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Abstract—This paper presents an ergodic capacity analysis of
an amplify-and-forward multiple-input, multiple-output two-hop
system including the source to destination (direct) link. We first
derive an expression for the probability density function of an
unordered eigenvalue of the system. Then, using this result, a
closed form expression for the ergodic capacity of the system is
derived. The ergodic capacity expression has one integral that
needs to be evaluated numerically. The results produced are valid
for all SNR values and for arbitrary numbers of antennas at
the source, relay and destination. We also present simulation
results to validate our analysis. The results show that the analysis
exactly matches the simulations and quantifies the improvements
in capacity due to the diversity offered by the direct link.

I. INTRODUCTION

Wireless relaying networks have recently been given con-
siderable attention due to their many advantages. Apart from
increasing the range, relaying networks can also achieve better
diversity by using cooperative transmission from the source
and several relays [1], [2]. The relaying terminals forward
the information from the source to the destination mainly
using two well known methods: amplify-and-forward (AF)
and decode-and-forward (DF). In AF mode, the relay terminal
does not decode or demodulate, but amplifies the received
observations, corresponding to the signal from the source, and
retransmits to the destination. Since multiple-input, multiple-
output (MIMO) systems can provide better system capacity
than single-input, single-output (SISO) systems, relaying has
recently been extended to MIMO scenarios [3], [4]. MIMO
relays aim to provide improved system capacity, increases in
range, and better diversity.

In this paper, we analyse the ergodic capacity of an AF
MIMO two-hop system including the direct link. Most of the
capacity results on two-hop MIMO relays were derived by
employing asymptotic methods [5], [6], [7]. Furthermore, the
random matrix results required for the MIMO relay capacity
analysis are usually presented for two separate cases [8], [9]
depending on whether the system is defined by a Wishart
or a Pseudo-Wishart [10] distribution. However, a unified
expression for the capacity of the AF MIMO two-hop system,
without the source to destination link, was derived in [11].
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Our main contribution in this paper is to derive an exact
expression for the capacity of an AF MIMO two-hop system
including the source to destination link as shown in Fig. 1.
Our expression is unified and it can be used for arbitrary
numbers of antennas at the source, relay and destination. We
also present simulation results to validate our analysis and the
results are used to quantify the capacity improvement due to
the direct link.

II. SYSTEM MODEL

We use the relay network topology shown in Fig. 1. The
source (.5), relay (R), and destination (D) terminals are
equipped with ng, n, and ng antennas respectively. During
the first hop, S transmits (broadcasts) to R and D and in
the second hop R transmits the amplified signal from the
first hop to D. We let the normalized channel matrices for
the source-to-relay (S— R), source-to-destination (S— D), and
relay-to-destination (R— D) links be given by H; € C"*™s,
Hs € C"¢*"s and Hy € C™¢*"r respectively. We assume
that S and R have no channel state information and that
D has perfect knowledge of all channels. In addition, all
channels are assumed to exhibit independent and identically-
distributed (i.i.d.) flat Rayleigh fading, and as such, the entries
of the corresponding channel matrices are modeled as i.i.d.
zero mean circularly symmetric complex Gaussian (ZMCSCG)
random variables with unit variance. Furthermore, we assume
that R assists in the communication with D using AF relaying.
Hence, R amplifies the received observation corresponding to
the signal from S by a factor, b, and retransmits it to D. The
received signal at the destination after the two hops is then
given by

Y= VisHs z + s (1)
VP2 /PibH2H, VPbHoni +nso |-

In (1), the parameters Py, P> and Ps are the average powers
of the S—R, R—D and S— D links, respectively, taking into
account the different path loss and shadowing effects over the
links. The variables n1, no and n3 are the noise vectors at R,
D (second-hop) and D (first-hop) respectively, and x is the
vector of transmit symbols. The transmit symbols are assumed
iid. with E{zz'} = pI,,. The noise at R and D is modeled
as ZMCSCG with E{n,nl} = 021, , E{non}} = 02I,,,.
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Fig. 1.

