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Abstract

The present work is a first step towards a systematic constructive development of the
theory of operator algebras over a Hilbert space H. Among the topics investigated
in the thesis are locally convex topologies, the extension and characterisation of
ultraweakly continuous linear functionals on B(H), and conditions that ensure the
(constructive) existence of the adjoint of a bounded linear operator on H. We also
study the relationship between a linear subset of B(H) and the dual of its predual,
and the comparison of projections in a von Neumann algebra. The two appendices
to the thesis deal, respectively, with weak continuity properties and the locatedness

of the range of an operator.
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Chapter 1

Preface

1.1 A little bit of history

The beginning of the twentieth century was clearly marked for the mathematical
community by the optimism expressed in projects such as Hilbert’s proof theory
(which tried to set the notion of a proof on a sound basis, thereby avoiding the
paradoxes) and Russell and Whitehead’s Principia Mathematica (in which logic
took precedence over mathematics). When, in 1907, the Dutch mathematician
L.E.J. Brouwer published his doctoral thesis [23] initiating the first fully developed
alternative to what nowadays we call classical mathematics (CLASS), not many
mathematicians greeted it enthusiastically. Brouwer’s intuitionistic mathematics
(INT) was a radically different approach to mathematics, born from the need to
create a bridge across the ever-widening gap between what exists formally and
what can be obtained effectively. In the years that followed, unexpected results
like Godel’s incompleteness theorem, the independence of the axiom of choice from
Zermelo-Fraenkel set theory, and the undecidability of important formal systems
proved that Brouwer’s initiative was truly motivated.

In Brouwer’s intuitionism, logic is secondary and derives from the mental con-

structions that form the basis of mathematics. A mathematical object comes into



existence precisely when it is constructed. Thus the distinction in meaning that

forms the basis of Brouwer’s revolution is that between

e idealistic existence, where we are allowed to conclude that an object exists

by proving that its non—existence is impossible, and

e constructive existence, where, in order to prove that an object exists, we

must provide a method for finding it.

In his 1908 essay “The Unreliability of the Logical Principles” [24] Brouwer

criticised the unrestricted use of the law of excluded middle (LEM)
Pv-P

in logic. Subsequently, he introduced into INT some principles that led to re-
sults apparently contradicting aspects of classical mathematics. However, to regard
Brouwer’s mathematics as inconsistent with its classical counterpart is a serious
oversimplification of the situation: it would be better to regard the two types of
mathematics as incomparable. Nevertheless, in light of the intractability of Brouwer
and some other leading exponents of constructivisni, it is not surprising that most
mathematicians remained sceptical and that many reacted to constructive mathe-
matics with vigorous opposition. A common view was (and remains) that too much
mathematics had to be given up in order to accommodate Brouwer’s ideas. For
example, Hilbert expressed his disagreement with Brouwer by saying that
No-one, though he speak with the tongues of angels, will keep people from

using the law of excluded middle.

In 1952 Kleene wrote

Intuitionistic mathematics employs concepts and makes distinctions not
found in classical mathematics; and it is very. attractive on its own ac-
count. As a substitute for classical mathematics it has turned out to be

less powerful and in many ways more complicated to develop. ([44], page
50.)



Despite continuing opposition, constructive approaches to mathematics survived.
In 1930, Brouwer’s most famous pupil, Arend Heyting, published the first formalisa-
tion of intuitionistic logic, abstracted from the practice of intuitionistic mathematics.
A completely different approach to constructive mathematics—essentially recursive
mathematics with intuitionistic logic (RUSS)—was initiated by A.A. Markov in the
Soviet Union in 1948-49, and has achieved a number of technical successes [47, 45].

By the mid—1960s constructive mathematics was, when compared with its clas-
sical counterpart, virtually stagnant. The situation changed in 1967 with the publi-
cation of Errett Bishop’s monograph Foundations of Constructive Mathematics [2].
This book represents the most far-reaching and systematic presentation of construc-
tive mathematics to date. In it, Bishop revealed, by thorough—going constructive
means but without resorting to either Brouwer’s principles or the formalism of re-
cursive function theory, a vast panorama of constructive mathematics, covering ele-
mentary analysis, metric and normed spaces, abstract measure and integration, the
spectral theory of selfadjoint operators on a Hilbert space, Haar measure and duality
on locally compact groups, and Banach algebras. Bishop’s constructive mathemat-
ics (BISH) was founded on a primitive, unspecified notion of algorithm and the
Peano properties of natural numbers, and kept strictly to the interpretation of “ex-

istence ”

as “computability”. His refusal to pin down the notion of algorithm led to
criticism, particularly from philosophers of mathematics and from those committed
to Church’s thesis. But this very imprecision enabled Bishop’s work to have a va-
riety of interpretations: his results are valid in classical mathematics, intuitionism,
and all reasonable models of computable mathematics—such as recursive function
theory [45] or Weihrauch’s Type II Effectivity theory [58, 59, 60].

An interesting formal system for Bishop’s mathematics, an intuitionistic Zermelo—

Fraenkel set theory, was produced by Myhill [49, 50]. Other foundational systems
for BISH are found in [31, 30, 48, 9].



The modern view of constructive mathematics, as propounded by Fred Richman

[52], is that in practice

constructive mathematics is none other than mathematics car-

ried out with intuitionistic logic.

From this point of view, each of CLASS, RUSS, and INT can be regarded as BISH

plus some additional principles.

1.2 Why use intuitionistic logic?
The study of computability in mathematics can be carried out in two ways:

> Use classical logic, but pin down the notion of algorithm in order to avoid

making decisions that a computer cannot make.

> Use intuitionistic logic, which automatically takes care of the types of decisions
that are permitted, and then argue with whatever mathematical objects one

pléases.

But why would anyone choose the second way? Because not only, as we have
mentioned before, does mathematics developed with intuitionistic logic have more
models than its classical counterpart, but also a constructive proof usually provides
more information than a classical one.

Unlike intuitionistic logic, classical logic permits “decisions” that no computer
(real or idealistic) can make in general. For example, if 7 is a nonnegative real
number, a computer may be unable to decide between the alternatives x = 0 and
x > 0 : the input £ may be positive but so close to zero that the computer sets its
floating—point representation equal to 0. (This is the problem of underflow). Thus

we cannot expect the statement

Ve R(z=0Vz#0),



to be provable with a logic that truly incorporates the principles used in computa-
tion.

The desire for algorithmic interpretability forces us to reconsider the meaning
of all logical connectives and quantifiers. The standard constructive/computational

interpretations are as follows.

e PV (@ : we have either a proof of P or a proof of Q.

P A Q : we have a proof of P and a proof of Q.

e —P : assuming P, we can derive a contradiction (such as 0 = 1).

P = () : we can convert any proof of P into a proof of ).

Az P(x) : there is an algorithm that computes an object z and demonstrates

that P(z) holds.

Vo € A P(x) : there is an algorithm that, applied to an object z and a proof

that z € A, demonstrates that P(z) holds.

Note that in order to recover axioms for classical logic, one need only add the law
of excluded middle to Heyting’s intuitionistic axioms.
From the time of Brouwer, constructive mathematicians have excluded from their

practice a number of intuitionistically undecidable principles. Among these are

— LPO, the limited principle of omniscience: for each binary sequence (ay)

either a, = 0 for all n, or else there exists n such that a, = 1.

— LLPO, the lesser limited principle of omniscience: for each binary se-
quence (a,) with at most one term equal to 1, either ay, = 0 for all n or else

Gon+1 = 0 for all n,

— WLPO, the weak limited principles of omniscience: for each binary

sequence (ay,), either =¥n(a, = 0) or =—¥n(a, = 0).



— MP, Markov’s principle: for each binary sequence (a,) such that -Vn(a, =

0), there exists n such that a, = 1.

Fach of the first three is a special case of the law of excluded middle. It is easy
to prove that LPO implies WLPO, and that WLPO implies LLPO. These three
principles are false in INT and RUSS. On the other hand, Markov’s principle is
used with caution by the practitioners of RUSS, is in contradiction with some prin-
ciples in INT, and, since it represents an unbounded search, is rejected outright
by most constructive mathematicians. There are models which show that each of
LPO, LLPO, LEM, and MP is independent of Heyting arithmetic (that is, Peano
arithmetic with intuitionistic logic); see under Kripke and Beth models in [29].

By a Brouwerian counterexample to a classical proposition P, we mean a
(comstructive) proof that P implies some essentially nonconstructive principle like
LPO, LLPO, ... . There are Brouwerian counterexamples to many widely used
classical propositions. Here are some examples, with the implied principle in paren-

theses:!

VieR(z=0VvVz#0) (LPO)

The least—upper—bound principle: Each nonempty subset S of R that is

bounded above has a least upper bound. (LPO)

Every real number is either rational or irrational.  (LPO)

VieR(z>0Vvz<0). (LLPO)

Ifz,ycRand zy =0, thenz=0o0ry =0. (LLPO)

A uniformly continuous function from [0,1] to R attains its bounds.

(LLPO)

1Chapter 1 of [20] contains more information about Brouwerian counterexamples.



e The Intermediate Value Theorem: If f : [0,1] — R is a continuous func-
tion with f(0) < 0 < f(1), then there exists z € (0,1) such that f(z) = 0.
(LLPO)

Since in constructive mathematics we are more interested in positive results
than in the rejection of classical theorems, we desire constructive substitutes for

such inadmissible propositions. Fortunately, such substitutes have been found:

> Although the comparison of two real numbers is a problem, it is shown ([4],
page 26, (2.17)) that if ¢ < b, then for all z € R either a < z or x <.b (this

result is very often used to split a proof in two cases).

> If 2,y are real numbers such that the assumption z > y implies 0 = 1, then

z <y ([4], page 26, (2.18)).

> The conclusion of the least—upper—bound principle holds if we add the hy-
pothesis that for all real numbers a,b with a < b, either b is an upper bound

of S or else there exists € S with > a ([4], page 37, (4.3)).

> The conclusion of the Intermediate Value Theorem holds if we add the hy-
pothesis that f is locally nonzero, in the sense that each subinterval of
[0,1] contains points at which the value of f is different from 0 ([4], page 63,
Problem 15).

1.3 An example: the infimum of two projections
The following definition introduces one notion that plays an important role in the

constructive theory of metric spaces.

Definition 1.3.1 Let (X, p) be a metric space. A subset S of X is said to be

located (in X ) if we can compute the distance

p(@,5) = inf (@,



from S to any point  in X.

It follows from the constructive least—upper—bound principle that S is located if

and only if for each z € X, and all real numbers «, § with 0 < a < 3,
either p(z,s) > aforall s € S
or else there exists s € S such that p(z,y) < S.

Now consider a complex Hilbert space H. We define the infimum of the pro-
jections F and F of H to be the unique projection G (if it exists) that satisfies the

following two conditions:
(Gl) GLEand G F.
(G2) If H is a projection such that H < F and H < F, then H < @,

where < is the usual ordering of projections on H. We then denote the infimum by
E A F. Classically, E A F' always exists, and is the projection on the intersection of
ran F (the range of F) and ran F' ([40], page 111). Constructively, the projection
on a closed linear subset M of a Hilbert space H exists if and only if M is located
(see [4], page 366, Theorem (8.7)). Since there is no guarantee that the intersection
of two located sets is also located, the intersection of two projections may not exist.

It can be shown classically that the decreasing sequence ((EFE)") -, of projec-

tions converges strongly to a projection G on H, in the sense that
Gz = lim (EFE)"z
n—o0

for all z € H; it then follows that G satisfies conditions (G1) and (G2), and is
therefore the infimum of the projections F and F' ([33], page 257). Thus in classical
mathematics there is an analytic characterisation of the infimum of two projec-
tions. Can we use this to produce interesting conditions under which E A F' exists

constructively?



A famous theorem of Specker [54] shows that the monotone convergence theorem
in R is false in RUSS. It follows that the monotone convergence theorem for pro-
jections of a Hilbert space is also false in RUSS, and hence that Halmos’s classical

proof of the statement
(EAF)z = lim (EFE)"z (z € H) (1.1)

fails constructively.

Now, it is easy to adapt Halmos’s argument to show constructively that if either

lim (EFE)"

n—ro0

exists for all z € H or (equivalently)

lim ((EFE)" z,y)

n—o0

exists for all z,y € H, then FAF exists and satisfies (1.1). Can we prove, conversely,
that if E'A F exists, then the sequence ((EFE)"z),  converges for each z € H?
To see that the answer is “no”, consider the case where H = R?, E is the rprojection
of H on the subspace R (1,0), and F is the projection on R (cosf,sin @), where

=(6 = 0). In this situation we have E A F' = 0. Taking e = (1,0), we also have
(EFE)"e = (0054" 9, 0)

for each n; but this converges to (0,0) if and only if cosé # 1 (that is, |cos 8] > 0)
and therefore § # 0. Thus if the answer to our last question were “yes”, we could
prove that

VoeR (-(0=0)=0+#£0),

which is easily shown to be equivalent to Markov’s Principle.
As a sample of positive constructive mathematics, we have the following neces-

sary and sufficient condition for the existence of the infimum of two projections.
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Proposition 1.3.2 Let E, F' be projections of the Hilbert space H, and let S =

ran F Nran F. Then the following two conditions are equivalent.
(i) The infimum E A F ezists.

(ii) For each z € H there exist y € S and N > 1 such that (EFE)Nz —y is

orthogonal to S.

Proof. Suppose that G = E A F exists; then S is located, G is the projection of
H onto S, and for each z € H, z — Gz is orthogonal to S. Since G < (EFE)", it

follows that for each z € S and each n we have
(FEFE)'z — Gz,z) = ((EFE)"z— (EFE)"Gz,x)
= (2 — Gz, (EFE)"z)
= (z—Gzx)
= 0.
Thus we may take y = Gz to complete the proof that (i) = (ii).
Conversely, assume (ii). Then, for each x € S we have
(EFEYN*'2 —y,z) = ((EFE)"*'z - (EFE)y,z)
= ((BFE)(BEFE)Yz—y),z)
= ((EFE)Yz —y,EFEz)
= ((BFE)Yz—y,z)
= 0.
Replacing N successively by N+1, N+2, ..., 2N — 1 in this argument, we obtain
(EFE)*z —y,z) = 0.

Thus

(EFEYN z — 2z,2) = ((EFE)" z - 2,(EFE)Vz)
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= ((BEFE)"™z - (EFE)"z,z)
= ((EFE)ZNZ —y,z) — (EFEYN 2z —y, )

= 0
and therefore

(z=y,5) = (BFE)Vz—2,0)+(z~y,a)
— ((BFB)"z —y,a)

= 0.

Hence z — y is orthogonal to S. Elementary Hilbert space theory now tells us that
p(z,S) exists and equals ||z — y|| . Since z € H is arbitrary, we conclude that S is

located and hence that E A F' exists. Q.E.D

1.4 How the Thesis is organised

In Chapter 2 we introduce some elementary notions in the constructive theory of
uniform and locally convex spaces. In particular, Wé show that if the unit ball of a
locally convex space X is totally bounded, then so is the intersection of that ball
with the kernel of any uniformly continuous linear functional on X. This result is
used later, in Chapter 4.

Chapter 3 deals with the standard operator topologies on B(H). We show that
the unit ball of B(H) is weak—operator totally bounded, and then use this to prove
that the weak—operator continuity of the left multiplication mapping T — AT on
Bi(H) is equivalent to the existence of the adjoint of A. We also examine the
sequential continuity of left multiplication.

The main result of the Thesis, a Hahn—Banach type theorem for linear functionals
on a linear subset of B(H), is presented in Chapter 4. There we also explore the

embedding of a linear set of bounded operators on a Hilbert space as a dense subset
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of the dual of its predual.

Chapter 5 is the first step towards a constructive development of the theory
of projections on a Hilbert space. We investigate finite and infinite projections,
the countable additivity of equivalence; we introduce two types of equivalence for
projections and study the relationship between them.

