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PREFACE

This thesis is a study of the degree of uniform linear approximation
with side conditions. Many of the questions concerning best approximation
with side conditions were settled before 1973. In contrast very few
results concerning the degree of approximation with side conditions were
known then (see for example [1], [2]). The present work has resulted
from attempts to extend some of these previous results.

The unifying theme is the cost of imposing the constraints; that
is the relationship between the degrees of approximation with and without
constraints; both for particular classes of functions, and for individual
functions. For example in Chapter 2 Jackson type theorems are obtained
which imply that the orders of magnitude, of the degrees of approximation,
of many classes of functions, are unaffected by the imposition of Hermite-
Birkhoff interpolatory constraints. The degrees of approximation of an
individual function with and without tﬁe constraints may however be of
different orders of magnitude.

The side conditions considered fall into four categories namely:
Lagrange interpolatory side conditions imposed on approximation from
finite dimensional subspaces of C(T),T compact Hausdorff; Hermite-
Birkhoff interpolatory side conditions imposed on approximation by
algebraic or trigonometric polynomials on finite intervals; the side
condition "increasing to the right" imposed on approximation by algebraic
polynomials on finite intervals (the results here are applied to rational
approximation on [0,®)); and generalized monotonicity side conditions
imposed on approximation by algebraic polynomials on finite intervals.

Jackson type estimates are obtained for the degree of approximation
in each case. In addition, for the side conditions of an interpolatory

type, best possible asymptotic bounds are found for the ratio of, the
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degree of approximation with side conditions, to, the degree of
unconstrained approximation.

In the thesis as a whole all the proofs are very strongly of
the constructive as opposed to the existence type, and most depend
heavily on the properties of algebraic or trigonometric polynomials.

Several are based on proofs of the Jackson theorems for unconstrained

approximation.
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ABSTRACT

This thesis is a study of the degree of uniform linear approxima-
tion with side conditions.

The side conditions considered fall into four categories namely:
Lagrange interpolatory side conditions imposed on approximation from
finite dimensional subspaces of C(T),T compact Hausdorff; Hermite-
Birkhoff interpolatory side conditions imposed on approximation by
algebraic or trigonometric polynomials on finite intervals; the side
condition "increasing to the right" imposed on approximation by algebraic
polynomials on finite intervals (the results here are applied to rational
approximation on [ 0,®)); and generalized monotonicity side conditions
imposed on approximation by algebraic polynomials on finite intervals.

Jackson type estimates are obtained for the degree of approximation
in each case. In addition, for the side conditions of an interpolatory
type, best possible asymptotic bounds are found for the ratio of, the
degree of approximation with side conditions, to, the degree of

unconstrained approximation.



CHAPTER I

THE ASYMPTOTIC COST OF LAGRANGE INTERPOLATORY
SIDE CONDITIONS IN THE SPACE C(T).

§1.1 SUMMARY

Estimates are obtained for the increase in approximation error
when Lagrange interpolatory side conditions are imposed. Let Vv index an
increasing sequence of finite dimensional approximation subspaces in C(T)},
whose union N is dense in C(T). If T is compact Hausdorff then the
degree of approximation with Lagrange (function value) interpolatory side
conditionsg, Ev(f,A), is related to the degree of unrestricted uniform
approximation, Ev(f), by the inequality

lim sup B (f,A)/Ev(f) < 2 , VYE € C(m\N.

Vv >
The constant 2 cannot be decreased in general. In particular it is best
possible for uniform approximation of
(i) entire {therefore continuous) periodic functions by
trigonometric polynomials;

{(ii) entire (therefore continuous) functions on any closed finite

interval [a,b] by algebraic polynomials.

The results generaligze to the additional cost of Lagrange inter-
polatory side conditions placed on approximations already satisfying
restricted range side conditions, which are non-binding on £ at the
interpolation nodes.

Return to the case where only side conditions of an intexrpolatory
type occur. Specify the interpolatory side conditions via a set of
point evaluation functionals in C(T)*, the dual of C(T). If the triple
(C(T), N, set of point evaluations) has the property SAIN then there is
a v, not depending on f € C(T), such that Ev(f,A) QZQEv(f) R ARV

Some of these results have appeared in Beatson [1].



Cost of Lagrange Interpolatory Side Conditions 2,
§1.2 INTRODUCTION

Let T be compact Hausdorff, and let h, k belong to C(T), the space
of continuous real valued functions on T, and satigfy
h(t) <k(t), tE&€T. (1.2.1)
Define the set of functions
x = {g € c(T) : h(t) < g(t) Sk(t) for all t € 7},
For convenience the case of no constraints will be denoted by X = C(T).
Consider an increasing sequence of finite-dimensional linear
subspaces {Nv}z;l of C(T), whose union N is dense in C(T), and the
corresponding sequence of convex sets Mv = Nv N X whose union M is clearly
dense in X. Given a finite set {xl*,..., xy*} of elements of C{(T)*, the
dual of C(T), and £ € C(T), define the set of functions
A=@ECWfo@)=%Wﬁ,i=L“”YL
For each v = 1,2,3,... define Ev = Ev(f) by

E,(f) = inf e - 4l (1.2.2)
g,
where

Hf - g“ = sup if(t) - g(t)l.
t&T

Similarly if M, M A is nonempty define

E,(£,8) = _inf he - gff. (1.2.3)
' g&(M NAa)
V
Clearly Ev(f):g Ev(f,A) whenever the right member exists. It is

natural to ask if thée ratio Ev(f,A}/Ev(f) has upper bounds. Paszkowski
[6,7] first posed such questions, showing in [7];
THEOREM 1.1. If x =cla,bl, Moo= N ig the space of algebraic
polynomials of degree not exceeding v for v = 1,2,3,..., and
{xi*fizl = {fti}z=l are point evaluations
x,*(E) = £(t), a<t <b, i=1,...,7,

then there ig a number v,, not depending on £, such that for all
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£f € cla,b] and v = v,

<
Ev(f,A) ZEv{f).

More recently Johnson [ 4] has obtained theorems of a similar nature
in a more general context. For the space C(T) a general theorem of
Johnson [4, Theorem 2.1] reduces to

THEOREM 1.2. If X = C(T), then given any Xl*""xy* € c(my*, there
exists a eonstant C and a positive integer vy, not depending on £, such

that for every f in C(T) and v 2, E,(f,R) s defined and
_ .
Ev(f,A} \~CEV(f). (1.2.4)

He also shows (Johnson [ 4, Theorem 3.5])
THEOREM 1.3. Suppose X = C(T) and £ € C(T). Suppose
Y _ Y . . "
{x,*}._; = {fti}i=l are point evaluations on C(T) such that
e | <ldl, i=1,..., 7, (1.2.5)

then there exist C and v, such that for every v =V, there is an m, € N,

for which
m, (L) = £(t), 1=1,...,7, (1.2.6)
Ifmvli <, (1.2.7)
- <
Il £ mvn CE\)(f). (1.2.8)

§1.3 GENERALIZATIONS OF PASZKOWSKI'S RESULT

§1.3.1 Upper bounds on Ev(f,A)/Ev(f) when Ev(f) denotes the degree of

unrestricted approximation.

The following theorem shows the unknown constant C of Theorem 1.2
can be asymptotically replaced by the constant 2 of Paszkowski's theorem
* ,
when all the x. are point evaluations. This constant is best possible.
1

THEOREM 1.4. If X =c¢{m, and {x.*}Y = {f }Y_ are point
e i "i=1 ti i=1
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evaluations on C(T), then there exist v, and a sequence {6\)}:_\) , not
=Vi

depending on £, such that for any £ € C(T), E\)(f,A) is defined for v 2 v,

and
< >
E\)(f,A) < (2 + 6\))E\)(f) ;v Z Vg, (1.3.1)
where
lim & = 0.
Y- 00

The constant 2 in the inequality above cannot be decreased.

Proof of inequality (1.3.1). First we construct some "bump

functions" essential to the proof. An approximation satisfying the side
conditions will be constructed by perturbing the best approximation using
approximations to these "bump functions".

By the Hausdorff property of T we can find disjoint open sets
Bi,..., B containing ti,..., ty' respectively. T\Bj is closed § = 1,...,Y
and so also are the singletons {tj}. Since compact Hausdorff implies
normal the Urysohn theorem (see, e.g., Dugundji [ 3]) guarantees the existence

of functions fj, j=1,..., Y such that

fo(t,) =1 (1.3.2)
j 3

o<fj(t) <1, tEBj, (1.3.3)
£f.(t) =0, t € T\Bj. (1.3.4)
j

Consider the following theorem of Yamabe [9].

THEOREM 1.5. [Let M be a dense convex subset of a real normed
linear space X and let x1*,..., XY* € x*, Then for each £ € X and each
€ > 0 there exists a g € M such that llf - 4l <e and

* = * i =
Xi (g) Xl (£), 1 1,..., Y.

By this theorem there exist functions in N arbitrarily close to fj
which interpolate to fj at the points ti’ i=1l,..., %Y. Using also the
finite dimensionality of the Nv, there exists a v; such that for v = v,

there exist best approximations q\)j from N to fj with side conditions
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q,\)j(ti) =fj(ti)=6ijr i=1,..., Y, j"_‘lt"*r Y,

where aij is the Kronecker delta, and also if

§ = max fa,. - £.1
v . )
=l,...,Y ] J

then

- - 0
Sv 0 as v .

Let be a best approximation to £ from N . For V 22 V; define
9o v

v

Gy = Gy * gy (FE) - aya(t)) ay,.

Then qv intexrpolates £ at the points tj' i=1,..., 7 and

Y
la, = fl Slay, - ol + | 2 se) = o) ayf-

Since the Bj are disjoint and

1+ 8, t € Bj
lqvj(t)|é J=1re0e, Yy

&
Sy t T\Bj
the second term on the right~hand side is bounded by

E,(£) (1 + Yﬁv).

This completes the proof of inequality (1.3.1}.

Proof that the constant 2 of inequality (1.3.1) cannot be decreased.

A trigonometric approximation problem is constructed with

lim sup B {(f,A)/E_(f) = 2. f is chosen so that: the residual of best
Do v v

uniform approximation (f-hnXx) ogcillates between extreme points much faster

than is possible for a polynomial of degree n; and (f—hn}(O) = En(f).
Perturbing hn to satisfy an interpolation condition at zero will then
asymptotically increase the error in the approximation by En.

et T be the unit circle ; X = C(T); Nv be the space of trigono-
metric polynomials of degree not exceeding V ; and A = {g € C(T) : g(0) =
where f € C(T) will be chosen later.

H ou
Consider the sequence of functions {gi(e) = cos(3l@)}iml.

£(0).
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Since

T
gi(e) = (-1)"  when 6 = EI- ; n=0,+1,+2,.. ,
3 ,

i
gi has 2.3 extremes on T. Also gk, k 2 i has all the extremes of gi
[e.0
with the same sign as 9 - Let i§ a; be some convergent series of positive
real numbers, and define

£(B) = igl a, gzi(e).

Consider the residual of best uniform approximation, to £ from NV' This

residual is characterized by the existence of a set of 2v+2 points, its

value at each such point being equal in magnitude to its norm but opposite

in sign to its value at the two adjacent such points. Hence the best
uniform approximation to £ from N (2i) is
3
i
h =_2Z_ a
i(6) k21 % gzk ()
with
(o]
- = = X .3.
(F-hy) = r; = 5 % 9k (1.3.5)
and
b
N - hi” = E3(21) = kZie1 ak .
Let t, be any function in N ,_i, M A,
i , 3(2 )
i € i =
i.e. ti N3(21) and ti(O) £(0) . Then
- = - - (t - = - \
he - €Ml =ll¢e-n) - (e,-h)ll Ilri pi” , (1.3.6)

where By the perturbation of the best approximation, is

The argument now proceeds using that

0) =r = : e
Pi( ) i(0) ”ri“ while ri o1

= - HriH;
3(2 )

and that the slope of pi(e) is related to its norm by Bernstein's
inequality. We treat two cases.

Case 1. = i
HpiH /‘3E3(21)



Cost of Lagrange Interpolatory Side Conditions 7.

Then

- > - > ;
e, = ol = lipglt = Nzl /2E3(21) ) (1.3.7)

Case 2. lp.t <38 i .
i 3(2 )

Then using Bernstein's inequality

) i 3
T . . (27) iiJ
p,l— | = E i, + 0f3E i, .3 o ————
2 +
3
{ 1N
=E(2i)fl+0 N
3 3(2 )
and since r, |— ) = - E i we Find
i i+l | 27)
(A 3
3
< T .
Hri - Pi” = ‘(ri—pi) ——_H“T l = 28 (21) (L+o0(1)). {(1.3.8)
{2 ) 3
3
By (1.3.6), (1.3.7), (1.3.8;
lim sup(E i, (£,8)/E i (£) > 2. 1
i+® 3 3
Remarks. The second part of the proof above regquires only that
[0
each ai be positive and that the series izl a; converges. Hence there is

no requirement that f be “non-smooth"; suitable choice of the ai will in
fact make f entire.

The example above may be transformed to show the constant 2 of
Theorem 1.4 is also best possible for approximation by algebraic polynomials
on closed finite intervals. Simply use the standard transformation
between , even 27 periodic functions and functions defined on [—l,l},

x = cos 0 , Ex(x) = £(0).
If t is any trigonometric polynomial satisfying the interpolation condition
its even part E’will also satisfy it. Hence standard arguments establish
Ev*(f*,A*) = Ev(f,A); where Ev*(.) denotes the degree of approximation by
algebraic polynomials of degree not exceeding v, and

a* = {g€c[-1,1] : £%(1) = g(1)}. Since also E *(£*) = E (£);
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lim sup(Ev*(f*,A*)/Ev*(f*» = 1im sup(E

(f,A)/E\)(f))‘>2. /
v VvV >

Y

§1.3.2 Upper bounds on E,(£,3) /B, () when E, (£) denotes the degree of a
certain type of restricted range approximation.
Let T,h,k, etc. be as in §1.2. Then
Yo Y . .
THEOREM 1.6. If {Xi*}i=l = {fti}i=l are point evaluations on C(T)
and £ € A\ M satisfies

h(t,) < £(ty) <1k(ti), i=1,000,,

then there exists a v, such that E, (£,3) 18 defined for v 2 v, and

lim sup (E\)(f,A)/E\)(f)) < 2. (1.3.9)
Vo>

The constant 2 in the inequality above cannot be decreased.