MIMO relay network topology.

and E{nsnl} = 02I,,. With this information, and defining

)y = /Py\/P1b, F;, = \/Pb, F5 = +/Ps, the received signal
at the destination can also be written as

y=Hx + Bv 2)
where
B 3Hs
H = { FH,H, } @)
1/2
B o3I, 0 @
0 o2F2H,H) +021,, ’

and v is a normalized zero mean Gaussian noise vector, which
has Iy, as covariance matrix.

III. CAPACITY ANALYSIS

The ergodic capacity of the system is given by [3] as
below, (the factor 1/2 accounts for the fact that information
is conveyed to the destination terminal over two time slots

(1D
C= %E {1og2 ‘Ignd + pHHT(BBT)_l‘} G)

The singular value decomposition of Ho can be defined as
H, = UDVT, where D is an ng X n, diagonal matrix with
{\/V1,---,/V} as the main diagonal elements in decreasing
order and where | = min(ng, n,). Then, using the identity
det(I + AB) = det(I + BA) and substituting Hy = UDV''
into (5), the ergodic capacity can also be written as

1
C=3E {log2 I, +pUlAU, } ©)
where A = 03 "Filn, 0 and U, = U'Hs with
- 0 Q T\ VvitH, )

—1
Q= 2D (U%Fgmﬁ + 051) D. Note that U; contains

1.i.d ZMCSCG entries since the unitary matrices U T and V1
do not change the statistics of H3 and H ;. After defining ¢ =
o5 Fg, c1 = (FE — o3 2F2 2F3), ca = 03 *F}o3, c3 = F?,
cy = 0?F%, and c5 = 03, Q can be given as

. c3Vy c3U
diag { TR CMJFCS} Ny < ng
Q = (3% (121
1 31 3
diag C4u1+C57"‘7C4u,,+55’0>"'70 Ny > Ng
Np—nNg
(7)

Further, by defining m = max(ng,n,), ¢ = nqg + 1 and s =
min(ng, q), the ergodic capacity can also be expressed as

1
C = §E {log2

~ T ~ o~
I, + pUtAUt‘} ®)

where INJt € C™*? has ii.d ZMCSCG entries with unit

variance and
sy NG
? cavitces

~ cl,, 0
A=1 0 diag{ e
g cqvites? T
Note that A and ﬁt are re-sized versions of A and U;
according to n, < ng or n, > ng. Now the ergodic capacity
can be written as

n(1 4 pA) f(A)dA, (10)

2ln(2)

where A denotes an arbitrary eigenvalue of ﬁ:ﬁﬁt and f(A)
is the probability density function (p.d.f.) of A. Hence, to
find the ergodic capacity of the system, we need to find
the arbitrary eigenvalue density, f()), of the random matrix
(71 AU,. The derivation of f()) is given below.

If we assume the random diagonal matrix A has all distinct
eigenvalues pt = {1, ..., tiq}, then the conditional unordered
eigenvalue p.d.f. f(A|p) for arbitrary numbers of antennas at
the source, relay and destination can be obtained from [11] as

1 4 Ans—atk—1
fAlp) = |G|,
s Z<p(/ip — [k) k:§+1 T(ns — g+ k)
(11)
where G is a ¢ X ¢ matrix with entries
i—1 .
s i £k
Gii =4 gm1 2 (12)
Hj e " 1=k

However, the eigenvalues of A are not all distinct but can be

givenas {c,...,¢, 1, .., }, where ¢ is a constant which has
multiplicity ng, and py, = c;i’;"'CS are random variables which

are unequal with probability 1. When A does not have all
distinct values, the conditional p.d.f. f(A|p) can be obtained
by using the following identities on multiple derivatives,
1) If y = 2™, then the k™ derivative of y, y(*) = (n—k+
1), z"~F, where (n); is the Pochhammer symbol.
2) If y = z"e” S/T then the k™ derivative of y, y(*) =
e s/ Zf 0 7k 7,)'( — kA D)y s’ am
These derivatives are then used to derive a modified version
of (11) using the method given in [12]. With this approach
f(A|p) can be calculated as

Fl) = !

$ [Toep (111 upmk e — ) [T k!