There are two appendices to the thesis. The first of these introduces conditions
that ensure weak continuity properties of mappings between metric and normed
spaces. The second deals with the relation between the locatedness of the range of

a positive operator T on H and the strong convergence of the sequence (T%/™)% ;.

1.5 Notations

Throughout the Thesis we will be using the following notations:
H: a complex (real) Hilbert space.
B(H): the linear space of all bounded operators on H.
Hi: the unit ball of H.
By (H): the unit ball of B(H).
Hy: the direct sum ;2 ; H,, of infinitely many copies of H.

M+: the orthogonal complement of M.



Chapter 2

Uniform and Locally Convex

Spaces

2.1 Introduction

Locally convex spaces are regarded by many authors as the most important class of
topological vector spaces. Although Errett Bishop considered that “in most cases of
interest it seems to be unnecessary to make use of any deep facts from the general
theory of locally convex spaces”’, recent developments in constructive analysis (in
particular, operator algebra theory) increasingly depend on such a theory. In turn,
that theory draws on the general theory of uniform spaces, the beginnings of which
were outlined in Problems 17-21 on pages 110-111 of [4]. Some basic definitions in
the theory of locally convex spaces also appear in Chapter 8 of [34].

We first introduce the basic terminology and establish some fundamental facts
about uniform spaces; in general, we do not define notions, or prove facts, that carry

over unchanged from the classical to the constructive setting.

Definition 2.1.1 A uniform space is a set X together with a family (p;)icr of

pseudometrics on X. The equality and inequality on X are defined, respectively,
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as follows:

z =y ifandonlyif Vie I (p(z,y)=0),

z#y ifandonlyif eI (piz,y) > 0).

The corresponding uniform topology on X is the topology in which, for each
xg € X, the sets
V(zo, F,e) = {ZL' €X: Zpi(az,x{)) < 5} :
i€F
with e > 0 and F a finitely enumerable subset of I, form a basis of neighbourhoods of

Zo; the pseudometrics p; are called the defining pseudometrics for this topology.

An inequality relation # on a set is said to be tight if —(z # y) implies that
z = y. Note that the inequality on a uniform space is tight. Indeed, we have —(z #
y)<=(Fi € I(pi(z,y) > 0))<=Vi € I=(pi(z,y) > 0))<=Vi € I(pi(z,y) = 0)).
Metric and uniform spaces are viewed as uniform spaces in the obvious way.
For our purposes, a more important type of uniform space is a locally convex
space, which consists of a linear space X over F, tégether with a family (p;);er of

seminorms for which the corresponding family F of pseudometrics
(z,y) = pi(z —y)

defines the topology (and, incidentally, the inequality) on X. In this case we refer to
the seminorms p; as defining seminorms for the locally convex topology—that

is, the uniform topology defined by F; and we call the set
Xi={ze X :Viel(p(z)<1)}

the unit ball of the locally convex space X.
In the rest of this section, unless we specify otherwise, (X, (pi)ier) and (Y, (0;)es)

are uniform spaces.



15

Definition 2.1.2 A mapping f : X = Y is uniformly continuous on X if for
every € > 0 and every finitely enumerable subset G of J there exist 6 > 0 and a

finitely enumerable subset F' of I such that if x,y € X and Yicp pi(z,y) < 6, then
Yjeaoi(f(@), f(y)) <e

Notice that each defining seminorm p; on a locally convex space is uniformly

continuous.

Definition 2.1.3 Let (J,>) be a partially ordered set. We say that J is directed
by the binary relation > if for each pair a,b of elements from J, there exists an
element ¢ in J such that ¢ > a and ¢ > b.

A net in a set S is a mapping j — x; from a directed set J to S; we denote this

net by (z;);e.
Definition 2.1.4 A net (z;) in the uniform space X

e converges to an element x in X if for each neighbourhood V of x there

exists an indez jo in J such that x; € V whenever j > jo.

e is a Cauchy net if given any € > 0 and any finitely enumerable subset F' of I,

there exists an index jo in J such that Ycp pi(j, Tr) < € whenever j, k > jo.

A subset of S of an uniform space X is said to be dense in X if given any point
xz € X and a neighbourhood V of z there exists an element s € S such that s € V.
The following result is useful in constructing uniformly continuous functions with

values in a complete locally convex space.

Proposition 2.1.5 Let Y be a dense subset of a locally conver space X, and f :
Y — Z a uniformly continuous function from Y to a complete locally convex

space Z. Then there exists a uniformly continuous function g : X — Z such that

fly)=g(y) for ally in Y.
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Proof. Let (p;)icr and (0;);es be the defining families of seminorms on X and
Z, respectively. Since Y is dense, for each z in X there exists a net (Ym)menr in
Y converging to z. This also means that (y,)menr is a Cauchy net and since f is
uniformly continuous, (f(ym))menr is a Cauchy net in Z; whence it converges to a
limit z. We will show that the operation assigning to x the element z so defined
is a function. Consider another net (y]);cr, in Y converging to z, and denote by
Z' the limit of (f(y])). Suppose that z # 2. Then there exists jo € J such that

oj(z — 2') > ¢ for some € > 0. As all the seminorms o; are continuous, we get
C’-J'o(z — 20) = 9o (hnrln fym) — lilIn f) = hnrlnli}ngjo (f(ym) - f(y;)) >e (2.1)

Let ¢ > 0 be as in Definition 2.1.2 corresponding to € and jy. Since both (y,,) and
(y]) converge to z, for each finitely enumerable subset F' of I there exist mg € M
and [y € L such that
> pilym —y;) <6 forallm>mg and alll > . (2.2)
icF
Using again the uniform continuity of f, we can find a finitely enumerable subset F'

of I such that whenever (2.2) is satisfied, we have
0jo(fym) — f(y)) <e for allm >my and alll > I,

which contradicts (2.1). Since the inequality on a locally convex space is tight
and the assumption z # 2z’ is contradictory, it follows that z = 2’ and hence that
z — g(z) = z is a function. Clearly, g(y) = f(y) for all y € Y. By an argument
similar to the one above, it easily follows that ¢ is uniformly continuous on X.

Q.E.D.

Definition 2.1.6 A subset S of X is totally bounded with respect to the
finitely enumerable subset F' of I if for each e > 0 there ezists a finitely enumer-

able subset Se of S such that for each x € S there exists s € S with Y ;cp pi(z,3) < €.
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The set S, is called o finitely enumerable c-approximation to S relative to F'.
If S is totally bounded with respect to each finitely enumerable subset of I, then we
say that S is totally bounded.

Many of the most important results in classical analysis depend on the existence
of the supremum or infimum of certain sets. Since constructively the least upper
bound principle does not hold, the following proposition and its corollary will show

the important role played by total boundedness in this respect.

Proposition 2.1.7 If X is totally bounded and f : X — Y 1is uniformly continu-
ous, then f(X) is totally bounded.

Proof. Let z be any point of X, let ¢ > 0, and consider a finitely enumerable
subset G of J. Since f is uniformly continuous, there exist 6 > 0 and a finitely
enumerable subset F' of I such that
> oi(f(y), f(z) <e
jEG
whenever z,y € X are such that
> pi(z,y) <6
i€F
Since X is totally bounded, there exists a §—approximation {zi,...,zy} to X cor-

responding to F'. Pick k such that

> pilz, k) < 6.

iEF
Then
> o5 (f(x), fzr) <e.
je@
As x was chosen arbitrarily, we conclude that { f(z1), ..., f(zn)} is an e-approximation

to the image of f with respect to G. Q.E.D.
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Corollary 2.1.8 If f is a uniformly continuous function from a totally bounded

uniform space X to R, then the supremum and infimum of f exist.

Proof. Since f(X) is totally bounded, the result follows from (4.4) page 38 of [4].

Q.E.D.

The following definition generalises the notion of a located set to the present

context.

Definition 2.1.9 A subset S of X is located if

inf {;pi(x,y) (Y € S}

exists for each x € X and each finitely enumerable subset F' of 1.

It follows from the constructive least—-upper—bound principle that S is located
if and only if for each z € X, each finitely enumerable subset F' of I, and all real

numbers o, # with 0 < a < f,
either > ;cr pi(z,y) > aforally € S
or else there exists y € S such that Y ;cr pi(z,y) < B.
Proposition 2.1.10 A totally bounded subset of a uniform space is located.

Proof. Let S be a totally bounded subset of X. Let z € X, let F' be a finitely

enumerable subset of I, and let 0 < o < . Writing ¢ = L (e + ), construct a

finitely enumerable e—approximation {si,...,s,} to S relative to F. Let
d:inf{Zpi(m,sk) 1< kgn},
ieF

which exists as the infimum of a finitely enumerable subset of R. Either d > a+¢
or d < f. In the first case, given y € S and choosing &k (1 <k <n) such that

Yier iy, k) < &, we have

Zpi(:v,y) > Zpi(x, Sk) — Zpi(y, sg) >d—e>a.

i€F i€F iEF
In the second case, there exists k (1 < k& < n) such that > ;cp ps(7,5¢) < 5. Q.E.D.
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Proposition 2.1.11 A located subset of a totally bounded uniform space is totally
bounded.

Proof. Assume that X is totally bounded, and let S be a located subset of X.
Given € > 0 and a finitely enumerable subset F' of I, choose a finitely enumerable
—approximation {z1,...,%,} to X. Since S is located, we can write {1,...,n} as

a union of subsets P, () such that
if k € P, then Y ;cp pi(s,zr) > €/3 for all s € S, and
if k € Q, then there exists s € S such that Y ;cr pi(s, zx) < 2¢/3.

For each j € Q choose s; € S such that Y ;cr pi(z, ;) < 2¢/3. Given s € S, choose

k (1 <k < n) such that Y ;cr pi(s,zr) < /3. Then k € @ and so

> pils,sk) < pils, mr) + O pi(w, si) < €.

i€F i€F i€F
Thus {s; : k € Q} is a finitely enumerable e-approximation to S.  Q.E.D.

We omit the proofs of the next three results since they are simple adaptations

of (4.7) page 30 and (4.8) page 31 of [20], and (4.9) page 98 of [4], respectively.

Theorem 2.1.12 Let (E, p) be a totally bounded pseudometric space, xo a point of
E, and r a positive number. Then there exists a closed, totally bounded subset K of

E such that B(zg,r) C K C B(x,8r).

Corollary 2.1.13 If E is a totally bounded pseudometric space, then for each e > 0
there exist totally bounded sets Ky, ..., K,, each of diameter less than €, such that
E=UL,K,.

Proposition 2.1.14 Let f be an uniformly continuous mapping on a totally bounded
subset S of a pseudometric space E. Then for all but countably many real numbers

t>m=1inf{f(z): z € S} the set

Se={zeE:|f(x) <t}
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is totally bounded; in other words, there ezxists a sequence (t,)%2, in the interval

(m,00) such that St is totally bounded whenever t > m and t # t,, for each n.

2.2 Continuous linear functionals on locally con-
vex spaces

One important branch of the theory of locally convex spaces is the theory of linear
operators. Of special interest therein is the role played by linear functionals on
those spaces. The duality theory of locally convex spaces provides a powerful tool
to translate a problem on the space (or on linear operators between locally convex
spaces) into one concerning linear forms.

In the rest of this chapter, unless otherwise specified, X denotes a locally convex
space with its topology defined by the family (p;) ser of seminorms. Our main resuls,
Theorem 2.2.4, shows that, under suitable hypotheses, the intersection of the unit
ball with the kernel of a linear functional on X is totally bounded. This result has
at least one substantial application, in the theory of operator algebras acting on a
Hilbert space which is not assumed to be separable.

The proof of our theorem requires some preliminaries; for the first of these, we
recall that a mapping f between linear spaces is homogeneous if f(\z) = Af(z)

for all scalars ) and vectors z.

Proposition 2.2.1 Let (E,p) be a seminormed space and let S be a balanced, totally
bounded subset of E. If f : E — F is a homogeneous mapping, uniformly continuous

on S, then for all t > 0 the set
Se={zeS:|f(z) <t}

is totally bounded.
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Proof. Since S is balanced, it contains 0, and therefore inf{f(z) : z € S} = 0.
Being totally bounded, S is bounded: there exists M > 0 such that p(z) < M for
allz € S. Let t > 0 and let 0 < € < 1. By Proposition 2.1.14 there exists t' < ¢
such that |

5 < min{2,1+§%4—}
and Sy is totally bounded. Let {z1,...,2,} be an Z-approximation to Sy. If z € Sj,

then %':1: € Sy, so there exists j (1 < j < n) such that

t <6
—& — & —.
PATP %)~

Then
t t € ¢
p(m W) Sy 173
and so
i t
o= < plem ) (51
€ 1
< 5+ (71
€ 14
Cyr(o1)\M
< gt (t’ )
-
2 2
= &.
Thus the set {zy,...,2,} is a finitely enumerable e-approximation to S;.  Q.E.D.

The following criterion for the continuity of linear functionals in terms of families
of defining seminorms enables us to show that in a locally convex space, the sets
S of Proposition 2.2.1 are totally bounded with respect to any finitely enumerable

family of defining seminorms.

Proposition 2.2.2 A linear functional f on X is uniformly continuous if and only

if there exist o positive real number C' and a finitely enumerable subset F' of I such
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that

|f(@)] < Csuppi(a) (2.3)

for eachz € X.

Proof. We include the (slightly adapted) well-known argument for the sake of
completeness. Since f is continuous and f(0) = 0, the set {z € X : |f(z)] <1} is
open in X; so there exist 6 > 0 and a finitely enumerable subset F' of I such that if

Yier Pi(z) < 6, then |f(z)| < 1. It follows that for each z € X and each € > 0,

’f (EzEijx) +€> -

1

and therefore

)| <ot Zpi(flt)—l-c”).

1EF

Since € > 0 is arbitrary, we see that (2.3) holds. Q.E.D.
In the presence of linearity we can improve Proposition 2.1.14 substantially.

Proposition 2.2.3 Let f be a uniformly continuous linear functional on X, and S

a balanced, totally bounded subset of X. Then for allt > 0 the sets
={ze€S:|f(z) <t}
are totally bounded.

Proof. Choose a finitely enumerable subset F' of I such that (2.3) holds for some
C > 0 and all z € X, and let G be an arbitrary finitely enumerable subset of I.

Since

f@<C > pile) (z€X),

icFuG@

f is uniformly continuous with respect to the seminorm > ;cpyep; on X. It follows

from Proposition 2.2.1 that for each ¢ > 0 the set .S; is totally bounded with respect
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to F'UG. Given € > 0, choose a finitely enumerable e—approximation {zy,...,z,}
to S; relative to F'U G. Then for each z € S; we have

Zpi(x — .’L‘j) < Z pi(x — ZL’j) <€

i€q i€FUG
for some j (1 < j < n). Since € > 0 is arbitrary, we conclude that S; is totally

bounded relative to G. Q.E.D.

Theorem 2.2.4 Let X be a locally convex space, Y a linear subset of X such that
Y =Y NX; is totally bounded. If f is a nonzero linear functional on X, uniformly

continuous on Yy, then Y1 Nker f is totally bounded.

Proof. Since f is uniformly continuous on Y7,

C =sup{|f(x)| : z € Y1}

exists. By definition of “supremum”, we can find z € Y; with |f(z)| > £. Then

C
Tg = ————0T

2|/ ()]

belongs to Y3, and |f(zo)| = €. Let £ be a positive number and {pi,...,pm} a
2

finitely enumerable set of defining seminorms on X. Let ¢ be a positive number

such that
€
< —.
0<t< Tr a0
Since
Si={zeYi:|f(z)| <t}

is totally bounded, there exists a t-approximation {sy,. .., s,} corresponding to the

above finitely enumerable set of seminorms. Set

zr = (1+2C7 %) s, — 207 f(sp)zo) (1 <k <)
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Then z; € ker f. If p) is any defining seminorm on X, then we have

pa(ze) < (1 +2C071) " (palsk) + 207 f (sk) [palwo))
< (142077142071

= 1L

So zp, belongs to Y7 Nker f.
Now consider any element z of Y7 Nker f. Since z € Sy, for some k (1 < k < n)

and each i (1 < < m) we have p;(z — s;) < t and therefore

IA

pi(T — k) pi(z — si) + pi(sk — T)

VAN

IA

t+ 207 (tpi(sk) + tpi(20))

IA

t(1+4C7h)

N

E.