Proof of inequality (1.3.9). Firstly we need some lemmas,

LEMMA 1.7. Let X, £, and f(ti) ,i=1,..., v, be as in the statement
of Theorem 1.6. Then for each € > 0 there exists g € M satisfying
ge) = £(t), i=1,..., 7, (1.3.10)
g - fl <e. (1.3.11)
Proof.  There exists €, >> 0 such that if €, 2 € > 0 the function

k(t) - € if f(t) >k(t) - g,

£.(t) = |h(t) + & if £(t) <h(t) + €,
f(t) otherwise,
is continuous. Also there exists €,, €, 2 €; > 0 such that for €, 2 ¢ >0
fE(t) = f(ti)’ i=1,..., Yo

For such an €, by Yamabe's theorem (Theorem 1.5) applied to C(T) and N
there exists g € N such that
g(t;) = f (t), i =1,..., 7, and llf8 -4l <e.
Thus
gEMgt)=f(t), i=1,..., 7 and |If - dll <o2e.

The result follows. 7
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Construct disjoint open sets B;,..., BY containing ti,..., tY
respectively; and corresponding functions fj € c(T), satisfying
£.(t,) =1; OS<f,(t) <1, t€B,; £, (t) =0, tEMNB, ;
J 3 J J J J
as in the first part of the proof of Theorem 1.4.

Given £ € X satisfying the conditions of Theorem 1.6 define for each

j=1,..., Y, constants

+
. = k . - £ . 27 .- h t. = . ' ’
3y ( (tj) (tj))/ 2y (h( J) f(tj))/2

and continuous functions

+

. minf (a, £, + £ (8),k()],
] J 3
) max| (a . ~f,
J 3 3

+h
a
I

£) (t) ,h(B)].

m
I
e
I
+

By Lemma 1.7, and the finite dimensionality of the Nv, there exists a V;

s + -
such that for V 2 V; there exist best approximations from I\d.\),p\)j,p\)j of
+ -—
fj ,fj , respectively, satisfying
+ + .
t = i=1,...
p\)j( i) fj (ti) ' r v Yo
pvj(ti) = fj (ti)’ i="1,...,7%,
and the normalized maximum error in these approximations
+ . - - . . + -
6v = .max max("pv_ - f,+", "pv, - £y, min mln({ai |, Iai ])
3=1, ..., 3 >3 i=1,1..,y
converges to zero as V goes to infinity. Let Py, be a best approximation
to f from Mv. Define
+ +
AL = 0, (£(t.) - t, .
NY max ( (£( j) Py, j))/aj ),
A, = max(0, (£(t.,) - t, ). 1.3.12
v3 (0, (£( J) on( J))/aj ) ( )
+ —
We note that Avj’ va are both nonnegative and at least one is zero.
Define
+ + +
. =P . = a, if A, >0
Pug T Bugr By T % '
. =D ., .= a. if A . >0
Pvg T Puir IR !
+ - + -
p,: =Pp.., a.,=a,, if A=A =0,
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and

A=A+ A ., d=1,...,7%.

We choose V, = v; so large that kvj ig less than 1 for § = 1,..., Y and
AY) >\)2’ Then
LEMMA 1.8. Let Avj'ij' v, be defined as above. Then for all

vV 2V, there exist

ei = ei(\)), 1i=0,...,%
such that
8y > 0; ei>o, i=1,00., Y, (1.3.13)
Y
Z 8, =1, (1.3.14)
i=0 i
N o
1150 Bipys (8 = £(E),  J =1, Y, (1.3.15)
eiw) < (1 + e\))x\)i, i=1,..., %, * {1.3.16)
where
e, >0 as V> (1.3.17)

. Y \ .
. . .3.13)-(1.3.15
Proof’ The existence of {Gi}l=0 satisfying (1.3.13)-(1.3.15) can
be established by induction.

Induction basis. Take Oy9 = 1.

Induction step. Given es peens SSS 2 0 such that
0
s
8 >0; 8_>O,i=l,..., s; %6, =1, (1.3.18)
Sp s1 & Bi
s
z = ] = ‘e .3,
i:OeSipVi(tj) f(tj)l J 1, r Sy (1.3.19)
= < i
for s = Y1, 0 Sv; <Y, we prove the existence of GS+1'O,..., es+l,s+l

satisfying (1.3.18) and (1.3.19) for s = vy, + 1. Take

&
= - > -
p(a) (1 &)ig 6sip\)i(ts-kl)} + OLp\),s~{~l(ts-!-l) f(ts+l)'
= =3 s . P
if p(0) 0, take es+l,i esi' iss; es+l,s+1 0. If p(0) # 0, then by

the choice of pv and sgince Avj <1, p(0) lies on one side of 0 and p(1)

,s+1

on the other. Hence by linearity of the function p{¢) there is a unique
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o, 0 <a <1 such that p(a) = 0. Taking

]
Q
-
w
%

3 {1 - o) esi' i

s+1,1 .
' o i=8+1,

we have the induction step.
It remains to show (1.3.16) and (1.3.17).

We note that on entering the inductive step we deal with a function
8

b
120 YsiPyi

whose value at tS and f(ts ).

+1

+1 lies on the line segment joining P, (t
0

s+1)

This shows that each B ig less than or egual to G'S

s+1,5+1 where 6 “

+1 +1

is chosen so that (1 - 6' _)p

+ 8" i
e+1)Pyg Gs+lpv,s+l interpolates to £ at tS

+17
Since the gsi' i=20,..., 8, decrease towards the Gi = ei(w> as s increases;

it follows that

0 ééei(v) Siei, i=1,000, Y- (1.3.20)

Now if kvi is zero then so is Gi and from (1.3.20}, (1.3.16) holds.

If A ., is nonzero so is 8! and
Vi 1

(£ - p,,) (t,) (£ - py,)(t)

}\ . = ’ e! =
vi (pvi - f)(ti} i (pvi - on)(ti)
Thus
@i (Pvi - f)(ti)
T + 1 as V > © through V such that A, # O.
vi Pyi ~ By, ) (t;) Vi
This proves (1.3.16) and (1.3.17). 7

From the above lemma and the convexity of Mv there exists (V=V,)

-

* o=
Py* = 3% O3 By

AV
in Mv which irterpolates to £ at tj' J=1,..., Y.

Y
Write lpv*(t) - £(t) | <ZI_, 6, (V) | P, (B) - £(t) |.

Using the estimate of the last lemma, namely

<
0 \~6i(v) < (1 + ev) Avi

where ev + 0 as v » «, the estimate
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e

vy (B) - £(r) | < |ai|(|fi(t)| +68)
a, S t € T\B,,
< l l| v * i=1,. A
124 (1 +36) t €8B,,
R i

and the estimates
xvi[ai| SEJE), i=1,...,7,

we obtain

E, + (1 + Ev)(l + GV)Ev \
- i &
IPS(t) - s | < + (y - 1) (1 + ev)Gva, if t ig& B,
. c ( a 3
E, +Y(L+ eV)Gva, if t T\ti=l BiJ

and writing 5% = Y(1 + ev)év + €
- < '
Ipg(e) - £(0l < (2 + 8)E .

This concludes the proof of the first part of Theorem 1.6.

Proof of the best possible nature of the constant 2 in inequality

(1.5.9.). As in Theorem 1.4 the proof is to construct a trigonometric

approximation problem with

lim sup Ev(f,A)/Ev(f) = 2.
V > ®
Note however that Ev(f,A), Ev(f) now have a different meaning. Since

Theorem 1.6 does not apply to the example of Theorem 1.4, that example will
be modified. Consider p(x) = 0.2 x> - 0.75%x° + 0.5 x , this algebraic
polynomial has a derivative

x* = 2.25%x%> + 0.5 = (x2 - 0.25) (x> - 2) 4

p'(x) =
with zeros at x = * 0.5 or x = * V2. Also p(l) = - 0.05 = -~ p(-1) while
p(0.5) = 0.1625 = - p(~0.5). Therefore the maximum modulus of p(x) on
[ee]
[-1,1] is 0.1625. Hence if iEl ai is any convergent series of positive
(2% .
numbers, and g (0) = cos(3 0), the function

21
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[ee]

£(8) = - (0.2)(cosB)° + 0.75(cos0)® - 0.5 cos® + .2 a.g .(0)
i=1 i 51
will satisfy
o
el = 1625 + 2 a, = £(5H >0 >£G) = - Il
Let
x=1{g€c(r) : - Il <g(t) <l for all t € 1},
A= {g € c(m :9(0) = £(0)},
and
N, = {trigonometric polynomials of degree < v}.
Theorem 1.6 applies to this new example. The proof that
lim sup Ev(f,A)/Ev(f) = 2 imitates the proof in Theorem 1.4 from this
- oo
pzint. 1
Remarks. Again, as in Theorem 1.4, f can be chosen very smooth; and the

example can be transformed to show that the constant 2 of Theorem 1.6 is
best possible for approximation by algebraic polynomials on closed finite
intervals.

By [4, Theorem 4.1], in which we may take the constant as 2, there

follows

COROLLARY 1.9. If x =c(m), £ €c(D\N, and |£(e) | <lf] for
[oe]
s . E
i=1,..., v then there exist a v, and a sequence {g\)}\):\)1 of g, €N,
satisfying g,(t;) = £(£,) for i =1,...,7%, HgvH < fll and

lim supvéw(”f - gV”/Ev(f)) < 4.

§1.3.3 SAIN and the bound B, (£,8) /B (£) < 2 for all v >V, when E (£)

denotes the degree of unrestricted approximation.

ty! M -
L Y

point evaluations in the dual space C(T)*. Following Deutsch and Morris

Let N be a subspace of C(T), and [§ S } be a finite set of
3

[ 2] make the following definition: The triple (C(T), N, ISt veerer S D)
3 1
4

jndl

will be said to have the property SAIN (simultaneous approximation and
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interpolation which is nown preserving) provided that the following
condition is satisfied:
For each £ € c(T) and each & > 0, there exists a g € N such that

If - ol <e, 8 () =6, () (A =1,...,v), and Il £l = llgll.
i i

Then

THEOREM 1.10. Let T be compact Hausdorff, ti,..., tY be distinct
points of T and {1\1\)}'(3*1 be an increasing sequence of subspaces of C(T)

whose union W is dense in C(T). If the triple (C(T), N, fé‘t feeny étY})
1

has the property SAIN then there exists a positive integer v,, such that
for arbitrary real numbers yvi,..., YY there exigts an n in N\)1 satiefying

(1) n(t,) =vy,, i=1l,e00, vy
1 1

and
(i1) ol =  max [yii.
i=1,...,Y
Proof. Fix the positive integer Y, and t;,..., ty' Consider the

set of 27 points in RY

{iz(alroﬂz,@:;, ...;Oby),: (?;zi=-4~lorl; i=l,..., Y}-

Denote these points by Xi,..., E‘Y and the jth component of X by xij‘
Z
Clearly the convex hull, or set of gll finite convex linear combinations
of {gi :i=1,..., 2Y}, is the set
3§= x=(vi,e.., yy} : iyil <1; 4i=1,..., Y}

Corresponding to each §i Urysohn's lemma implies the existence of a

function fi(t} € ¢(T7) such that

il

(1) fi(tj) =X, , = 1,000, Y .

13

(ii)y el =1 .
1

By the SAIN property there exists a V; and p;, P2s.-., P v in Nv such that
2 1

(i) pi(tj) =% E=1.., 2V, 5 =1,..., v,

and

(ii) ilpiii = 1, i=1,...,
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Consider any Y real numbers vVi,Va,-..«, yy. Either all the vy
J

are zero or at least one is non zero. In the first case the theorem is
obvious; otherwise, since Nv is closed under scalar multiplication,
1

assume without loss of generality

maX{}YIII IYZI:~v-I IYY‘} = 1.

Then y = (Yi,..., YY) lies in # i.e. There exists @i Z0; i=1,..., 2

Al 2Y
i 2 6 S 2 e 3 .
with i20% 1 and 5 X v Hence

belongs to Nv and satisfies
1

p(tj) = yj, i=1,..., %,

Il =1,

as required. 7

THEOREM 1.11. If X = C(T) and the triple (C(T), N, {dtl'“” 8, i3
has the property SAIN then there exists an v, not depending on £, such that

for any £ € c(T) Ev(f:A) is defined and‘

E\)(f,A) < 2E\)(f) , LRV VN
Proof, Let V; be the Vv; of Theorem 1.10. Fix Vv =2Vv;. Let P,
be a best uniform approximation to f from Nv. Let v, = (f—pv)(ti)

i=1,...,%, andn € Nv be the function with n(ti) =y, Inll =

1

max Iy.

; existing by virtue of Theorem 1.10. Then pv* = p, +n
i=l,c..,Y

v

bElOHgS to A N N\) and
<; 1<
e - pv*H RS pv“ + lInlf 2Ev(f), Vi

Remark. Deutsch and Morris [ 2] discuss which triples have the
property SAIN showing for example [ 2, Theorem 4.1]; that with C(T), T
compact Hausdorff, and a finite number of point evaluations; it is
sufficient for N to be a dense subalgebra of C{T). Hence in particular

Theorem 1.1l applies to approximation by trigonometric polynomials.
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§1.4 REMARKS ON THE CONSTANT 2 AND

OTHER COST OF SIDE CONDITION THEOREMS.

It is interesting to note that the constant 2 plays, in several
other cost of restricted range side condition theorems, a role similar to
that which it plays in Theorems 1.4, 1.6.

For example: 1let X = cla,b],

A={g€cda,bl: g(t) = £(t) Vt €[a,bl},
and each NV be a Haar subspace of‘C[a,b]. A glance at the alternation
theorem for one sided uniform approrimation (see e.g. Lewis [5, Theorem
3.3]) shows that when the function: eg(t) =1, Vt € [a,b], is in N\)1
then E_(f,A) = 2B (f) for all V Zv,. If ej N then at least it can

be arbitrarily well approximated by functions in N, and we can conclude

<
E,(f,2) (2 + Gv)E\)(f)

1
Qo

where {Sv >0} does not depend on f € [ a,b] and 1lim §
. V>

As a second example consider the cost of the side condition

l approximation/l < | £l . Since we assume Nv ig finite dimensional a best
approximation to £ € C(T) from Nv exists. Hence Johnson [ 4, Theorem 4.1]
becomes

THEOREM 1.12. For each £ in c(T) there is an imteger v, such that

for every v 2 v, there exists n, €N with anH = Il and

f - < 2E (f).
Il n\)ll\ \)()

Thus with A = {g € c(T) : llgll <I4fl} it follows from Johnson's theorem

COROLLARY 1.13. For each f im c(T) there is an integer v, such

that B (£,3) < 2E () for all v 2 v;.
A similar corollary will hold for Ev(f,B) with B = {g € ¢c(1

gl = ilel}.