1 Z A\s—qt+k—1
“(—1)ala- 1)/2 F(ns q+k)

G|, (13)

where Ty, (n) =[]~ F(n —i+1) and G is a ¢ x ¢ matrix
with entries given in (14). Then, using the results in (13)-(14)
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(i —ng +j)nd—j Cifnd+j71

itk j=1,...,nq

;li(;] ei%t[(?dd:]"jz!t)!(qins — Ngq +j)ndfjft)\th_ns_nd_‘—j_l_t 1= k7 j =1,...,nq
Gig = “é‘jm i#Fk j=na+1,...,q a5
_ A
Wi e T ik i=mat
we can derive the arbitrary eigenvalue p.d.f., f()), as given 0.05
below. Here we focus on P; # Ps, (c; # 0) which is of more 0045 [ [ Jsimulation | |
physical interest. The special case, P, = Ps, (c; = 0) has 0.04F — Theory ]
to be C(?nsidered separately and yields a simpler result (see 003! i
Appendix B). 003 |
TTheorem 1: The p.d.f of an arbitrary eigenvalue A of o Xy
~ ~ o~ < 4
U,AU, is given by =00
0.02 1
q q o \ms—gti—l
FN=00 Y Y )T Kl AN g), 008 *
. ° F(ns —q+ Z)
i=q—s+1j=1 0.01 q
(15) 0.005 .
where 0 ‘ ]
10 20 30 40 50 60 70 8 90 100
,n_l(lfl) (_1)7ndl(_1)l(l71)/2 A
Ch

~ O (DCT (m) s T[4, KI(—1) 2072 (c5e5)l0=1)/2
(16)

CT(m) denotes the complex multivariate gamma function,
CTy(m) = wl(=1)/2 Hﬁtzl I'(m—k+1), and K, ; denotes the
(i, 7)™ minor of K with elements given in (19). Also, Ay (7, 7)
is given in (17), where &(z) in (17) is defined by

m—le—w (043j + 05)q_1
(c1w — co)ma

§(z) == (18)

Proof: See Appendix A.

In (19), if ¢¢ > 0, ie. P > Ps, then [4 =
ff; y”*“””de_%dy. Since ce > 0 the integral includes the
point y = 0 where a singularity occurs when v +w —ng < 0.
In this case the individual integral diverges but the sum
of integrals implicit in (15) must remain finite. Hence we

compute the integral as

Ini = / y" e dy + / YT Te T dy . (20)

—co

IA11 IA12

where € is a very small positive number close to zero. With
this approach the divergent integrals cancel out in (15) and the
resulting computations prove to be robust and stable. In (20)
the two integrals can be evaluated as given in (21) and (22).
In (21) and (22), Ei(z) is the exponential integral. Note also
that when c¢; > 0, the integral in (17) has a singular point at
Z = co/cy. That integral also has to be approximated as in
(20), and to be consistent, the region of integration has to be
(0,c2/c1 —€/cy) and (ca/cq + €/c1, 00).

If ¢ < 0, Y ie. P, < P3;, then I4; =
fcoj —(—y)vtw=ndeer dy in (19) and is given by

IAl = (Cl)v+wind+lp(v+wfnd+ 17702/01% (23)

Fig. 2. Analytical and simulated p.d.f.s of the arbitrary eigenvalue of
U, AU;, with system parameters: (3,2,3), P, = P> = 10dB, and
Ps; = 5dB.

where T'(a,2) = [7° e *2° 'dz is the complementary in-
complete gamma function.

Then, using the above result and (10), the ergodic capacity
can be calculated as

q q
_ 8 1)t R
C = Z Z 2 ln(2)C1( 1) |Kw|

i=q—s+1 j=1
o] /\7Ls—q+1',—1
(o) Ay (i, )dN (24
| mO N s i e
Ip

where Ip is given in (25). A closed form expression for
the integral, Ic, in (25) is difficult to find but it can be
evaluated numerically. Again, note that when ¢; > 0, the
integral, I, has a singular point at © = c3/c;. We use the
same approximation as in (20), and the region of integration
is (0,ca/c1 —€/cy) to (ca/c1 + €/ ey, 00).

By using the result in (24), the ergodic capacity of the
system without the direct link can also be obtained as a special
case. The derivation is omitted due to space limitation.