Thus, {z1,...,z,} is a finitely enumerable e-approximation to Y3 Nker f.  Q.E.D.

The following Brouwerian example shows that we cannot expect to prove that
Y1 Nker f is totally bounded unless we know that f =0 or f # 0.

Let a € R, and define a linear functional f : R — R by f(z) = az. Then f
is bounded—it has norm equal to a—and the unit ball [—1,1] of R is balanced,

convex, and totally bounded. Suppose that
K =[-1,1]Nker f

is totally bounded, so that s = sup K exists. Either s > 0 or s < 1. In the first case
there exists = # 0 in R with f(z) = 0, so @ = 0; in the second we have = (f(1) = 0),
so = (a = 0). Thus Theorem 2.2.4 without the hypothesis f = 0V f # 0 implies
that

VieR (z=0V-(z=0)),

a statement that is known to be essentially nonconstructive.
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2.3 The Minkowski functional on a locally convex
space

In Bishop’s constructive mathematics, the existence of certain functionals is not al-
ways a trivial consequence of the logic used, as it is in the classical setting. One such
functional is the Minkowski functional of a convex absorbing set. In the first part of
this section we study the existence of the Minkowski functional on a locally convex

space; in the second part we establish some basic results about these functionals.

Definition 2.3.1 A convez subset C of X is said to be absorbing if for eachx € X

there exists a positive number r such that x € rC. If, for such C,
po(z) =inf{r > 0:z € rC} (2.4)

ezists for all z € X, then equation (2.4) defines the Minkowski functional of C,

and we say that C has a Minkowsk: functional.

It is shown in [35] that the existence of the Minkowski functional uc entails LPO.
So in order to ensure constructively the existence of the Minkowski functional, we
need additional hypotheses on the convex absorbing set.

The following lemma of Ishihara [35] plays a crucial role in the proofs of subse-

quent results.

Lemma 2.3.2 Let C be a conver absorbing subset of X. Then C has a Minkowski
functional if and only if for each x € X and all positive real numbers s,t with s < t,

either x ¢ sC or else z € tC.

Proposition 2.3.3 A located convez absorbing subset of X with nonempty interior

has a Minkowsk: functional.
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Proof. Let C be such a subset of X. Without loss of generality, we may assume
that 0 is an interior point of C. Hence there exist 1 € I and a positive number §
such that

Vo={z € X :pi(z) <} CC.

Let s,t be positive real numbers such that s < ¢, and let z € X. Since C is
located, either p;(x — sy) > 0 for all y € C, or else there exists y € C such

that p;(z — sy) < 6(t — s). In the first case, z ¢ sC. In the second we have

pi((t — 8) 7}z — sy)) < 4, so
z=(t—s)" (z — sy)
belongs to V; and therefore to C. Hence
t7rr =tTsy+tH(z —sy) =t Ttsy + (1 —t71s)z

and therefore z € tC. Lemma 2.3.2 now shows that the Minkowski functional of C

exists. Q.E.D.

We now prove a very elementary but useful lemma which, to our surprise, we

cannot find anywhere in the literature.

Lemma 2.3.4 Let f, g be two functions from R into a set S with a tight inequal-
ity, such that f(t) = g(t) for allt € RTU{0}. Then f =g.

Proof. Lett € R, and suppose that f(¢) # g(¢). Then —(t > 0), so t < 0 and
therefore ¢ = 0; but this is impossible, since f(0) = ¢(0). Hence —~(f(t) # ¢(¢)), and

so, as the inequality on S is tight, f(t) = ¢g(¢). Q.E.D.

Proposition 2.3.5 Let C be a convex absorbing subset of X for which the Minkowski
functional exists. Then uc is a sublinear functional on X. If also C' is balanced,

then pc 1s a seminorm.
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Proof. Let z,y € X and a > 0. For each r > ug(ax)—such r exists, since
C is absorbing—we have z € a~!'rC and so a™r > pg(z). Thus auc(z) < r and
therefore auc(z) < pc(az). Conversely, if ¢t > uc(z), then z € tC, so ax € atC and
therefore at > pc(az). Hence apc(z) > pc(ax), and therefore apc(z) = uc(azx).
Note that this equality also holds for a = 0, since pc(0) = 0; so, by the preceding
lemma, it holds for all nonnegative a.

Now choose positive numbers r1, 5 such that

£ €
r1 < pe(z) + =, 2 < pel(y) + 5 and z € riC, y € ryC.

2
Then z 4+ y = ric; + m9co for some ¢y, ¢y € C. Since C is convex, we have

™ T2
Cl+
Ti+Te T1HTe

z+y= (r1+r2)< c2> € (r1 +79)C.

Therefore
pol(z +y) <ri+re < pe(z) + pely) + e

Since ¢ is arbitrary, it follows that uc(z +y) < pe(z) + pely).

Suppose now that C is also balanced, and let a be a nonzero real number. Since

lad

2| = 1, we see that ax € rC is equivalent to |a|z € rC—that is, pc(az) =

po(la|z) = |aluc(x).  Q.E.D.

Proposition 2.3.6 Let p be a seminorm on X. Then the following hold.

(i) ThesetS ={z € X :p(z) < 1} is convez, balanced, absorbing, and has Minkowski

functional p.

(ii) If A is a convezr absorbing subset of X that has a Minkowski functional, then

the sets

B = {ze€X:palz) <1},

C = {zeX:puz) <1}

have Minkowski functionals, B C A C C, and ps = pp = lic.
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Proof. Let z,y € S and let «, 0 be positive real numbers with sum 1. Since p is

a seminorm,
plaz + By) < ap(z) + Op(y) <a+ B =1,

so S is convex. Let || <1 and z € S. Then
plaz) = |alp(z) < |a| < 1,

so S is balanced. In order to prove that S is absorbing, choose 7 such that p(z) < 7;
then p(r~1z) < 1, which means that z € rS. We have proved so far that S is convex,
balanced and absorbing.

The Minkowski functional for S will exist if and only if for each z € X, and
arbitrary positive numbers s,t with s < ¢, either z € ¢S or else z ¢ $S. There are
two possibilities: either p(z) < ¢, or p(z) > s. In the first case t7*z € S, hence
z € tS. In the second case, suppose that z € sS. Then p(z) < s, a contradiction,
S0 T ¢ sS.

We have already seen that if 7 > p(z) then z € rS. This shows that us(z) <r
and pgs < p. Given z, suppose that ps(z) < p(z) and choose ¢ such that ps(z) <
t < p(z). Then p(t~*z) > 1, and so t 7'z ¢ S. But u(z) < t, so z € tS and therefore
t~!z € S, a contradiction. Thus, in fact, us(z) > p(z) and therefore us(z) = p(x).

The inclusions B C A C C are obvious, as is the fact that both B and C
are convex and absorbing. If x is an arbitrary vector and 0 < s < t, then either
pa(z) < tor pa(z) > s. In the first case, € ¢B; in the second, if we assume
that x € sB , then, as B C A, we get pa(z) < s, a contradiction. Thus pp, and
similarly po, exists. It is immediate that ue < pa < pp. To complete the proof,
it suffices to show that up < pc. If uc(a) < s < t, then s™'z € C, ua(s~'z) <1,
and pa(t7'z) < st7! < 1; whence t7'z € B, and therefore up(z) < t. Since this
inequality holds for every t > uc(z), it follows that pgp(z) < pc(z). Finally, since

x is arbitrary, we conclude that s = up = ue.  Q.E.D.
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Thus every seminorm on a locally convex space is the Minkowski functional of
some convex, balanced, absorbing subset. The last result of this section shows that a
locally convex space has a plentiful supply of subsets with the Minkowski functional

and that such a subset can be described analytically in terms of this functional.

Theorem 2.3.7 Let X be a locally convex space with the topology given by the
defining family of seminorms (p;)icr. Let B be the local base consisting of all neigh-

bourhoods of 0 with the form
Vie={z € X :pi(z) <e for all i € F},
where € > 0, F' C I, and F' is finitely enumerable. Then

(i) Fach set Vi, has a Minkowski functional, and Vp. = {z € X : upe(z) < 1}.
(ii) The set {up. : Vi € B} is a family of continuous seminorms on X.

Proof. Let € be a positive number, and F' a finitely enumerable subset of /. It is

immediate that Vr. is convex and balanced. Let z be an element of X, write
M = sup {pi(z) : i € F},

and choose t > Me~!. Then p;(z) < te for all i € F, and therefore Vi is absorbing.

Now let 0 < s < t. Then either M < tc or else M > se. In the first case it
follows that z € tVg.. In the second case there exists ig € F such that p;,(z) > se,
so © & sVr.; hence Vp. has a Minkowski functional.

If z € Vg, then since Vg, is a balanced set, t~lg € Ve for some t € (0,1);
whence ppe(z) < 1. Conversely, if = is an element of X such that ppe(z) < 1, then
for some t < 1 we have p;(z) < te < ¢ for all ¢ € F. This completes the proof of (i).

Since V. is balanced, the Minkowski functional pp . is a seminorm on X. Given
a > 0, let F' be a finitely enumerable subset of I, and let z,y be points of X such

that p;(z —y) < ae for all ¢ € F. Then

pre(z —y) = inf {r >0:Vie F (pi <s_1(m—y)> < 7")} <a
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and therefore
ure(z) — pre(y)] < pre(z —y) < @
Since o > 0 is arbitrary, pr. is continuous.

Finally, if x is a nonzero element of X, then there exist 7g € I and € > 0 such

that pi, (%) > €; 50 & ¢ Vi3, and therefore pp.(z) > 1. Q.E.D.

Proposition (5.1) on page 35 of [20] shows that if the closed subset B of X is
convex, balanced, and absorbing, and has a Minkowski functional, then up defines

the unique norm on X with respect to which B is the closed unit ball.



Chapter 3

Operator Topologies on B(H)

3.1 Introduction

Let H be a Hilbert space, B(H) the space of bounded linear operators on H, and
B;(H) the unit ball of B(H). Given Hilbert spaces H, (n > 1), the direct sum
@22 | Hy, consists of all sequences (,),>1 such that z, € H, (n > 1) and the
series 390 ; ||z, ||* converges. It is a Hilbert space with respect to the inner product

defined by
((xn)) (yn)> = Z(Im yn)

n>1

There are four important topologies on B(H) that will concern us in this and

subsequent chapters:

e The uniform topology, in which two operators S, T are close if S — T has
a small positive bound. (Classically, this is just the norm topology, but we
may not be able to prove constructively that a given element of B(H) has a
norm. Nevertheless, we shall adopt the convention that an inequality of the
form ||S — T|| < e, where S,T € B(H), means that for some a with0 < a <e¢
and for all z in the unit ball of H, we have ||Sz — T'z|| < «, whether or not

the operator norm ||S — T'|| exists as a supremum.)
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e The strong—operator topology 7, : the weakest topology on B(H) with

respect to which the mapping 7'+ T’z is continuous for each z € H.

e the weak—operator topology 7, : the weakest topology with respect to which
the mapping T+ (T'z,y) is continuous for all z,y € H. We denote by p,, the
seminorm 7' — |(T'z,y)|. The weak-operator topology is generated on B(H)

by the seminorms p,, as  and y range over H.

e the ultraweak—operator topology 7., : the weakest topology such that the
mapping T+ Y02 (T'Zy, Yn) is continuous on B(H) for all elements (z,),-,

and (yn),—, of the direct sum H, = @52, H of a sequence of copies of H.

Definition 3.1.1 An orthonormal basis for a Hilbert space H is a set of pairwise

orthogonal unit vectors that generate a dense subspace of H.

This definition is different from, and more tractable than, the sequential one
given by Bishop [2] in the separable case.

We assume that H has an orthonormal basis E. Classically, an application of
Zorn’s Lemma shows that this assumption is redundant; but Zorn’s Lemma has
every appearance of being essentially nonconstructive. (Note that the axiom of
choice, to which Zorn’s Lemma is classically equivalent, entails the law of excluded
middle [32].)

In order to make sense of Parseval’s formula and related matters associated with
orthonormal bases, we need to clarify what we mean by a sum over an arbitrary
index set (see also Chapter 4). If (r;),c; is a family of nonnegative real numbers,
then we define 3 ;c;7; to be supp > ;cr i, Wwhere F' ranges over the finite subsets of
I. This agrees with the standard definition when I is the set N7 of positive integers.
With this definition at hand, we can establish identities, such as

=l = 3 Kz, e)l*, (3.1)

ecE
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familiar from the classical theory of Hilbert spaces.

The following result improves upon Lemma (2.5) on page 308 of [4].

Proposition 3.1.2 Let K be a nonempty finitely enumerable subset of H, and € >

0. Then there exists a finite subset F' of E, generating a finite—dimensional subspace

V of H, such that p(z,V) < e for all z € K.

Proof. Let K = {z1,...,2,}, and use (3.1) to construct a finite subset F; of E,
generating a finite—dimensional subspace V; of H, such that p(z, V1) < €. Suppose
that, for some k& < n, we have constructed finite subsets Fiy C Fy C -+ C Fj of
E such that p(z;, Vi) < e (1 <14 < k), where V; is the finite-dimensional subspace
of H generated by F;. Either p(zg41, Vi) < € or p(2g11, Virr) > 0. In the first case
we take Fy,1 = Fj. In the second, we choose a finite subset S of F such that the
distance from x4, to the subspace of H generated by S is less than €, and we set
Fy1 = F;, U S. This completes the inductive construction of Fj,1. To complete the

proof, we take F' = F,. Q.E.D.

The following lemma shows that when dealing with the weak—operator topology

on By (H), we need only concern ourselves with the seminorms p, . where e, e’ € F.
Lemma 3.1.3 The sets of the form
UF,e)={T € B (H):Ve,e' € F (p.o(T) <)},

with F' o finite subset of E and € > 0, form a base of neighbourhoods of 0 in the

weak—operator topology on By (H).

Proof. A typical basic 7,—neighbourhood of 0 in B;(H) has the form
V(S,e) ={T € Bi(H) :Vz,y € S (psy(T) <€)}, -

where S is a finitely enumerable subset of H and € > 0. Let

M = max ||z
z€sS
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It will suffice to prove that there exists a finite subset F' of E such that
U(F,e) C V(S,e(M? +2M)).

To this end, choose a finite subset F' of E such that ||z — Pz|| < € for each z € S,
where P is the projection on the finite-dimensional subspace of H generated by F.

If T € U(F,¢), then for all z,y € S we have

pey(T) = [(T5,)
< [TPz, Py)|+ (T'(I — P)z,y)| + TPz, (I — P)y)|
< | 2 (o) (€ pet)] o= Pl yl+ ol Iy — Pl
< e X e (el 26l
Fl .
< <(S o) (ZE \<e',y>|2> ey
< el Iyl + 20

e(M* +2M),

as we require. Q.E.D.

For the proof of the next Lemma the reader is referred to page 34 of [28].

Lemma 3.1.4 The weak—operator topology T, and the ultraweak—-operator topology

Tow are equivalent on By (H).
Define a linear mapping T+ T of B(H) into B(H,,) as follows:
T(x) = (Twp),0y

for each T' in B(H) and each x = (2,),o, in Hu. This mapping is isometric:

||| = |T| for all T € B(H).
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Lemma 3.1.5 Let R be a linear subset of B(H), and let
R = {T T e R} :

If the unit ball Ry = R N Bi(H) is T,u—totally bounded, then the unit ball 7A€1 =
RN By(Hy) is my—totally bounded.