The constant 2 of Corollary 1.13 is in fact best possible in that
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there exists a trigonometric approximation problem with

E (£,n)
1im;$2p "E;Tffm = 2.
As in the second part of Theorem 1.4 the proof consists of constructing
a function f as far from satisfying the side condition as possible; and
such that the residual of best approximation kf-—hn) alternates much
faster than can any polynomial of degree n. Unfortunately constructing
the function £ involves considerably more algebraic detail than 4id the
corresponding part of Theorem 1.4..
Let T be the uni£ circlé;“ X = C(T); Nv be the space of
trigonometric polynomials of degree not exceeding V; and A = {g € C(T)

gl <{gl} where £ € C(T) will be chosen later. Define the function

1 R if X ig positive,

sgn (x) = [0 ’ if x =0 ,
-1, if bd is negative.
i
Define c(i) = 3(2 ), and recall from the proof of Theorem 1.4 that

cos(c(k)f), k > i has all the extremes of cos(c(i)0) and takes the same
value as cos(c(i)8) at such points.
Congider a function

[ee]

£0) = 2 (-7 cos(c(9)0) (1.4.1)

‘ feel
where {aj >O}j_l is to be chosen as follows:

let a, = 1. If a,,..., a

i-1 ; 1 2 2 have been chosen then a, > 0 is
s i

chosen so

" . - . 2 & =
max{ai,ﬁ a, cos (c()Nl} ai(c(l)) <35 3.1 (1.4.2)
fo.+]

(1.4.2) implies j§2 aj(c(j))2 <§%.; hence the uniform convergence of the

two series
ey s
- 5 3 .
ri(e) 3Zi+1 {(~1) aj cos(c(j)0) (1.4.3)

o ;s 2 o=0,1,... ;

" - - j+l . 2 :
r, (8) = jgiﬂ (-1) aj(c(:]>) cos(c(3)6)
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is guaranteed by the Weierstrass M test. This {see e.g. Widder
[8, p305]) implies that ri(e), ri"(G) are given by the series above and

continuous. Note £(8) = ry(6).

Consider

[eo]

ri"(S} = (~l)i+1a, cos" (c{i+1)8) + jg

- j It L]
i+l (-1 aj cos"{c(3)0).

i+2
co

Since the sum j§i+2" on the righthand side above has norm not exceeding

ai+l/9 in modulus,

sgn(ri"(e)) e (—l)l+l sgn cos" (c(i+1)6) (1.4.4)
whenever lcos“(c(i+l)9)[ 2 1 ; equivalently whenever
lcos (c(i+1)8) | = c(i+) ™% . (1.4.5)

ri'{e) = 0 at least at all the points where cos'{c(i+1)8) = 0. Let 6% be

8
such a point then ri'(e) = J rg(y)dy. Hence (1.4.4), (1.4.5) above
g*
inply
i+l .
sgn(ri'(e)) = {-1) sgn{cos'(c(i+1)8)), {(1.4.6)
whenever Icos(c(i+1)8)l 2>c(i+l)_2.
Also
> >
he ll = a, j§i+1 a, = (8/9a, (1.4.7)
and
lr. ()] <a c(iv)) % 4 ; a
i i+l j=i4+2 T
, if |cos(c(i+1)8) | < c(i+l) 72,
< R -2
ai+1 ((1/9) + c{i+l} ) (1.4.8)

(1.4.7y, (1.4.8) together imply that any minima/maxima of ri(e) ccouring
where {cos(c(i+l)6)l SQc(i+l)~2 cannot be global maxima or minima.
{(1.4.6) then implies ri(e) has global maxima and minima only at the

extreme points 6% of cos(c(i+1}8) , where

sgn(ri(e*)) = (-l)i“rl sgn(cos (c(i+1)0%)), (1.4.9)
and o
- - 3
lri(e*}l = ”riﬂ = j§i+l (~1) aj . (1.4.10)
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Let

10 -

h, (0) = (-1)3 a cos(c(3)0). (1.4.11)

j=1
The above results about the global maxima and minima of

r.(6) = (£-h,) (6)
1 1

show that (f-—hi)(e) alternates between * [[f-h ||, 2c(i+l) times on T.
i

Hence hi is the best uniform approximation to £ from N , with error

c(i)
0 .
L (£) = = |.2 -1)7 . .4,
Ec(l)( ) IIriII 2 (-1) a (1.4.12)
S ]
Note that as i increases hi(O) = j§l (-1) aj alternately underestimates
and overestimates £(0) = - |[fll, by Ec(i)(f)'
For the remainder of the proof choose i to be odd. Then
.l =2 |n, ] =lldl +&_,., >4l. (1.4.13)
i i c(i)
Let t, be any function in N ., NA. i.e. t, €N ,,. and [lt,ll <|Hl. Then
i c(i) i c(i) i
le-¢ll =l(E£~h,) - (£, -h)lIl =lr, -p.Il , (1.4.14)
i i i i i i

where p. the perturbation of the best uniform approximation is given by

The argument now proceeds using that

3
= = : LI B
Pi(O) /‘Ec(i) ri(O) while rikc(i+l)J Ec(i)

and that the slope of pi(e) is related to its norm by Bernstein's

inequality. Treat two cases:
Case 1. 1 = 3E

pll =38y
Then

- = - =
Hri p,ll /‘”pi” HriH = 2B ) (1.4.15)

Case 2. lp.ll <3 _,

piI =3 c(i)

. . . . (21)

Then using Bernstein's inequality, and c(i) = 3 ’

" |>=x +O(3E (i) — ] as i + o
Pyl c(i) 1 c(i) c(i+l)J '
1)
J as i > o, (1.4.16)

=8 ,,. |1 +0
c(i) of
3
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Now since

(0 ) '
ri mJ = = Ec(i) we find
- > - T
Hri pi” (r; pi)[c(i+l) >=2Ec(i)(14-o(l)), (1.4.17)

By (1.4.14), (1.4.15) and (1.4.17)

lim sup Ev(f,A)/Ev(f) = 2.

V>
Remarks. The function f constructed above also has
lim sup E, (f,B)/E,(f) = 2 where B is the set, B = {g € c(m) : ldgll =14l}.

V > o

Ny

Transformation of the example into an example concerning approximation by

algebraic polynomials on [-1,1] is accomplished in the usual fashion.
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CHAPTER 2

JACKSON TYPE THEOREMS FOR APPROXTIMATION
WITH

HERMITE-BIRKHOFF INTERPOLATORY SIDE CONDITIONS
§2.1 SUMMARY

Jackson type theorems are obtained for approximation with Hermite-
Birkhoff interpolatory side conditions. Let Ev(f'AK) denote the degree
of uniform approximation of a function, £, on an interval, by polynomials
of degree not exceeding v satisfying a fixed set of Hermite-Birkhoff
interpolatory side conditions of order K. Then

(i) If the polynomials are the trigonometric polynomials then there

. . *K
exists D, not depending on f € ¢ [-w,m], such that

Ev(f,AK) <§DKV—Kev(f(K)) V sufficiently large V; (2.1.1)

(K) (k)

where ev(f ) is the degree of approximation of £ , by trigonometric

polynomials of degree not exceeding V, with constant part zero.

(ii) If the polynomials are the algebraic polynomials then there exists

Lk(k 2 K), not depending on f € Ck[—l,l], such that

(k) -1

Ev(f’AK) <QLk\)_kw(f v ) V sufficiently large V. (2.1.2)

Also for certain restricted classes of function f and Herxrmite-Birkhoff

interpolatory side conditions AK'

- k
Ev(f’AK) <;Dk\) kev(q( )) V sufficiently large V; (2.1.3)

k[-ﬂ,ﬂ] is defined by g(0) = f(cos 6 ).

*
where g € C
The direct comparison

& . VYe> o,

1=

Ev(f’AK) = O(Ev(f)
holds when (2.1.1) or (2.1.3) apply. In the other direction, given a
set of interpolatory side conditions including at least one derivative

constraint, there does not exist a sequence {G(V)} such that

- e K-
E,(£,4) = 0(G(E (), ve € ¢ [-m,m].
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§2.2 INTRODUCTION

Given a positive integer K; a finite set ti,..., tY of distinct
points in -m <t <7; for each i = 1,..., ¥ a nonempty subset Ki of the
*
set {0,1,..., k}; and £ € ¢ <[-w,n], the set of Kk times continuously
differentiable 2T periodic functions; define the set
*KC { j . .
a =1{g€c l-m,ml : g(3)(t_) = f(j)(t.) i JER, ;L =1,..., Y}
K i 1 i
Let Nv be the space of trigonometric polynomials of degree not exceeding

V. For each Vv = 0,1,2,3,... define

E, () = inf £ - gl

(2.2.1)
g&N,
where
£ ~ ol = sup lf(t) - g{t)|.
-T St =7 {2.2.2)

Similarly define ev(f) as the infimum of (2.2.2) over those g in NV with
constant part zero; and if NV N AK is non empty, Ev(f'AK) as the infimum
of (2.2.2) m@rg;h1w)ﬁAw

It is natural to ask whether Jackson type estimates hold for
Ev(f'AK); and whether they hold for the analogous algebraic polynomial
problem. Also can Ev(f'AK} and Ev(f) be directly compared? These

questions will be considered in the rest of the chapter.

§2.3 DEGREE OF TRIGONOMETRIC POLYNOMIAL
APPROXIMATION WITH HERMITE~BIRKHOFF

INTERPOLATORY SIDE CONDITIONS

THEOREM 2.1. For each « = 1,2,3,... there exists an M >0, and

for each set of side conditions AK, a Vi = VK, t1,..., ty), not

depending on the function £ € C*K[mﬂ,ﬂ], such that Ev(f’AK) exists and

satisfies

=K

< () >
Ev(f,AK) S MV ev(f )N YV 2 V.
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Proof': We need the following version of one of the standard
Jackson theorems (For the standard theorem see for example Cheney

[3,pp.145-146]).

LEMMA 2.2. For all positive integers K, there exists a positive

* . .
constant C_, and for each £ € C “I-m,1] a sequence of trigonometric

polynomials {T : T € N} such that
vy

- ) < 1 () y .
Il (£ Tv) Il Ce VK—j ev(f )i

j=0,1,..., ki V 1,2,3,...

Proof: Let jv be the Jackson kernel normalized so that

m
J i (t)dt = 1. (2.3.1)

*
The corresponding trigonometric polynomial operator mapping C [-m,m] into

NV is
™

Jv(f,x) = J_ﬂ f(x-kt)jv(t)dt

It is well known that there exists an M > 0 such that

”f—J\)(f)” <%II e vo1,2,,... (2.3.2)
%1 .
for all £ € c [~-m,7]. The proof now proceeds by induction.
Induction basis:  Let tv be the best approximation to f(K) from
* , ..
Nv, with constant part zero. Let P(g), g & C [-7,m], be the indefinite
m
integral of g such that J P(g) = 0. Let PK be the K-wise composition
~T
of operators P, and Sv = PK(tV). Then Sv c NV and
(k) (k) K
Il £ -8, Il =e\)(f( )), v=1,2,3,...

Induction step. If for some m = 0,1,..., K - 1 and some Cm >0,

there exists a sequence of trig polynomials {Sv ;Sv c NV} such that

- — K R
Il(f—s\)(l< J)Il<cm\) Je\)(f()n =0,..., m; V=1,2,3... ;
- & i <
then (SV_FJQ(f Sv)) NV and with a constant Cm+1 \~Cm(M—F2)
_ _ (K=-3)y <« -3 (K)
(£ - (s, +3,(£-5,))) I'<c ,a vie )

for 4 = 0,..., mtl; v=1,2,3,... . To prove this use the identity
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_ (=3) _ _ (<=7)
[J\)(f s\))] = J,((f-8) ).

Now the induction step for j = m+l follows from the Jackson theorem

(2.3.2); and that for j = 0,..., m is a consequence of ”JV” = 1. A
Proof of Theorem 2.1 continued. Let T be the unit circle. Let
£; ti,i =1,..., Y; Ki’i =1,..., Y satisfy the conditions of Theorem

2.1; and {Tv} be a sequence of trigonometric polynomials providing the
estimate of Lemma 2.2.

By the Hausdorff property of T there exist disjoint open sets
Bisse.., B in T containing t;,..., tY respectively. Urysohn's theorem
now guarantees the existence of functions £, € ¢(T), j =1,..., ¥, such

J
that f,(t,) =1 ’

J 3

0 <f,(t) <1, t € Bj ,

£.(t) =0 , t € T\B,

J J

By the SAIN property of trigonometric approximation in conjunction

with point evaluations, Deutsch and Morris [4; Theorem 4.1}, there exists

a V, such that v 2 v, there exist approximations qvj from NV to the £,
J

satisfying
gyl = 1
qvj(ti) = £, i= 1l F= 1,00, Y;:
d if = -
and i 6v max quj fjH then
i=1l,...,Y
lim & =0 . (2.3.3)
\ >0

Let A = [v/(x+1)], A = [A/k+1l,where [.] is the integral part

function and V; be so large that A; 2 max(V,, 1). Suppose throughout
the following that V 2 Vv,;. Note
M<vI < e, 5=1,..., k. (2.3.4)

Define trigonometric polynomials of degree not exceeding Vv
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h =

i:] (q>\1!l) 3= OI"‘I K;

+1 j
K (sin k(t-ti))j,
hij plays a role similar to that of the correcting "bump functions" of

Theorems 1.4, 1.6. Loosely speaking it is a correcting "bump" for the

jth derivative at ti. From the definition

Ih, I <1 ; (2.3.5)
i]j

hj(_]j?)(te) =0 ; r=0,..., K; e # 1 ; (2.3.6)
e =0 r <3 (2.3.7)
ij i 14 j 7 . .

and

h(j)(t ) = ! kj . (2.3.8)
1,9 4 ' a

Also by the Bernstein inequality, (2.3.5) and (2.3.4)

||hi(];)ll <VE< enyn®, k=0,1,2,... . (2.3.9)

Now fix i. Let J1,..., jp be the members of Ki in ascending order.