IV. RESULTS

The results produced in this paper are validated by using
Monte Carlo simulation. In all results given, we have used the
following conditions:

o The total transmitted power from the source is equal to
one, i.e. p = 1/ng,

« on average, the total transmitted power from the relay is
equal to one, b = \/1/(n, Py + n,0?).
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ng=j ,—2 (ng—j)!

2o € e mnt sy (@ = s — g+ G)ng g ATdT e TN ITITE =1, g =1, ng
Ax(i,5) = , =) 7
f()oom]_nd_l <C4czgfc5> € cartes g(l’) z ’L’:l,...,q, j:nd+17"'7q
(i—nd"‘j)nd*j Ciind"’ji 7/:17 "7Q7j:17---7nd
K, = . i— 19
7 fOocIJ_nd_l(C4;3<fC5) E(.’E)d"lﬁéIA(l,j) 7‘:17 "7q)j:nd+1ﬁ"'7q ’ ( )

i—1_—cy/eq
where 14 (i,5) = e (62

jti+m—q—2—w
w1 7)
€1

= Iay.

. ><%)v(%+c5)47ifvzj+z+m q— 2< j+i+ﬂu’i—q—2 )

c1 ”“rw ng (=1)*T "=k (vtw—ng)l(e)*
—€ Z Rl(—1/cp )P Tw—rg—Fk+1

v+w—ng >0

Ta12 = Cw— —w—wtl k k(oyk
(=1)"d—w U(l/c )rd =WV lEi(—¢/cy) e—€/c1 ng—w—v—2 (=DF/c)k
(ndflwfvfl)! 2+ (d"d*’“’*’”*l kiO (ndfwfvfl)(ndfwfva)...(ndfwf'uflfk) vtw-—mng<0
2n
el U+w ng (=T —"d—k(yprw—n )‘(—e)lC ec1 u+w ng (—1)?TY—"d =k (ypw—ny)l(—ca)¥
T Z ° K 1/cp) o —Td— g+1 1 Z 4 BN 1/c) o —"a dk+1 2 v+w—ng >0
(—1yra—w- 1;(1(1/61)nd ;1'1 Y=1Ei(c/cy) e 1yra—w- 1;(1/61)nd w)"u 1Ei(cq /c1)
_ ng—w—v—1)! 'n —w—v—1
Tann = ecler ng—w—v—2 (=D*/e)* ( oF 22
_(75)"01_1”—”—1 k=0 (ng—w—v—1)(ng—w—v—2)...(ng—w—v—1—k)
ca/c1 ng—w—v—2 (—D*R /)P (=)
(7(;2)67%1*“’*“*1 kiO (nd7w7v71)(nd7w711172)...(2nd71071171776) vtw-—mng<0
ng—j _(ng—j)! (q_”s_”d"'j)"d*j*tcq*ns*nﬁrj*l*t
! t=0 ti(ng—j—t)! I'(ns—q+t) j
B (1/p)r=tt=ati(ns ¢t —q+i—1lere LT D (—(ns +t —q+0) +7,1/(pe))(p)"  i=1,...,q,5=1,...,na ’
IC 7;:17---7Q7j:nd+17---7q
(25)
_ (oo 2/ ="a " (ny—gti—1)! ane—t c—atig st s ne—a+i D(=(na—qti)+hy(caztes)/ (pege))
where [o = fo T(ns—q+1) (04231?%) (1/p)ra=dtie ves 2kl ((64z+05)/(4p€31)5)k (@) de.
15 20
% o
18- — Theory (direct link)

X . P =10P
*  Simulation 3 1

- - = Theory (no direct link)

— Theory (32.3)

*  Simulation

Mean Capacity (bit/s/Hz)
Mean Capacity (bit/s/Hz)

]
0 . . . . .
0 5 10 15 20 25 30
P, (dB) P, (dB)

Fig. 3.  Analytical and simulated ergodic capacity of the system with
parameters: P = Po = 1.5P3.

Fig. 4. Analytical and simulated ergodic capacity of the system with
parameters: (3,2,3) and Py = P».