Proof. Let F be afinitely enumerable subset of H,, and let € be a positive number.
For x = (@n)pey ¥ = (Un)pe, in F', since the series 300, ||za|||ynl converges, we

can choose N such that

S ol <<

x,yeF n=N+1

Let {T3,...,Tn} be a finitely enumerable e—approximation to R relative to the

seminorm 1"+ Y, ocp SN Tz, yn)| . Given T € R, choose k such that

Z Z ’((T_Tk) xnayn>| < E.

x,yeF n=1
Then
> (T -T)xy)
x,yEF
N o]
X, yEF In=1 x,yeF \n=N-+1
[e 0]
< e+2 3 3 llzallllval
x,yeF n=N+1
< 3e.
Hence {TI, e ,T;} is a finitely enumerable 3e—approximation to R, relative to the

seminorm 1" Sox,yeF KZN“X, y>‘ . Since F' and € are arbitrary, this concludes the

proof. Q.E.D.

Recall that an element T of B(H) is positive if (T'z,z) > 0 for all z € X in
that case, T' is selfadjoint. We denote by B(H)™ (respectively, B;(H)™) the set of

positive elements of B(H) (respectively, Bi(H)).
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Lemma 3.1.6 The identity mapping of (B1(H),Ts) into (B1(H),7s) is uniformly

continuous on the set of positive elements of By (H).

Proof. ForeachT € By(H)" and each z € H we have HT1/2:EH2 = (T'z,z), where
the square root of 7" is obtained by the functional calculus (see Chapter 7 of [4]).It
follows that the mapping T+ T2 of (By(H)*,7,) into (Bi(H)t,7,) is uniformly
continuous. Since multiplication, and hence squaring, is strong—operator continuous
on bounded sets of operators ([40], (2.5.10)), we obtain the desired conclusion.

Q.E.D.

3.2 A monotone convergence theorem for opera-
tor nets

We define the partial ordering < on B(H) in the usual way: S < T if and only
if T'— S > 0. A well-known classical theorem states that, relative to this partial
ordering, an increasing net of selfadjoint operators in By (H) converges in the strong-
operator topology to a selfadjoint operator which is the least-upper-bound of the
net [40]. It is an almost trivial consequence of the failure of the classical least upper
bound principle in constructive analysis that we cannot prove that theorem about

nets of operators constructively. However, we can prove the following results.

Proposition 3.2.1 Let (T});es be a net of operators of B1(H) where the indez set

J 1is directed by the partial order >. Then the following statements are equivalent.
(i) (Tj) is Ts—convergent
(i1) (7}) is Tw—convergent

Proof. The proof is a direct consequence of Lemma 3.1.6. Q.E.D.
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Theorem 3.2.2 Let (T}),cs be an increasing net of positive selfadjoint operators of

Bi(H). If it is T,—totally bounded, then it is Ts,—convergent in By (H).

Proof. If (Tj)je 7 is m,~totally bounded, then for each vector z of H the set
{(Tjz,z) : j € J} is a totally bounded subset of R. Fix z € H; for simplicity, for
each j € J write t; = (Tjz,x). We show that (¢;) is a Cauchy net in R. By total
boundedness, for each € > 0 there exists a finitely enumerable subset I of J such
that (¢;)ier is an e—approximation to {t; : j € J}. Since J is directed, we can pick
jo € J such that jo > 7 for all i € I. Let j be an element of J such that 7 > j5, and

choose 7 € I such that [t; — ;| < e. Then as our net is increasing,

Ogtj——tjogtj—ti<€.

It follows that if 7 > k& > jp,then
OStj—tkStj—tjo < €.

Hence ((Tjz,z))._; is a Cauchy net for each = € H.

jeJ
We now show that (I}) is a 7,~Cauchy net. To this end, let € > 0 and let I be

a finite subset of H. For each x € F' compute j, € J such that

Since {j, : € F'} is finitely enumerable, there exists jz € J such that jp > j, for

all z € F'. It then follows that
(T; —Th)z,z) <e (4,k>jpm zeF).

Hence (Tj) is a 7,,—Cauchy net in By (H)*. By Lemma 3.1.6, it is a strong—operator
Cauchy net in Bi(H)*. Since Bi(H), and therefore By(H)", is strong-operator
complete ([40], (2.5.11)), we conclude that the net (7};) converges strongly to an
element T of By(H)*. Q.E.D.
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The last result is the best that we can hope for, in the sense that its converse
does not hold constructively. For, although classically it is trivial that any subset of
a totally bounded subset of a uniform space is totally bounded, if every increasing
Cauchy net in [0, 1] is totally bounded, then LPO holds. To see this, consider any

nonnegative real number a, and let

1= (rnpd) o]

with the ordering induced by the standard ordering on R. Suppose that the net

(7). 18 totally bounded and therefore located. Compute the distance
. I
dsz{b—jl 2 g EJ}.

Either d < 1/4 or else d > 0. In the first case there exists j € J such that ‘% — j, < i;
whence 7 € Ran [%, %] and therefore a > 0. In the second case the equation az = %
has no solution in R, which implies that a = 0.

Note that for sequences of operators we can prove the following result.

Theorem 3.2.3 Let (T,,) be a sequence of operators on H such that 0 < T, <

Toi1 < I for each n. Then the following conditions are equivalent.
(1) sup,s; (Tne,x) exists for each x € H.
(ii) (Tn) is weak—operator totally bounded.

(iii) (Tn) is weak—operator convergent to an element of B(H).

Proof.  Suppose that (i) holds. Let £ be a positive number, F' a finite subset
of H, and z any element of F. Since ((T,,z,z)),., is an increasing sequence of real
numbers whose supremum exists, it converges to that supremum and is therefore a

Cauchy sequence. Thus there exists IV, such that
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Setting N = max,ep N, we see that for each z € F,
{(Tm —Tn)z,z)| <e (m>n>N).

Hence (T,).-, is a weak—-operator Cauchy, and therefore 7,,~totally bounded, se-
quence.

The implication (ii) = (iii) is a direct application of Theorem 3.2.2.

Now assume that the sequence (17,),.; is weak—operator convergent to an ele-
ment 7' of B(H). Then for each z € H, the sequence ({(T,,z,z)), ., converges to a

limit in R. This limit is its supremum. Q.E.D.

3.3 The total boundedness of B;(H)

Classically, By (H) is 7,—compact. Comnstructively, Bridges [6] showed that when H
is separable, B;(H) is 7,~totally bounded, but the 7,,~completeness of B; (I*) implies

LPO. We now establish the 7,,~total boundedness of B;(H) in the general case.

Theorem 3.3.1 Let H be a Hilbert space. Then By(H) is weak—operator totally
bounded.

Proof. Let zy,...,x, be unit vectors in H, and let ¢ > 0. Then, by Lemma 2.5 on

page 308 of [4], there exists a finite dimensional subspace Hy of H such that
€ .
p(z;, Ho) < E (1<1i<n).
Let P be the projection of H onto Hy. Then

||xi—P9:i||<% (1<i<n).

Since Hy is finite dimensional, the operator norm of each element of B(H;) is com-
putable, and B(Hp) is a finite-dimensional Banach space under this norm; therefore

its unit ball Bi(Hp) is totally bounded in the operator norm.
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Let {T%?,...,T°} be an e—approximation to Bi(Hy), and let 7" € By(H). Then
(PT)g, the restriction of PT to Hy, belongs to Bi(Hg), and hence there exists
m (1 <m < r) such that

|PT)o - T8 < %

It follows that

sup {HPT:C — TT(,)LCEH : ¢ € Hy, ||z]| < 1} < %

On the other hand, since P is the projection on Hy, and Tjo maps Hy to Hy, we have

PT? =T} for each j, and therefore

(@ —ToP), )| < [(€ ~TaP)es Pag)| + (T~ TR)ws 3 — Pay)]

= [((PT = T3.P)zs, z;)| + 2wl | |5 — Py

2
< l(pr - T&P)Pazi,xj)‘ + '(PT — T2 P)(z; — Pxy), :ch>‘ + gg

< (PT)o ~ T3] + 2w = Pl sl + 5

< E.

It follows now that {TYP, ..., T°P} is a weak-operator e-approximation to the unit

ball By(H). Hence Bi(H) is weak—operator totally bounded. Q.E.D.

3.4 Weak-operator continuity and the existence
of adjoints
Consider the following classical proposition ([40], pages 304-306).

Proposition 3.4.1 For each A € B(H) the mappings T +— TA and T — AT of
(B(H), Ty) into (B(H),T,) are continuous.

The proof of the continuity of the mapping 7' — T'A on Bi(H) is relatively trivial,

both classically and constructively. Classically, it is an immediate consequence of
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the compactness of Bi(H) that T — T A is uniformly continuous as a mapping of
(B{(H),Ty) into (B(H),Ty) . Constructively, we must do a little more work, since
we cannot prove the uniform continuity theorem (see [20], Chapter 6), and even if
we could, we know only that B;(H) is totally bounded. Using an argument similar
to that in the proof of Proposition 2.2.2, we first show that the mapping T — T'A is
uniformly continuous on By (H) if and only if for each pair of vectors z,y € H there

exist M > 0 and a finitely enumerable subset F' of H such that
(T Az,y)| <M sup |(Te, f}].
e,feF

Since the mapping 7' +— [(T'(Az),y)| is 7,—uniformly continuous on By(H), we can
now apply Proposition 2.2.2 to complete the required proof.
The classical proof of the continuity of left multiplication with respect to the

weak—operator topology is a trivial consequence of the identity
(ATz,y) = (Tz, A%y) (z,y € H)

and the uniform continuity of the mapping T' +— (T'z, z) on By(H) for all z, z in H.
Constructively, this proof is fine when A* exists, but will not work in general since,
as will be shown overleaf, the statement “Every element of B(H) has an adjoint”
implies LPO.

At this point one might ask, “What is the problem, constructively, with the
classical method of obtaining A*y for any A € B(H) and y € H: namely, apply the
Riesz Representation Theorem to the bounded linear funcﬁonal T+ (Az,y)?”. In
order to apply the Riesz Representation Theorem constructively to a linear func-
tional f on H, we need to know that f is not just bounded but has a norm, in the
sense that

sup{|f(z)] : = € H, |lz| <1}

exists ([4], page 419, (2.3)); since the classical least upper bound principle does

not hold constructively , we may not be able to find the supremum in question.
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However, the classical proof of the existence of A*y will work for us if we know that
sup {|{(Az,y)| : v € H, ||z < 1}
exists for each y € H.

Definition 3.4.2 A mapping f : X — Y between uniform spaces (X, (p:) ) and

el
(Y, (Uj)jej> is sequentially continuous at © € X if for each sequence ()

converging to x in X, the sequence (f(x,)) converges to f(z) inY.

Some general results on sequential continuity in constructive analysis are proved
in Appendix A. We now show, by a Brouwerian example, that we cannot hope to
prove constructively even the sequential continuity of the mapping 7" +— AT at 0
with respect to the weak—operator topology. Let (e,) be the usual orthonormal

basis of unit vectors in the Hilbert space {2, and for each positive integer n define

T, € Bi(H) such that

Tnel = €p,

Tnek = 0 (kZZ)

Then T), has an adjoint, and the sequence (7},) is weak—operator convergent to 0.

Now let (a,) be a binary sequence with at most one term equal to 1, and define

A S Bl(H) by

Az = (i an (@, en)> er.

n=1

Suppose that the mapping T +— AT of (B1(H),7,) into (B(H), 7,) is sequentially
continuous at 0—that is, maps sequences converging to 0 to sequences converging

to 0. Then there exists N such that
an = |(ATe1,€1)] < 1,

and therefore a,, = 0, for all n > N. By testing a1, ...,any_1, we can therefore prove
that

Vn (a, =0) VIn(a, =1).
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Hence the proposition

For each A € B(H) the mapping T — AT of (Bi(H), T) into (B(H), Ty)
is sequentially continuous at 0.

implies LPO. It follows that if A* exists for each A € B(H), then LPO holds.

This example raises the (classically vacuous) question:

If, for a given element A of B(H), the mapping T — AT of (B1(H),Ty)
into (B(H),7y) 18 continuous—or, in this case equivalently, uniformly

continuous—does A* exist?

We show in the next theorem that for A* to exist it suffices that the mapping

T — AT preserve total boundedness.

Theorem 3.4.3 Let H be a Hilbert space, let A € B(H), and let fa be the linear

mapping T — AT of (B1(H), Tw) into (B(H),7,). Then the following are equivalent

conditions.

(i) fa is continuous at 0.
(ii) fa is Tw—uniformly continuous on Bi(H).

(ili) fa maps totally bounded subsets of (B1(H), Ty) to totally bounded subsets of
(B(H), Tw) .

(iv) A has an adjoint.

Proof. It is routine to show that (i) = (ii); the implication (ii) = (iii) is a special
case of the general result that uniform continuity preserves total boundedness. ([4],

(4.2) page 94).
1This is shown directly in [21].
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Assuming (iii), fix y and a unit vector e in H. For each « in the unit ball H; of
H define T, € By(H) such that T,e = ¢, and T,z = 0 for all z L e. Since Te € H;
for each T' € By (H ), we see that

Hi = {Te T e 81<H)}

and therefore

{(Az,y) : z € Hi} = {(ATe,y): T € B1(H)}.

So, in order to apply the Riesz Representation Theorem to construct A*y, it suffices
to show that the set

C={|(ATe,y)|: T € B1(H)}

has a supremum in R. As B;(H) is weak—operator totally bounded, we see from
(c) that {AT : T € B1(H)} is also weak—operator totally bounded. The uniform
continuity of the mapping S +— (Se,y) on norm-bounded subsets of B(H) now
ensures that the set C is totally bounded, and therefore has a supremum, in R.

Since we have already noted that (iv) = (i), our proof is complete.  Q.E.D.

We now investigate the weak—operator sequential continuity of the mapping 7' —
AT for a fixed A € B(H). Our final aim in the chapter is to prove the following

result.

Proposition 3.4.4 Let H be a separable Hilbert space, A an element of B(H),
and fa the restriction to Bi(H) of the mapping T — AT. Suppose that fa maps
Tw—Cauchy sequences to 1,,—~Cauchy sequences. Then f4 is (T, Tw)—sequentially con-

tinuous at 0.

The proof of requires a couple of preliminaries. For the first of these we note that,
as Richman [51] has recently shown, the adjoint of A € B(H) exists if and only if
A(Hy) is located.
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Lemma 3.4.5 LPO implies that if H is a separable Hilbert space, then every ele-

ment of B(H) has an adjoint.

Proof. Let H be a separable Hilbert space, H; its (separable) unit ball, and A
an element of B(H). Then A(H;) is separable. If LPO holds, then every separable
subset of a metric space is located: this is easily shown using the constructive least—
upper-bound principle ([4], page 37, Proposition (4.3)). In that case, A(Hy) is

located, and therefore A has an adjoint. Q.E.D.

Definition 3.4.6 A mapping f : X — Y between uniform spaces (X, (pi)ig) and
(Y, (04)e J> is sequentially nondiscontinuous at x € X if, whenever e € R and
(zn) is a sequence converging to x in X such that |f(xn) — f(z)| > € for all n, we

have € < Q.

Lemma 3.4.7 Under the hypotheses of Proposition 2.5.1, f4 is sequentially nondis-

continuous at 0.
Proof. Let (T,,),~; be a sequence in By (H) that is 7,—convergent to 0, let £ € H,

and let £ be a real number such that |(AT,£,&)| > e for each n. Suppose that € > 0.

e o]

Given a binary sequence (an), .4,

. . . o0
construct an increasing binary sequence (/\n)n:1

such that

A = 0=VEk <n (a=0),

A = 1=3Fk<n(a=1).