We seek a linear combination of hio”"; hiK which will correct the values
of Tv(j)(ti)r i€ K. to the f(])(ti)' From (2.3.7) we seek a solution

b to the equation

Dividing the k-th row of the matrix above, and the k-th element of the

]
product vector by jklk ; and using (2.3.8) the equation may be written

b | .

1 J1 c]l

a

2 (2.3.11)

b. c.

apl %p,p-1 Jp Jp

. - H |

n31 ¢y o....0 b (g-m ) 1) ¢y
ija i i V i
= (2.3.10)
(3,) (i) (3p)
hij? (ti) . hiji (ti) bjp (f-Tv) p (ti)
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Since the matrix A = (a e) above is lower triangular and has

k
determinant one a solution exists. By {(2.3.9) there exists an M,
depending only on K such that

la, | <M, kx=1,...,p, e=1,..., p.

By Lemma 2.2 there exists an L depending only on K such that

K K
lcj |<~Le\)(f{))/\) , k=1,..., p.
k
Employing Cramexr's rule;
K
ij | < (K+l)£MKLe\)(f(K))/v i k=1,..., p. (2.3.12)
k
>
Writing Hi =2 bj hi,j , and using (2.3.12)
k k
K K
pe, (€' , t€sm,
7, (6) | < (2.3.13)
() K
€ 7
DKcSMe\)(f ) /v , tE&r B,

where

D= (K+1)! (k + 1) ML,

The analysis above holds for i = 1,..., Y. Also since by (2.3.6)
(r) .
Hi (xe) = 0, e#1, r=0,..., K,
we can find Hy,..., HY separately, by the above, and

:
H=T, v 51 8
will belong to AK, the set of functions satisfying the interpolatory side

conditions. It remains to estimate ﬁf-H'b using (2.3.13) we £ind

Y
lg-m ) S fe-1 |0+ |2, B (o)

Y
(K) (K) - )
CKe\)(f )+ DKe\)(f {1+ (y 1)6}&1) ; t € 131 By
Wk Ve
<
(K) ()
Ceey,(£777) + Y(S}\IDKe\}(f ) o &MY B,
K K
v v
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Thus

l£-ull<(c_+ 2p) e\;f‘“) . v

vK
where V; 2 v; is chosen so that 6)\ < % , V2 V.
1
This concludes the proof. 7

§2.4 DEGREE OF ALGEBRAIC POLYNOMIAL
APPROXIMATION WITH HERMITE-BIRKHCFF

INTERPOLATORY SIDE CONDITIONS.

Consider now approximation of f € [-1,1] by algebraic polynomials
satisfying Hermite-Birkhoff interpolatory side conditions. Redefining
AK, Ev(f), and Ev(f,AK) appropriately; Platte [7, Theorem 2.3.1] has

shown

THEOREM 2.3. If fe& ¢ [-1,1] Then There ecists a constant cC,
independent of v, such that

(K}

E,(£,A) SCE _ (£ ), Yo 2 ((K+1)Y=-1).

V=K

He also shows that if f can be extended to an analytic function in some
domain of the complex plane which contains [-1,1], then

3 1-€
E\)(f,AK) = O(E\)(f) j Ye > 0.

Platte's results can be greatly improved. In the following the
s - -k (k} -1 . k >
estimate E (£,A.) = 0(v "w(f )"y 7)) will be shown for £ & C 1,11, (k=k).
. _ -k (k) -1 . .
Also estimates E\)(f,AK) = 0 (v e\)(g .’V 7)) with g{(8) = f(cos8), will
be shown for restricted sets of interpolation conditions, (k = K}, and
for functions in CQK[—l,l] , k= 2). These last estimates imply

l_.
Ev(f,AK} = O(Ev(f) €) , Ve >0; whereas the first estimate in terms of

v_kw(f(ﬁ)v—l) does not. (This point is discussed in Section 2.5).
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THEOREM 2.4. Fovr each k =1,2,3,... , there exists an Lk’ and

for each set of side conditions A with kK <k, a vy, not depending on

the function £ € Ck[-l,l], such that E,(£,3) exiets and satisfies

V

<71 (k)
Ev(f'AK) k &}(f ), Vv Vi -

Proof: (Sketch only). The proof is analogous to that of

Theorem 2.1. Lemma 2.2 is replaced by the following theorem of Trigub [9].

THEOREM 2.5, [There exists for v >k a polynomial P, of degree v
satisfying the estimate

(k)

[]f(j) _ p\gj)” < (R/\)k j)w(f }, = 0,1,..., k,

[-1,1]

where R depends only on k.

For the remainder of the proof let K and k = K be fixed. Let p, be the
pvolynomial approximation to f whose existence is guaranteed by Trigub's
theoren.

It remains to construct algebraic polynomial "bump functions"

*
hij linear combinations of which will be used to correct the values of

(3)

péj)(t } to the f (t ). Clearly there exist disjoint intervals
*
Bl,eneys BY in [-1,1] containing t,,..., tY respectively. Arguing as in
*
Theorem 2.1 we can find a V,; and for Vv 2 V, algebraic polynomials qvj
of degree not exceeding V satisfying
(N =1 Y =1 ) =0, i#]
; At,) = ; At ) = 1 ;
q [-1,1] T3t RV R ’ J
a 8" g
= - 0
an v @fx qvj [-1,1]\B. goes to zeroc as V .
3=1,.000Y 3

*
By renumbering the qvj and redefining V, (if necessary) it is possible to

* (8
impose the extra condition g ? )H <§v£ , L=1,..., K. In the

[-1,1]
*
construction of the hij the function sin(Ax) used to construct the hij

is replaced by the Maclaurin polynomial of degree A corresponding to

sin €{%ﬂ x) , where [ .] is the integral part function, that is by
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3
x=OJ

.M>J

(x) =

L (B

The jth derivative of px(x) is the Maclaurin polynomial of degree A-j

Py

() (12,

corresponding to sin 3 x) . Hence the error expression for Maclaurin
expansions shows
. A=j+1 \
. (3) A _ 3 < 2 | sin A-3+D) fA
lsin ([8] x) Py (x)“[~2,2] \\?X:EIITT sin ([8] x)H[_2,2]

Stirling's formula implies that the right hand side is

2X—j+1(k/8)k-j+1
U, - 3 - -
Vam (=gen) I Y m O3 ()
L v gy [ YA-3+1 fglk‘j+l
Jar J tk—j+lJ 7
\ A+1 o A+1
< Cl[x_m] [z) ;3= 0L, Kk Ak,
v A+1
where C; depends only on K. Since lim [X———EJ = exp(k -1), there
A > o AR

exists C, depending only on K(<k) such that

(3) [ A BN &)
([8] x) - py (xHH

[l sin ]=< cz(e/4)X

-2,2

for § = 0,1,..., K and A > K.

Now define algebraic polynomials of degree not exceeding V

*

_ K+l - IoL 2 .5 = ,
hij = (qkl,i(x)) (px(x ti)) ; i =0,1,...,K; i=1,...,Y;

where A = [v/(k+1)] , Ay = [A/k+1]. Then if A, 2 max(v,,1)

*
h, . < ; .3.5°"
I in[_l’l] 1+ Cy (2.3.5")

f (o)
1]

1
(@
H

Il
@]
I\_I
~

(te) e A i ; (2.3.6")

(ti) =0 . r <3 ; (2.3.7")

and

* () D | '
hij (ti) = 3![8] . (2.3.8")

(3)

Also from the degree of approximation of the functions p>\j (x) to



Cost of Hermite-Birkhoff Interpolatory Side Conditions 31.

the functions sin'3) [ ] x); and the condition Hq*(z)ﬂ \\vg .
Vj [“111]
£ =0,...,K; there exists an C; depending on K alone such that
* (%) £
fin i3 H[ L1 s cyv” o, 2 =0,1,..., K. (2.3.9")

The remainder of the proof is analogous to that of Theorem 2.1
from equation (2.3.9) on. In brief the matrix eguation to be satisfied
if

P

*(x = 2. b, h
B0 = g2 Pyh 5 ™

is to provide the correction/perturbation

*(5) _ {1 s .
Hi (ti) = (f pV) (ti) 7 J = Jlisess ]p 12
is non-singular and has a unique solution bjl"°" bj . Also
is)
}bj ] < ¢y v w(f( ) ) ’ £ =1,..., p; with Cy depending only on k.
2
Hence
cov Fue®vly  ifxes,
» i
|H, ()] <
* N
o (1)v Xw (e Ly jexe [—l,l]\Bi .

x * -
By choice of the hij the correction equations separate and

* _ ; *
Py = py(® + ;5 B ()

is an algebraic polynomial of degree not exceeding Vv which satisfies the

Hermite-Birkhoff interpolation conditions and provides the order of

approximation required. 7

The following corollaries to Theorem 2.1 provide the estimate

Ev(f'AK) = O(Ev(f}lbg) for all £ > 0 whenever they apply (see Section 2.5).

COROLLARY 2.6. For each ¥ = 1,2,3,... there exists an MK > 0;
and for each set of side conditions AK' provided that

-1 <ti <1, i=1,...,%, avy; not depending on £ € [-1,1];
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such that E\)(f,AK) extsts and satisfies

32.

< -K (K)
Ev(f,AK) MV v(g )
for all v greater than v,, where g € c* [-m,m] <s defined by g(8) =f(cos ).
K
Proof: Write g(0), g(l)(e) = dgég) ' ’ g(K)(G) = ELj%g@ '
ds
K
in terms of f(x), g—ji(x), - g;f'(x); as
dx K
dx
" g(0) 1 0 0 o | £(x)
g (o) 0 - sin 0 & ()
2
g2 @] =]0 a,, (8)sin’0 L
dx?
0
s lo a ®a coin)<| | LE
K1 K2 dXK

Note that the lower triangular matrix involved is invertible, x #* 1, and

therefore g(0), g(l)(e), ey g(K)(G) are uniquely determined by
£

f(x),..., % (x), x #t 1, and vice versa. Thus the algebraic
dx

interpolation conditions are equivalent to trigonometric interpolation

conditions of the same order, K. To each node ti’ of the algebraic

0

problem, there correspond two nodes 621_ 03

1 of the trigonometric where

0_,
2i-1

0 <

0.
21

cos'lti <7  and -8 (2.4.1)

2i-1

We apply Theorem 2.1 and find a v,; and a sequence {T\)}O\j_\) satisfying
=V

the trigonometric interpolation conditions, such that

K (K)

e

-7l <MV
IIg \)II\ . v

(g ). (2.4.2)

Since the interpolation conditions occur in pairs (see (2.4.1))

and g(08) is even, the even functions ﬁv given by Ev(e) (Tv(e)-+Tb(~9))/2

satisfy them also. Let pv(x) = Tv(cos_l;d . As discussed previously

P, satisfies the interpolation conditions of the algebraic problem.
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~

Since Tv is an even trigonometric polynomial of degree not exceeding V,
pv(x) is an algebraic polynomial of degree not exceeding V. Now the

eveness of g implies

o <|lq-
”g T\) ”["’H‘,TF] \”g T\)”[—TT,,’IT] ;
hence by (2.4.2)
-1 ~ -1 -K ()
- = _ <
I £ pV” “‘g(cos x) Tv(cos x) |l >~MKV ev(g ).
Hence pv(x) provides the estimate of the Corollary. 7

COROLLARY 2.7. For each ¥ = 1,2,3,... there exists an M >0 ;

2K
and for each set of side conditions A , a V,, not depending on
” p g
£ € c?[-1,1] ; sueh that Ev(f’AK) exists and satisfies
-2k 2K
<
Ev(f,AK) R Y ev(g )
*2 , .
or all v greater than v,, where g € C K[—ﬂ,'n] 18 defined b
g 1 g J Y
g(B) = f(cosB).
Proof: As in the last Corollary the argument is that the given

algebraic interpolation conditions are equivalent, under the transformation
g(0) = £(cos 0), to certain trigonometric interpolation conditions.

However the relationship between the algebraic and the trigonometric
interpolation conditions, at ti (i € {1,..., Y}), varies with the position
of t, in [-1,1].

If t, with |ti\ < 1 18 a node of the algebraic problem, then
algebraic interpolation conditions of order Kk at ti are equivalent to
trigonometric interpolation conditions of the same order at two points
- ﬂ'<:62i <0 <:62'—l < 7. This has been discussed already in the previous
corollary.

If ti = 1 28 a node of the algebraic problem then the previous

argument fails. That the algebraic interpolation conditions at ti = 1

cannot always be equivalent to trigonometric interpolation conditions of
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the same order at Gi = 0 may be deduced from the eveness of g. This
af a“s
since the function mapping (£(1), a;(]) geeny -jz(lj) into
dx .
dg g 4
(g, =L (0),..., —= (0)) cannot have an inverse when —2 (0) = 0 for
as K 5
as das
all odd j between 1 and K. Indeed algebraic interpolation conditions of

order K at ti = 1 are equivalent to trigonometric interpolation conditions
of order 2Kk at 6 = 0. To see this note

a9 _ % . dEQ)

& ) . k >0, (2.4.3)
d@k 1=0 k.l gyt
wherxe the a, , are constants not depending on £ € Ck{—l,l}. Consider the
function f(x) = (x-l)k/k! with
3 k
L@ =0, j#k ana EE @ -1
dx? dx

The corresponding periodic function g is given by the everywhere convergent

power series

k { 2 4 6 k
_{ecos @ -1) _ §) §) 8
g(@)____.«_k_i_.___[_i.;.?ﬁw_g!_.p.' ]/{l

kn2k
- 6

_ =n¥et
ki(21)

This series ig differentiable term by term with

3
X9 0y =0, §=0,..., 2k-1 k >0),
ae’
and
2k
a*Fq o =nFen
2k o = k
ae ki 2
. djf
S8ince the only non-zero derivative ——5 at x = 1 is the kth derivative
ax

which is 1, the equations above and (2.4.3) imply

ay =0 o d=ke %l k>0,
r
while

a - (—l}k(2k}!

