N-1) (r - 2) /N}/N,

N
-1
provided rN§>2 . Now rN/N"> e and hence
N -1
- -
gN(rN 1) Ker -1 1/k > 1. Thus
N
N ! -1
lim Vry - Vao(d)r=1- 2e ’
-> 0
N PN pN N

and consequently convergence is not uniform over all convergent
sequences p .

The remarks made at the end of section 3.6 also apply here and
it seems unlikely that a uniformly asymptotically optimal sequence of

policies will have a simple closed form.
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