Without loss of generality, we may assume that Ay = 0. If A, = 0, set S, = 0; if
A =1—= Ay, set Sy = T, for all & > n. Then (S,),-, is a 7,~Cauchy sequence
in B1(H); so, by our hypotheses on fa, ((ASh&,€))oe, is a Cauchy sequence in C.

Choose N such that

(ASné, &) — (ASug, &) < (m,n = N).
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Either Ay = 1 and there exists n < N such that a, = 1, or else Ay = 0. In the

latter case, if n > N and A\, = 1 — \,_1, then

€ > |<ASn'£7§> - (ASn_1§,€>| = |<ASH§7§>] > g,

a contradiction; so A\, = 0 for all n > N and therefore for all n; whence a; = 0 for
all k. Thus LPO holds, and therefore, by Lemma 3.4.5, A has an adjoint. It follows
that fa i8 (7w, Tw)—continuous, which is impossible in view of our choice of €. We

conclude that e <0. Q.E.D.

Ishihara [36] has proved a nondiscontinuity result related to the preceding one.
However, his theorem requires the completeness of the domain of the function,
which we cannot guarantee for f4. We trade completeness for the Cauchy—sequence-
preserving property.

We now give the

Proof of Proposition 3.4.4. To establish the sequential continuity of f4 at 0,
it suffices to prove that for each ¢ € H the mapping T — (AT¢E, ) on Bi(H) is
Tw—sequentially continuous at 0. Accordingly, let (T,) ., be a sequence in By(H)
converging to 0 in the topology 7.,; then for each k, ((AT,¢,£)) -, is a Cauchy, and

therefore totally bounded, sequence in C; so

Sp = Sup |<ATTL§) §>|
n>k

exists. Given € > 0, we need only find k such that s;, < 2¢; clearly, we may assume
that s; > €. Taking ng = 0, construct an increasing binary sequence (A,), and an

increasing sequence (n;);-, of positive integers, such that
o if \; =0, then n; > n;_; and |[(AT,,£,&)| > &;

e if \; =1, then n; = n;_1 and s,, < 2e.
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If \; =0, set S; =0;if \; =1— A\i_q, set S, =T, for all & > n. Then (Sk)pe, is
a Tw—Cauchy sequence in By (H); so ((ASk, &), is a Cauchy sequence in C, and
therefore

s = sup [(AS€, £))|
k>1

exists. Either s > 0 or s < e. In the latter case, if there exists ¢ such that \; =
1-— )\i—la then
s> |(ASi, &) = |(ATn_.£,€)| > e,

a contradiction; whence A; = 0, and therefore |(AT,,&,&)| > ¢, for all ¢. This is
absurd, in view of Lemma 3.4.7. Thus the case s < ¢ is ruled out, and so s > 0.
Hence there exists 4 such that [(AS;€,&)| > 0; then \; = 1 and therefore s, < 2¢.

This completes the proof. Q.E.D.



Chapter 4

Ultraweakly Continuous Linear

Functionals

4.1 An extension theorem

Let R be a linear subset of the space B(H) of all bounded linear operators on H. In
this section we consider the extension and characterisation of those linear functionals
on R that are continuous with respect to the weak—operator topology 7,, and the

ultraweak—operator topology 7,4 -

Definition 4.1.1 A von Neumann algebra over H is a subalgebra R of B(H)

with the following properties:

(i) If T € R and T* exists, then T* € R.

(ii) The unit ball Ry = RN BL(H) of R is closed and totally bounded with respect

to the weak~operator topology.

Classically, if f is a 7,,—continuous linear functional on R, then we can extend it
by continuity to the von Neumann algebra A generated by R. It follows classically
from (7.4.5) on page 483 of [41] that f is 7,,—continuous on A. The Hahn-Banach
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Theorem then enables us to extend f to a 7,,—continuous linear functional on B(H).
In turn, a beautiful argument ([28],) using the Hahn—Banach Theorem and the Riesz
Representation Theorem shows that the extended functional has the form
0
T > (T, yn), (4.1)
n=1

where ()2, and (yn),.; are elements of Hy,. (It is easy to show, conversely, that
any linear functional on B(H) of this form is 7,,—continuous.) This conclusion can
also be established, not just for 7,,—continuous linear functionals on B(H) but also
for those on a general von Neumann algebra, by deeper results in von Neumann
algebra theory; see pages 481-483 of [41].

What can we say constructively about this situation? It is shown in [22] that
f has the form (4.1) in the case R = B(H). This is not enough to deal with
the general case, in which the extension of f to B(H) cannot be accomplished by a
simple application of the Hahn—Banach Theorem, since the constructive form of that
theorem requires stronger hypotheses than those of its classical counterpart; nor is
the constructive theory of von Neumann algebras sufficiently developed—indeed,
the work presented below is one of the first steps towards such a development—to
accommodate the more advanced classical method of characterising 7,,,—continuous
linear functionals. Nevertheless, as we show in this section, we can extend f to
B(H) constructively under the assumption (which holds in classical mathematics)
that R, is 7,~totally bounded; the extension is accomplished by an iterative use of
our main lemma, and ultimately incorporates a new demonstration that f has the
form (4.1).

Note that

e we cannot prove constructively that every bounded linear mapping u between
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normed spaces has a norm (in Bishop’ phrase, is normable) !
Jull = sup {{lu()]] : [lz]] < 1};

e a nonzero bounded linear functional f is normable if and only if its kernel is

located ([4], page 303, Proposition (1.10)).

As before, we denote by p,, the seminorm T — |(T'z,y)| on B(H). We already
know that when dealing with the weak—operator topology, which is the topology
generated on B(H) by p,, as « and y range over H, we need only concern ourselves
with the seminorms pe . where €,€’ € E (3.1.3).

To each element T' of B(H) there corresponds an element 7' of B(H,,) defined

for each x = (z,,),., in Hy by
Tx = (T2,), .
Lemma 4.1.2 Let R be a linear subset of B(H), and let

R={T:TeR}.

If f is a Toy—continuous linear functional on R, then f(T) = f(T) defines a Ty—
continuous linear functional on R. If also Ry is T, —totally bounded, then both f

and f have norms, and these norms are equal.

Proof. By Proposition 2.2.2 of Chapter 2, there exist a positive constant C' and

a finitely enumerable set F' C H, such that for each T € R,

|f(~)' =[f(T)| < C sup

X, yeF

i <Tmn7 yn>

n=1

= (' sup |<’1~”X,y>‘.

X, yEF

INevertheless, we write ||u|| < ¢ when |Ju(z)|| < ¢ljz|| for all z, even if we do not know that u
has a norm. Other such inequalities involving classical norms that may not exist constructively

will be interpreted in the obvious, analogous manner.
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Hence f is 7,~(uniformly) continuous on R. If also R; is 7,—totally bounded, then
it is 7,,—totally bounded; so, by 3.1.5, the unit ball R, of R is Ty —totally bounded.

In view of Corollary 2.1.8, both f and f have norms. Finally,
|7] = su {|()]: T € R} =sup {1£(D) : T € Ri} = 1. @m.p.

Our aim in the remainder of this section is to prove the following extension—

characterisation theorem for 7,,—continuous linear functionals.

Theorem 4.1.3 Let H be a Hilbert space with an orthonormal basis E, and let R
be a linear subset of B(H) whose unit ball is 1,—totally bounded. Then each Tyu,-

continuous linear functional f on R extends to a 7,,—continuous linear functional

on B(H) and has the form

o

F(T) =3 (Tn, yn) (4.2)

n=1

with (z,) , (yn) elements of the direct sum Ho., = @5, H.

n=

To this end, we now establish a number of technical results. The proofs of the
first two of these, which are fundamental results in the duality theory of normed

spaces, are found on page 341 of [4].

Proposition 4.1.4 Let xy be an element of a separable normed space X, and S a
bounded, balanced, convez subset of X. Suppose that {zo — x : x € S} is located and
that

0<d=inf{||jz — =zl : z € S}.
Then for each € > 0 there exists a linear functional u on X such that ||ul] = 1 and
u(zo) > lu(z)|+d—¢ (z€09).

Proposition 4.1.5 Let zy be an element of a nontrivial separable normed space X,
and € a positive number. Then there exists a linear functional v on X such that

lull =1 and u(zo) > ||zol| — &.
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Proposition 4.1.6 Let R be a linear subset of B(H), and let f be a 1,—continuous
linear functional on R. For each € > 0 there exist § > 0 and a finite subset F' of
E with the following property: if T € Ra, if {e1,...,en} s a finite subset of F

containing F, and if
n

> (T, ex)

k=1
for all zy,...,x, in the unit ball of spanies,..., e}, then |f(T)] <e.

<d

Proof. Given € > 0, use the uniform continuity of f on R, to find 6 > 0 and
a finite subset F' of E such that |f(T)| < &€ whenever T' € Ry and p (1) < § for
all e,e’ € F. Let {ey,...,e,} be a finite subset of E containing F, and let T' be an
element of Ry such that |37 ¢ (Txk, ex)| < 6 for all vectors z1,...,x, in the unit
ball of span{ey,...,e,}. Given 4,7 with 1 < 14,5 < n, take

e; if k=1

T =

0 if k+#71,

to obtain pe; ., (T) = |(T'ej,e;)| < 4. In particular, peo(T) < 6 for all e,¢’ € F, so

If(T)| <e. QE.D.

The proofs of the next lemma and our main theorem are modelled on Bishop’s
proof of the characterisation of linear functionals on the dual of a normed space ([4],

pages 354-357).

Lemma 4.1.7 Let R and f be as in Theorem 4.1.8, and let € > 0. There exists
a finite subset F' of E with the following property: if {ei1,...,e,} is a finite subset
of E containing F, then there exist x1,...,%, and yy,...,yn in the linear span of

{e1,...,en} such that
n 1/2
2

(Zuxkn) < sl
\k=1

n 1/2
(Z Hyk||2> = n7,
k=1
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and
T

FT) =Y Tog,yu)| <e (T €Ra).

k=1
Proof. We may assume that there exists Ty € Ry such that f(7p) = 1. Given ¢

such that 0 <& < 1/4, set
£

o= :
SIFIIC+ 1)
Using Lemma 4.1.6, find 6 > 0 and a finite subset F' of E such that if T € R, if

S ={ey,...,e,} is a finite subset of E containing F, and if

n

Z (Txk, 6k>

k=1

for all z1, ..., z, in the unit ball of Hy, the linear span of {e1,...,e,}, then |f(T)| <

)

a/2. For such S let

yp =n"%e, (1<k<n);

then (2221 ||ka2)1/2 = n~! For all x = (zy,...,7,) in the direct sum H} =

@7_, Ho, since the unit kernel
M = Rl N f—l (0)

of f is T,~totally bounded, by Lemma 2.2.4, and since the mappings T +— [(T'z, Yx,)|

(1 < k < n) are uniformly continuous on N, the real number

n

Z <T$k, yk)

k=1

Ixllp = sup {

:TENl}

exists. Note that ||-||, is a seminorm on H§. Since, for each T' € B(H),

1/ 1/2

< (z 7o) " (z Il <l (Z Jaelf) 7,

n

Z <T33k; yk)

k=1

we see that
n 1/2
: 2
Il < sl = (3 )
k=1
whence the mapping x > ||x||o is uniformly continuous. As H{ is finite-dimensional,
it follows that

f = inf{|[x[l, : x € Hy, [Jx]| =1}



54

exists. We show that § < a.

Since either 8 > 0 or § < «, we may assume that 8 > 0. It follows from the
definition of 4 that 3||x|| < ||x||o for each x € H{; whence ||:||, is a norm on Hg,
and (HE,|||l,) is a finite-dimensional Banach space. Define the norm on the dual

space (HY)" in the usual way:
lull” = sup {lu(x)|| : x € Hy, [Ix]| < 1};

and define a mapping F': N1 — (H})" by

n

F(T)(x) = 2_: (Tzp,yx) (T €M, x € H).

For each x € HY the mapping T — F(T)(x) is 7,~uniformly continuous on Nj;
so, as Hy is finite-dimensional, F' is T,—uniformly continuous on N;. Therefore, N
being 7,~totally bounded, the range ran F' of F' is totally bounded and therefore
located in (HJ)*. We show that ran F is dense in the unit ball (SS, ||H0) of (HY)".

To this end, fix u in S} and suppose that

0 <y =po(u,ran F) = inf {|ju — F(T)|| : T € N1} .

Since ran F' is bounded, balanced, and convex, we see from Proposition 4.1.4 that

there exists a normable linear functional ® on ((H{f )" HHO) such that
D(u) > |O(F(T))|+v/2 (T eM).

Because (H})" is a finite-dimensional Banach space, the topology induced on it by
the norm ||-||° is equivalent to the weak* topology; so, by Corollary (6.9) on page
357 of [4], there exists £ € Hy such that ®(v) = v(€) for each v € (H})*. Therefore

wE) > sup{FD)E)]: T € M}
_ sup{ :TeN1}=|tfuo,

which is absurd as u belongs to S§. We conclude that v = 0, and hence that ran ¥

n

> AT, y)

k=1

is dense in S5 .
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Now let x be any element of the unit ball of (H,|-||,). Since

n

> (BTow, Yi)

k=1

< Bl < fixllo

the linear functional x — Y"7_; (8Tozk, yx) belongs to S§. As ran F' is dense in S,
there exists an element 7' of N such that
n

Z ((BTo — T) =, Yk)

k=1

<on~Ls

and therefore
mo/1
> <§ (BT, —T) fﬁk,yk>

k=1
for each x in the unit ball of Hj. Now, § <1 and both T" and 7j belong to R, so

<46

(BT, — T) € Ry; hence
#(5 067 -1))| < a2
and therefore
5= 51T~ J(T) = 2f (5 (BT, - T)) <,
which embodies the inequality that we wanted to establish.

Now choose z in the unit ball of Hf such that

n

> T2k, yr)

k=1

<a (TeN).

For each T' € R4, since
L+ DT = F(D)To) € M,

we have
T

DT = f(T)Ty) 2y y) | < .

k=1
On the other hand, by Proposition 4.1.5, there exists v € S§ such that v(z) = 1/2.

@+l

Since ran F' is dense in S§, there exists T; € Aj such that

n

v(x) = Y (1%, Yr)

k=1

<7 (xeHy, [xl,<1).

e
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In particular,

1 n 1
‘5 - £<lek,yk> < 1
Since
1 n 1 n
‘—— Z(lekayk‘> S §_Z<T1Zkayk> 3
2 k=1 k=1
it follows that
1 n
1 < > (Tize, yi)
k=1
< DT = fF(T)To) 2, ye) | + | D (f(T1) Tozk, Yr)
k=1 k=1
< (@A e+ 11 D2 (Toze, yr) -
k=1
Hence
" 1 /1 1 _
> @) 2 1717 (3 - W+ 5 a) > = 1717
k=1
Writing

X = (i <T0zk>yk)) B z,

k=1
we have ||x|| < 5|f||. Also, for each T € Ry,

n -1

> (Tozk, Yr)

k=1

< SAA+ A1) e

= &. (4.3)

n

> AT = F(T)To) 26, yie)

k=1

i (ka,yk> - f(T)‘ =

k=1

This completes the proof. Q.E.D.
We are now in a position to prove the main result of this chapter.

Proof of Theorem 4.1.3 We first consider the case where f is a 7,~continuous
linear functional on R. We may assume that ||f|| < 1. Setting ny = 1 and %17 =

y1,1 = 0, we construct a strictly increasing sequence (n;)32; of positive integers, and
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for each j elements z;1,...,%;n;, and y;1,...,y;n, of H, such that
n; 1/2 _
(Sleul?) < 527,
k=1

n; 1/2
2 _ -1
k=1

i ng
—ZZ (T, Yirk)
i=1 k=1

To do so, we use induction on j. Supposing that n; and the corresponding elements

and

<27 (TeRY). (4.4)

zjx and ;% (1 <k < n;) of H have been constructed, we have either || f| < 27771
or |||l > 0. In the first case we set nj 11 = n; +1 and Tj410,, = Yj41n, = 0. In
the second, applying Lemma 4.1.7 to the 7,,—continuous linear functional
jom
T f(T) - ; kz_:l (T, Yik)

on R, we obtain a positive integer n;41 > n;, and elements ;.11 5, Yjr16 (1 <k < nj4q)

of H, such that

nj+1 1/2 .
N ET R < 527774
k=1

Tjt1 ) 1/2
<Z ||yj,k|| ) = ]-&17
k=1

and
J+1 ng

F(@) =Y (Txip, yig)

i=1 k=1

<2797t (T eRy).