2k, k K1 2k

Hence the matrix equation



Cost of Hermite-Birkhoff Interpolatory Side Conditions 35.

i T U ]
g(0) 1 . . . 0 £(1)
2
M{O) G Az - gi(l)
dez X
a* 2
=S (| =1|o0 ay 1 ayz . 4t
as* . dx?
0

2K K
_d_g(o) 0 a,. a a K ——(d ’f iy
462K rl 2K, 2 2Ky dx

, in which only even order derivatives of g(8) occur, is nonsingular since
all the diagonal elements of the lower triangular matrix involved are
non-zero. Thus algebraic interpolation conditions of order K at x = 1
are equivalent to trigonometric interpolation conditions of order 2K at

6 = 0, under the transformation g(8) = f(cos8).

If x = - 1 18 a node of the algebraic problem then arguments,
similar to those above, show that algebraic interpolation conditions of
order K at -1 are equivalent to trigonometric interpolation conditions
of order 2Kk at & = 17 and § = - T.

All choices of nodes in {—l,l] have now been considered. Hence
algebraic interpolation conditions of order k on [-1,1] are equivalent
, under the transformation g(8) = f(cos 8), to trigonometric interpolation
conditions of order not exceeding 2k on [~T,7]. Moreover the nodes of
the trigonometric problem occur in palrs symmetrical about 6 = 0.

Apply Theorem 2.1 to find an approximation Tv to g(0) satisfying
the trigonometric interpolation conditions. Let %V be the ewven part of
this trigonometric polynomial. The argument of the last part of
Corollary 2.6 shows the algebraic polynomial, pv(x) = %v(cos_l}<),
satisfies the algebraic interpolation conditions and provides the order

of approximation of the present Corollary. 1
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§2.5 COMPARISON OF E\)(f) AND E\)(f,AK)

The question of a direct comparison of Ev(f) and Ev(f’AK)’ as

()

opposed to a comparison of ev(f )/\)'< and Ev(f’AK) remains. Below are
results in two opposing directions.

NOTATION: The following convention will be adopted. If it is specified
that f € C*K[—W,W] then Ev(f), Ev(f,AK), etc. refer to approximation by
trigonometric polynomials. If, on the other hand, it is specified the

f € Ck[—l,l] then Ev(f), Ev(f,AK), etc. refer to approximation by

algebraic polynomials.

*
IEMMA 2.8. If f€c “[-m,1l, « =1, then for all € >0

(k) Ko _ 1-¢
ev(f Y /v O(E\)(f) ).

Egggi: Either f has only a finite number, k, of continuous
derivatives or f has an infinite number of continuous derivatives.

In the first case, using the weli known Jackson and Bernstein
Theorems (see e.g. Butzer and Nessel [ 2, Corollary 2.2.4 and Theorem
2.3.6]) characterizing the rate at which Ev(f) goes to zero in terms of

the order of magnitude of the second modulus wz(f(%)ﬁ), defined by

wz(f(]f)a) =sup I£™ (ean) + 25 (ony - 28 %) (1)l
Ih| <8
we find either
(1) e\)(f(k)) = o(1) but E\)(f)\)k+€ is unbounded for all € >0 ;
or
(i) there exists o , 0 <a < 1, such that
ev(f(k)) = o™ but Ev(f)vk-+u.+€ is unbounded for all &€ > 0.

In either case

1 (k) - £
;E. v(f )/Ev(f) 0(v™) for all ¢ >0 ,
1

and since y = O(Ev(f)- K) this implies

1 k), _ 1-€
Jgaﬁf ) = O(E(f) Y, for all € >0
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]
f(k))

e
f(K) Y,

The desired result follows as ev( ) = 0

Vk_K

If f has an infinite number of continuous derivatives, let Tv be
the best approximation to £ from Nv; then for p = 1,2,...

Il £ - T, = O(E\)(f)l-e) for all € > 0.

This follows from a modification of the argument of Platte [ 7, Theorem

2.3.3]. Briefly fixing €, 1 > ¢ >0, and p, write

® - ®y < w pa® (D)
£ r, oM s 2ol -

o0
L2 Z {n+l)pE
n=v n

o0
< b + P _E E 1-€
< <2 a2, (+ D) En> N ,
where the term in angular brackets is bounded since

1
E (£) = 0(—=) r k=1,2,3,... .
n nk

-£
Hence ev(f(p)) = O(E\)(f)l y, for p = 1;2,... . In particular

(K)

_ 1-¢
ev(f )} o= O{Ev(f) ).

Remarks. Analogous to Lemma 2.8 is the following: If to

®C . - -
f &€ [-m,7] corresponds a quantity BV = 0V k w(f(kiv l)) whenever

*k K -
f € ¢ -, and B\) = O(e\)(f( )))$then B\) a O(E\)(f)l 8), Ye > 0.

A similar result does not hold when Ev(f) denotes the degree of

approximation by algebraic polynomials of degree not exceeding v of

f(k{ -1

K -
fec [-1,1]. i.e. In this case Bv = 0(Vv k w V 7)) and £ €&

\Ck+l

Ck[—l,l} [-1,1] ; does not imply Bv = O(Ev(f)l-e) for all & > 0.

The reason for this is the lack of an inverse theorem of the Bernstein

type. For example f(k) € c[-1,1]1, and f(k) € ripa, 0 <a <1, is

sufficient but not necessary for Ev(f) = O(v—k_d). The following

L

example occurs in Timan {8,pp.342-343]. Let f£(x) = 1-x?

Then

AR - *
Ev(f,[—l,l]) = E;(vqsinizh = 0y l’/2); here Ev is the degree of

1
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trigonometric polynomial approximation. At the same time as v - ©, the

modulus of continuity w(f,v—l) on the whole segment [ -1,1] is of the exact

1/4

;/z*
Similarly if f£'(x) = V1 - x“ then Ev(f) =

/

order V_

1

"Ny = -3 5/4
Ev-l(f )y = 0(v .

- 2 . -1 - . -

O(v ) while v ~w(f,v l) is of the exact order v

The above remark shows that in a sense Corollaries 2.6, 2.7 are
stronger than Theorem 2.4.

We also have the following, showing that no inequality of the form

E (£,8) = 0(G(V)E (D) '

can exist where G(V) does not depend on f. The proof is an adaptation

to the trigonometric case of the argument of Lorentz and Zeller(s].

LEMMA 2.9. Given any sequence {hv}i_l of positive numbers, and a

set of interpolatory side conditions AK(K Z 1) including at least one

(K)

%
constraint on £, there exists £ € C K[-ﬂ,ﬁ] such that

lim sup E
Vo>

=
V(f’AK}/hv Ev(f) 1

Proof: We assume, without loss of generality, that the constraint

K
on f( ) is at 0 = 0. If (k 22 1) is odd we take gi = gin(if6), i = 1,2,3,...;

if K (21) is even take 9, = cos{i®), i =1,2,3,... . Given any b > 0

we can clearly choose an N such that

N
2 /=0 . (2.5.1)
N
Now with H = 2 N
o if1 97

K
w0 =, lml =1 . (2.5.2)
Take
K
bV = 2V (hV+l) f Vv=1,2,... ' (2.5.3)
and Ny = 1. Given Nj—l (3 2 1), there exists, according to (2.5.2), a

polynomial, fj, such that
()

>
£ (0) | b

, el =1 . (2.5.4)
J ]

-1
We denote the degree of this polynomial by Nj’
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The function f of the Lemma will be given by the series

o
f = jgl cjf:|
where the cj > 0 satisfy
ey <3N g =max Al el e )
and
o
jz\)+l o, < c\)” £, Il

39.

(2.5.5)

(2.5.6)

For instance, we can define the numbers ci inductively by means of the

relation

21—1

r 17

Note that (2.5.5) implies f is K times continuously differentiable.

v
let F = % c.f.. Clearly
Y i=1 ii

[ee]

< - = E =
ENv_l(f) <hhe-r, Il =12 e £, v=23,..

and using (2.5.6)

<
Ey (£) \\2ch va
v-1

Let O be any trigonometric polynomial of degree not exceeding NV—

()

that 0% (0) = £ (0y.

Writing
-fll <|lg-F - -
lo-fl <llg-r, Il - llr,_, - £l
it follows using Bernstein's inequality that

(K)

= N
lo-£ll =e | 0 [/ _; = 2clg,ll

and by (2.5.3), (2.5.4) that

- f]] >
flo - £l = 2c hy

V-1
(k)

; . K .
Since Q was an arbitrary polynomial subject to Q (0) = f( )(O) it

follows that

>
E (f,AK) /‘2cvhN .
V-1 V=1

-2 -1
eillelll, 4 2Mi }

(2.5.7)

such

(2.5.8)



Cost of Hermite-Birkhoff Interpolatory Side Conditions 40.

{(2.5.7) and (2.5.8) together imply

Ey (£,2)/B (f) Zh PV =23,
v-1 V-1 v-1

the desired result.

Remark. Lemma 2.9 may be used to show that if Ev*(f) denotes the
error in SAIN approximaticn, with interxrpolation at a node ti where
|f(ti}1 = ll£ll , then no relation of the form EV*(f) = O(G{v)EV(f)) exists
with G(V) not depending on f. This is interesting in view of Theorem 1.3
and Corollary 1.9; which imply that if Ev*(f) denotes the error in SAIN
approximation, by trigonometric polynomials of degree v or less, with

*
interpolation only at nodes ti where If(ti)l <|I£fll , then EV (F) = O(Ev(f)).

To prove this; given {hv} and with A, = {g:g'(0) = £'(0)}
%2
construct as in Lemma 2.9 a function £ € ¢ [-7,7w] for which

i >
lim sup (Ev(f,Al)/hva(f)} 2 1.

AV ]
Take £,(8) = £(8) - £'(0)sinB + C(l+cosB)? where C
will be chosen later. Note £,(0) = 0. Also since £"(8) is bounded and
a’ T
- U;+cos(3)2 is negative on {"Z"ZJ' £ (6) will be negative on
de

[-ﬂ/4,ﬂ/4] for all C greater than some Cg.

Also l(1+cos®)? <”(l+cose)2”{

W e I (= /8,700 ]
implies the maximum modulus of £,(8) on [-7,7] occurs within [-m/4,m/4]
for all C greater than some C,. Hence with C = max(Cg,Cy), £, = |£(0)|

, and each SAIN approximation to £, has f}(0) = 0. Then for V & 3

*
E,(£,81) = B (f1,A1) <E\) (£)) and E, () = B (f1)

* .
implying lim sup (Ev (fl)/hva(fl)) > 1.
Vo> o
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Final Remark.  After the author had completed this investigation
the results of Hill, Passow, and Raymon | 5] came to his attention.
These include a Jackson type theorem for algebraic polynomial approximation
with Hermite-Birkhoff interpolatory side conditions. This theorem [ 5,
Theorem 2] is similar in intent to Theorem 2.4 of this thesis. Note
however that both its statement and proof are incorrect. An initial
mis-statement of a lemma attributed to Teljakovskii has propagated through
the Theoremn. [ The lemma should read as Theorem 2.5 of this thesis does;

(k) -1 (iy -1
,'n

instead wW(f', n ) has been replaced by w(f Y. The stated lemma is

untrue . For example with k = 1, 1 = 0 and 2 = {f € Cl[—l,l]:.f‘(o) = 0 and
"‘;i < ¥ ""l <« "‘l’é .
n w{f',n 7) < 2n for n = 1,2,3,...} it guarantees
-2 . . .
E (Z) =max E (f) = 0(n ) which is untrue; E_(Z) is well-~-known
n n n
&z
_%é
to be of the order n exactly.]
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CHAPTER 3

THE DEGREE OF APPROXIMATION BY RECIPROCALS

OF POLYNOMIALS ON [0,x).
§3.1 SUMMARY

Asymptotic estimates are obtained for the error in uniform approx-—
imation by reciprocals of algebraic polynomials of degree n on [0,®).
The theorems concern the approximation of 1/f where; either £ is an entire
function of finite order (logarithmic order) and type (logarithmic type):

or f has k(21) continuous derivatives on [0,®).
§3.2 INTRODUCTION

Many results are known concerning the degree of approximation of
differentiable functions by reciprocals of polynomials on [ 0,%). However
most of these results concern approximation of 1/f where

f@)(x)2>o, Vx 2 0, j=0,1,2,... . (3.2.1)
(see for example [6]). This chapter extends these results in two direc-
tions: weakening the positivity condition (3.2.1) for entire functions,
and showing some results for functions with only a finite number of
derivatives. In each of the proofs that follow rational approximations
to 1/f on [0,%) are derived from polynomial approximations, pn, to £ on
[0, r(n)] satisfying the side condition that p! (%) Z0, Vx=r(n).
Notation: As usual the degree of approximation by reciprocals of

polynomials is denoted by

-1

A (£ 7)

1 1 I
O,n

£(x) (%) '{o,w) !

H1

inf ||
p &I
n
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where throughout “'HI indicates the uniform norm on the interval I, and

Hn is the class of polynomials of degree < n.

§3.3 ORDER OF APPROXIMATION RESULTS FOR CERTAIN ENTIRE

FUNCTIONS

Some of the known results on the order of approximation of
reciprocals of entire functions, £, follow from Taylor series expansion
of the function f about zero. The basis of these arguments is: take

*
b the Maclaurin polynomial of degree n corresponding to f£; choose

upper end points r(n), and discuss

* *
“f—-p It R inf fx), inf p (%)
n {Orr(n)] X}I’(n} x>r(n) n
%1
using the positivity conditions to deduce that 1 (x) 20, V¥Yx =0. Tt is

easily seen that it is not necessary for these arguments that the approxim-
ation, P to £, increase for all x 9’0,)only that it increase for all

x 2 r(n). Thus in Theorems 3.1, 3.3 a Taylor expansion about r{n), as
opposed to a Maclaurin expansion about zero, is used. This allows the

positivity conditions to be weakened dramatically. The results obtained

are best possible in the sense that the power of Ao n n_l, n—{l+l/A);
14

in Theorems 3.1, 3.3 respectively; is known to be best possible ([ 4],[5]).