2

Furthermore, we set 07 = 05 = 03 = 1, implying that the the arbitrary eigenvalue A with system configuration (3,2, 3).

signal-to-noise ratios (SNR) of the links (S— D), (S—R) and
(R—D) are Ps;, P, and Ps, respectively. In the results, the
number of antennas used in the system is represented by the
3-tuple (ns,n,,nq). First, in Fig. 2, we validate the result
in Theorem 1 via simulation. The plots show the p.d.f. of

Figure 2 shows that the analytical results are in agreement
with the simulations.

Figure 3 gives the analytical and simulated ergodic capacity
of the AF MIMO system given in Fig. 1. The analytical results
are based on (24) and the results are given for the system
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oL P =20dB

Mean Capacity (bit/s/Hz)

1 P, =10dB

5+ 3 4
* K
4%
3L —— Theory P; — 54B L

*  Simulation

) ‘
107" 10°
o

10'

Fig. 5.
«, where P, = aPs =

Analytical and simulated ergodic capacity of a (3,2, 3) system vs.
10dB. Also shown is the S— D link power, P3.

configurations: (2,2,2),(2,2,3) and (3,2, 3). The results are
given as a function of the SNR in the links as P, = P, =
1.5P;. We see that the analytical results exactly match the
simulations.

Figure 4 gives the performance of the analytical and
simulated ergodic capacity of the system with configuration
(3,2, 3), when the S— D link strength varies. The results show
that the capacity of the system improves with increases in the
S—D signal strength due to diversity improvement. Note that
when Ps; = P, the results in Appendix B are used to generate
analytical results. We have also included the performance of
the system without the direct link. Hence, Fig. 4 shows the
performance gains of the system due to the inclusion of the
direct link. Again the analytical results exactly match with the
simulations.

Finally, Fig. 5 shows the performance of a (3,2, 3) system
with varying R— D link SNR. The SNR have the relationship
P, = aP, = 10dB. The results show that when P3 (the SNR
of the S—D link) is high there is not much improvement
in capacity even though Ps is increased. Also when Pj is
weak the capacity improvement due to increases in P, is more
obvious.

V. CONCLUSIONS

The paper presents an ergodic capacity analysis of an AF
MIMO two-hop system including the source to destination
link. We first derived an expression for the probability density
function of the unordered eigenvalue of the system and from
that, a closed form expression for the ergodic capacity of the
system is derived. We also validated the analysis by using
simulations and both results match exactly. The results also
show that having the direct link improves the capacity due to
diversity and quantifies this improvement.

APPENDIX
A. Proof of Theorem 1
The p.df. of A, f(A), can be calculated by using the result
in (13). The eigenvalues of A, o = {e,...,c,u1,...,u},
are related to the eigenvalues of HoHY), v = {v1,...,1}

CS Vk

via, pp = 2% . Then, using the result for f(A|p) in
(13), f (/\|1/) can be obtained by substituting ju, = 22k -
in f(A|w), as fixing the values of p is equivalent to fixing the
values of v. Then using f(A|v) and f(v), the eigenvalue p.d.f
f(A) can be derived as shown below.

The matrix HoH ; is Wishart or pseudo-Wishart [10]
depending on the dimension, ng X n,, of Hy. However, the
non-zero eigenvalues of HoH ; are the same irrespective of
whether the matrix is Wishart or pseudo-Wishart. Hence the
non-zero unordered eigenvalue p.d.f of Ho H £ can be given
as [13]

l

H m—1 ek H(Vk_Vp)2~

k<p

Using the result in (13), the conditional p.d.f. f(A|v) can be

flv) = (26)

l'CFl CFl

obtained by substituting py = 642”_‘_’“0 in (13) as
1
f()\‘y) = ng—1 g (g—1)/2 1(1-1)/2
Koy k(1) (cses)
y 1
l l ccqa—c3)vg+ces)”
Hk<,,(v = vp) [Ty (ol
A\s— q+k—1
X Z G|. 27)
jeiT S+11"nS q+k)
Then, using the relation f(A\,v) = f(v)f(A|lv), f(\v)
can be given as in (28). In (28), HﬁKp(z/k — V) =
(1210 0)], @:(0) = v,
o 7.‘.l(l—l) (_1)—ndl(_1)l(l—1)/2
T ICT,(DCTy(m) s 114" KI(—1)9(a=D/2(cy05)10-1)/2
(29)
5 q-1
() = vy tem A E e (30)