This completes the induction.

Now define sequences x,y of elements of H as follows:

X = (551,1, ey T1ngy L2150 - o5 T2ngy L3315 - - - ,$3,n3,...)

and

y= (2/1,1, o Yinn Y2, Y2 m0, Y1, y3,n3,...) .
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The series Y52, ||z]|” and £, ||lvk||® converge, by comparison with 5 S0, 27
and 30524 nj“Q, respectively; so x,y € Hy, and the series Y20 | (T, y,) converges
absolutely for each T' € B(H). It follows from (4.4) that (4.3) holds, and hence that
f extends to a 7,,—continuous linear functional on B(H).

It remains to consider the case where f is 7,,—continuous. Define R and f
as in Lemma 4.1.2. Since R is weak—operator totally bounded and f is weak—
operator continuous on R, using Lemma 3.1.5 we obtain sequences (k) rey > (M) oy
of elements of H., such that

N o %0 oo

D=3 <T§k, 77k> =3 > (T&ima) (TER),

k=1 k=1 i=1
where & = (&i)iey and my = (Mki)peq - Let ¢ be a one-one mapping of N*t
onto Nt x N*, and set z, = &4n), Yn = 7Tg(n). By Fubini’s Theorem, the se-
ries 0% [kl S50y [|7k]

ZZ?@':I ka,iH2 ) Zz?izl ”Uk,i

that does not depend on the ordering of the terms of the series. Writing x = (z,,),0,

2 and ki [{T€k,i, k)| converge. Hence the series

|2 , and 5% (T, k) converge, in each case to a sum

and y = (Yn),-, we now see that x and y belong to Hy, and that

F(I) =Y (T mes) = i (T'Tn, Yn)
k,i=1 n=1

forall T e R. Q.E.D.

4.2 The predual

In classical mathematics, every von Neumann algebra has a weak—operator compact
unit ball. In view of the Alaoglu-Bourbaki Theorem, we therefore see that a von
Neumann algebra exhibits one of the key features of the dual of a Banach space.
Constructively, we cannot expect a von Neumann algebra R to have this property,
since for the case R = B(H) the most we can say, in general, is that its unit ball is

Tw—totally bounded.
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Let R be a linear subset of B(H), let Ry = R N Bi(H) be its unit ball, and
let Ry denote the linear space of all linear functionals on R that are ultraweakly

continuous, and hence 7,—continuous on R;. If R; is 7,~totally bounded, then

171 = sup {|IF(T)]: T € Ry}

defines a norm on Ry; taken with this norm, Ry is called the predual of R.

For convenience, we denote by f;, the ultraweakly continuous functional 1"

(Tz,y) on B(H).

Theorem 4.2.1 Let R be a linear subset of B(H) such that Ry is totally bounded
in the weak—operator topology T, and define a mapping ¢ of R into the dual space
Ry of Ry by

¢(T)(f)=F(T) (TeR)

Then ¢ is one—one and linear, and is uniformly continuous on Ry. Moreover, ¢(R1)
is weak*~dense in the unit ball of Ry, and the restriction of $~ to ¢(R1) is uniformly
continuous with respect to the weak*—topology on Ry and the weak—operator topology

on Ri.

Proof. Since ¢ is clearly linear, to prove that it is one—one we need only show

that its kernel is {0} . But if ¢(T") = 0, then we have

for all z,y € H; whence T' = 0.

For each f € Ry the mapping T — ¢(T')(f) equals f and so is uniformly con-
tinuous on Ry. It follows immediately that ¢ is uniformly continuous as a mapping
of (R1,Tw) into R (with the weak*—topology). Hence K = ¢(R1) is weak *~totally
bounded, and therefore located, in R} [13, 14]. Let u be an element of the unit

ball of Ry, let {f1,..., fn} be a finitely enumerable subset of Ry, and let € be a
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positive number. To prove that #(R;) is weak*~dense in the unit ball (R}), of Rj,

it is enough to show that K intersects the neighbourhood
V={ve (Ry) :lw—v)(fi)] <3 1<k<N)}
of u in (R})1. To this end, choose a finite-dimensional subspace G of R; such that
inf{||fe —gll:9€G}<e (1<Ek<N)

([4], page 308, Lemma (2.5)); for each k£ (1 < k < N), then choose g, € G such that
I/x — grl] < 1. The dual space G* of G is a finite-dimensional Banach space with

respect to the usual norm defined by

|ul| = sup {|u(g)| : g € G, ||lg|| < 1}.

Since K C (Rj)1, and (R}): is a subset of the unit ball of (G*),, we can regard u

and, for each T' € Ry, the functional #(T) as elements of (G*), . Now suppose that

inf {[lu— $(T)|': T € Ry} > 0. (4.5)

By Proposition 3.1.3, there exists a linear functional 1, with norm 1, on G* such

that

[%(u)| > sup {|s(v)] : v € K}

Since G is finite-dimensional, ¢ is weak*—uniformly continuous on (G*),; so, by
Corollary (6.9) on page 357 of [4], there exists g € G such that ¥ (v) = v(g) for all

v € G*. In particular,

lu(g)] > sup{|v(g)|:v € K}
= sup{[¢(T)(9)|: T € R1}
= sup{g(T): T € Ry}

= llgll,
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which is absurd since u € (Rj);. We conclude that (4.4) is false, and hence that

€
M+1

lu = (To)ll' <

for some Ty € R4, where

M = max |lg].

For each £ (1 <k < N) we now have

(w = ¢(To)) ()l < |(u—¢(T5)) (fe — gu)| + [(u — 6(T0)) (gx)]|

< 2| fe = gill + [[u — S(To) llgx

< 2+ ﬁIM

< 3g;
in other words, ¢(Ty) € V. Since ¢(Ty) € K, this completes the proof that ¢(R;) is
dense in (Rj):.

Finally, the uniform continuity of the inverse mapping on K follows from the
identity
(Tz,y)| = |¢(T) (fay))| (z,y € H; T € Ra),

with reference to the definitions of the weak*— and .Weak—operator topologies, and

to Proposition 1.2.8 on page 19 of [40]. Q.E.D.

Classically, any von Neumann algebra can be identified, via the mapping ¢, with
the dual of its predual Ry ([41], page 482). If this were provable constructively, then
we could use Theorem 4.2.1 to prove that By (H) is 7,—complete, which we cannot

do. Thus Theorem 4.2.1 appears to be the best general constructive result of its

type.

4.3 An application to trace class operators

Let H be a complex Hilbert space that has an orthonormal basis. An element A of

B(H)
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e has an absolute value if there exists a (necessarily unique, positive, selfad-

joint, and bounded) operator |A| on H such that
(1Alz, |Aly) = (Az, Ay)

for all z,y € H. If A has an adjoint, then [A|* = A*A, and this equation may
be used to define |A]. An operator need not have an absolute value, even if

its range is 1-dimensional;

e is a trace class operator if it has an absolute value and

1Al = >_(|Ale;€)

ecl

exists for some orthonormal basis E of H.

In the second case, the trace class norm of A is

1A= X [laf2e.

echH

For every trace class operator A, the family ((Ae,€))ccr is summable. We define

the trace of A to be the sum

Tr(A) =) (de,e).
e€k
Note that || Al|; =Tr(JA]). We denote the set of trace class operators on H by 7 (H).
As we proved in Section 4.1 (see also [22]), under the hypotheses of Theorem
4.2.1, the ultraweakly continuous linear functionals on a linear subset R of B(H)
whose unit ball is weak—operator totally bounded extend to ultraweakly continuous

linear functionals on B(H) and are precisely those functionals f4 mapping 7' to

Tr(TA), with A a trace—class operator on H. The norm of f4 on R is
| fallm = sup{|Te(T'A)| : T € Ra},
which in the case R = B(H) equals the trace—class norm
[A[ly = Tr (A)

of A (see [7]). Taken with Theorem 4.2.1, these observations lead to
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Theorem 4.3.1 Let R be a linear subset of B(H) such that Ry is totally bounded
in the weak—operator topology T,. Let T (H) denote the set of trace—class operators

on H, taken with the norm
|A|lz =sup {|Tx(T'A)|: T € Ra}.

Then
O(TYA) =Tr(TA) (T eR,AcT(H))

defines a one—one linear mapping ® of R into the dual space T (H)* with the fol-

lowing properties.
(i) ®(Rq) is dense in the unit ball T(H)} of T (H)*.
(il) @ is uniformly continuous on R.

(iii) the restriction of ®~1 to ®(R41) is uniformly continuous relative to the weak*—

topology on ®(R1) and the weak—operator topology on Ry.

Corollary 4.3.2 Under the hypotheses of Theorem 4.3.1, the following conditions

are equivalent.
(i) R1 is weak—operator complete.
(ii) ¢ maps Ry onto the unit ball of Rj.
(iif) ® maps Ry onto the unit ball of T(H)* relative to the norm ||| 5.

Proof. This is a special case of the following general lemma about metric spaces,

whose straightforward proof we omit. Q.E.D.

Lemma 4.3.3 Let X be a metric space, Y a complete metric space, and ¢ a one—
one uniformly continuous mapping of X onto a dense subset of Y such that ¢~ is

uniformly continuous on ¢(X). Then X is complete if and only if p(X) =Y.



Chapter 5

The Geometry of Projections

5.1 A first constructive look at the comparison of
projections

Throughout this section, R will be a von Neumann algebra over H (that is, a
*—subalgebra of B(H) whose unit ball Ry = RN By(H) is 7, ~closed and totally
bounded). We investigate the constructive comparison theory for projections in R
of B(H), beginning with some definitions and facts from [21].

Two operators T, R are said to be isometric if (T'z, T'y) = (Rz, Ry) for all z,y.

In that case

e if either R or 7" has an absolute value, then so does the other and the absolute

values are equal;
e if either R or T is bounded, then so is the other; and

e if either R or T has a norm, then so does the other.

As a converse of the first of these observations, two operators with absolute values

are isometric if their absolute values are equal.
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If T and R are isometric, then there is an isometry U from ranR to ranT such
that T'= UR. This is a kind of polar decomposition of T'. (Classically, the domain
of U can be extended to the whole of H by first extending U (uniquely) to the
closure of ranR and then defining U to be 0 on the orthogonal complement of ranR.
Constructively, this procedure will not work unless ranR is located.)

Let P be a projection, and U a bounded operator, on H. Then the following

conditions are equivalent:
o |U| exists and equals P;
e [ is an isometry on the range of P and is 0 on the kernel of P.

If these hold for some projection P, we say that U is a partial isometry with
initial projection P and initial space P(H). The following facts about partial

isometries are well known or easily established (see [21], and [41], Chapter 6).
— If U is a partial isometry, then U |U| = U.

— If U is a partial isometry with initial projection P, then (Uz,Uy) = (z,y) for
all z,y € E(H), and U maps any orthonormal sequence in its initial space to

an orthonormal sequence.
— The adjoint (if it exists) of a partial isometry is a partial isometry.

— An operator U with an adjoint is a partial isometry if and only if U*U is a
projection, in which case U*U is the initial projection of U. UU* is also a
projection, called the final projection of U, and its range is called the final

space of U.

Definition 5.1.1 We say that two projections E, F' € B(H) are strongly equiv-

alent relative to R, and we write
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if there exists a partial isometry U € R such that U*U = E and UU* = F.

Definition 5.1.2 We say that E is weaker than F, and that F' is stronger than
E, relative to R, and we write

Ej’RFa

if B =g F' for some subprojection F' of F.

We write =, < instead of ~g, =z when it is clear which von Neumann algebra
‘R is under consideration.

Note that, as classically, if ¥ =~ F), then both E and F' belong to R, since U
and U* are in the subalgebra R, ([41], foot of page 402). Also, ~g is an equivalence
relation ([41], 6.1.5), and =g is transitive ( [41], 6.2.5).

Relative to the von Neumann algebra B(H) we have the following properties.

Lemma 5.1.3 If E is a finite-dimensional projection and E =~ F, then F 1s finite-

dimensional, with the same dimension as that of E.

Proof. The partial isometry implementing the equivalence between E and F

maps an orthonormal basis of F(H) to an orthonormal basis of F(H). Q.E.D.

Proposition 5.1.4 If H is separable, then any two infinite-dimensional projections

on H are strongly equivalent.

Proof. Let E and F be infinite-dimensional projections on H. Let (e,) be an
orthonormal basis of E(H), and (f,) an orthonormal basis of FI(H). Since E is a

projection, its range is located; so we can define a linear mapping U as follows:

Ue, = f, foral n,

Uz = 0 forall z€ E(H)™
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Then for all x € H we have

Uz = UEz+U(I - E)z

= Ukx

_ v (i(Ez en)en>

n=1
o)

= > (z,e,)Ue,

n=1
0

= Z(:v, en>fm
n=1

the fourth equality following because the convergence of

o0 .}

Y Bz en)en =Y (z,en)en

n=1 n=1
ensures that of Y%, |(z, e,}|>. Note that ran U ¢ F(H). We easily show that the
adjoint of U exists and maps each f, to the corresponding e,. Also, for all z € H
we have
U*Uz = U* (Z(Ux, fn)fn> = (2, U f)U* fr = D _(z,en)en = Fu.
n=1 n=1 n=1
Similarly, UU*y = Fy for all y € H. Hence U is a partial isometry with initial

projection E and final projection F. Q.E.D.

Proposition 5.1.5 Let E, F be projections in such that
E rpu) < E.

Then E s infinite—dimensional.

Proof. Let U be a partial isometry such that U*U = F and UU* = F. Let
K be a finite-dimensional subspace of E(H) with dimension n. Then U(K) is an
n—dimensional subspace of F. Since F' < E, there exists a unit vector e € E(H) N
F(H)*. The partial isometry U* maps U(K) onto an n—dimensional subspace of

E(H), and maps e to a unit vector orthogonal to U(K). Hence U(K) and e span
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an (n + 1)-dimensional subspace L of E(H). Since K is n—dimensional, there exists

z € K — L. Hence E(H) is infinite-dimensional. Q.E.D.

Classically, the ordering < is total on B(H). To see that this is not the case
constructively, let (a,) be a binary sequence containing at most one term equal
to 1. Let (e,) be an orthonormal basis of unit vectors in an infinite-dimensional

Hilbert space H, and define projections £, F' on H as follows.

0 if either a, =0, or a,=1 and nis odd

Fe, =

1 if a,=1 and n is even,
\
)

0 if either a,=0, or a,=1 and n is even

Fe, =

1 if a,=1 and n is odd.

If a, = 1 for an even value of n, then E is the projection on Ce, and F' = 0, so
F <X Fand F < E; if a, = 1 for an odd value of n, then £ = 0 and F is the
projection on Ce,, so £ < Fand F < F. It foﬂows.that if ¥ < F, then a, = 0 for

all even n; and if ' < F, then a, = 0 for all odd n.

5.2 Countable additivity of equivalence

Classically, equivalence is countably additive:

If (E,), (E,) are pairwise orthogonal families of projections in R such

that E, =g F, for each n, then Y00 E, ~g 350, F, ([41], 6.2.2).
There are two constructive problems with this statement as it stands. First, there
is no guarantee that >>5°; E, and o2 F;, converge (strongly); and secondly, even
if the sum U = 372, U, of the partial isometries implementing the equivalences
between the F, and the F,, converges, we cannot be certain that U will have an

adjoint.
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We prove the following constructive version of the countable additivity of equiv-

alence.