If £(x) has n+ 1 continuous derivatives on [O,r] then
n () .
with p () = Z (£ @ =730,

_ < {(n+1) n+l
Il£ pn“{o'r] I II[O'r} r / (n¥l) !, (3.3.1)

a classical formula for the error in truncated Taylor series expansion.
If also f(z) is entire then by Cauchy's inequalities (see e.g. [3, p.202]).
n+l
e

0.0 S D mE) /(-0 s >1 >0, (3.3.2)

where M(.) is the maximum modulus function. Corbining (3.3.1) and (3.3.2)

l£-p [0, ,] S (/s-n™ s>, (3.3.3)
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If £(z) is a non-congtant entire function then the order p of £ is
defined by

p = 1lim sup log log M(r) . 0Sps =
r > @ logr

1f 0 <p <®, then the type T of f is defined by

T = lim sup log M({r) , O0STSw,

r > @
+P

THEOREM 3.1. Let f£(z) be an entire function of order p, type T,
positive on [0,2) and satisfying

lim inf r P log £{(x) = (0 <<p <o, 0 T <1 <o),
r - %

1/0

Choose r = r(n) = on ' ", and assume that for all sufficiently large n

£ emy >0, 3=1,...,

where o > 0 1s the unique o, minimising over o, B > 0 the maximum of

- wo’ (3.3.4)

and

logo - logf + T(@+8)F . (3.3.5)
Then

-1
i\ 0
lim sup {k {WJ) < exp (-wa') . (3.3.6)
o,n (£

n > o«

Proof. We first discuss the nonlinear program contained in the
statement of the theorem. Let

0(a,B) = max(—wap, log o - log B + T(G-FB)D).
Since for each B > 0; (3.3.4) decreases from 0 to -, and (3.3.5) increases
from -® to +®, as O increases from 0; there is a unique «(B) minimizing
8(c,B)y for each fixed B, and

8(0(R),B) = -wa(R)P = log a(B) - log B + T(a(R) +8)° . (3.3.7)
Choosing B = 1 and letting o - 0" it is clear
8(a(1),1) <o and . o(l) > 0. Now from (3.3.4)

8,8 > - wu(l)p , Vo < oa(l) |,
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and also

6(a,B) > o0, VB <a .
Therefore in seeking to minimize 6(a,B) we may assume o,B 2 o(1). Given
this, it follows from (3.3.5) that o,B may also be restricted from above.
The existence of some minimizing ¢,B follows from the uniform continuity
of (3.3.4), {(3.3.5}) and therefore their maximum, on the restricted range.

The unicity of the minimizing ¢ follows from (3.3.7).

Let 8 = s(n) = (@4"B)nl/p, where o,B are some minimizing pair.
Now using the estimate (3.3.3)
_ < _ n+l
Il £ an[O,r(n)] < M(s) (x/(s-1x))

<§exp((f-*ﬁ)n(a4-83p).(a/B)n+l

where € + 0 as n > ®; implying
- < P -
log(l £ pé”odﬂm}) 0(l) +nl(t+e)(@+8)" + loga - log Bl
and by (3.3.7)

-1

lim supllf-—pn”? <{exp(-wup).

Orr(n)}

Writing

Y < el o,
£ p_ [o,r(n)] inf £(x) o (x) '
n x€ [0,r(n)]

we conclude

oot
; i_ 1 < P
lim suplff ”{O,r(n)] exp(-wo'") . (3.3.8)

n > ®©
Since pn is the truncated Taylor expansion of £ about r(n), the
positivity conditions imply that pn increases to the right of r(n) for all
sufficiently large n. Since also p(r(n)) = £(r(n)), and
£(x) Zexp((w~-¢) r(m®) , x 2 r() ,
where € > 0 as n =+ ©;

i_1 < - ey P
I pnll[r(n),m) 2 exp(-(w-€)o"n), (3.3.9)

where € - 0 as n + o, Combining estimates (3.3.8) and (3.3.9) gives

the theorem. Vi
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Remarks 3. 2. Certain limits on the degree of relaxation of the
positivity conditions are inherent in this argument. In the preceding
theorem the positivity conditions (i.e. O) have been chosen so as to give
the best result, in terms of order of approximation, using the method of
Taylor expansion about the upper end point. Alternatively 0; (and thus

1/p (3)

r(n) where r(n) = ojn and f (r(n)) =20, j=1,..., n, for all

sufficiently large n) could be fixed and the result optimized for this
(3)

value of a;. If a; S0 and f (x) = 0; J=1,..., n; x 2 r(n); for

all sufficiently large n, this "optimal" result will be the previous

theorem. If 0; > o then geometric convergence can still be proved
provided
. P
inf log o; - logfB + T(0a; +B) (3.3.10)
B >0
is negative. It is clear that there exists an 0, > o such that

inf log o, - logB + T(&2-+B)p = 0,
B>0

and geometric convergence can be shown Qith this argument only if
0 <a,; <op.
Note that very slight modifications of the proof of Theorem 3.1
give a result for Taylor expansion about r(n)/2. 1
If f(z) is a nonconstant entire function of growth p = 0; then
the logarithmic order A + 1 of £ is defined by

A+1 = 1im sup log log M(r) , 0 SASo |
r - © log log r

I1f 0 <A <<®, then the logarithmic type Ty of £ is defined by

T, = lim sup log M(r) ’ 0 S Ty, S
%
r &> o A+l
(log r)

THEOREM 3.3. Let f£(z) be an entive function of logarithmic order
A+ 1, type T, positive on [0,%) and satisfying

lim inf log f(r) =W, O<A<oo’0<u)<"[<°°.

+
r - (log r)A+l
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Choose r = r(n) = exp(&nl/A) and assume that for all sufficiently large n
£ emy =0, 3=1,...,n,

where o > 0 18 the wnique positive solution of the system

(a+8f&=l/m(1+M) (3.3.11)
£1 () = fo(a,B) (3.3.12)
where
£,00) = -wat™t (3.3.13)
fa(a,B) = T(a-*8}1+ﬁ +0-8. (3.3.14)
Then
n-(1+1/A)
lim sup [A {AJ) < exp(-wml+A).
O,n f
n &+«
Proof. First we discuss the nonlinear program:
mininize max (£ (@), f2{a,B)).
o,R=0
Let
Wuﬁ)=xmxbmﬂuﬁfua+&lﬂk+a-m.
Choosing 0] <:a1A <ﬁl/(3A+l ) we find

8oy, 209) <O . (3.3.15)
Taking aﬁ'2=l/(T(1-+A)) observe (3.3.14) has a positive minimum, as a
function of B & 0 where B = O. Taking BA 2 1/1 observe (3.3.14) is non-
negative for all nonnegative 0. Thus ((3.3.15)) in seeking to minimize
8(0,B) we may assume

o<t <i/(raenyy,  o<gh

<1/t
The existence of some minimizing o,B now follows from the uniform

continuity of (3.3.13), (3.3.14) on the restricted range. Write the

program eguivalently as

mininize max| F1 (), min fg(ﬁ,ﬁf} ;
o<oat<i/(r(1+a)) o<gh<i/r
or
minimize max [£; (a), f2(a,B)] with (a+B)A = 1/(T(1+A)).
o<ol <1/ (r(1+0))
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(3.3.15) and elementary arguments about increasing and decreasing functions
now show there is a unique 0,8 - 0 solving the program; given by the
system in the statement of the theorem.

l/ﬂ)

Using these unique values 0,8 = 0, let s = s(n) = exp((0+B)n

Using the estimate (3.3.3)

_ < _ n+l
£ pni! [0,2(n)] M(s) (x/(s-1x)) ,

implying
- < o l/0 1+1/A 1+A _
logll £ pnif [0,z (m] o(n~") +n ((T+€) (a+B) +0-R), (3.3.16)
where € > 0 as n > © |
Since pn(x) Z f(r(n)), x=r{n , and

1+An1+1,/ﬁ) , x> r(n)

f(x) 2 exp((W=-¢€)0
where € > 0 as n > ® ;

i - —2
£(x)  p (%) [r(n),»)]

1+A 141/

< 2 exp(-{(w-¢€)a , (3.3.17)

where € -+ 0 as n + @
Cowmbining (3.3.16) and {(3.3.17) with an argument analogous to the latter

part of the proof of Theorem 3.1 will give the estimate of this theorem. /7

Remark 3.4. Remarks analogous to Remarks 3.2 apply to Theorem 3.3.

§3.4 THE DEGREE OF APPROXIMATION OF THE
RECIPROCALS OF FUNCTIONS POSSESSING A FINITE

NUMBER OF DERIVATIVES.

In contrast to the case when f is entire relatively few estimates
are known for ko’n(fwl) when f has only a finite number of derivatives.
(There are some results in Blatt [ 1] and in Freud and Szabados [ 2]).

In this section we prove a lemma on the degree of approximation, by

polynomials, satisfying a side condition, of functions posgsessing k
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continuous derivatives and satisfying another side condition. Corollaries
to this Lemma are theorems on the degree of approximation by reciprocals

of polynomials.

LEMMA 3.5. For each k = 1,2,... there 18 a constant B (=B(k))

with the property that if

fECk[O,r]ﬂ I3r >0 ;

f(k—l)

1
f(r),f()(r),..., (r) 20 ;

there exists, for every n =k, a polynomial q of degree not exceeding n
n

such that
q, (x) = f(x), 0Sx<r ;
q (x) =0 xZr
k; (k) k
a f- <SBrllf .
an I qn”[O,r] < Br | ”[O,r]/n
Proof. If f is a polynomial of degree not exceeding k we take

q, = f and obtain the result.

Otherwise we may assume ”f(k)” r] # 0 and proceed to construct

[o,

the g . Since the transformation
n
ko %k
g(x) * g (x7)

where

x* = (x/2)x - 1, g () = gx /£ (x/2)K)

[o,x]

is invertible, preserves the signs of derivatives, and takes polynomials

into polynomials; we have only to prove the result for all f € Ck[—l,l]
k
with ”f( )”[ 1.1] = 1. More precisely the result is equivalent to the
—Ly
existence of an R such that for each f € Ck[-l,l] with
k)
ey 1
[-1,1]
1 2 k-1
gl )(1), f( )(1),..., g )(1)7>o ;

there exists a polynomial sn of degree not exceeding n satisfying
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(1)
s (x) =20 x=>1 , (3.4.1)
le-s I <rm* (3.4.2)
n [_lll] ! .
. * k .
since then sn = s/ + R/n" satisfies

*
Sn(x) = £(x), -1sx<1 |, (3.4.3)
*
and (3.4.1), (3.4.2) with R = 2R.

We proceed to prove this equivalent result. Using a theorem of
Trigub [ 8] there exists C depending only on k, and p a polynomial of
n
degree not exceeding n with

k-3

k) k-3J <
”[_1'1]/n Sc/m 7, (3.4.4)

n#ﬂ_%ﬁu < clie¢

[-1,1]
In particular

(k) -
“pn I [-1,1] <C+ 1.

We perturb pn in order to obtain an approximation increasing to the right
of x = 1. By a classical result (see Rogosinski [7]) if hn is any kth

T being the Tchebycheff polynomial

indefinite int 1 of (C+1)T
indefinite integral of ( ) -k’ Tn-k

of the first kind of degree n -k, then

(hh + pn)(k)(x) =0 , x = 1. (3.4.5)

We use the formula

Tl ’ l = OI
Il(T_) = T2/4 ’ i = l,
1
T, T,
i+l _ i-1 , i > 2'
2(i+1) 2(i-1)

to specify a particular indefinite integral of the Ti with certain

desirable properties.  Let Ij represent the j-fold composition of
operators I . It is easy to see that if n - 2k 2 1 and 1 < j Sk, then
J
T, ( =

>
5 Tnk) = 325 23 Thokes
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with
3
”Ij(Tn_k)” [c1,1] S 23+ D/@I (n-k-1)).
Also
e o1 e r 0SS 3 Sk
k n-k k-j n-k

and the number of n such that k < n < 2k is finite. Therefore there
exists E, depending on k alone, such that

k-7
< J < 2 KL Vn =
(Tn k)”[ l,l] S E/n ’ 0 ~7 sk, n = k. (3.4.6)

Taking

hn = (C'l‘ l)Ik(Tn—k) ’

(3.4.4) and (3.4.6) imply the existence of R;, depending only on k, such
that

”(f—hn—pn)(j)” 11] <R, /m*3 (3.4.7)

Define A as the least positive real such that

An!/((n—j)!nk) >‘R1/nk_J ' j=20,1,..., k-1, n=k.

Take
n, k
Sn—-hn+pn+Ax/n ;
then
k
sr(l)(x)>o , x=1 (3.4.8)
(3 .
Sn (1) # 0 ’ J=0,..., k-1, (3.4.9)
le-s R/n" (3.4.10)
n [-1,1] :
where
R=kI!A + R; .
(3.4.8) and (3.4.9) imply
s'(x) 20 , x=1. (3.4.11)

(3.4.10) and (3.4.11) together imply the Lemma. 1
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Clearly this Lemma has many corollaries concerning rational

approximation on [O,w). We cite two of the simplest.

COROLLARY 3.6. Suppose the function f satisfies:

(k)

£ g continuous on [ 0,®) (3.4.12)

'||f(k)” [0,7] S p(r)g(r); f£(x) = g(r), Xx2Zr 20 ; (3.4.13)

where g(r) 18 a positive, increasing, contimuous function, p(r) any
positive function and

lim max(log p{r), log (x))
fanad log g(x)

=0, (3.4.14)

. 29k
. ) , e
(1 - sign{f(j) (r)J)f(j)(,r)= 0| p(xr) (g(x)) , 3=1,..., k~1.