(c1vg — cc5)™

and G is a g X ¢ matrix with entries given in (31).
Now f(X) can be obtained by integrating over all v; by
using the method described in Lemma 2 of [14] as,
A\ — q+k—1
Z I‘(nS —q+k)

kqe+1

l
></ / H E(wr) |2:(vy)| |G dvy ... . dy
0 (O —

A\ns—qt+k—1

q
A
C k=q—s+1 F(’I’Ls —4q + k)

¥ (32)

where W is a ¢ x ¢ matrix with entries given in (33). I4(,J)
in (33) is given in (19). Finally, we obtain the result in
Theorem 1 by using the Laplace expansion of (32).

B. Ergodic Capacity when Py = Ps
In this special case, when P; = Ps, the ergodic capacity of
the system can be obtained by using (24). However, K; ; and
Ip in (24) have to be re-evaluated by substituting ¢; = 0.
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1(1-1) —1)—"nal ! q—1 _! q Ans—q+k—1
fOuw) = T a— (=1) V}?@*le—vkm H (v — vp) Z e Te
UCT (1)CTy (m) sTIpd ™ kl(—1)2(a=1)/2(cze5) 0-1)/2 20 (crvg — ces)md k<p ket I'(ns —q+k)
q g k— 1
ATs q+k—1
A
200 S 2T ] ) 191G 8)
hmg o1 L —a k) L5
(i—nd-i-j/)\nd,j ct—mati—l i#k, j=1,...,nq
2o’ e ?!(?f—ﬁ?)! (@ —ns =ng+J)ng—j—iAet e mati=Izt =k j=1,...,ng
7 —
C3Vj—n . .
Gij = <4,,3]_17dﬁ5> ik j=ng+1,...,q - 31
cav; q-ns—1 _2eavj—nytcs)
J—n c 1/'7,"/ . .
<C4l/j7nd_ﬁg5> e 3Vj—ng i=k, j=ng+1,...,q
(i*nd‘i’j)ndfj c¢immati—l i#k j=1,...,nq4
—F A — ) . _ _ i1 — . .
1207 e t!(gldd*jjz't)! (@ =7 = Mg+ JIng—j—tATeI e TmaTITITE =k, =1, ng
R . i1
;= [ ai—na—1 <C4(;3fcs) E(x)de 21433, 5) t#k, j=ng+1,...,q - (33)
.- 1 cax qg—ng—1 _ Alegztes) . .
[ai—na (6423+65> e c3r  E(z)dx t=k j=na+1,...,q
K (i =7ng+5)ng—j ' matI 7t i=1,...,q,5=1,...,nq 34
= : i—1 ,
7 fOoow]_nd_l <c42‘3_:c5) S(Z)dl'é]A(’LM]) izl:"'7q7j:nd+17'~'7nd+l
where 14(i,7) = ¢b ! (—e2)~ma Y2978 < 7 v ! ) (ca)? (e5)™ """ T(w+j+i+m—q—1).
—j _(ng=i)! (@ms—nating—j—t o, _ g o t—qti
7 ?ﬁog t!(:ddquft)! F(nsfq+igl ]. cdmmemnati—l t(l/p)n Fimgti 35
B (ne4t—gti-Dlers NP D((ng 4t —q+i) 41, 1/(p0)(p0)" i=1,....qi=1,...,ng O
IC izl:“')qvj:nd“rlw"vq

) vtjtm—mng—1

gd—ms—1 n _ ne—gti-1 2
o2l s\ w.ne—v oo Als Tt Acs
where I = (—ep)™d Youio v C4Cx fo In(1 4 pA) T(ns—q+i) © CS ( €3

Kotjim-no—1 (2/22) dr

Then, for this case, K; ; and Ip can be evaluated as given in [71 V. Morgenshtern and H. Bolcskei, “Crystallization in large wireless

(34) and (35), respectively. Then, substituting (34) and (35) in petworks,  EEE Trans. Inf. Theory, vol. 33, mo. 10, pp. 3319-3349,
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