Proposition 5.2.1 Let (E,) and (F,) be orthogonal families of projections in R.
Let (U,) be a family of partial isometries in R, each with an adjoint, such that

E,=UU, and F,, = U,U; for eachn. Then the following conditions are equivalent.
(1) >y By and 3504 F, converge strongly in R.
(i) Y02, U, converges strongly to an operator in R with an adjoint.
(iii) Soo2q Uk converges strongly to an operator in R with an adjoint.
(iv) 300, U, and Y20 UX converge in R in the weak—operator topology.
In each—and therefore every—case, 3 021 B, =g > 00 1 F,.
We need two simple lemmas for the proof.

Lemma 5.2.2 Let (z,) be an orthogonal sequence of elements of H. Then 3,50, x,

converges in H if and only if X2, ||z,||> converges.

Proof. For all k£ > 7 we have
2

k k
o =3 [l

Thus the partial sums of }>° ; z,, form a Cauchy sequence in H if and only if the

partial sums of %, ||z, ||* form a Cauchy sequence in R. Q.E.D.
Lemma 5.2.3 Let (U,) be a sequence of linear mappings of H into H such that

o (Upnz,U,z) =0 whenever m # n, and

e for eachz € H, 77, U,z converges weakly to an element Ux of H.
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Then U is a linear mapping of H into H, and for each x € H, Y, U,z converges

strongly to Uz. Moreover, if each U, belongs to R, then so does U.

Proof. As the ranges of the operators U, are pairwise orthogonal, whenever

M > N we have

M N N N
<Z Uns, Y Una:> = (Upz,Upz) = > 1Unz]? .
m=1 n=1 n=1 n=1

Letting M — oo, we obtain
N N
<Ua:, ; Unm> = ; 1 Una||.
Now letting N — co, we see that 3 ||Unz||* converges to (Uz, Uz) = |Uz||*. It
follows from Lemma 5.2.2 that >°02; U,z converges in H. Since ) 2, U,z converges
weakly to Uz, we conclude that Uz = > 07, U,z. It is routine to show that U is
a linear mapping. The final conclusion follows because a von Neumann algebra is

strong—operator closed. Q.E.D.

We now have the Proof of Proposition 5.2.1.. To begin with, we assume (i),

letting
E=>E, F=)>)F,
n=1 n=1
For each z € H we have
S Uzl = 3 (Uil 2) = Y- (Bu ) = 3 | Bual
n=1 n=1 n=1 n=1

so y o2y Upx converges to a limit Uz € H, by Lemma 5.2.2. Thus 77 ; U, converges
in the strong-operator topology to a limit U € R. Similarly, > -2, U} converges in

R in the strong—operator topology. For all z,y € H we have
N N IeS)
Uz,y) = lim Upz,y )= lim (z,) Uy)=(z, ) Uly),
o= i (o) = o (s 2 Vi) = (= 505

so >, U} is strong—operator convergent to U*.
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Next, assume (ii), and let U = Y72, Uy, For all 2,y € H we have

o0

(2, U"y) = (Uz,y) = <2ny> > (=, Uny),

n=1

so 3°0° , Uky converges weakly to U*y. It follows from Lemma 5.2.2 that (iii) holds.
Interchanging the roles of U and U*, we see that (ii) and (iii) are equivalent condi-
tions.

Finally, assume (iv). Since the U, are orthogonal partial isometries, so are their
adjoints. Hence, by Lemma 5.2.3, both >, U, and >°;2, U’ are strong-operator

convergent in R. Moreover,

U5, U") ankxu B A i Fe, z) ZHkall

k=1

Lemma 5.2.2 now shows that > 72 ; Fj converges strongly to an operator F' € R,
which must be a projection as the Fj are pairwise orthogonal projections. Using
the orthogonality of the F;,, we find that

Fr=> U Uz = Z ZU Uyx = Z Un, <ZU:;$> =UU"z.
n=1

n=1 m=1n=

Interchanging the roles of U and U*, we see that > >° | E, converges strongly to a

n=1

projection £ € R, that F = U*U, and hence that F is equivalent to F' relative to

R. In particular, (iv) implies (i). Q.E.D.

To see that the foregoing proposition is the best possible constructive result
about countable additivity, let (a,) be a binary sequence with at most one term

equal to 1, and define

0 if a,=0
E.x =

(zyen) e, if ap,=1,

0 if a,=0
Ux =

(z,en)er i a,=1



72

Then (E,) is an orthogonal sequence of projections, U, is an isometry on the range of
E.,., Uy, has adjoint y — ay, (y, €1) €n, and U, is 0 on the kernel of F,. Let F,, = U, U*.
Then F, is a projection equivalent to E, relative to B(H), and F,, is orthogonal to
E, when m s n. The series > o> ; U,z converges for each z : for, given € > 0 and
choosing N such that |(z,e,)|* < € for all n > N, we see that SN | U,z||* < e for

each k > 1. Thus

Ug = (i an (z, en>> e

n=1

is a well-defined operator on H with bound 1. But, as is shown in Chapter 3, if U
has an adjoint, then either a, = 0 for all n or else there exists n with a, = 1.

Next, suppose that > 2, F, converges strongly to a projection F. Then

Fz= Z an (T, €1) €1,

n=1
so Fey = 32 aneyr. Either Fey # 0 or ||Fey]| < 1. In the first case, there exists n

such that a, = 1; in the second, a, = 0 for all n.

5.3 Finite and infinite projections
We call a projection F
e finite (relative to R) if E ¢ F' < F implies that I’ = E;

e infinite (relative to R)! if, for any finite orthogonal family (E,)Y_; of finite

subprojections of F, there exists a projection F' such that

(E—éEn) ~p F < <E—§:En>.

n=1

1Our definition of “infinite” is not the same as, but is classically equivalent to, the standard
classical definition; see [41], 6.3.1, p. 411. We have chosen this definition to facilitate the proofs
of Propositions 5.3.3 and 5.3.4.
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While it is clear that if E is infinite, then it is not finite, we cannot prove
constructively that if E is not finite, then it is infinite. Let (a,) be an increasing
binary sequence such that a; = 0 and —Vn (a, = 0). Let (e,) be an orthonormal
basis of unit vectors in an infinite-dimensional separable Hilbert space, and define
a projection E by

Ez = i an (T, €n) €n.

n=1

Suppose that E is finite relative to the von Neumann algebra B(H). If there exists
n such that a, = 1 — a,_1, then E is infinite, being the projection on the span
of {ent1,€nt2,...}; hence a, = 0 for all n, a contradiction. Thus £ is not finite.
However, if F is infinite, then there exists a subprojection F' such that £~ F < E;
in particular, E # 0, so we can find n such that a, = Ee, % 0. Hence the proposition
“not—finite implies infinite” for projections on B(H) entails Markov’s Principle.

Note that if F ~ F < FE entails ¥ = F, then we need not have E finite-
dimensional. Let a € R, and take H = RaxR. Let F be the projection on Rax{0},
and suppose that £ ~ F' < E. Given z € E(H), suppose that F'x # x. Then a # 0,
so F(H) = R x {0} is 1-dimensional, and therefore F' = E, a contradiction. Hence
Fr=xforallz € E(H),so F = E. Thus F is finite; but if it has finite-dimensional
range, then we can decide whether a = 0 or a # 0.

Note that this Brouwerian example has the apparently stronger property that
F < UU* for each F' < E and each partial isometry U with initial projection £ and
final projection < F.

Here are some useful elementary results about finite and infinite projections.

Proposition 5.3.1 Let E be a finite projection in the von Neumann algebra R.

Then each subprojection of E in R 1is finite, and if E ~r F, then F' is finite.

Proof. See [41], 6.3.2, page 411. Q.E.D.
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Proposition 5.3.2 If E is an infinite projection in the von Neumann algebra R,

and E =p F, then F is infinite. If Fy < F and Fy is infinite, then F is infinite.

Proof. With the help of the preceding proposition, this is a simple exercise.

Q.E.D.

Proposition 5.3.3 If E is an infinite projection in R, and Py, ..., P, are orthog-

onal finite projections, then E — > .» | P, s infinite.

Proof. Let Qq,...,Q., be orthogonal finite projections in R such that > ; @, <
E—-%r_ P, Then P,...,P,,Q1,...,Qn are orthogonal finite projections in R,

so, as I is infinite, there exists a projection F' in R such that
<E_an> SO ~F< <E_an) ~Y 0.
n=1 n=1 n=1 n=1
Hence ¥ — 77 _, P, is infinite. Q.E.D.

Proposition 5.3.4 Let Fy be a finite subprojection of an infinite projection E in a

von Neumann algebra R. Then E — Eg 5 0.

Proof. We easily reduce to the case where Ey < E. Then, by our definition
of “infinite”, there exists a projection F' such that F — Fy = F < E — Ey. Hence
E—FEy#0. Q.E.D.

5.4 The weak and strong equivalence of two pro-
jections

Classically, the ordering < is antisymmetric: if B < F and F' < E, then F ~x F.
The proofs in [41] (6.2.4, pages 406-407) and [56] (page 41-42) are both nonconstruc-
tive: the first proof fails constructively when the infimum of a descending sequence

of projections is used, since there is no guarantee that such an infimum exists; the
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second proof fails when a certain fixed—point theorem on a partially ordered set is
applied.
An analysis of the classical proof of antisymmetry of <z from a constructive

point of view led us to the idea of considering another type of equivalence.

Definition 5.4.1 We say that projections E and F' in B(H) are weakly equiva-

lent relative to the von Neumann algebra R if E <p F and F < F.

It is straightforward that strong equivalence implies weak equivalence. We
shall prove that for a certain class of von Neumann algebras, <z is (strongly)

antisymmetric—that is, weak and strong equivalence coincide.
Theorem 5.4.2 Let R be a von Neumann algebra with the following properties:

— Fach projection in R can be written as the sum of a sequence of orthogonal

finite (possibly 0) subprojections in R.
— Any two infinite projections in R are equivalent.
IfE,FeER and E g F 2x E, then E ~p F.
Proof. Let U,V be partial isometries in R such that
UU=F, UU*=F <F,
VV=F VV*=EFE <FE.
Then V F} is a partial isometry in R implementing an equivalence between F; and
a subprojection Ey of F; and V(F — F}) is a partial isométry in R implementing an
equivalence between F' — Fy and E; — Ey. Choose an orthogonal sequence (P,)22,

of finite projections in R such that E = Y.>°, P,. Let (g,,) be an orthonormal basis

of (F — Fy) (H), and construct an increasing binary sequence (\,) such that

A=0 = VE<n(g=0),
A=1 = FE<n(g#0).
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If \, =0, define WP,z =Uz forallz € H If A\, =1 — A\,_y, then
By — By =g F'— F1 # 0,

so F # Ey, Ey < E, and therefore, as Il =~z Ey, F is infinite. It follows from Propo-
sition 5.3.2 that Fi, and therefore F| is infinite. Also, the orthogonal projections
WPy, ...,WP,_; are finite subprojections of F' in R, by Proposition 5.3.1; so, as F'
is infinite, F' — ¥} WP, is infinite, by Proposition 5.3.3. Likewise, £ — >¥_1 P,

is infinite; so

v—1 v—1
E— Z;an ~p B — ;WPn.

By Proposition 5.2.1, we have
v—1 v—1 v—1 v—1
E=) P.+ (E— an> ~r > WP, + (F—ZWPn> =F Q.E.D.
n=1 n=1 n=1 n=1
Classically, the hypotheses of Theorem 5.4.2 are satisfied in a separable Hilbert
space by any Type I von Neumann algebra, and any factor in which each projection
can be written as the sum of a pairwise orthogonal sequence of finite subprojections
(see [41], 6.3.5). This has not been proved constructively, but it is clear that, when H
is separable, Theorem 5.4.2 applies in the case R = B (H), the sort of von Neumann
algebra to which a Type I von Neumann algebra is classically *~isomorphic ([41],
6.6.1).
In the last part of this chapter we study conditions under which two weakly
equivalent projections are strongly equivalent.
Let U,V be partial isometries in R such that UU* < V*V and VV* < U*U.
Write
U*U = Ey, V*V = Fy,
oUu*=F, VV*=E.
Setting Uy = U and V; = V, we construct, inductively, sequences (U, ), (V,,) of partial

isometries, and sequences

FEo> Ey > By > -



77
of projections, such that for each n,

U, = UEy, UtU, = Ey, UpU* = Fpi

and

‘/n = VFn> V;Vn = Fn; ‘/nv;:‘ = En+1-
Routine computations show that

By = (VO ((VU))",
B = (VO)" B (VU))",
By = (UV)(UV))", and
Fooyn = (UV)"E ((UV))™.
Also, for n > 1,
U1 = UV ((UV)) v,

Upn = (UV)"F(UV))"V*

and

Vonr = (VU (VU))" U,

Van = (VU)"E (VU U™

We will refer to sequences (E,) and (F,) as the associated descending chains

for Ey and Fy, respectively.

Proposition 5.4.3 The following statements are equivalent.
(i) (Bn)oe, is weak—operator convergent.
(i) Y00 (B, — E,q1) 1s strong—operator convergent.

(iii) Y02 U (B, — Epy1) is strong—operator convergent.
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Proof. Indeed, if (i) holds, then (E,) is strong—operator convergent in R, and it

is easy to see that its strong—operator limit is

the infimum of the sequence (E,) of projections. Moreover, since

N
Z (En - En+1> =F— EN+17

n=0
the series in (ii) converges strongly to E — Eu,. It is clear that (ii) implies (iii). If

(iii) holds, then

o9} o0

S (Fp— Fop1) =Y U(BE, — Epy1)

converges strongly, as therefore does

Z(En""En—l—l):E_E2+ZV<Fn_Fn+1>-
n=0 n=1

Hence (E — E,,), and therefore (E,), converges strongly. Thus (i) implies (i). Q.E.D.

Proposition 5.4.4 If E and F' are weakly equivalent projections relative to R, and
the associated descending chain (E,) satisfies one of the equivalent conditions (1)—

(iii) of Proposition 5.4.3, then E and F are strongly equivalent.

Proof. If any, and therefore each, of the equivalent conditions (i)—(iii) holds, then

we can prove that E' ~ I as follows. The identity

N N
E =) (B — Eopt1) + >, (Font1 — Font2) + Bano
n=0 n=0

and the strong-operator convergence of Fonio to Eo as N — oo show that

N N
lim (Z (Bon — Eopt1) + O (Bont1 — E2n+z)> = [lim (B — Eynya)

—00 —00
n=0 n=0

= F—FE.
For all z € H, since ((Eon11 — Eonte) T, z) > 0, we have

((E2n — Bony1) , %) < ((Ban — Eony1) + (Bong1 — Fanga)) 7, 2) .
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Hence the series >0 ((Ean — Fant1) T, ) of nonnegative terms converges in R.
Thus Y90 (EBan — Font1) converges weakly and therefore, being a series of orthog-
onal projections, strongly. Likewise, the series 3202 o (Font1 — Eont2), Yoo (Fon—

Foni1), and Y2 o (Fony1 — Fongo) all converge strongly. So we can now apply

Proposition 5.2.1 to complete the proof of the equivalence of £ and F. Q.E.D.

Proposition 5.4.5 Let U,V be partial isometries on H such that UU* < V*V
and VV* < U*U. If (VU)™)>2, is strong—operator convergent in Bi(H) then the

associated descending chain (E,) is a strong-operator Cauchy sequence.

Proof. For m > n we have

| Byt — Bomz||* = ((Bon — Faom) z, )
= (Eonz,z) — (Fop, )

2

= |(woyy e - |lcvoyye].