(3.4.15)
Then ) .
1) | ']_;.+€J
A =l =0 or every € > 0.
O,n {fJ (n fi Y
Proof.  Take N; - k so large that for n > N; there exists
r(n) > 1, with
k/2
g(r(m) =n"?. (3.4.16)

Assume in what follows that n > Nj. Defining the function h(n) = r(n)k,

(3.4.14) implies

h(n) = 0(n"), plr(n)) =0(m") ; Ve >o. (3.4.17)
Let qn(x) = xn/r(n)n then
qr(lj)(r(n)) =t/ (n-rem™Yy, §5=0,1,..., n;

and therefore there exist 0 < C < D < ® guch that

c(h(n) o <qr(lj)(r(n)) <pn), 3=0,1,..., k. (3.4.18)

(3.4.15) and (3.4.16) together imply the existence of a constant E such

that

k

(1-sign(£3 r @£ xm)) <l "7 pm), 3 =1,..., k-1.
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By (3.4.18), (3.4.19) there exists a constant F such that

(3)

1-sign( P @@l rm/z < m ™ pEm)nEm)q

(r(n)),

Let

F o= Fn—k/2

n p(r(n))h(r(n))qn(X) + £(x). (3.4.20)

Then using (3.4.17)

\
R
_ - >0 .
Il £ an[O’r(n)] 0|n , ve >0 ; (3.4.21)
also
£ (x) = f(x), 0Sx < o ; (3.4.22)
fr(lj)(r(n)>>o, i=1,..., k=-1;

and by (3.4.13), (3.4.17), (3.4.18)

L
7°)
n r

(k) _
an ”[o,r(n)] =0 € > 0. (3.4.23)

We apply the Lemma to the sequence of functions {fn} on the sequence
of intervals {[0,r(n)]} to obtain the corollary. It follows from the
Lemma, (3.4.22) and (3.4.23) that there exists a sequence of polynomials

{pn}, pn of degree not exceeding n, such that

0 Sx S<r(n)

i

n n ’
P, (x) =0 , x 2 r(n) ; (3.4.24)
RS
Il £ pn”[o,r(n)] = 0oln 2 J, e >0
By (3.4.21), (3.4.22) also
%m)>ﬂm, 0 <x<r(n)), (3.4.25)
¥
”f-pJ[mrun]=()n2 . e >o0. : (3.4.26)
Since
F(x) Zgrn) = n? ,  x>rm),

(3.4.24), (3.4.25) imply
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£(x), Pn(x) >=nk/z, x 2 r(n). (3.4.27)

Combining the bound ((3.4.26))

-k
I8y o vy O[n 5+€]

”% - i”[o r(n)] o VE: > O;
by g~ (0)
with the bound ((3.4.27))
—k
1 1 1 1 2
= - =l < =l + =l =0 ;
£ p_lrm, " lr@,®) " Tp " lrmn),®) "
gives the required result. 1
Remark 3.7. In constructing Corollary 3.6, the conditions

(1) f(k—l)

{3.4.15) on the derivatives f P were chosen in order to

preserve the order of approximation obtained, by the same argument, under

the stricter condition
eV rmyy,..., 5V (r(n)) =0 . (3.4.15%)

Results concerning other trade offs between conditions on

(k) f(l)’.' f(k—l)

£; f ; . ; can clearly be shown by arguments resembling

the corollary. /

COROLLARY 3.8. Suppose the positive function £ satisfies

f(k) 18 continuous on [0,®) ; (3.4.28)

e = 0(x¥Y), as x > ® ; (3.4.29)
[o,x]

f(x) = cxl? x >0 ; (3.4.30)

where o« >y, 20, © >y, > 0, cC>0 ;

£03) () >0, x =M, j=1,..., k-1, (3.4.31)
with M some positive constant.  Then
-k ___Eé_____
1 k+y)ty2
L— = 0{n , as n > o
o,n{f)

+
n))k Y1 _ nk&

Proof. Write B = y,/(k+y;) and let (r( , where

0, > 0 is to be chosen later. By an argument analogous to the second part
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of the previous corollary there exists a sequence of polynomials {p }
n

such that
1 1 _ -k (1-a)
”E_p__”[o,r(n)] = 0(n )I
n
1_ 1 _ -kBa
Hg- lur(n), y = 0(n ).

Maximizing the minimum of (1-0), OB by taking & = 1/(14B) gives the

corollary. 7

Remark 3.9. The condition (3.4.31) may be relaxed as in the last
corollary, the relaxing perturbation again satisfying conditions on its
norm and the norm of its k-th derivative. The writer does not know of a

general form for the relaxed conditions.
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CHAPTER 4

THE DEGREE OF MONOTONE APPROXIMATION

§4.1 SUMMARY

Jackson type theorems are obtained for generalized monotone

approximation. Let En k(f) be the degree of approximation of f by nth
4

degree polynomials with kth derivative non-negative on [-%, 4l. Then

for each k = 2 there exists an absolute constant Dk’ such that for all

f € ¢f-%, %] with kth forward difference non-negative on [ -%, %];

-1
E_ (B <Dk W(f,n ). If in addition f£' € c[-%, 4| then
t
-1 -1
En k(f)‘< an W(fn ). Let Ez 2(f) be the degree of approximation
¥ / r

on [~-1,1], of £, by nth degree polynomials convex on the whole real line.
Then there exists a constant M such that for each f convex on [-1,1] ;

-1 .
Eg 2(f)=< Mu(f,n ). The results concerning E_

’

x are to appear in
?

Beatson [ 1].

§4 .2 INTRODUCTION

ILet £ be a function with non-negative kth forward difference over

each set of k equally spaced points in [-%, %] (equivalently any finite

real interval). It is natural to ask whether Jackson type estimates
hold for
E () = inf Il £-pll .
n,k k 1{ 1, ;
; p € Hn :p( )(x) >0,x €[-%, 4} [%, %

where the norm is the uniform norm, and Hn is the space of algebraic
polynomials of degree not exceeding n. In the case k = 1, Lorentz and
zeller [ 5] and Lorentz [ 6] have shown that there exists a constant Dy

such that if f is increasing on [-%, %]
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E_ () < p,w(f,n 1), n=1,2,... , (4.2.1)
I

where W(f,.) denotes the modulus of continuity of f. If, in addition
£' € c[%, 4] then

E_ (B <D n ' w(E',n™Yy, n=1,2,... . (4.2.2)
’

Let £ be a function convex on [-1,1], and

* = i "—-"
En,z(f) inf f-p

{p € Hn :p"(x) 20, Vx € R} [-1,1]

The lowest order Jackson type estimate will be shown for E¥ 5 Higher
r

order Jackson type estimates for E; if they exist, would have immediate

2!
practical application. Combined with standard arguments they would yield

results concerning uniform approximation by reciprocals of polynomials

on semi-infinite or infinite intervals.

§4.3 TWO JACKSON TYPE ESTIMATES OF E
’
DeVore [ 3,4] has given a much simpler proof of the k = 1 results.
Partly similar arguments, are used in this section, to show Jackson

estimates analogous to (4.2.1), (4.2.2) for E

n,k’
Notation. Throughout C;, C,,... denote positive constants
depending on k, but not depending on f, x or n = k. Whenever it causes

no confusion, ll.ll, denotes H.H[ 1 and w(e,.) denotes W _

B _BIB

, %] (e,.).
A function with non-negative kth difference on [a,b] cannot, in

general, be extended to a function with non-negative kth difference on a

larger interval. For example the piecewise linear and convex function,

) n-1 n
£€co, Z n"%], with slope n on the interval | T i~ %, 2 17,

i=1
cannot be extended to the right and remain convex. This motivates the

construction of a pre-approximation (see Lemma 4.1) to £, to which we

will apply appropriate polynomial convolution operators (see Lemma 4.2).
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LEMMA 4.1. Suppose k = 2. Let

x (A A
L (h,x) = (2)) J J hi{x+t; +...+ t, )dt; ... dt (4.3.
n Y 2 k k
where h € [ -%, 4| and
A = 1/8n, n=%k,k+1,... . (4.3.
Extend the definition of L (h) from
- N TR S TR
[ OC,OL] [ 7 + an’ ° 8n] (4.3.

to [ =%, %] by adjoining, to the right and left, the Taylor polynomials

degree k, corresponding to L (h) at the points o, -o. Then there

. ; E o = - .
exists constants B s Fr G w' Fir G such that; for all

£f € c[-%, 4%l with £(-%) = £(%) = 0 and non-negative kth difference on

[-%, 4l; forn=%k, k+1,... ;

(x) <

Ln(f,x) 20, x €R , (4.3
Ian(f>(j)||L SE. nd w(g,n"h (3 =1,..., k-1), (4.3.
(k) < k ~1

lan<f) Il% SE_n w(fmn ) ' (4.3.

e - Ln(f)H171 <F w(f,n h , (4.3.
and

<‘ -1

HLn(f)II171 G, nw(f,n ) . (4.3.

If in addition £' € cl-%, 4] then

”Ln(f)(j)“L <£Ek ni~1 w(E',n ) (3=2,..., k - 1), (4.3.

Iz ¢£) (k)ll <gE o1 w(E ,nh) , (4.3.

n L k

e - Ln(f)H% <§§k n b we,nh (4.3.
and

L (f)(z'j)H <g njw(f' n Y (3 = 1,2) (4.3

n 1/4 k ’ 14 «J.
Proof. For x € [ -a,a]
x (A (A x+ to + ... + tk + A
L (£,%) = (2}) J e } J fly)dy dty dt,
-\ “A x4+ to + ...+ tk - A

implying

x A 2
L (f,x)" = (2}) j ven J Aoy f(x+ta +...4 t - ANdty, ... dt,_ ;
o - -2 k

1)

2)

3)

.4)

5)
6)

7)

8)

8")
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repeating the argument, j times, 3 = 1,... k,
A

(3) -k 3 .
= {2\ .. A + + ...+t =dA .
L (£,%) (2X) J_}\ J-}\ oy Elx i =3 )dtj+l at,
(4.3.9)
(4.3.4) follows immediately. (4.3.9) and the definition of A imply
”Ln(f)(j)”a <c¢; nd wiEn b (3= 1,..., k). (4.3.10)

(4.3.5), (4.3.6) follow from (4.3.10) on estimating the derivatives of
the Taylor polynomials extending Ln(f) to the larger interval.
To prove (4.3.7). The definition of Ln(f,x) clearly implies

1

e~ (Bl <, w(E,n ). (4.3.11)
n (¢

Also

- <l £- - - ,
Il £ Ln(f)”[u’%l I £ f(oa)ll[a'%] + | £(a) Ln(f,oz}I +||Ln(f,0:) Ln(f)”[oé’%],

so by (4.3.2); (4.3.11); (4.3.5), (4.3.6); and the manner in which

Ln(f) was extended

[

ra

- < 1y,
Il £ Ln(f)”[ ] Cg(}:)(f,n)

A similar result holds on [-%, -0l; (4.3.7) follows.

To prove (4.3.8). Note that (4.3.7) implies both

1

w(L_(£) a7 ) <c, wig,n )

and

L (f,-%) S<F o1
n

k w(f,n

Yoo

the second since f(~%) = 0; (4.3.8) follows.

We proceed to prove the results for £' € c[-%, %|. Arguments

analogous to those leading from (4.3.9) to (4.3.5), (4.3.6); lead from

(A

(3) x (N -1
L (£,x) I {2X) I ..J Aj fY{x+t.+..+t - (j=-1)A)dt, ... 4t ,
" D) ] K ]

2X k
{(§ = 1,..., k) to (4.3.5%), (4.3.6").
To show (4.3.7') use the guantitative Korovkin type estimate

(see e.g. DeVore [3, pp28-32])
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|Ln(f,x) -t S f@ (1 - @]+ [ ] |Ln((t—x),x)|

+ (l+/Ln(l,x))ocn(x)w(f;ocn(x)) (4.3.12)
where
2 _ _ 2
un(x) = Ln((t X)), x). (4.3.13)
Now 1 -z I =1l (£~ %, 1 =o0,
n n
while
2 k A (K )
- = - 2
Ln((t x) °,x) (22) J_)\..J_x (t1+t2+..+tk) dty ... dtk

-2

A
k(2n ! J t? at <Cs n
-A

Substituting into (4.3.12), (4.3.13) we find

1

Il (6 - 4l <ce n ' w(E,ny, (4.3.11")
Since for this particular operator
Ln(f,x)' = Ln(f',x), x €[ -a,0]

7

and L (f,x)' is continued outside [ -0,0] by adjoining the Taylor
polynomials of degree k - 1, corresponding to f', at either end point;

reasoning, similar to that yielding (4.3.7), implies

ler - o )l <c; wie ™). (4.3.14)
4
Writing
1
< 4
£f-1L - ' - ' ;
I n(f)”[oc,lﬁ] < J£(w) Ln(f,oc)[ + foc £ (t) L (£,1) lat ;
(4.3.11"); (4.3.2) and (4.3.14) imply
- < -1 -1
Il £ Ln(f)ll[a’%] SCsn  w(f',n ).

Combining the above, the similar result on [-%, -a], and (4.3.11') proves

(4.3.7").
To show (4.3.8"). Note (4.3.14) implies
W@ (£)', 0" < Co w(E' ™)
and also

ILn(f,E)-[ <c7 W(E',n ') where £'(£) = 0, -4 <g <Xk;
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the existence of such an & following from f(-%) = f(%) = O.

Hence

-1

lan(f)'||%<C10 n w(f',n 7).

(4.3.8") follows since (4.3.7') implies

- '
an(f,—%)l SF_n o w(f'n

=1

) . 7

We now know how well L (f) approximates f, and concern ourselves
n
with how well Ln(f) may be approximated by convolutions with positive

polynomials.
LEMMA 4.2. Suppose k 2 2.  Then there exist constants B, T,

and a sequence of even positive algebraic polynomials {An}:=k satisfying

(1
J A (Bae =1, (4.3.15)
-1

and

-2k

2-4k+27
n ] kD). (3=0,...,k-1).

(3) < <
L I I VARSI (SH

(4.3.16)

Further 1f £ satisfies the conditions of Lemma 4.1, g = Ln(f) and

N\"‘

(
* = -— .
Ln(g) J_ g(t) Xn(t x)dt (4.3.17)

o

then if £ € d -%, 4l

N

lg - tx(ll, <1 wE,n™H (4.3.18)
n % k

and tf £' € cl -4, %]

lg - wrll, <1 n !t w(e,nh. (4.3.19)

= = = =y
Proof.  Let Me = Mg = voe = Agpelq = B

For n >=2k, let

— ’ 2 _ 2 2 _ 2 2
Mo (B = e [Py (01 /(% =x] oyt - ) 1%, (4.3.20)
h i i .. »
where P2n is the Legendre polynomial of degree 2n and xl,2n' 'xn,2n

are its positive zeros in increasing order. c, is a normalizing
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constant for (4.3.15). Define the remaining Xn's with the relation

A A , n = k.

an+l = Mant2 = Mn+3 = Mg

Observe firstly that a theorem of Bruns (see e.g. DeVore
[ 3, p.20]) implies

BRI < < < -1 >
Ci1n \Xl,Zn ‘e Xk,Zn\Clz n -, n k (4.3.21)

Using the normalization ”Pn”[ 1,1] = 1 and the corxresponding Taylor
—Ly
expansion of P (see e.g. Davis [ 2, p.365]),

2n

|P2n(0)| =7 [ } = (1L+o(1))/¥Ym , (4.3.22)

n
the ‘last equality being a consequence of Stirling's formula.