So if (J((VU)™|)re, is a TsCauchy sequence, then so is (Eenz)or,. Likewise, if
m > n, then

|Bonise = Bampacl” = || (B2 (VYY" o = || (B2 (vO))" o]

Since (E,) is a Cauchy sequence if and only if both (Es,) and (Ea,41) are Cauchy

sequences, the desired conclusion follows from the foregoing equalities. Q.E.D.
In conclusion, we have this result.

Proposition 5.4.6 Let E and F' be projections in a von Neumann algebra R on a

Hilbert space H. The following statements are equivalent.
(i) E ~R F.

(ii) There exist partial isometries U and V such that E = U*U, F = V*V, UU* <
F, VV* < E and the sequence (VU)*)")2, is strong—operator convergent
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Proof. Suppose that £ ~z F, and let U be a partial isometry implementing the
strong equivalence. Then (ii) holds true for V' = U*, and the sequence (((VU)*)")>,
is constant (all terms equal E) and therefore convergent. Conversely, according to
Proposition 5.4.4, the associated descending chain (F,) is a strong—operator Cauchy,
and hence convergent, sequence. A straightforward application of Proposition 5.4.3

completes the proof that (ii) implies (i). Q.E.D.



Appendix A

Weak Continuity Properties in

Constructive Analysis

In this appendix we prove some results on continuity related to those in [36] and
[18].
Let f: (X,p) — (Y, p) be a mapping between metric spaces. We say that f is

strongly extensional if |
fl@) # f(a) =z # 2,

where!, for example, = # ' means that p(z,z’) > 0.

A sequence (z,) in a metric space X is said to be weakly discriminating if
for all positive numbers «, § with o < 3, either p(x,,z1) < 3 for all n > 1 or else
p(zn, x1) > a for some n > 1. The constructive least—upper—bound principle shows
that a bounded sequence (z,) is weakly discriminating if and only if sup,,>, p(n, 1)
exists. It follows from Corollary (4.4) on page 38 of [4] that every totally bounded

sequence is weakly discriminating; in particular, every Cauchy sequence is weakly

1Recall that the statement

“(z=y)=>z#y

is equivalent to Markov’s Principle
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discriminating.
We begin with an improvement upon Ishihara’s result that a sequentially con-

tinuous mapping on a complete metric space is strongly extensional ([36], Theorem

1).

Proposition A.0.1 Let X,Y be metric spaces, and f : X — Y a function that
maps Cauchy sequences to weakly discriminating sequences. Then f is strongly

extensional.

Proof. Let z,2' be points of X with f(z) s f(z/). Construct an increasing binary

sequence (A,) such that

A=0 = p(z,2') <1/n,

=1 = x#2.
Note that if \, = 0 for all n, then = 2’ and so f(z) = f(2’), which is absurd. We
show? that )\, = 1 for some n; we may assume that A\; = 0. If \, = 0, set ¢, = z; if
A =1—X\,_1, set & = 2’ for all £ > n. Then (fn)_is a Cauchy sequence in X; so

(f(&n)) is a weakly discriminating sequence in Y. Hence either

p(f (&), F(2)) = p(f(&n), F(&1)) < p(f (), f(2))

for all n > 1, or else there exists n > 1 such that p(f(&,), f(z)) > sp(f(2'), f(=)).
In the first case we must have A\, = 0 for all n, which is absurd. So the second case
obtains, and there exists n such that p(f(&,.), f(z)) > 0. Then A, must equal 1.

Q.E.D.

Proposition A.0.2 Let X,Y be metric spaces, and f : X — Y a function that

maps convergent sequences to Cauchy sequences. Then [ is sequentially continuous.

2Tt is clear that =¥n (A, = 0); but without Markov’s Principle we cannot immediately deduce

from this that dn (a, = 1).
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The following result must be well-known classically, but we cannot find any

reference to it in the literature.

Proposition A.0.3 Let X,Y be metric spaces, and f : X — Y a function that

maps convergent sequences to Cauchy sequences. Then f is sequentially continuous.
Proof. Let (z,) be a sequence converging to € X. Then the sequence

(1, ®, T, T, T3, T, . . )
converges to x, so

(f(xl)) f(:l?), f(wQ)a f(x)’ f(m?))a f(CU)? o )

is a Cauchy sequence. Since it contains a (constant) subsequence that converges
to f(z), the Cauchy sequence itself converges to f(x), and hence f(z,) — f(z) as

n — co. Q.E.D.
A sequence () in a metric space X is called a® LEM~Cauchy sequence if
——({z,) is a Cauchy sequence).

Clearly, a Cauchy sequence is a LEM—-Cauchy sequence.

If we assume that X is complete, then we can weaken the hypothesis of Propo-

sition A.0.2.

Proposition A.0.4 Let X be a complete metric space, andY a metric space. Then

the following conditions are equivalent on a mapping f : X — Y.

(1) f maps convergent sequences to weakly discriminating LEM—-Cauchy sequences.

(i) f is sequentially continuous.

3LEM stands for the law of excluded middle: PV —P,
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Proof.  Assuming (i), let (z,) be a sequence in X converging to € X. In view
of Proposition A.0.2, in order to prove that f is sequentially continuous at z, it is
enough to prove that for each € > 0 there exists v such that p(f(zm), f(zn)) < 4e
for all m,n > v. To this end, first note that for each positive integer N the sequence
(Tn),-n converges to z; so, by hypothesis (i), the sequence (f(zn)),.y is weakly
discriminating. Using this observation and setting n; = 1, construct an increasing

binary sequence (\z), and an increasing sequence (ny;) of positive integers, such that
e if \; =0, then p (f(:vnk+1),f(:13nk)) > e and ngg1 > Mg
o if Ny = 1, then p(f(z,), f(2n,)) < 2¢ for all n > ny, and n; = ny, for all j > k.

It suffices to find s such that A, = 1 : for then there exists £ < k such that
0Ty, Tn, ) < 2 for all n > ny; whence p(zn,,x,) < 4e for all m,n > ny. Thus we
may assume that Ay = Ao = 0. If Ay = 0, set & = mp = @, If Ap = 1 — Ny,
set & = @, and 7; = T, _, for all j > k. Then (&), and (mx);—, are Cauchy
sequences in X, and therefore converge, respectively, to limits ¢ and 7 in X. Either
f(&)-%# f(n) or else p(f(€), f(n)) < e. In the latter case, if \y = 1 — A\, for some
k, then

p(F(€), 1) = o (f(@n), Fl@n,_)) > &,

a contradiction; so Ay = 0, and therefore p(f(zn,,,), f(2n,)) > €, for all k. This is
impossible, as (f(zn,))pe; is & LEM~Cauchy sequence. We conclude that f(§) #
f(n) and hence, by Proposition A.0.1, that £ # 7. Choosing x such that &, # 7,
we must have A\, = 1. This completes the proof that (i) implies (ii); the converse is

trivial. Q.E.D.

For another characterisation of sequential continuity, see Theorem 1 of [36].
We next consider some criteria for the sequential continuity of functions on
subsets of a normed space. For these, recall that a subset B of a normed space over

F (that is, R or C) is balanced if ax € B whenever z € B, a € F, and |o| < 1.
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Proposition A.0.5 Let X be a normed space over ¥, B a balanced subset of X,

and f : B — F a function with the following properties.
(i) If (z,) is a sequence converging to 0 in X, then
=3 > 0Vn (|f(zn1) — flzn)| = €).
(ii) f(az)= af(z) whenever z € B, a € F, and |a| = 1.
Then f 1s sequentially nondiscontinuous at 0.

Proof. Note first that

so f(0) = 0. Let (&,) be a sequence in B converging to 0, and ¢ a real number such
that |f(&,)] > €/2 for each n. Suppose that € > 0. Then we can find o, € F such
that |a,| =1 and

Flangn) = anf(6n) = |f (&) =

NN

Setting z, = (—1)"@,&,, we see that z, — 0 and

|f(37n+1) - f(‘,]:n)' - f(an-l—lgn-l-l) + f(angn) > €

for all n. Since this contradicts our hypotheses on f, we must have ¢ < 0. Q.E.D.

Corollary A.0.1 Let X be a normed space over ¥, B a balanced subset of X, and
f: B —F a function that maps convergent sequences to LEM—Cauchy sequences,
such that f(az) = af(x) whenever z € B, o € F, and || = 1. The f is sequentially

nondiscontinuous at 0.

There are situations in constructive analysis—such as Banach’s Inverse Mapping

Theorem [38]—in which a linear mapping between Banach spaces can be shown to
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be sequentially continuous but we cannot be sure that it is bounded.* Thus it is
potentially useful to have conditions that enable us to pass from sequential continuity
to boundedness for linear mappings. Such conditions were given in Proposition 2
of [10]. Our final result substantially improves that proposition by removing the
hypothesis that the domain of the linear mapping be complete.

The complement of a set S in a metric space X is the set
~S={zxeX:xz+#s for al seS}.

Proposition A.0.6 Let T be a sequentially continuous linear mapping of a normed
space X into a normed space Y, and let B be the unit ball of the range of T. Then

the following conditions are equivalent.

(1) T is bounded.
(ii) ~T~Y(B) is bounded away from 0.

(iii) For each &€ > O either there exists x € ~T7YB) such that ||z|| < €, or else

~T~YB) is bounded away from 0.

Proof. It is straightforward to prove that (i) implies (ii); clearly (i) implies (iii).

Assuming (iii), construct an increasing binary sequence (A,) such that
e if \, = 0, then there exists z,, € ~T~1(B) such that ||z,| < 1/n;
e if A\, =1, then ~7T~*(B) is bounded away from 0.

In order to prove (ii), we may assume that A\; = 0. If A\, = 0, set &, = 0; if
A =1— X1, set & = z,—1 for all & > n. Then (&,) is a Cauchy sequence in X.

Since sequentially continuous linear maps preserve the Cauchy property [18], (T¢€,)

4For strong indications that even for complete metric spaces there is a genuine gap, in construc-
tive analysis, between sequential continuity and continuity, see Theorem 3 of [37] and Theorem 5

of [17].
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is a Cauchy sequence in Y. So (||T€,||) is a Cauchy sequence in R; let s be its limit.
Either s > 0 or s < 1. In the latter case, if \, = 1=\,_1, then &, = x,_1 € ~T7(B)
for all k > n, so s = ||Tzn—1]| > 1, a contradiction. Hence ), = 0 for all n, and
we have a sequence (z,) such that ||z,|| < 1/n and ||Tz,|| > 1 for all n. Since
this contradicts the sequential continuity of T, we conclude that s > 0. Hence there
exists N such that T'¢y # 0. By Proposition A.0.1 above (recall again that, for linear
mappings, sequential continuity preserves Cauchyness [18]), &y # 0 and therefore
Ay = 1. Thus (iil) implies (ii).

It remains to prove that (ii) implies (i). Assuming (ii), choose ¢ > 0 such that
|lz|| > ¢ for all z € ~T7*(B). Consider z € X such that ||z|| < ¢, and suppose
that ||Tz|| > 1. If 2’ € T=(B), then Tz # Tx'; since T preserves Cauchyness, it
is strongly extensional, by Proposition A.0.1, and therefore z = z’. Hence z € ~
T-Y(B), and so ||z|| > ¢c—a contradiction. It follows that we must have | Tz|| < 1

whenever ||z]| < ¢; whence T is bounded. Q.E.D.
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Locating the range of an operator

A classical application of the monotone convergence theorem for operators shows
that if 0 < T < I, then the sequence (TV/™)% | is strong-operator convergent to the
projection P on the closure of ran7', the range of 7. In constructive mathematics,
not only is there no guarantee that the monotone sequence (Tl/ ") is strong—operator
convergent, but also we cannot be sure that the projection P exists; in fact, P exists

if and only if ranT is located. Not surprisingly, what we can say is this.

Theorem B.0.1 Let T be an element of B(H) such that 0 <T < I. ThenranT is

oo

located if and only if the sequence <T1/ ") is strong—operator convergent. In that

case, the strong—operator limit of (Tl/ ")Zo_l is the projection of H onto the closure

of ranT.

Note the obvious attempt at a Brouwerian counterexample to Theorem B.0.1:
namely, the operator T': C — C defined by Tz = az, where 0 < a < 1. But if
(T ") is strong-operator convergent, then there exists « such that a*/"z — ax for

7

all z € C. Taking z = 1, we get a*/™ — «. Either o > 0, in which case a > 0, or
else @ < 1 and therefore a = 0. This example shows that Theorem B.0.1 is the best

we can hope for constructively.
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For our proof of Theorem B.0.1 we need some information about the functional
calculus for a selfadjoint operator 1" (see Chapter 7 of [4]). This is a pair consisting
of a positive measure 1 on R, and a bound-preserving homomorphism f — f(7)
of Loo(p) into a commutative algebra of operators that are “functions of 77, such

that
e if b is a bound for T, then y is supported by the compact interval [—b, b];
e if f, — f in measure, then f,(T) — f(T) strongly.

If T is a positive operator with a bound b, then p is supported by [0, b] . Moreover,
ranT is located if and only if {0} is y—measurable, in which case the projection of
H on the closure of ranT' is x_03(T"), where x_o} is the characteristic function of
the complemented set! ({0},{z € R : z # 0}); if also (r,) is a sequence of positive

numbers decreasing to 0 such that the complemented set

[/ <] = {2 [f @) <ok, {22 |f(2)] > a})

is p—integrable for each n, then

p({0}) = lim n([lf] < ral)

n—00

(18], Thm (4.6)).

Proof of Theorem B.0.1.  Let (1, f — f(T)) be the functional calculus for 7"
Suppose that ranT" is located, and let P be the projection on its closure; then {0} is
p~integrable, and x_{01(T") = P. For each positive integer n define f, : R—{0} —= R

by
it >0

fn(t)z
0 ift < Onort=0.

For more on complemented sets and their role in the constructive theory of integration see

Chapter 6 of [4].
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Then f,(t) = tY/ on a p—full set, so f,(T) = T". It is routine to show that (f,)
converges to x_(oy p—almost everywhere. Hence TV = fn(T) — P strongly.
Suppose, conversely, that (Tl/ ™) converges strongly. The classical argument in
[40] (5.1.5) shows that its strong limit P is a projection, and that ker 7' = ker P.
Using an argument similar to that of [4] (Chapter 4, (5.9)), construct, for each n,
a sequence (py (1)) of strict polynomials (ones without constant term) in 7' such

that p, x(T) — TY™ uniformly as k — co. Then for each z € H we have

Pz = lim TV"z = lim p,4(T)z € ranT.

n—00 n,k—00

Since ran P +ker P is dense in H, it follows that ran T +ker T is dense in H; whence,

by [8] (Lemma 1), ranT is located. Q.E.D.

We end with an interesting, although longer, proof that if (Tl/ ”) converges
strongly, then ranT is located. For this proof we require the following special case
of a result from [19]:

Let T be a selfadjoint operator on H such that ker T' is located, and let P
be the projection of H onto (ker T)L. Suppose that for any bounded se-

quence (z,,) in H, if (T'z,) converges weakly to 0, then (Px,) converges
weakly to 0. Then ranT is located.

First construct the strict polynomials p, x(T") as before, noting that they can be
chosen to have real coefficients and therefore be selfadjoint. Let (z,) be a sequence
in the unit ball of H such that (T'z,) converges weakly to 0, and consider any
y € H. Given € > 0, choose N such that ”Py —Tl/NyH < €. Then choose k such

that ”pN,k(T) — Tl/NH < €. Since pyx(T') is a strict polynomial, we see that

lim [{pyk(T)2n, y)| = 0.

n—oeQ

Hence

[(Pzn,y)| = [(@n, Py)|
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< [(@ns up DY + (2, (e (T) = TV ) )|
+ |(am, (T = P)y)

< [(@n, pua( D)+l + [Ty — Py|

< pwa(T)zn, )l 2 + < lyll +e

< 2+vl)e

for all sufficiently large n. Hence (Pz,) converges weakly to 0, and therefore ran T

is located in H.
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