(4.3.20), (4.3.21) and (4.3.22) together imply

4k-1
)\ _4k(0) > C13 Cn n ’

n = 2k. (4,.3.23)
4n

Let n = 2k. Write

(1 n

1= J-l- Mgneax (D188 = ( 2 &y (20411

an-ax Pk, one1)

where the Ak(2n+l) are the weights of the Gaussian quadrature formula,
exact for polynomials of degree 4n+l, with nodes at the zeros of the
Legendre polynomial of degree 2n+l. Therefore

>
1= ag(2n+)A, . (0)

4k
and since (Szego [8, p.350]), A, (2n+l) = 2;11 (1 4+ o(1))
A < . .3.
4n~4k(0) = Ciy n (4.3.24)
(4.3.23) and (4.3.24) imply
2-4k

cn<C15n ;

which together with the normalization of the Pn, the definition of the

A , and (4.3.21) implies
Xn [—l,l]\[—%,%] =Cie n

(4.3.16) follows by means of Markov's inequality.
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It remains to show the order of approximation results.
We cannot use the standard gquantitative Korovkin theorem as
w[_%’%](g,n—l) # O(w[_%’%](f,n-l)); at least not in general. However
a related method is applicable.
Again let n = 2k. The polynomial t2kk4n_4k(t) is of degree
4n - 2k. Therefore for 7 = 1,..., k
3! 24 n

- =23 3
u, } 0, g fBrat = 2.2 x A (20)A,

i=1 4i,2n (x )

4k i, 2n
where the Ai(Zn) are the weights of the Gaussian quadrature formula,

exact for polynomials of degree 4n - 1, with nodes at the zeros of the

t

Legendre polynomial of degree 2n. Since k4n~4k has zeros at
*k+1,2n" """ *n,2n’
k .
M o= 2 2 xzj A, {2n)A {x )
3 i=1 i,2n i 4n-4k7i,2n’ "

Since also A has a local maximum on [ - ] at zero,

dn-4k
and (Szego [ 8, p.350])

*k+1,2n’ Fk+1,2n

™ L
Ai(Zn) SQEH'(1+'O(1)) (i=1,..., k) ,
(4.3.21), (4.3.24) imply

1 . .
f £23 A (t)dt <Ci7n 23, 521, .k, n>k. (4.3.25)
~3

(4.3.25), (4.3.16) and that Kn(t) is even and non-negative may be used
*
to estimate certain guantities involving Ln' All the estimates are

uniform in |x| < 4.

(1 h-x (1 -
o S 1~L*(1,X) = J A (t)ydt - J Ao (v)at <§2J A (t)dt < Cyg n 4k.
n 0 3oy D y B

(4.3.26)

. Y .
o SQL;((t-x)2j, X) = f (t--x)Z:J Rn(t—x)dt

and applying (4.3.25)
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* 2 -2
o SL_((t-x) Ty <cien ??, 3=1,..., k. (4.3.27)

1

o <L ( e[F 2 (yat
n n

(
e - =¥, 0 é) |
i
1 5
< U £2k ) (t)yat

<c,, n°¥ (4.3.28)

14

where we have used the Schwartz inequality, (4.3.15) and {(4.3.27).

For j odd,
* . L-x 5
L (£ - x7 %] = IJ £ (t)at|
n N n
-h-x
(o
<2 J t? A (p)at
L n
A
since kn is even. Applying {(4.3.16)
* ] 2-4k
ILn((t-x)J,x)] < ¢y, n , 3 =1,3,5,... ) (4.3.29)

If t€[-%,%] and x€[ -%,%], Taylor's theorem gives

1 * x
(k-1) 1 J J

Z (0 (t-w 5 Lau. (4.3.30)

350 1

B

k=1 () ey
g(t) = [ g " ({x)(t-x)

x

Since the last term on the right hand side is bounded in modulus by

1 k oy (k) . . . L
= |t-x|" gl , the linearity and monotonicity of L imply
ki {—%r;’i] n
k-1 () .

* * k) * k
g,x) - > I (X 1%y <L gt - .

p (00 = T d— W((E0 70 | Sl (e
or

k-1 4 (3) .
]L;(g,x) -gx) | <gx)]]1- L:(l,)X)l + jgl ‘ig‘j—,(}Q‘J‘[L:((t—x)],x) |

PN el
Thus
i I <llql -z (nll
n (907 =9GNy g S P Wy g
k=1, (3) -
I I *
) ij.;.m{m%l%] Iz, (=27, )Moy, 4]
1. (k) * k
+ =g H{_%'%]i!Ln(lt-xi ,X)U[_%,%]
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Combining the above, the estimates of all the terms involving g from
Lemma 4.1 (g = Ln(f)), and the estimates (4.3.26), (4.3.27), (4.3.28),

(4.3.29) of all the "L:;(.,.)"'s vields (4.3.18), (4.3.19). 1

*
Given Lemmas 4.1 and 4.2 it remains to discuss how close Ln(g)
is to a polynomial with non-negative kth derivative on [ -%,4%] .

THEOREM 4. 3. For each k = 2 there exists a constant Dy r such

that for all h € cl-%,%] with kth forward difference non-negative on

[ -

/%]

N

<
En,k(h) = D

kY -

ol

If in addition h' € cl-%,%] then

N
A

1

E () <D n tw ](h',n'.), n=k,k+1,...

n, [—%r%
Proof. Fix k 2 2. Let £ = h - p where
P(x) = h(-%) + 2(h(%) - h(-%))(x+%.

Ly <ow(h,n ') and when h' exists w(f',n ') = w(h',n ).

Clearly w(f,n—
Lemmas 4.1, and 4.2 apply to f. Writing
-— *
L (h) = p(x) + L (L (£))

Lemmas 4.1 and 4.2 imply

_ *
||h—Ln(h)||1ﬁ ||f—Ln(Ln(f))||

*
< - -
< £ Ln(f)ll% + I!Ln(f) Ln(Ln(f))ll%

Css w(h,n '), h € cl-%,%,
< _ _ (4.3.31)

Cyo n ! w(h',n 1): h' €cl-%,4].
ILet g = Ln(f). Then

* L
Ln(h) = p(x) +Ln(g) = p(x) + Ll/ g(t)An(t—x)dt,

1/2 2

Ln(h,X) = p'(x) + J_; g(t). - Ar'l(t—x)dt

[t

L {

=0t +[-g0A (e-x)] 0 + J_ g' (£)A_(t-x)dt.

W

k 2 2 alternate differentiations and integrations by parts ¥ield;
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k-1 T . - tzl"i
- (k) _ k I (k=1-3)
Ln(h,x) = (~1) 'EO {(-1) [% (t}hn (t~x{Jt=_%
+ g(k) (YA (t-x)dt
-1 n
=
= r(x) + J g (YA (t-x)dt,.
-k n

{(4.3.4) and the positivity of the kernels imply the second term on the
right hand side is non-negative. The estimates (4.3.5), (4.3.8);

(4.3.16) imply

-2k+1 -1

[ErH;‘ <(:23 n L\)(h,n )' h E C[ —;5! ;&} ¢

and the estimates (4.3.5'), (4.3.8"'); (4.3.16) imply

-2k+2
w

lell, <csy n (h', n"Y, h' Ecl-%, il

In the first case let
k

= X -2k+1 -1
pn(x) = Ln(h,x} + ET—ng n wth, n 7Y,
and in the second let
k
- X -2k+2 -1
pn(x) = Ln(h,x) + ET'CZQ n wh', n ).

(k)

Then P, (x) is non-negative on [ -%,%l; and by (4.3.31) pn(x) provides

the estimate of the theoren.

*
§4.4 A JACKSON TYPE ESTIMATE OF En 9°
r
The argument, used in this section, is derived from the delightful
*
proof of Jackson's theorem given by Passow [ 7]. Define En 2(f) as in
14
section 4.2.

THEOREM 4.4. There exists a constant M, such that for any

function £ comvex on [-1,1]

* < -1
En’2 \»Mm[_l’l](f,n Y, n=2,3,4,... .
Proof. Following [ 7] construct the polygonal pre-approximation

L{x) with : L{(k/n) = f(k/n), Xk = -n,..., n; and L linear in each of the

intervals [k/n , (k+1)/n]. Then |L(x) - £(x)| < (£,n7") for all

®l-1,1]
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x € [-1,1] and L is convex with f. Let Sk be the slope of L(x) in

((k-1)/n, k/n) and let

= (- - <k € n- .
ak ( Sk + Sk+l)/2 ’ ntl Sk Sn-1 ;
= -(S + = -
an ( n S—n+1)/2 a—n
Then
n 1
L&)=Zh+k§m£L%Jx—MMI=A1+J1bkﬂd%(m ; (4.4.1)
where g;(t) is the step function having Jjumps at x = k/n (k = -n+1,...,n)

equal to ak, g(-1l) = 0, and A; a constant. Alternatively L(x) may be

expanded as

L(x) = A2+nél a !x_§{ = A, + J(I |x-t]dg, (t) ; (4.4.2)
k=-n k n -
where g,(t) is the step function having jumps at x = E—(k = -n+1,...,n-1)
equal to ak ; g(-1) =0, g(x) = a_, for —1<x <-1+(1/n); and A, is
a constant. These expansions are easily verified by calculating the

slope of §3ak|x-k/n| in each subinterval ((k-1)/n, k/n).

Since the slope of L is increasing, ai will be non-negative for

i=-n+l,...,n-1. Also a is either negative or non-negative; hence
at least one of g;, g, will be increasing. Tet
1
L(x) = A + J |x - t|dg(t) (4.4.3)
-1
be an expression (4.4.1), (4.4.2) with gj increasing. Then

LEMMA 4.5. Let q(x) be a polynomial of degree not exceeding n,

convex on the whole real line, satisfying g(0) = 0 and

2
J lal|x| - a(x}| <b/m.
-2

Then
Qn(x) = A + J g{x-t)dg(t)
-1

18 a polynomial of degree not exceeding n, convex on the whole real

line, satisfying

THE LIBRARY
UNIVERSITY OF CANTERBURY

CHRISTCHURCH, N7



The Degree of Monotone Approximation 70.

1

max lf(x) - Qn(x)l < (2b+1) W (£,n 7).

—_1s<x¥<1

[-1,1]

Proof. The degree of the approximation follows exactly as in

[ 7, Lemma 1]. The argument is repeated for completeness.

(1 1
|f(x) - A - J a(x-t)dg(t) | < |f(x) - A - J Ix-t|dag(t) |
-1 -1

1
+ J {Ix—tI - g(x-t) }dg(t)

-1

Supg qpEaTH + [{xt] - alx-b) }g<t>|i1'

~fa allet] - quenl]

- b
<§w[_l l](f,n 1) + |g(l)|;—+ max lg(t)!b/n.
' 1<t<1
Now
|3
max & a r 1f g=9; ,
—n+l<j<n|k“n+1 k
nmx|g¢)|=
-1<x<1 J _
max KZ-n ak ’ if g =g, ,
-nS<jisn-1
< < -1
= méx |Sj'\‘ nw[_l,l](f,n ).
J
Thus

1

1
if(x) - A~ [ q(x-—t)dg(t)' < (2b+1)w[ ).

-1

1,11

The convexity of Qn follows from the convexity of g and the

monotonicity of g, since

(1
0 "(x) = J q" (x - t)dg(t). /
n -1

LEMMA 4.6. There exists a constant C > 0, and for each
n=12,3,... a polynomiallq4n_2 of degree 4n -2, convex on the whole

real line satisfying q4n_2(0) = 0 and

2
J lallx] - a, _,x}] <c/n. (4.4.4)
-2
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Proof. Let

= 2 _ 2 2
Apoa(8) = ¢ (B, (£)/(t X ))

where P is the Legendre polynomial of degree 2n ; its smallest

2n xl,2n

positive zero; and c, is a normalizing constant chosen so that

1
J_l X4n_4(t)dt = 1. (4.4.5)

Then [ 3, ppl74-176] A is an even, non-negative, algebraic polynomial

dn-4

of degree 4n - 4 such that
' 2
< A < 2 4.
0 J_l ang(B) £ dESCi/n (4.4.6)

for some constant C;, n = 1,2,... . (4.4.5), (4.4.6) and the Schwartz

inequality imply
(1

0<J |t|>\4n_4(t)dt<cz/n. (4.4.7)
1

Take as the approximation to |x|

be u 3
Ty (X =J ” >\4n_4(t/2)dtJ du . (4.4.8)
o o
The non-negativity of A4n—4 implies the convexity of Ugn-2° Also
((4.4.8))
— [ - .
q4n_2(0) = q4n_2(0) 0 ; (4.4.9)
using in addition the properties of X4n—4
- = g! - < g! < - < <
1 q4n_2( 2) \q4n_2(x) <0, 2S5x %0,
(4.4.10)
< g < g! = < <
O\C_[4n_2(x) \q4n_2(2) 1, osxs2
From (4.4.9), (4.4.10) and the eveness of q4n_2, it follows that ;
|x| - q4n_2(x) is monotone decreasing on [ -2,0}, monotone increasing on
[0,2], with
2
aii{x| - = -~ . 4.4,
f_z lallx] - a, 0} =202-q, () (4.4.11)

Taylor's theorem implies
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(X
Ugn-z ®) = 950 + xqy (0 + JO Typop (W (x-0)du
(X
= JO A ypog (0/2) (x-u)du .
Hence
2
2-q, ,(2)=2- J Agpeq (W/2) (2-u)du

0

i

1
2 - 4JO Agooa(8) (1= |t])at

( 1
= 2[1 - I_l Mg (B (1= |t])at

1l

(1
2)|“1 Mg (O |t]at ,

by the eveness of A and (4.4.5). Now (4.4.7) implies

4dn-4

0<2-gq (2) < 2¢,/n.

“4dn-2
Substitute in (4.4.11) to obtain ;

: ‘
[ latll - a3 <om
-2

where C = 4C, does not depend on n; as required. 1
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